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NEPEAMOBA

yqacHa TeopinA ancbepenLiansHuxX PiBHAHb Nocigae

YiIbHE MICLIE CEPEL IHLLINX MATEMATHYHNX QNCUNTITIH.
TapMOHIAHE NoEQHAHHA CYTO MATeMATUYHOIO A NMPUKIIAAHOM
acnexTis pobuTs iT 0AHAKOBO rPnBabINBOO AK AN1A TEOPEBTHKIB, TaK
1.4nA TMX, XTO 3aRMAETLCA 3aCTOCYBaHHAM MaTEMATHKU B
PI3HOMAHRITHMX rany3Ax 3HaHb. Mexarixa, gbianka, panioenexTporira,
matunHobyayBaHHA, XiMif, 6iONOorifA, 6KOHOMIKA — L€ AANIEKO HE
nosHWA NEPEIIK HayK, 8 RKAX LLINPOKO BUKOPHCTOBYIOTBCA
AanghepeHLianbHi pIBHAHAHA.

Merta nponoHoBaHOro nNigpy4HNKa — 03HaNoMNTH CTYAEHTA 3
OCHOBHUMM, 6330BNMM NMOHATTAMM, (baKTamm, METORaMN T4
HaNANpPOCT WMy 3aCTOCYBaHHAMM TEOPIT AnGbBPeHLIaNIbHNX PIBHAHD,
niproTysarm Woro 4o CamMoCTiiHOI pobotu 3i crieuianizoBaHnmm
nocibHnKamm BALLLOIO PIBHA, HAYKOBOO JTiTEPATYPOO.

TMpu HarmcanHi NippyYHnKa BUKOPHUCTaHo bararopidHmi 4ocsig
BUKNAAAHHA HOPMATHBHOIO KypCy «[QngbepeHuianbHi piBHAHHA» HA
MEXaHIKO-MaTemMarndHomy aKynsreri KnisCbKoro HauioHansHoro
yHisepcutety imeni Tapaca LlieBqeHka.

LieHTpansHunm 06 '€KTOM BUBYEHHA € 3BMHANHE (AK CKANIAPHE,
TaK | BEKTOPHE) ANGPEPEHLIIaNLHE DIBHAHHA — AHANITUYHIUA 3anNC
3ana4i npo siguyKaHHA HeBinoMoi QOyHKYIT (BEKTOP-GDyHKLIT)
OAHIET HE3aI68)XHOI 3MIHHOI 33 BIJOMUM CriBBIAHOLWEHHAM, AKE
aprymenty. OfHax y nigpy4yHnKy AnbepeHuianbHe piBHAHHA
PO3rnAAAETLCA HE NINLLE AK aHANITHYHMA 00'€xT. 3HaqHa ysara
NPUAINACTLCA reOMETDNYHAM MOHATTAM | 06pasam, AKi Aa0Tb
3mMmory rimbLue 3p03yMiTh IPHUPORY LUbOro 00°exTa, NOACHATH
BIANOBIAAHI TOOPETHYHI NOBYAOBH.

Marepian KHArv MO)KHa yMOBHO NOQINATA HA TPY DIBHA
CKNAnHOCTI. [Jo NepLuoro piBHA HANEXaTb MUTAHHA «IPOrPamn-
MIHIMYM»: EN1EMEHTAPHI PUAOMY [HTErDYBAHHA TA SHKEHHA
MOPRAKY LNEAKNX TUIIB HENTHINHNX ANGDEPEHLIANIbHIX PDIBHAHD,
a/ropruTMu DO3B 'A3YBAHHRA JIIHIAHNX DIBHAHL Ta CUCTEM,
KBAa3iNiHIGHNX DIBHAHL (3 YACTAHHAMM [TOXIQHVMM NEPLUOIO NOPARKY;
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GPOPMy/MOBaHHA OCHOBHUX TEOPBM ICHYBAHHA Ta EANHOCTI
po3B 'A3KIB. L{i nuTarHnA exonATs A0 b6inbuiocTi
385 aNbHOMATEMATHHHINX KYDCIB BULLIMX HABYa/IbHNX 3aKITaAI8.

Marepian ppyroro pisHA N6PeBarkHO CTAHOBNATL MMTaHHA
TEOPIi, AKI TIEID Yu [HLLIOK MIPOIO PO3INARAIOTLCA B CTAHAAPTHUX
HOPMATHBHNX Kypcax angbeperuiansHmnx pisHAHs. Coam,
HaNpPNKNaA, MOXHa BiAHECTN. IOKA/ILHI TEOPEMM ICHYBAHHA Ta
€AMHOCTI P38 'A3KIB 3apa4i Kowi anA piBHAHL | CHCTEM,
knacngbikauito gpa3oBmnx nOPTPETIB NIHIAHNX CUCTEM HA ANOWNHI 18
B TPUBHMIPHOMY NPOCTOPI; AOCIIIIKEHHA Oya08y QDYHOAMEHTA/IbHUX
MATPHUL NIHIAHNX CNCTEM 3i CTannmu koeQiuicHramm, snbpari
TMTAHHA TAOPIT MiHIHUX PIBHAHE APYrOro NOPAAKY (réopemm
KOJINBHOCTI, iHTBIPYBaHHA Y3arasibHeHNMM CTBNEHEBNMY PARAMM,
PO3B’A3aHHA Kparkosmnx 3aaav); binsiicte (paKTis, Wjo CTOCYIOTLCA
TeopIl CTIRKOCTI 3a JlIAnyHOBUM.

[na 3acBoeHHA MaTepialny BBOX yKa3aHnX PiBHIB AOCTATHBO
BOMORITH TAKUMY CTAHAAPTHAMM PO3AINaMn MateMaTnyHOro
aHanisy, AK «pannyi», «[loxigHa», «IHTerpan PimaHa»,
«yHKUIOHATIbHI PRON», «[INGbepenLianbHe YnCnerHHA DyHKUIA
KINIbKOX HE3RIIEXHNX SMIHHMX», «ICHyBaHHA 0OBPHEHOI T4 HEABHOI
QyHKUi». [ DYHTOBHOMY BNBYEHHIO NIHIAHNX CUCTEM
AngbeperLianbHnxX DiBHAHL MAE NEPeayBaTH 3HaNoOMCTBO 3
N16MBHTaMM TEOPIT NIHIAHAX NPOCTOPIB Ta NikiAHNX oneparopis. [AnA
3PYHHOCTI B ORATKAX yMILUEHO AGAKI HAVYXNBAHIWI 8 Nigpy4HNKY
TEOPETNYHI BIQOMOCTI 3 IHIAHOI anrebpv Ta aHanisy.

Y kHu3i HaBeaEHO i ABKINbKA BOCHTL CKITAAHNX TEOPEM, AKI
MOXHA KnacngDikyBaTn AK MATepian TPETbOrO PIBHA CKIBAHOCTI. Lo
HNX Hasexxartb. rnobanbHi Teopemy iCHyBaHHA PO3B 'A3KY 38Rayi
Kouwii, ioro HerepepsHOCTi Ta AnGPeperLinoBHOCTI AK PyHKUIT
NOYATKOBMX AAHNX TA NAPaMETPIB y NPMPOAHIA 06NacTi BUSHAYEHHA,
NUTAHHA KOPBKTHOCTI 1104aTKOBOI 3aAa4i;, TEOPEMH rIPOo CTikKICTL Ta
HBCTIVKICTb 38 NepLINM HABIIMKEHHAM, TEOPemMa npo iCHyBaHHA
rDaHNYHOT O UMKITY. PO3yMiHHA oBEAEHb (ane He (hopmMyoBaHb!)
3a3HA4YEHNX TEOPEM BAMArac Bif CTYA6HTA BIRNOBIAHOMro CTYNEHA
3HAHb T8 MaremarnyHoi KyneTypw. [TyHKTH KHUMW, AKI MICTATL
marepiasn TpeTLoro PiBHA CKNAAHOCTI, NO3HAYEHO 3iPO4KOI0. Kpim
TOro, OKPeMI CKNaaHi MICUR, AKI MOXKHA NPONyCTHTH i 4ac
nepLIOro YATaHHA, Habparo apibHuM wipndTom.

Bripasu v 38834 O KOXHOIO NyHKTY NPHN3HAYEH! ANA
CaMOKOHTPOMO 3a CTYNBHEM 3aCBOEHHA Marepiany Kypcy. Akuwo s
npoLECi TaKoro CAMOKOHTDOSMIO BUHNKAIOTL 3HAYHI TPYAHOLL,
aBTOPY PEKOMEHAYIOTL CKOPNCTATHCA 1ocibHKoMm [ 12].

Hanpukinyi kKHarn BMIiLLLEHO KOPOTKI BIOMOCTI PO BYBHNX, AKI
3ranyloTeCA B TEKCTI.
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T

| B.1 |

BuHnkHeHHA Teopii pudepeHuianbHnX piBHAHDb

MNepeaymoBy st NosiBK Teopii AndepeHLialbHMX PIBHAHD CKIANKUCS B
apyriii 1onosubi XVII ¢T., Ko MaTeMaTUKMA BNPUTYJ Habau3uwiucs oo
YCBiIOMJIEHHS] B3a€EMHO 00epHEeHOro xapakrepy ABOX OCHOBHUX OIlepauin
AHAIi3y HECKIHYeHHO Manux — audepeHuUiloBaHHs Ta iHTerpyBaHHs.

AxTyanbHi Ha TOHM yac TaK 3BaHi «obepHeHi 3a4a4i Ha AOTHYHI» (TOOTO
Jajadi BilllUYKaHHS KPUBHUX 3a BiIOMMMM BJIACTUBOCTAMMU iX JOTHYHMX)
Oy/M OHMMM 3 MEPLUMX, WO 3BOJAWINCS A0 PO3B’s13aHHA AudepeHIiabHUX
piBHsiHb. HaBeaeMo npocTyit NpuKaas Takoi 3aaaui.

Hexaii Ha IUIOLIMHI 3 1eKaPTOBOIO NPSIMOKYTHOIO CUCTEMOIO KOOPAUHAT
xQy noTpibHO 3HAWTH KPUBY, B KOXHIH TOUYLi KOOI KyTOBUMH KOe(iLi€HT
JNOTHYHOI NPONOPLIAHMIA i3 KoedilieHTOM &k OpMHATI TOUKHM JOTUKY. SKILO
1aKy KPMBY LIYKATH Y BUrsiai rpadika aeskoi amdepeHuiinoBrol gpyHkuii
y =y(x), x € R, TO, BpaxyBaBiliy FeOMeTPUYHUHA 3MIiCT MOXiIHOI, YMOBY
3a/1a4i MOXHA [104aTy y BUTNSAAI CRIBBIIHOLIEHHS

dy
d-\’ ky’
siKe sipisie coboo 0He 3 HaMNpOCTIIMX 1 BOAHOYAC AyXe Baxiuse aude-
peHlliaibHe piBHAHHS. Jlerko nepekoHaTucst B TOMY, 1110 HOro 3a10BOJIbHSE
KOXHa QyHKUis BUIIsAy y = ce™, Ae ¢ — OOBinbHe AilficHe yucno. Lleit
thakt Gyso Busisneso P. lekaprom iwe B 1639 p.

Nonynapuuit y XVI1I ¢T. KiHeMaTH4HHit cnoci6 nobyaoBy pi3HOMaHIT-
HUX KPUBMX, 110 CIIMPABCH Ha NMOHSATTA MUTTEBOI LIBMIKOCTI (MeXaHI4HOro

. -
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eKRBiBajleHTa NOXiAHOi), Tex OyB BAXKIMBUM JKEPEIOM BUHUKHEHHS aude-
peHuianbHUX PiBHAHbL. K NpuKIaa HaBeieMo 3arpoiioHosany P. dexkap-
TOM KiHeMaTUUHY iHTepnpeTauLilo KpMBMX i3 nonepeaHboi 3aaaui. Hexait
TOYKA P pyxaeThes B IUIOLWMHI TaK, WO WBUAKICTD 11 abcumcu € Benuun-
HOMO CTaJI010, PiBHOIO [l N1€BHOCTI OAMHMLI, @ MUTTEBA MIBUIKICTbL OP-
JMHATH B KOXEH MOMEHT 4acy ¢ nporopuiiiHa 3 koedilieHTOM k caMmiii
opuamHaTi. OueBuiHO, wo GyHKUii x (1) Ta y (1), siKi BU3HAYAIOTh 3aJieX-
HICTb KOOPAMHAT TOYKM P Bia 4acy, MalOTb 33/l0BOJIbHATH CUCTEMY PiB-
HSAHb BHIJSIAY

de  dv P,

ar o
epiue 3 BMIIMCAHMX CULIBBIUHOWEHb CTAHOBMTb 3alavy [pO HEPBiCHY
dyHkuii f(7) = 1. Moro po3s’s3ky BUYEpnyioThCst GYHKLISIMU X = 1 + <
ae crana c; npobira€ MHOXUHY AiCHMX uMcen. [Ipyre piBHSIHHS, K Ham
yXe BiZlOMO, 3a/J10BO/IbHAE KOXHA QYHKUIN y = cze"’, ¢, € R. Ynacninox

BWIydEHHs 11apaMeTpa ! 1iCTAEMO 3aeXHicTb y = ¢,e*' ¥ V), a6o y = ce ™,
KO BBECTH I103HAYEHHSA ¢ = ¢ye *.

HixaBso Bil3HAYMTH, 110 HA OMKUCAHOMY BMIlE 3aKOHI PyXy TOYKU P
¢hakTHUHO IPYHTYBaBCs 3anporioHosannit Ix. Henepom npuHuun ykna-
IaHHs Tabnuub sorapudmis.

Y 1669 p. 1. Bappoy B cBoix «Jlekuigx 3 reoMeTpii Ta ONTUKU» AOBO-
JAUTH BAXJIMBUIA pe3yibTaT 11po B3aEMHO OOepHeHMIt XapakTep 34144 Ha 10-
THYHI, 3 04HOYO BOKY, Ta 11po ruiouti diryp, obmexeHux rpadikamu GyHK-
uifi,— 3 iHWoro, i Ha niucrasi LBOro GOPMYAIOE NPABWIO PO3B’A3aHHS
AndepeHuiaibHUX PiIBHAHD ClielliaibHOIO BUIasLy dy/dx = f(x)/g(y) (pis-
HAHHA TAKOTO TUIY HA3UBAlOTh AMdepeHUiaibHUMHU PIBHAHHSMU 3 BiXOK-
PEeMIIOBAHUMY 3MiIHHWUMHU).

1. HbloTOH, MaOyTh, 11€pLIMM CIIOBHA YCBIAOMMB 3HaueHHs audepeHui-
aJlbHUX PiBHSIHDb [UISl OIIMCY 3aKOHIB NIPUPOAY il HacaMIlepel 3aKOHIB pyxy
MexaHi4HUX cucTeM. Y 1676 p. Bix 3anpoIlOHYBaB METOA BiallyKaHHS pO3-
B’5i3KiB gudepeHLiaNbHUX PiBHIHb Y BULAAML CTelleHeBUX psdiB. Y Lieit
camuit yac ['. JIeiiGHil CTaBuTh 3alaqyy Npo 3HAXOILKEHHS PO3B H3KIB Yy
CKiIHYE€HHOMY BUIJISILL.

IMouxnaloun 3 90-x pokis XVII cr. HouyK y LbOMY HarpsMi BeayTh
A. Bepuyani 1a M. Bepnyani, nisniwe 10 uux npueanyiorscs . Pikkati
1a [1. bepnynni. 3 npausimu J1. Eitnepa, A. Knepo, XK. J1’Asambepa Teo-
pis andepeHUiaibHUX PIBHAHb CTAE camocrmuolo MaTeMaTUYHOIO AUC-
HUIUTIHOIO.



B.2
Andbepenuianbtl PIBHAKHA B NpUKNaAHWUX 3apavax

i | B.2 |

AudepeHuianbHi piBHAHHA
B NPUKNAAHMX 3apavax

OcHOBHa 4acTMHA AaHOIO KYpCY NPUCBAYEHA BUBYEHHIO AndepeHii-
IbHUX PiBHSIHb BiIHOCHO (hyHKLIT (cucTeMy PyHKUiN) onHIE] He3anexHOL
3MiHHOI. Taki piBHAHHS Ha3WBAIOTh 36uMalinumu dugepenyiansHumu pie-
HAHHAMU.

ADM 110K23aTU NIPUPOAHICTL 00’ €XTIB 110AaJ1bLLUOIO BUBYEHHS, a8 TAKOX
110CTAHOBOK OCHOBHMX 3aj1ay, NPOUIIOCTPYEMO iX BAHHKHEHHS Ha NpYKIia-
JIAX MaTeMaTUYHOI'O MOJIEJIIOBAHHS peajibHUX MPOLIECiB.

QNpuwknap B.1

Pozznanemo 3adauy npo pyx mamepiansHoi mouku macoo m no npamii nio dierw
cmanoi cunu maeu F, nanpamnenoi 63006 uici npamoi, ma 3 ypaxyeaHHaM
cuau onopy cepedosuia.

[To3naunmo uepes v(¢) WBUAKICTL TOUKH B MOMEHT yvacy ! SIKiuio Bosa
fIOPIBHAHO HEBENMKA, TO LiJIKOM NPUIAHSTHUM € MPUNYLUEHHS NPO Te, WO
Cuila OMopy CepeloBuila AOPIBHIOE ~KV (1), Ae ¥ — AesKuil A0JaTHHUI CTanui
koediuient. [lndepenuianbHe piBHAHHS, siKe ONUCYE MPoOLEC 3MiHM LIBUA-
KOCTi TOYKM 3 4acOM, MOXHA ICTaTH, KOPHUCTYIOYMCH APYIrHM 33KOHOM
Hetorona: noOyTtoxk Macm m Ha NPUCKOPEHHS TOYKM a(!) NOPiBHIOE Cymi

. . . av(r)
cun, o ailoTb Ha Hei. OCKUIbKM 3a O3HayYeHHsIM a(f) =

. TO WYyKaHe
PiBHSIHHA MOXHA NOUATH y BUFAsiAI

abo

— = k(v —w), (B.1)
ne k = x/m, v. = F/x. ®yukuis v = ce™¥ + v, nepersopioe pisusrus (B.1)
Ha TOTOXHICTb LWOAO ! 1PN KOXHOMY ¢ikcoBanomy ¢ € k. lle#t dakr
JIerko nepepipuTy 6e3nocepenHbo, OJHAK HOI0 MOXHA TPAKTYBaTH # sK
HAacNiAOK TakKOro 3ayBaXeHHsi: BBIBIUM HOBY HesiaoMy dyHkuilo y(t)
CIiBBIAHOWEHHAM V = ¥ + V., AICTAHEMO ISl Hel BXe Biaome piBHSHHA
dy/dt = —ky.

TakuM yuMHOM, HaMm yaanocs 3HaiiTu Gararo ¢yHKUiK (oaHonapamer-
pUuHy CciM’10, 3aleXHy Bil dosiabHoi cmanoi ¢ € R), AKi 3a00BOJBbHAIOTDH
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pisusinng (B.1). KoxHy 3 HMX NPUPOAHO Ha3UBaTH Horo pose ‘asxom. (Hani
MM NOKAXEMO, L0 MiX MHOXMHOW0 po3B’a3KiB pisHsHns (B.1) Ta MHOXK-
HOIO 3HaueHb AOBUIBHOI CTANOI ¢ ICHYE B3a€EMHO OJHO3HAYHA BIANOBIAHICTD.)
SIX Xe 3 ycix umx po3p’a3kiB BUAINWTH TOW, WO BiRAMOBINAE KOHKPETHOMY
NpoLecoBi 3MitIK WBKUAKOCTI MaTepiaiibHOl Touku? JIna uboro ciif ypaxysa-
TH, 110 KOXeH Takuil npouec € AeTepMiHOBAHWM Yy uaci i OLHO3HAYHO Xa-
PaKTEPU3YETHCH CBOIM 3HAYEHHAM Vo = v(I;) y NOYaTKOBUI MomeHT ). OTxe,
MY NIPUPORHO Mififiliy A0 TaK 3BaHOi nowamkoeoi 3adawui (il Ha3u-
BAIOTb TaKOX 3dda4ero Kowi): 3a 3adanoio napoiwo wucea (1), v)) — nowamxoeu-
Mu danumu — 3Halmu po3e’ssok v(t) pisHanHa (B.1), akuid 6u 3adosonvHAe
nowamkogy ymogy v(to) =V,

Tenep 3po3ymino, 1o KOHKpeTHe 3HayeHHs [IOBiAbHOT cTanoi ¢ no-
TPiIGHO BU3HAUUTH 3 noqarxonm ymoBy, To6TO 3 piBHocTi ce*® + v, = Vo
3BiaCH 3HAXOAMMO C = (V) — v.)e%

Ortxe, po3p’s130k 3aaa4i Kowi 3 noyaTKoBMMU AaHUMH (1), X,) MaE BULISA

k
w1y = (v —v)e U gy

Us dopmyna nae 3Mory 3poOMTH BaXJIMBUH BUCHOBOK: NpH I — OC WBWA-
KiCTb MaTepialbHOl TOYKM TMPAMYE N0 rPAHUYHOrO 3HAYEHHH V., siKe He
3anexuTs Bil vy, KpiM TOro, KOpUCTYIOUMCst BIAOMOIO 3al1eXHiCTIO

1
s(r) =J' v(1)dt, MOXHa jierko obuncauT UUIAX s(?), NpPoiAaeHU TOYKOIO
it

3a MPOMLKOK Y4Cy Bill I, 1O 1, i, TAKMM YMHOM, 33BEPILMTHU DPO3B’A3aHHR
MOCTaBAeHOT 3aaa4i.

3ayBaXxuMO: 3a NeBHUX YMOB, HAIPHMKIAA NPHU BEJUKUX LIBUAKOCTSX,
NpUNyuieHtsi Npo Te, 1O CHA ONOPY CepeAOBMIlA NpoNopuUiiHa v(7), He
CrpaBixy€eThCs. TouHilue Ls c1jia MONENIOETLCS AesiKOI0 HellitiitHOoW GyHK-
uiewo wBuakocti. Tak, audepenuianbie piBHsiHHS 3aadi 11po 11aAIHHA TiKa
3 BUCOTH MA€E BUIIIS

dv

m— = —av> + mg,
dr

e o — Jaeakuit ponaruunit KoediuieHT, a g — NPUCKOPEHHs BUIBHOIO naliH-
s, Lle piBHsaHHA HaneXuTb 10 Kaacy, skuit BueyaB 1. bappoy, i Tex ronyc-
KAa€ BillyKaHHs PO3B’S3KiB y ABHOMY BHIIsAI.

QOMNpuknap B2

Hexati mino mae macy m, numomy menaoeMHicms ¢ ma no4amikosy memnepamy-
py T, Posaaanemo npouec 020 0X0ON00KEHHA 3a PAXYHOK Menao0OMIHY i3 306-
HiwHiM cepedosuwem. Beawaemobcs, wo memnepamypa T, ocmanubozo € cmanoio
seaununow, T. < T,
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B.2
AunchbepeHuianshi PiBHAHHA B NPUKNaaHnX 3apavax

Temneparypy Tina 8 MOMEHT 4acy ¢ no3Haymmo yepe3 T7(f). 3riaHo 3
rinore3oi0 HblOTOHa KinbKicTb TennoTd AQ, AKy Ti0 Bilda€ B 30BHilUHE
cepefoBHILE ITPOTArOM «MaOro» NMPOMILXKY Yacy Bill £ A0  + Af, BU3HAYAETb-
csi HaGuMXeHOoIo piBHiCTIO AQ = a(T(1) — T.)At, ne a — neskuil crainii
noaathuit koediuient. Binbw cTporo ueit ¢isnuHui 3aKoH, i3 onHoro 6oky,
cnig 6yno 6 nogaru y BUrAAAi

\Q =a(T()-T,)\r +o(Ar), \t - 0.

3 iHworo 60Ky, BHACAilOK BTPaTU TLJIOM 3a3HauyeHOi KiAbkKoOCTi Ten-
notu AQ #oro Temnepatypa 3meHwyeTscs. [Ipu ubomy, sk 106pe Bizomo,
AQ =cem(T(t) - T(t+ At)). Takum 4Y4HOM, MAEMO PiBHICTH

em(TWH) =T+ \)=a(T)-T,)\r +o(An), A\t - 0.

Moainveiuyn o6buaBi ii yacTMHU Ha At i CIIpAMYBaBILK Al 10 HyAd, AicTaHe-
Mo aMbepeHLianbHe PiBHSAHHS TOrO CaMOro THMYy, IUO i y nonepeaHbLOMY
NpUKaai:
ar
==K -T.),
dr
ne k= afcm.
Otxe, 3a1eXHICTb TEMNEPaTYpH Tila Bill Yacy Ma€ BUIIAL

T(t)=(Ty - T)e ™ 4+ 7o,

KoediuieHt a Bu3HayaeTbca neBHUMHU TennodisMuHUMH XapaKkTepuc-
TUKaMH Tijla. Moxe cTatucs, 11O KOHKPETHE HOro 3HayeHHs HeBigome.
B ubomy pasi 3naliaeda Hamu 3aiexHicTb 7(1) Aa€e 3MOFy BHM3HAuYMTH 4@
eKCMEePUMEHTAIbHO, BMMIpIOBAHHAM TeMINEpaTypH Tila B 3alaHMit MO-
MEHT uacy #, > &,. JilicHo, sxwo T, = T(#)) BBaXaTH BilOMMM, TO 3 YMOBH

T, = (T, - T)e kG-t) L T Moxmna nerko 3uaiTi koediuieHt k, a orxe,
ia=cmk.
V3aranbHIOIOUM MOAEIb OXONO/KEHHS TiNa, MPHNYCTHMO, 1IO TeMIepa-

Typa 30BHIiLIHBOrO cepeaosuila € Binomoio ¢yHkuielo yacy: T.(t). Toni
pianosinHe audepeHilianbHe piBHAHHA HaOyBae BUIsIAY

A T -Tum,
dat

Yranaty #oro po3s’si3ki Bxe He TakK MpocCTo, K y nonepeaHbomy Bunaaky. OumH
i3 cnocobiB po3s’s3aHHs PiBHSAHL TAKOrO TUIY 3anponoHysas 1. Bepxyuni.

11



BCTYN

OnNpuxknap B3

[lpoananizyemo npoyec pO3IMHONCEHHS OOHOBUOO60I nonyaauii xcusux op-
2anismis. Beaununy yici nonyasyii ¢ Momenm uacy t nosHavumo 4epes x(1).
Lle mooxce 6ymu 3aeanvbna kinsvkicms ocobun nonyasuii abo ixnwsa maca. lIdea-
Ai3YI04U 00CAIONCYBAHUL NPOUEC, 88ANCAMUMEMO, WO X (1) HEnepepeHO 3MIHIO-
€mbCA 8 Haci.

VY naminpocriiii Moaeni npuitMaioTs taky rinoresy (3akoH Maastyca):
3a «MaJIUil» IIPOMIXOK Yacy BiZl 7 40 t + At KUIbKiCTb HOBOHAPOAXEHHUX OCO-
6uH 11pubau3Ho CTaHOBUTL ax (t)At, a nomepaux — bx(t)At. Tyt ata b —
KoedilliEHTH HAPOAXKYBAHOCTI T2 CMePTHOCTI BianosiaHo. OTxke, 3araabHa
3MiHa BEJMYMHM NOIYAsilil 32 BKa3jaHui [POMIXOK yacy BUPaXae€rTbcs
dopmyaowo

X(7 + Ar) — X(1) = (a - b)xX()Ar + o(Al), At — 0,

Ioknasium k& = a — b, noniavsiuM obuABI yacTMHM Ui€i piBHOCTI Ha Al i

nepeiioBLIX A0 rpaHuui npu Ar — 0, gicraleMo 3nafiome audepeHuiabHe
piBHSIHHA

Kk, (B.2)
dt

po3B’sizkamu sKkoro € dyHkuii ce¥’, ne ¢ € R — nosinbHa crana.

S0 BinOMO, WO BeJMYMHA NONYASALIT B MOMEHT #, CTAaHOBUTb X,, TO,
BU3HA4MBIUY ¢ i3 NOYATKOBOI yMoBY ce'!" = Xg. RIiCTAEMO 3aEXHICTb

¥ = x"ek(l l.,)~

sika BAsiE€ cob0I0 Po3B’#30K 3amadi Kowi 3 104aTKoBUMHK NaHKMHU (1, xp)-

Y Bunaaky, ko a i b nesinomi, koedilieHT kK MOXHa 3HalTH Tak camo,
siK 1 B NIOMEPeAHbOMY NPUKIANi, BU3HAYMBILM 3HAYEHHS X, = X ({;) vy Aesskui
moment 1,. Toui 3 ymoBH x| = x,e*'" ™) matumemo & = (1, - 1y) 'Inx,;/x,).

Hlikasnit ¢akT: KoJiM 3a TAKOIO METOAMKOIO 0BuUnCAWIN KoediuieHT k, KO-
PUCTYIOUMCH NaHMMM MIPO HaceseHHst 3emni B 1961 ta 1971 pp., To Aicvanm
sanexHicTb x = 3,06 - 10%- %0219 yxa HenoraHo y3romkyeThest 3 OLiHKaMK
MPUPOCTY HaceaeHHs B nepiog Mix 1700 ta 1960 pp. Y ueii yac BOHO NoaBoIOBA-
nocs KOXHi 35 pokiB, a ogepxaHa ¢opMy/a na€ NOABOEHHS 32 34,6 POKy.

Audepenuiansie pisusHus (B.2) Mae noBoai yHiBepcanbiiuit xapak-
Tep. OKpiM npUKIaniB, PO3JASHYTUX BHULLE, BOHO BUHUMKAE IIPU BUBYEHHI
6araTbOX IHUWIKMX HBMIL, 30KPEMa s$BULUA PO3I1ajy PanioakTUBHUX ejle-
menTiB. OiHaK, $KIUO PO3IASAyBaHA I10MyAsiList PO3BUBAETHCH B CEpeno-
Buuii 3 oOMexeHumu pecypcamu XkuTre3abeaneyeHHst, To Moaenb Masb-
Tyca npu k > 0, KOAK 3 NNIKHOM Yacy x(7) CT4€ JOCHTb BEATUKUM, NepecTae
NpaBuiabHO onucysBaTy peanbHui npouec. Lel $hakT NMosCHIOETbCH TUM,
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8.2
AudepeHulanbli PIBHRHHA B APUKNaaHUX 3apavax

o B pa3i 3pOCTAHHA KiIbKOCTi 0COGMH MiX HHUMM 3arOCTPIOETHCH KOH-
KypeHTHa GopoTbba, ska Beae A0 36iiblieHHs KoedillieHTa cMepPTHOCTI.
Takum unHom, 3a3HavyeHuit koedillieHT HacnpaBai cAid BBAXATH 1e4KOIO
byHkuieio 3mMinHoI x. Y 1837 p. I1. PepxioynbCT 3aNnponoHyBaB Mojaeb, B
sikifi koediuieHT cMepTHOCTI € NiHikHo0 dyHKUiew. BinnoriaHe piBHAH-
HSl Ma€ BUIAsAL

C LARIyRN (B.3)
: dr .
1 HA3MBAETHCH A02icmuunum. J1ani Mu foro aeTanbHO AOCALLKYBATUMEMO. 30-
Kkpema, Oyne 1oka3aHo, WO BeIMYKHA MONY/ALIL, K2 PO3BUBAETLCS BIAMNO-
BilHO 10 JIOTICTUYHOTO PiBHAHHS, MAE TeHAeHUilo no crabinizailii: npu £ — ©
BOHAa HeOOMeXeHO HabAMXAETHCA A0 TPAHUUYHOIO 3HAYeHHs X, = K/

LlixaBo, 10 JOCUTb NMOBHY iH(OpMALil0 NPO NOBEAIHKY PO3B’A3KiB
piBHsiHHg (B.3) BAGETHCA AICTATH, HE 3HAXOAAYM IX IBHO, a aHaNi3ylouu
JIMLLE BAACTUBOCTI Horo npapoi yacTuHU. CaMe Takuii Mifxia roKjaajgeHo B
OCHOBY TaK 3BaHOI1 sKicHOI Teopii AudepeHiliaibHUX PiBHSIHb, OL1A BUTOKIB
SIKOT CTOSUIM TaKi BMAATHi BueHi, sk A. [lyaHkape 1a O. M. JlsanyHos.

ONpuxnap B4

Hupepenyianvne pisnanns euanady

% = f(x) = (u+V)x —c(1)

npasumo 30 HaUnpocmiuly MamemMamuyHy mMooenb eKOHOMIMHOI QuHaMIKU.

B uiit moneni x(7) — obcsir kanitany (ocHOBHMX (poHATB), sAIKUIi npuna-
AA€E Ha OIHOTO MpaliBHXUKA B MOMEHT 4acy f; U Ta v — A0AaTHi KoediuieHTH,
H10 MAIOTb EKOHOMIYHMI 3MICT HOPMK aMOPTH3auil Kanirany Ta TeMiy po-
CTY YMCEAbHOCTI poBoUOI CHMIM BINOBIAHO; ¢ (1) — 3aleXHICTb Bia yacy 06-
CATY CHOXMBaHHSI B PO3PAaXyHKY Ha O4HOrO npauisHuka; f(x) — TaK 3BaHa
BUpoOHMYA PYHKLIs, AKA € XapaKTepYCTUKOO MPOAYKTUBHOCTI nmpaLt it Mae
neBHi BAACTMBOCTI MOHOTOHHOCTI Ta OMNYKJOCTI.

CxiialHIIIMMY € MaTeMaTU4Hi MoJei 11pOLIeCiB, sIKi BU3HAYAIOThCH He
OlIHI€10, A LiJIMM HAabOPOM CKAISAPHUX BEJIMYMH,

UNpuknag BS

Poseannemo modens 0608udoeoi nonyasuil 3a ymoeu, wo odun i3 sudie 3naxo-
dumb xapuoel pecypcu 6 306HIUHbOMY cepedoeuili i 600HOMUC CAY2YE INel0 0AR
iHwoeo. Lle — mak 36aHa M0oOenb «<XUNAK—HCEPMBA».
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BCTYN

Hexait ckansipHi 3MiHHI X Ta y XapakTepu3ylOTb BeJMYMHHU HOMY-
Asuiit xepTB Ta xuMxakiB sianosiano. lpu cknagaHui audepenuianb-
HUX PiBHSIHb [1pOLECY B3d€EMOLIT LIMX ABOX NOMNyAAuid 6yaeMO BUXOAUTH
3TAKUX NPUTIYLLEH b.

¢ lliBuakicTb, 3 gKO0O Bmﬁysaenca 3MiHa BeJMYMHM NONyAAUii XepTs,
€ CYMOIO TPLOX AOAAHKIB kX, ~Ix* 1a mxy, ae k, I, m — noaatni uuca.
HasiBHicTs nepluMx ABOX NONAHKIB NOB’si3aHA 3 NPOLECOM PO3IMHO-
KEHHSI XepTB B yMOBaX BHYTPilUHbOBMAOBOI KOHKYpeHLUil, a Tperii
03H4Y4€, 10 WBUAKICTh 1NOINAHHSA XePTB XMXaKaMyu 1IPONopuiiHa sk
Ki1bKOCTI XepTB, Tak i KL1bKOCTI XHXaKiB.

o llIsnakictb, 3 K010 BiGyBa€TbCH 3MiHa Benuquuu nonyasuii xu-
KaKiB, TeX € CyMOIO TPbOX JONAHKIB —py, —qy° Ta rxy, e p, q, r —
noaatHi yucna. flepwwnit i apyruit 1onaHKM XapaKTepu3yloTb KUIbKICTb
XMXKaKiB, WO BMHPAIOTh 3a OAMHMUIO Yacy BIiAMOBIAHO MPUPOAHUM
uIIIXOM (CMepThb Bill CTapitinsa Ta XBOpo0) Ta BHACAILOK BHYTPilLHbLO-
BKAOBOI OOpoTHOM, @ TpeTili — o3Havae, Wo KoediuieHT HApOAXYyBa-
HOCTI XMXaKiB € JiHiiHOI GYyHKUIEI0 KiNbKOCTi XepTs.

Orxe, 3a 3po6eHux npunyiieHb MaTUMEMO Taky cucmemy dughepenyi-

ANbHUX PIGHAHD.
Z: = hox — Ix? — mxy,
(B.4)
Do pyogy? e
P py Y

Jas Hei 3apava Kowti Burnsagae rakuM YMHOM: 3HAIOYH, WO B NOYATKOBHIA
MOMEHT 4acy f, BEAMUMHU NONYNsALUINA XePTB i XMXaKiB CTAHOBJIATH BiAMNo-
BinHO X, Ta y;, 3HaiTH PynKuii x(7) Ta y(#), KOTPi 32A0BOILHAIOT K CHCTE-
My andepeHuianbHux piBHsaHb (B.4), Tak i nouatkosi ymoBH x(f) = X,
Yy =y,

Hoci B po3risiayBaHUX PiBHSAHHsX GirypyBaiu jimile nepuii noXiaHi He-
Binomux ¢yHkuiil. BogHouac 6arato npoueciB onucylotbes audepeHuiab-
HYMM PIBHSIHHSMM 3 JIOXITHMMU BUILUX NTOPSAJKIB.

QnNpuknan B6

Poszasanemo max 3eany 3adauy n min. Y mpusumipHomy npocmopi pyxaemecsa n
MamepianbHuxX moxox, 8Ki 63aemodilomoe Midxe coboio 3a 3aKoHoM zpasimayii.
Beaoacmbes, wo woOHI iHWi cusu HA Y0 CUCMEMY HE 6NiUEaomb.

Hexa#t m,, ..., m, — Macu TO4OK. YBeleMO B TPUBMMIPHOMY APOCTOpi
JIEXapTOBi MPAMOKYTHI KoopauHatu (X, y, z). Toni nosioxeHHs i-i TOYKK
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B.2
OnbepeHuiannHi PIBHAHHA B NPUKNARHUX 3apadvax

BU3HAYAETHCS 1i PaaiycoM-BeKTOpOM F; = (X, ¥, Z;), @ cuna f, 3 sikoio Ha Hei
ni€ j-ta Touka (i # j), Ma€ BULANA
ymm;

ﬁ = e————e (F; — I‘-)
¥ w3 T hD)s
7, ~ri
Ae y — rpasitauifina ctana. s spyunocti noknagemo f, = 0.
3a apyrum 3akoHoM HboloToHa 106yToK Macu i-i TOYKM Ha il npHUCKO-
peHHs 10piBHIOE piBHOMIMHINK ycix cuil, npuknagenux Ao ui€i touku. Oc-

KiIbKM NPUCKOPEHHS L€l TOUKY gBASIE COBOIO BEKTOD

dzr,- - dz.\'i dzyl' dz.".',-
ar’ arr  art T ar’

TO audepeHiianbHi PiBHSHHS PYyXy CUCTEMM MATepiajibHUX TOYOK MAIOTh
BUSA

a’r <& )
m—Lt=% f.,i=1l..,n (B.5)
" ar? ,Z,: !

Ak 6aunMMo, AaHa cUCTEMa CKAARAETLCSH 3 3n cKansipHux dudepeHii-
anbHUX PIBHSiHb, O MICTHTb 11OXiAHI Apyroro nopsuaky. Kaxyrb, uio ue
3n-BumipHa cucrema andepeHuUiaIbHUX PiBHAHD APYrOro rnopsaxy.

He mMoxHa He HaronocuTu Ha Tiii BU3HauyHii pouli, siky BOHaA Binirpaaa
B PO3BMTKY MAaTeMaTUKM Ta MexaHiku. Bupuaiouu ii, I. Hploron 0GrpyH-
TyBaB 3aKOHM PYXy IL1aHeT, eMnipuyHo Binkputi Y. Keiuiepom (Ha Mox-
JUBICTb Takoro ob6rpyHTyBaHHs HbloToHy BKaszaB P. ['yk). Lli 3akoHmn
BAAI0CSH BUBECTH, JOC/IAUBLIM CLIPOLILEHY i1eani3oBaHy cucTeMy, axa dop-
MiIbHO OUEPXYETbCA 3 piBHsAHDb (B.5) npu m, —» 0, i =2, 3, ... i Biano-
Bijl1a€ BMNALKY, KOJMA MacaMu IJIaHeT MOXHA HEeXTyBaTH NOPIiBHSIHO 3
macolo CoHust m,. [lnsi BpaxyBaHHs B3a€EMHOI'O BIUIMBY nuiaHet (m, > m, # 0,
i~ 2,3, ..)raki BuaaTtdi marematuku, sk X. Jlarpaux, I1. Jlannac,
K. I'aycc, po3po6siin Teopito 30ypeHs. Y npolieci il po3BUTKY NIpUPOLHO
HMHUKIK YyROBi creniaibHi (DyHKLI, siki 3apa3 Ha3usaloTs imM’siM @. bec-
cedst. Bouu, oanak, 6ynu sinomi paHiwe K. Jlarpanxy. AHani3 psiiiB te-
opil 36ypenb (po3BMHEHb po3B’si3KiB cucteMu (B.5) 3a crenensimu tak
SBAHOIO MAJIOI0 11apaMeTpa, POnopUIfHOIo BIAHOWEHHAM m;/m,, i = 2,
3, ...) npuBiB O. Koiui 10 Bax/IuBUX Pe3yabTaTiB y Teopii PyHKLIN KOM-
I1eKCHOI 3MiHHOI. [lo1peby HebecHOI MexaHikM (po3ally MeXaHikH, sAKui
BHBYa€E pyx HeGeCHMX Tijl) 3HAYHOIO MIpOJO CTUMYJIIOBAJIM PO3BUTOK Ha-
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BCTYN

6avxeHuX (UMCebHUX) METOAIB PO3B’3aHHs JndepeHLiaibHUX PiBHAHD.
Y 1846 p. Ha OCHOBI YMCENILHOrO aHalli3y CUCTEMM PiBHAHDL TUIY (B.5)
Y. JleBep’e Ta k. Anamcy Brajiocs BKa3atu MicUe3HaXxo[KeHHs HeBido-
MOi Ha To# yac 1ulaHetn Henryd. Hapeiuri, 3anaua n tin 6e3nocepeaHso
BIUIMHYJIA HA PO3BUTOK TEOPil CTIMKOCTI, aBCTpakKTHOI Teopii AMHaAMiYHUX
CUCTeM, iHLIKX rajiy3eil MaTeMaTUKH.

MoxHa HaBecTd YMMAIO NPUKNALIB i TAKMX 3a/1a4, B AKX BUHMKAIOTb
avdepeHuianbHi piBHAHHS, He PO3B’A3aHi BiAHOCHO MNOXiAHMX IMYKAHUX
byHKuiA.

ONpuxnap B.7

Po3zaanemo 3adavy npo i3020HanbHi mpackmopii.

Hexaif dyHkuisi ®(x, y, ¢) HenepepsHa ¥ Ma€ HenepepBHi YacTUHHI
noxifHi 3a 3MIHHKMM X, y B gesikiit obnacti G < R’ Bsaxatumemo, 110
CNiBBiAHOLWIEHHS

(D(x» Y, €)= 0 (B.G)

BM3HAYAE HA MIOWMHI OAHONApaMeTPUUYHY CiM’I0 KPUBHX i3 TAKOIO BAACTHU-
BiCTIO: A/ist KOXHOI TOUKH (X;, ¥, ¢) € G icHye eamna andepesuiiiossa B
NeaKOMY OKOAi TOYKH X, PyHKLUis y.(X), ika B HbOMY TOTOXHO 3aA0BOJILHSE
pisusinns (B.6). Takum unnom, rpadik dynkuii y,(x) € kpusolo, wio BiaNo-
Bia€ 3HAYEHHIO 1apameTpa ciM’i c.

I3020nanbHO00 mpaexmopicr cim’i (B.6) HasuBaeTbes ninisi, AKa neperun-
Hae KpuBi ui€l ciM’i mig cranuM kyrom. (KyT MiX IBOMa KpuUBHMH B ix
cninbHii TOYLi P BU3HAYAETHCSE KYTOM MiX AOTHYHUMM [0 LMX KPUBHX Y
Touui P.)

Hawa 3apaya nmonsirac y BidluyKauHi i3oroHaibHux TpaekTopiit cim’i
(B.6). 3ayBaxuMo, 11O i30rOHaIbLHI TPAEKTOPIT 3aCTOCOBYIOTLCH, HANPUKIIAIL,
y riipoMexaHilli — NpHU BUBYEHHI NAOCKOI Teyii piavHu, y dizuui — npu
AOCHiAXEHH] e1eKTPOMarHiTHUX SIBMLL TOLIO.

IMoxaxemo, wo nocrasieHy 3allayy MOXHA 3BECTH N0 PO3B’S3aHHS
neskoro audepeHiuianbHoOro pisHsHHA. Criouatky yrBopumo aubepeui-
anbHe piBHsAHHA ciM’T kpusux (B.6). [AudepeHuUilOBAHHAM TOTOXHOCTI
®(x, y(x), ¢) = 0 33 3MiHHOIO X AiCTAEMO

ad(x, y.¢) L Abx, y (%), ¢) dy, (x) -0
ox ¥orda cy s

Taxnum unHOM, dyHKuia y,(X) TOTOXHO 3a10BOJLHAE CUCTEMY

O(x, y, ¢y =0,

(‘.’(b(x: Y. ©) N al)(x: Y, ©) y =
éx cy
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B.2
AndepenuianbHl PiBHAHHA B fipUKNapHux 3agpa4ax

Bukiiounsium 3 Ui€i cucreMy napametp ¢ (byaeMo NpUnyckaTy, uo i€ 3aBX-
I MOXHA 3poGHTH), MATUMEMO CHiBBIAHOLIEHHS BHUIIALY

Fix, v, y1=0, (B.7)

sKke # € wyKkaHum audepeHuianbHum piBHAHHSIM CiM'T KpuBux (B.6).

flepeitnemo 1o nobynosu avdepeHiianbHOro piBHAHS i30rOHANbHUX TPa-
ckropiii. Hexall octaHhi nepeTMHAlOTh KPUBIi 3aaaHoi ciM’1 nia kytom o. 130-
I'OHANIbHY TPAekTOpiio BRaxarumeMo rpadikoM dyukuii y = n(x). 3adikcyemo
X = x5 Hexait ¢ (x;) — KyT MiX 2O44THO0 MiBBICCIO oci abCuMC T A0TUYHOIO A0
Ti€i kpuBoi ciM’i (B.6) y = y(x), fiKa npoxoauTh uepes TOUKY (X, n(x,)) (orxe,
y(xg) = nlxp)], @ w(xg) — ananoriunuit Kyt Ans i3oroHanbHoi Tpaektopii. Toni
©(x;) = ylxy) — o. (Moxna 6y10 6 wyKaTH i30rOHaNbHY TPAEKTOPIlO, AIs
$IKOI CIIPABILKYETHCH PiBHICTb @(X)) = W(Xx,) + O; XapakTep NMOAANAbLINX MipKYy-
BaHb Bill UbOro He 3MinnThCA.) Ockinbkn F (xy, ¥(xy), ¥ (%)) = 0, ¥ (x)) = n(xy),
tg o (xy) = y'(xp), 10 Flxy, n(xy), g o(xy) = 0. Ane tg ¢ (x) = 18 (wlxy) - o),
18 w(xy) = n'(xg). OTxe, AKIIO PO3INIAAATH BUMAAOK, KOIH O # T/2, TO

g y(xg) ~tg o _ Mxg) — K
T+igyxga 1+ An(x)"

tg(y(xy) —a) =

ae k= tg a. Toni

(xg) — Kk
Flx,. (X)), _l__()_____)z
[ 0- TXo) I+ An'(xy)

3po3ymiso, 110 Ust PiBHICTb NOBUHHA CNpaBoXYyBaTUCH M Oyab-sKOi TOY-
Kn Xq 3 obnacti Bu3navenHst GyHkuii n(x). Tomy aana (byHKum Mae 6yTu
poau A3koM AudepeHLialibHOrO PiBHSHHS

Y-k
F( ». T I\y] 0. (B.8)

Bouo it € wykanum anepeHuialbHUM PIBHAHHAM i30TOHAIbHUX TPa€EK-
TOpi#l.

Y Bunasaky, KoM o = ®/2, MAaEMO 3ajauy 11pO 0pMO2UHAAbHI mpAaek-
mopii. Biunosinne audepeHuianbHe pisHsHHA Jerko nicraty 3 (B.8) rpa-
HUYHUM [EPEXOAOM, CHPsMYBaBlWiM k N0 HecKinyenHoOCTi. B pesyiabTaTi
MaTHMEMO



BCTYN

[ns nudeperuianbHOi reoMeTpii cTaHOBUTL iHTepec 3aaaua 11po i30ro-
HaJibHi TPAEeKTOPIl CiM’T KPUBHUX, 1O JiexaTb HA 3aiaHiit nosepxHi. Okpemi
BUIAaNKY TaKOl 3aa4i BUHMKJAMW BHACNiAOK 110Tped NpakTUKHU.

ONpwknap B8

MoperiiaBiui e B enoxy BeJukux reorpadiuHux BIIKPUTTIB 3auUiKaBUIKCS
KPHMBOIO, B3LOBX SKOI BinOyBaecTbesi pyx Kopabisl 3alaHUM iCTHHHUM Kyp-
coM. Taka KpuBa 11ePeTUHAE MEPUAIAHM 1Till CTAAUM KYTOM (! i HA3UBAETHCH
NOKCOOPOMOUIO.

3uaiidemo dudhepenyianbte pisHanHs a0KCOOpoMu Ha nveepxHi cghepu, 3ada-
HoOI 8 npocmopi R 3 Koopdurnamamu (X, y, Z) PIGHAHHAM

R -1

y eunadky o # n/2. (Akwo o = n/2, T0 NOKcoapoMa 36iracrTbCs 3 AESKOIO
napasiesinio cdepu.) s ubOro BUKOPUCTAEMO TaKMH BiAOMUIL (akT: aKIo
kpusy I y npocrtopi R? 321aHO B NapamMeTPUYHOMY BUITIsLAI PIBHSHHAMM

x=x(r), y=W1), z=2z(r),

ne x(t), y(t), z(t) — nenepepsHo audepenuiiiosHi GyHkuii Ha nesskomy
irepsani /, 10 BekTOp T(f) = (X(1), y(1), 2(1)) (7yT x:=dv/dr i 1. 4.) 3a
YMOBM, 1O BiH He NePeTBOPIOETHCH B HYJIb, BU3HAYAE HANpPSAM AOTUHHOIL 10
[y Touui P(t) = (x(1), y(t), z(1)). lleit BexTOp NPUPOAHO BBAXATH NPUKIA-
AeHMM A0 ToukK P(1) i Ha3mBaTu NOTUYHUM 00 KpuBoi I y uiit Touui. Kyrom
MiX KPUMBUMM B TOULI iX MepeTuHy Ha3UBAIOTh KYT MiX BiLITOBIAHMMM 0O-
TUYHUMU BEKTOPAMM.

BusiisieTscsl, WO HaUnpocriworo suraany audepexiliaibHe PiBHAH-
H3 JlokcoapoMmu Habysae y chepuuHux koopaunHartax (¢, 8), ¢ € {0, 2n),
0 € |0, m), sixi BBOAsTbCH Ha chepi oAMHUYHOIO pajiyca 3a dopmyaamu

X =cos @ sin 8, y =sin @ sin 8, = = cos b, (B.9)

Mepunianu Takoi chepu yTBOPIOIOTb OAHONApaMeTPUYHy CiM'i0, 3adaHy
piBHSIHHAM ¢ = ¢, 6 € |0, ©) (TyT ¢ — napametp cim’i). [lekapTOBi KOOpAHUHA-
TH AOTHYHOTO Bekropa & 10 MepuaiaHa, 110 NPOXOAUTb Yepe3 TouKy Ha ctepi
3 koopanHatamu (¢@;, 6,), 3HaiaemMo avdepeHUilOBAHHAM PaBUX 4aCTUH
pisHoctelt (B.9) 3a 3MiHHOIO O, sika Bilirpae poab napaMerpa !, NOKJiaBv
Hajani ¢ = @), 6 = 8. ¥ pesy.bTati MaEmo

€ = (cos ¢ cos O, sin gy cos By, ~sin ).

AHaNOriuHO, 3aaBly Y chepruuHUX KOOPAHHATAX JIOKCOAPOMY, L0 IPO-
XOAMTL Yepe3 TOUKY (@,, 6y), piBHAHHAM ¢ = @(8) (9(8,) = @y), obyuc-
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B.3
OCHOBHI NOHATTAR Ta 00'€XTU BUBUBHHA

JI0EMO AEeKapTOBi KOOPAXWHATH 11 AOTUYHOrO BeKkTOpa M Yy wiit Toyui i
3HAaX0AMMO:

I N = (=sin @q sin Og - §(Hy) +cos @y cos 6,
€os @, sin Oy - @(0y) +sin @y €os By, —sin By).

3a ymoB0#0 3amayi KyT Mix Bektopamu £ Ta M nopisHIoE o. KocuHyc uboro
KyTa MOXHa 3HAaiTH 32 JONOMOTOI0 CKalSAPHOTro A00yTKY:

&, n)
‘ NEN i
. " Micas eJleMeHTapHyx 06YMCeHb 3 ypaxyBaHHAM TOro, 110 6 Moxe HabyBa-

TH AOBiIbHMX 3HAuYeHb i3 niBiHTepsany |0, n), mictaemo wykaHe audepeH-
uianibHe PiBHSHHS JIOKCOAPOMHU B CHepUUHMX KOOPAMHATAX

= COS .

2
do . )“

—Lsin 0 1 =seca.
(dosm +1 =seca

1 B3 |

OcHOBHiI NOHATTA Ta 06’EKTN BUBUYEHHA

Hexait D — obnacte y npoctopi R?, (f, X) — KOOPAMHATA B HbOMY.
KoxHa ¢yHkuis f: D — R Bu3Havae B D aucdepeHiliajibHe piBHAHHA

x=f(t,x), x:= o (B.10)

BOHO Ha3MBAETLCA CKANAPHUM OUghepeHyianbHum PiGHIHHAM NepUozo nopAo-
xy (PO3B’13aHUM BilHOCHO NOXiHOi). MHOXUHA D — o6aacms eusnauenns
pisnanns (B.10). .

& O3navennn B.1

Pose’asxom pienannsn (B.10) na inmepsansi I ¢ R nazuearomsb dugpepen-
WitiogHy 6 Kouxcniti mouui t € 1 ghynkuiro x(t), epaghix akoi nasexcums
obaacmi D (mobmo (1, x(1)) € D 041 6cix t € I) i aka 3a00601bHAE YMOBY

x(H=J @, x() vtel
18



BCTYN

@ 3ayBaxeHHr B.1
TMousiTTs po3B’A3KY MOXHA BBeCTM W y BMNalKy, KOAU | € OAHIEI0 3 TaAKUX
muoxuu: 1) {a, b), 2) (a, b}, 3) |a, b}. Ipu uboMy ciin AuLe YTOUHHTH, L1IO
B I'PAHMYHMX TOYKAX POAb NoXiaHoi dhyHKuii x (7) Bigirpae BunosiaHa oaHO-
GiuHa roxinHa: npaBa — MUl TOYKHU 4 Ta JiiBa — A1 TOYKY b.

Po3s’sg3a1u (3iHTerpyBaty) avdepeHuiajibHe pisHsaHH (B.10) o3nauae
3HaiTU BCi HOro po3B’a3ku. B nogaipioMy Ha npukian KOHKpeTHUX
KJ1acCiB piBHsSIHb OyJe NOKa3aHo, L0 TMIIOBOIO CJIil BBAXATH CUTYaLilO, KOJU
MHOXHWHA BCiX po3B’s13KiB piBHsHHs (B.10) yrsoploe ciM’to ¢ynkuiii, mo
3a7€XUTh Bid AIMCHOro 11apaMerTpa — Tak 3BaHOI LOBUILHOI cTanoi. Toui
Taky CiM’10 (byHKUIA Ha3MBAIOTb 3dedbHUM PO36 A3K0M PIBHSHHS, a KOXEH
OKDPeMO B3SITUH PO3B’SI30K — yacmuHHum. 3ayBaXx MMO, LU0 32 BUHATKOM
Teopii Tak 3BaHMX JIiHIlTHKUX audepeHUiaibHUX PiBHAHb, Kiid 6yne 1ipu-
IiIeHO BeJIMKY YBary B il KHMK3i, 3a3HayeHi TepMiHM B CydyacHiit Jiitepa-
Typi BUKOPUCTOBYIOThCS pinko. ToMy MM He AaBaTMMEMO BilNOBIAHUX
CTPOrMX MaTeMaTUYHHX O3HAYEHb.

2 Osnauennn B.2

Hexait (1), x;) € D. 3adaua Kowi 3 nouamkosumu danumu (1, x,) 0
pignanus (B.10) noaseae y sidwiykanHi po3e’a3Ky, 8U3Ha4eHO20 npu-
HQUMHI 6 0eAKOMY OKOAL MOYKU 1y, AKUL 3A00604bHAE NOYAMKOEY YMOBY
x (1) = x,.

< O3nauennn B.3

Kazamumemo, wo (1), x,) € D € mouxorw edunocmi po3e’asky sadaui
Kowi, axwo das 6yob-akux 06ox po3e ‘a3kie x; (t), 1€ I (=1, 2) 3a0au4i
Kowi 3 nonamkosumu oanumu (Io, Xy) icHyc maxuu mmepecm Iclcl,
wo tye 1ix,(t) =xy(t) npu écix t € I. Y nIpOTUBHOMY pas3i KaxyTb, IO B
TouLi (7, X,) HOPYIIYETBCA €AMHICTb PO3B’A3KY 3anaui Kouwi ((7), x,) —
TOYKA HEENUHOCTI PO3B’a3Ky 3aaaui Kouui).

2 Osnauennn B.4

Kazamumemo, wo po3se’azox 3adani Kowi edunuil, akuio KoxcHa mouka
toeo epagpixa € mouxoro courocmi po3e ‘a3ky 3ada4i Kouti.

3anauy Kol Ha3uBaloTbh TAKOX novamxoeoio 3adavero. I1utaHHs icHy-
BaHHs1 Ta €IMHOCTI pO3B’A3Ky 3anayi Koiui Hanexurb g0 yucia dyHaaMeH-
TaJibHUX Y 3arajibHiii Teopil 3BMYaiiHuX n1udepeHUiaIbHUX PiBHSHb.

He3sanexHy 3MiHHY ! TPUIHSATO HA3KWBaTU vacom. KoxeH po3B’s30K
piBHsiHHSA (B.10) onucye epoalouio B yaci Benuuunm x. [lpouec 3Minu
x = x(t) BianOGyBacThCH TAK, WO MUTTEBA WIBUAKICTL X(f) € 3amaHOIO
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B.3
OcCHOBHI NMOHRTTA Ta 06'€XTH BUBYBHHA

thyukuiero f(z, x (1)) yacy f Ta 3Ha4eHHS BeJIMUMHU X Y Leil caMuii MO-
MCHT Yacy.

ITpu BuBYeHHI nudepeHiaibHKX PiBHAHDb i3 HUMM NOB’SA3YIOTh TAKOX
| reoMeTpUyHi 06’€KTH.

@ Osnauennn B.5

Ipagix poss’asky piensuua (B.10) nazuearoms lioeo inmeepasvHolo
Kpueoio.

3 nornsay reometpii 3aaavya Kouii nossirae y BiiluykaHHi iHTerpajibHoOi
KpuBoi piBHsiHH#A (B.10), sika npoxoauTh Yyepe3 Hamnepejl 3ajilaHy TO4YKY 06~
nacti D. YpaxyBaBily reOMETPUYHUIM 3MICT 110XiZAHOI, MOXHA 3ayBaXKUTH,
M0 iHTerpajibHa KpMBa Ma€ TaKy XapakTEPUCTUYHY BJIACTUBICTDb: Y KOXHIH
i Tounti P KyroBuit koedilliEHT JOTUYHOI HOPiBHIOE 3HAYEHHIO ITPABOI Yac-
TUHHU BianoBigHoro andepeHUiaabHOro piBHAHHA B Touli P. Lle#t dakr €
OCHOBOIO 15l FTeOMETPUYHOI iHTeplipeTauil A1xdepeHUiabHUX PiBHSHD Ta
JACTOCYBAHHSI TeOMETPUYHMX [IIAXOLiB 40 iX AochiixeHHs. JleTajibHilie
BiMIIOBiAHI IIMTAHHS MUY PO3[JIIHEMO Ili3Hillie, a 3apa3 Jidile 3a3HaYMMo, 110
'} IGOMETPUYHMX MipKYBaHb, siK y3araibHeHHs (B.10), npupoaHo BUHMKAE
snbepeHIiIbHE pIGHAKHA 6 cumempuyHil ¢opmi, a60 piensuns llpagga.
Woro surnaa

M(x, y)ydx + N(x, y)dy =0. (B.11)

Tyt M(x, y), N(x, y) — 3anaHdi ¢yHKUil, BU3HAYeHi B fesukil obaacTi
D < R°. Y naHomy piBHAHHI Hanepel He BU3HAYe€HO, AKY 3MIHHY Chif
BBaXATH He3ajiexHo10. Tomy Horo po3s’si3k¥ MOXHA LIYKaTH y BUEasAAi
dyukuii y = y(x) abo x = x(y). Haitzaranbniloro GopMolo 3aaaHHsl po3-
B’s13Ky piBusivHs [ldadda € napamerpuyna. B uboMy BUNaaKy 3MiHHI x
1a y € nudepeHUIHOBHUMM DYyHKLIAMM napameTpa f € /, sKi riepeTBOpIo-
10Tb piBHicTb (B.11) Ha ToTOXHIicTb. BianosinHe TouHillle 0O3HAYEHHS MU
BpeaeMo B 11. 1.6.

06’eXTOM HALIOIO NOAAJbLIOIO PO3rsiay Oyle TaKOX HesdeHe CKaaspHe
dugpepenyianvre pieHaHHA nepwiozo nopsdky. BOHO Ma€e BAIIAL

F(x, v, i‘:j =0,
dx
ne F: G R — 3anaHa dyHKuUist, BusHauyeHa B obnacti G c R>.

Hexaii Tenep D — obnacts npoctopy R' *”, B 1KOMy 3a1aHO KOOpAMHA-
T (8, x) = (1, Xy, ..., x,). Koxne pinobpaxenns f: G+ R" Bu3nauae 8 D
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BCTYN

HOPMAAbHY N-BUMIDHY cucmeMy OugbeperuianbHux pieHAHb neputo20 NOPAOKy
(eexmopHe pieHAHHSA)

% = f(t, x). (B.12)

PosnucaHa NOKOMIIOHEHTHO, BOHA MAa€ BUIJIsLA

X = [t x, x5, .0, X,),
X.fl = fz(f, Xl,xZ....,X"),

x" = ./;y(’s XI, xz, ...,x” )

< O3navennn B.6

Pose’azxom cucmemu (B.12) na inmepeani | c R nasuearoms ducpepen-
uitiogHe 8 KoxcHil mouyi t € 1 eidobpaxcenna (eexmop-gpynkyin), x(t),
epagpix axozo narexwums obracmi D (mobmo (t, x(t)) € D dra ecixte I)
i AKe 3a00601bHAE YMOBY

X(t) = £, x(t)) Viel

Haranaemo, 110 andepeHuifoBHicTs BexTop-yHkuii x (¢) = (x,(1), ..., x,(1))
Ha iHTepBaji / o3Hayae andepeHUiHOBHICTD Ha LbOMY iHTEpBaii KOXHOI ii
KOMIIOHEHTH X, (1), i= 1, ..., n.

< Osnavennn B.7

Hexaii (#), x;) € D. 3adaua Kowi 3 nowamxosumu darumu (1, x,) 043
cucmemu (B. 12) noaseace y sidwykanni po3e’azky x(t), axuii 6ye 6u eus-
Ha¥eHull npuHaiiMKi 8 OesKOMy 0KOAi MOUKU ty | 3a00601AbHAG NOYAMKOEY
ymoey x(1p) = x,.

HopManbhi cucremy avdepeHUianbHUX PiBHSHD N0CIAAI0Th LEHTPAIb-
He Micue B afaHoMmy Kypci. Teopist Takux cUCTeM, 30KpeMa, CTAHOBUTHME
OCHOBY JUIsl BUBYEHHS iHIIMNX 06’€XTiB: AMdepeHUiaIbHUX PiBHSAHDb i CUC-
TeM AudepeHLianbHUX PiBHSAHb i3 MIOXIAHKMMU HeBiioMHUX YHKLIA BUMIMX
NMOpAAKiB, a TaAKOX IuepeHuiaibHUX piBHSHD 13 YACTHHHUMH NOXIIHUMHU
MepLIOro IOPSIKY.



ANOEPEHUIANDBHE PIBHAHHA
NEPLLIOIO NOPAQKY

by -

| 1.1

Po3B’A3aHHA OKpeMuX Tnnis
andepeHuianbHMX PiBHAHL NEPLUWOro NOPAAKY

Ha paHHix cTanisix po3BUTKY Teopil audepeHUialbHUX PiBHSHb OCHOBHI
IyCWLIS MaTeMaTuyKiB Oyl CIIpMOBaHi Ha BilluyKaHHsl po3B’a3KiB aude-
peruianbHNX PiBHSIHD Y 3aMKHEHiM aHaliTUYHIK ¢dopMi 3 BUKOPUCTaHHSIM
CKiHYEHHOTO YMC/a Hallepea BU3HAYEeHHMX OOfyCTMMMX onepauiii. [lo oc-
TdHHIX, 30KpeMa, BIAHOCWIMCSl CTAHIAPTHI ofiepallil eJleMeHTapHOI MaTeMa-
FMKH, onepauii obepHeHHs GyHKLUIM Ta ollepallii iIHTerpyBaHHs — «06YnuC-
JICHHS KBaapatyp». Uepe3 Lie Npouec BialuyKaHHs pO3B’si3KiB andepeHLi-
WIbHUX PiBHAHD Y 3aMKHeHil HOPMi 3 BUKOPUCTAHHAM 3a3HaYEHHUX AOIYC-
TMMUX onepauiil TpaAKLIHO HAa3UBAIOTL iHmezpyeanHam dugepenuiarbHux
pisnaHb y Kkeaopamypax.

Po3rasHeMo Kijibka HaMIPOCTiliMX THNIB iHTErPOBHMX Y KBaapaTypax
iudepeHLiaIbHUX PiBHSAHD.

1.1.1. PiBHAHHA
3 BiAOKPEMAOBAHMMMN 3MiHHUMM

,lind;epeuuianme PiBHSIHHS 3 BiIOKpEM/LIOBAHUMU 3MIHHUMM MAaE BUIJISI
dx )
E—fl(f)fg(.w. . (1.1)
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Maea 1
AVOEPEHLIANBHE PIBHAHHA NEPWOMC NOPROKY

Bynemo npunyckaty, wo KoxHa ¢yHkuisa f, : I, — R HenepepBHa Ha iHTep-
Bani [i(k =1, 2).
Po3rasiHeMo croyaTky BMMauoK, KOJIU

Hx)#0 Vxe l,. (1.2)

Touai 11pouec po3p’sa3yBaHHs piBHSAHHA (1.]1) CKIa1a€ThCst 3 TAKUX O M € -
panii:
e BiJOKpeMJeHHA 3MiHHUX — nepexia Bia piBHaHHA (1.1) 0o exBiBa-
JIeHTHOI'O oMy

dx

ﬂ()"f()d’

e iHTErpyBaHHs ONEPXaHOIO PIBHSHHA — BiALUYKaHHS nepBicHuX Fi(f)
i Fy(x) dynkuii f,(1) 1a 1/£,(x) BIIMOBIAHO 3 NOAAALIUMM BUIUCY-
BaHHSIM PiBHOCTI

F(x)= RN+, (1.3)

Je ¢ — J0BiIbHA CTaa;

e BimuykanHa yHkuii £, '(x), obeprenoi no dpyHkuii Fy(x), i 306pa-
JXeHH$1 OHONapaMeTPUUHO] CiM’1 po3B’sa3KiB piBHsiHHA (1.1) y Burnaai

x=x.(1):= K (F(t)+o). 1.4)

3 TeOpeTUYHOTO IOIsY BCi 3a3HaueHi onepallii xopektHi. 30kpeMa, 3a
TIePBiCH] MOXHA B3ITU

ds
X0 f)(-s)

ae iy € 1}, x; € I, — QixcoBaHi TOUKH, a iCHyBaHHs 06epHEHOT ByHKLi F," (x)
BMILIMBA€E 3 MOHOTOHHOCTI Fy(x): amke F;( \) =1/f,(x) #0 ana Beix x e [,
Kle TOrO, AK N06pe Binomo, yHKuUin F,'(x) HenepepBHO audepeH-
HilfoBHa B 06,1aCTi CBOYO BM3HAYeHHs: (AMB., Hanpukiad, [4}). 3suvaiino,
dopmyana (1.4) Mae ceHc auuse Ui TUX 3HAYEHb ¢, Al AKMX 00aacTb BU3-
HayeHHs QYHKLIi x (1) HE NOPOXHA.

MNokaxemo, 10 onucaHMi Bullle Npouec iHTerpyBaHHA piBHAHHSM (1.1)
[la€ 3MOTY 3HaWTH BCl HOro pO3B’SI3KU.

R = j fisyds, Fo=[ (1.5)
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1.1
Po3B’A3aHHA OKPEMUX THNIB AndEpPeHUianbHuX PiBHAHL NEplOro nNopRAKY

Teopema 1.1
S1kuwio x (1) — po3B’s30K piBHAHHA (1.1) Ha iHTepBani /, To 3Hait-
JIeTbest Take ¢, A AKoro x(f) MoXHa noaary y surasai (1.4). Ha-
Bnaku, sKiio ais ¢ikcopaHoro ¢ ¢yHkuisg (1.4) BU3HAaYeHa Ha
. inrepBaii /, To BoHa € po3B’A3KOoM piBusitHg (1.1) Ha /.

oBeneHHA

JloBenemo nepiuy 4acTuHy Teopemu. Hexait x(f) — po3B’si30K piB-
HsuHs (1.1) Ha inTepBani /. Toai

x(1)
Srx(@)

Jlerko nepeBipuTH, L0 OCTAHHIO TOTOXHICTb MOXHA II€PEIIUCATM Y
BUISAL

x() = (N [Lx@) Vel o = fi(t) vtel.

d d

—Fx() ==—F() vrel.

dr '’ ar i

Ane TOMi 3HAMAETLCA Take Yuc/ao ¢, wo F(x (1)) = Fi(?) + ¢, a oTxe,
x(t) =F, ' (F\(t) + ¢) ans Beix t € 1.

Tepexoaumo 10 n0BeneHHs Apyroi 4yacTUHU TeopeMu. Hexaii npu
(ikcosanomy ¢ dyHkuis x (1), 3anana ¢popmyJolo (1.4), Bu3HayeHa
Ha iMTepBajli /. BoHa Ha HbOMY HellepepBHO AudepeHLiAOBHA K Cy-
11epro3ulisi HenepepBHoO AuctepeHUiAOBHUX QYHKLINA | TepeTBOPIOE
piBHicTb (1.3) Ha ToTOXHIiCTh. JludepeHUiIOBAHHIM QCTaHHbLOI Ai-
CTAEMO

X:A1)
Hx A

Otxe, x (1) — po3p’a30K piBHAHH (1.1).

=il Viel & x. ()= fi(0Dfri(x () Vie l.

@ 3ayBaxenHun 1.1

lpu dikcosanoMmy ¢ ¢opmyna (1.4) BU3HAYAE CTLIbKU PO3B’SA3KiB, CKiUIbKH

HEMEePEeTHHHHNX iHTepBanis MICTUTh 0BnacTh BH3HauyeHHs GyHkuii x (7).

3 orssily Ha JloBejieHY TeopeMy ciM’1o dyHKuii (1.4) IPpMPORHO Ha-
SBATH 3020ABHUM D036 A3KOM PIGHAHHA 3 6I00KPEMMOBAHUMU IMIHHUMU. 3a-
YBXMMO, 11O 33a4a BilllyKaHHs SIBHOFO aHAITUYHOIO BUIsAY PyHKUiL
I, '(x) HaBiTh y BUmanky, konu F,(x) yoaeTbcsi BAPA3UTH 4epe3 eleMeH-

] 2
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fnasa 1
AVOEPEHUIANBHE PIBHAHHA NEPWOIO NOPAAKY

TapHi QyHKUil, MOXe OYTH NpakTHYHO He3ailicHeHHO10. B uboMmy pasi
npouec inTerpyBaHHsa piBHaHHA (1.1) 3aBepluyloTs 3anucom ¢HhopMysin
(1.3). Cnieginnowennsi (1.3) Ha3uBaloTh 3aearvhum inmezpasom (abo npo-
CTO inmezpaaoMm) UbOro piBHSAHHA. KaxyTb, 110 3arajibHU# iHTErpan Bu3-
HAYae 3araibHMil po3B’su30K piBHsaHH (1.1) y HegBHOMY Burisai. 3a3Ha-
YUMO, 1110 YacTo dopmyay (1.3) 3anucyioTh y 3pyyHiioMy U CIIPUAHST-
TS BADJISIL

f( ) Iﬁ(r)dn*c (1.6)

JOMOBUBLIMCS NIOfIEPEAHBO sl JOBLIbHOI (DYHKLUIT @(f) CUMBOJIOM j‘&P(f ydt

[103HAYaTH He HeBU3HauyeHMi iHTerpan (oaHONapaMeTpUyHy CiM’I0 BCix Iep-
BiCHHMX), a OKpeMy nepBicHy pyHxuii ¢(1).

Hanarooun craniii ¢ KOHKpeTHOro 3HauyeHHs, MY 3a JOIOMOrol0 CiliB-
BintonieHHs (1.3) 3a1a€MO B HESSBHOMY BUIVISLLI onuH abo KiJibKa YaCTHH-
HUX po3B’a3KiB. [1py LbOMY 3HaYeHHS AOBLIBHOI CTa/o], siKe BiANOBLAAE
po3B’si3Ky 3a1ay4i Kouui, oqHO3HaYHO BU3HAYAETHCH NOYATKOBUMM TAHUMM.
Hanpuknan, axino 3a nepsicHi Fy(#) ta F,(x) B35ty QyHKUIl, BU3HAYEHI
dbopmynamu (1.5), To, noknasuy B (1.3) 1 = £, x = X, 3 ypaxyBaHHAM
puaHocren F (’o) = 1'2("0) 0 3naitgemo ¢ = 0.

................ wr Cv o eneaie R
B

Ha HmCTaBI unx MlpKyBaHb poﬁnMO TaKun nucnonox’ po38 30K 30- ’
dalu Kowi 3 nouamxosumu danumu (1, x,) € I, x L, caio eusnawamu
" Ak hynxuito x = x (1) i3 pigHannus

) f)(é)

ﬂxmo thyrkuyin x (1) 3adoeonvhse ye pieHanns na inmepesani I, sxui
Mumumb mouky t(,, mo 60Ha u € WyKanum poss n3xom

Cosamt u e e s e e tp

j fils)ds.

e e L

Po3sriisHeMo Tenep 3arajibHuif BUIIaa0K, KOAW ymoBa (1. 2) MOPYIIYETD-
ca. Ockinbku fo(x) € C(J, +— R), 10 MHOXuHA A = {x € I, : f,(x) # 0}
Binkputa. SIK BinomMo (uuB., Hanpukaal, [5]), BoHa € 00’clHAHHAM He
Oiiblue HDK 31i4eHHOT CUCTEMM HellepeTUHHUX iHTepsantiB. byap-sakuit po3-
B’5130K, 110 Habupae 3HayeHb B OUHOMY 3 YKa3aHMX iHTepBaiiB (Ha3BeMoO
MO10 PO3B’SI3KOM TUIy A), 3HAXOAMMO 3a toriomorolo dopmy.iu (1.4). Muo-
xuHa B = [,\ A cKNaja€TbCsi 3 TOYOK, B #KUX PyHkuis f(x) nepeTso-
PIOETLCH B HYJIb. Hexait x, — oiHa 3 HuX. be3riocepeaHiM MiACTABACHHIM Y
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Po3B'A33HHAR OKPEMUX TUNIB AndrepeHuianbHuX PiBHAHL NEPLIOrc NOPRAKY

pistisHHs (1.1) JIerKo NepeKOHYEMOCH B TOMY, 1O cTana QyHKLUIA X = X,
1« I, € 0ro po3B’s3KOM:

dx.
dt

Ka3arumemo, 1o e — po3B’a30K tuity B. OTxe, B 3araibHOMY BHIIANKy
pu3H’sisKu TUITY A, BU3HayeHi dopmysoo (1.4), noTpibHO JOIIOBHUTH CTa-
JIKMU PO3B’sI3KaMH TUIy B.

Uas Toro 106 npouoCTpyBaTy B3a€EMO3B 30K MiXK PO3B’sI3KaMH 3a3-
HUYeHUX JBOX TUIiB, PO3IJIAHEMO ABa NPUKIALH.

=0= fiihfr(x.).

ONpuknan 1.1
Po3e socemo pisnanna

% = 2f cos® x. .7

Tyt dyskuis cos’ x nepersopioeThesi B 0 y Toukax n/2 + nk, k € 7. Otxe,
pisusinnsg (1.7) mae Habip po3s’saskis Tuny B

x=nrn/2+nk, kel (1.8)

Hdani Ha KoxHOMY iHTepBaii {x e R : n/2 + tk < x < /2 + n(k + 1)}
BIAOKPEMIIOEMO 3MiHHI

dx

— = 2t dt,
COs™ X

BU3HauaeMo nepsicHi GyHKuii 1/cos® x, 21 i aicTaemo iHTerpan
2 .
igy=t-+c, cek

YA

3BiACK 3HAXOAMMO CIM'10 PO3B’#3- === ——y =n/2
KiB Tuny A —]

X = arctg,(t2 +¢)y+mn, neZ,

sika pasom i3 (1.8) Bu3Hauyae Bci
po3s’szku pirnsnna (1.7). Voro x
iHTerpanbHi KpuBi B CMy3i Mix
HPSIMUMK X = + 11/2 3006paxeHo Ha
puc. 1.1, Inwi idTerpanbsHi xpusi

MOXHA YTBODMTH 3 HMX napa- y=-n/2
J€NbHUMK 3CYBAMM Ha T, n = ),
+2, ... y3a0Bx oci Oy. Puc. 1.1



fnasa 1
AVOEPEHUIANBHE PIBHRHHA NEPLLOIO NOPAOKY

Ockinbku arctg (12 + ¢) - n/2 npn ¢ — +oc i arctg (12 + ¢) — ~n/2
IIpU ¢ -> -0, TO BCi PO3B’A3KM TUIlY B MOXHA HicTaTy i3 ciM’i po3B’s3kiE
THIlY A rPAHMYHUM NEPEXOOM 3a AOBUTbHOIO CTanolo. Tomy BiaANoBiabL MOX-
Ha NnoJaTu y BUAs

X = al‘clg(t2 +ey+mn, nel, ce =U{x}U{-x}.

ONpuknap 1.2
Po3ze ’ancemo pieusinns

dx .
= =)' 3. .
7 (1x) (1.9)

Po3p’siskom tHny B uboro piBHaHHs € x = 0. [licag BinokpemsienHs
3MIHHUX Y KOXHI# i3 niBnaowmH x > 0, x < 0 Ta iHTerpyBaHHs OJepXaHOro
PiBHSIHHS 3HAaX0AMMO 3aranbHuil interpan x> = 13 4 ¢ Ta cykynnictb pos-
B’si3kis Tuny A x = + (1*° + ¢)%2. Ha Biaminy Bil nonepeasboro npukiasy,
PO3B’S30K TUMNY B yXxe He MOXHa AiCTATH rPaHUYHUM [1€PEXOAOM 34 LOBiNib-
HOIO CTa1010. Bianopiae 11osaemMo y Burisidi

x = +r*? 4 ¢)’? ceBJUx =0}

Ipy ubomy cnin ypaxosysaTtu, uio npu ¢ikcosaHomy ¢ = ¢; < 0 bynkuis
x = (1*? + ¢)*/%, oBnacTb BU3HAUEHHS sKOT 3anaeThea HepibricTio 147 2 | ¢, |,
HACMPABJi 3a1a€ 1B YACTHHHMX PO3B’A3KM: NepLMit — Ha nisoci 1< —| ¢, 4,
a ipyruit — ua nisoci 1> | ¢, 4. Lle came 3aysaxeHus CTOCYETbCSH, 38MuaiiHO,
i pynkuii x=- (Y3 + c(,)m.

HapeiwuTi, BapTo 3BepHyTHt yBary i Ha Takvit uikasuit ¢akr: Ha BiAMiHY
BiA {1011ePeAHbOr0 NPHKAALY, «CKJIEIOBAHHAM» PO3B’A3KiB THUMIB A 1 B MOX-

Ha CTBODIOBATH PO3B’A3KM MILIAHOrO TUMy. A CaMe: BUABJISIETHCH, O NPH
NOBiIbHUX (DIKCOBAHUX HEBiA’€MHUX uncnax a i b dyukuis

J—(ﬁ 3 —a“’)"l npi f < -a,
Xapll) = 0 upn -a<r<b,
l(r4 A aput>bH

€ po3B’a3koM pisHaHHg (1.9) Ha BCiit aifichin oci. Cnpasai, x, (1) 3a noby-
LIIOBOIO € MOrO PO3B’sI3KOM, TOGTO BUKOHYETHCH PIBHICTb

Xy (1) = 20x, ()" (1.10)
HA KOXHOMY 3 TPbOX iHTepBaiB, 3 IKMX cKianaeTbest MHOXHHA K \ ({-a} U {b}).
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1.1
Po38'R3aHHA OKPEMUX TUNiB An@dEepeHLIanbHuX PiBHAKb NEPWOro NOpARKY

I1pononyeMo 4ynWTaueBi CaMOCTIiHO NepekoHaTUCs B
icHyBaHHi HyIBOBMX MOXIAHMX X, ,(~@) Ta X, ,(b).
I3 1boro BuruMBaTHMe, 1O PiBHICTb (1.10) BUKOHY-
€TbCsl NPy 1= —a, t = b, a BiaTak i Ha BCi# AificHiit oci.

YsapaeHHs NPo NOBEAIHKY iHTErpaabHUX KPH-
Bux piBHsAHHS (1.9) aae puc. 1.2. I'padik po3s’si3-
Ky X, ,(7) 3006paxeHo Ha HbOMY XHDPHOIO JiHI€0.

Puc. 1.2

QNpuknap 13

Bidomo, wo memnepamypa nosimpsa ¢ mexcax mponocghepu IMiHIOEMbCR 3 GUCO-
moo h 3a AIHIGHUM 3GKOHOM

T =T =Tyl - ah),

de T, — abcostomna memnepamypa nosimps na pieni mopa, o = 2,257 - 105w,
Buznauumo 3anexcrhicme mucky nosimpa eio eucomu.

Hexait p(h) 1a p(h) — BiINOBIAHO THCK 1 rYCTHHA MOBITPS Ha BUCOTI A.
VagimMo coBi BepTUKaNbHUMIA CTOBN NOBITPA Y GOpMi NPSAMOro KOJIOBOrO LK-
JiHApa, HUXKHS OCHOBA SIKOFO MigHsATa Ha BUCOTY h. Bara takoro croBna B
nepuiomy HabanxeHHi ctaHoBuTuMe gp(h)SAh 3a yMoBH, w0 #Oro sucora
Ah nocuth Mana, a nJola OCHOBHU AOPIBHIOE S (g — NPUCKOPEHHS! BLILHOIO
naginan). B TakoMy pasi 3MiHY TUCKY MOXHA BMpa3uTh GOpMyJioio

pUt+ I - plh) = ~gpthy\h+ ot \I), \h— 0.

MoainvBluy obuasi yacTuHM Ui€l piBHOCTI Ha Ah i crnipsiMyBaBiid Ah no
HyJisl, BiCTaHeMo
dpihy _
dh

Bupazumo ryctuHy yepes TUCK i TeMNepaTypy 3a 1OMOMOTOIO PiBHsitHS CTAHY

~gp(h).

. . m
ineanbHOro rasy, sike MOXHa rionary y suinsini pV = FRT. nevV,m M—

sianosiaHo 06’eM, Maca Ta MOJIsSIDHa Macd rasy, a R — yHisepcaibHa ra3sosa

m M
crana. Maemo: p=-— = iy

V. RT
PIBHSIHHSA 3 BilOKPEMJIIOBAHUMM 3MIHHUMMU

TakuM uuHoM, nictaemo audepeHuianbHe

dp I p

dh = BT, U-ah)’



maea 1
ONOEPEHUIANBHE PIBHARHHKRA MEPLWOro NOPAAKY

BizokpeMuBiuy 3MiHHi, MaTHMEMO

dp | dh

?  RT, (I-ah)’
3BiAAKM DicAs iHTerpyBaHHA 3HaX0AUMO
p=cl—ah)! ®h ¢50.
HosinbHy crany ¢ Bu3nadaemo 3 ymosu p(0) = p,, Je py — THCK HOBITPS HA

NoBEPXHi MOPA 1py TemnepaTypi 7. Md€MO € = py. 3aMMIINACCH BPAXYBATH,
110, AK BiIOMO, /Uit NOBITPA B = 342 1072 M/K.

HacamMkinelb 3po6MMoO KinbKa 3ayBaxeHb CTOCOBHO PIiBHSHb i3 BIIOK-
PEMJIOBAHUMM 3MiHHUMM B CMMeTpUUHiM ¢opmi. 1o uboro kiacy Haje-
XWUTh KOXHe piBHaHHA Buraany (B.11), koedili€HTH SKOro J0nycKalorTh
300paxkeHHs

M(x, y) = ilx, VIM(X)M,(¥), N(x, y)=rMx, YIN(X)N,(»),
ae Mj eC(Ij - X), Nj e C(Ij = R), Mx, ¥)e C; x I, X\ {0}),
Jj=1, 2. Ha MHOXHHi
xel{l :N(x)20}x{yel,: My(y) 0}
BINOKpeMJIEHHS! 3MIHHMX JOCAFa€TbCH MHOXEHHSIM PIBHAHHS Ha QyHKLilO

1
2.(x, y)Mg ()’)Nl (x) ‘

3aransHuil iHTerpan ofepXaHoro piBHAHHA 3 BIZOKPEMJIEHUMHU 3MiHHUMHU
MOXHA NOAATH Y BUIISIAI

N Mi(s “ Ny (s

j. -———————'()ds+ ELLICH,
xo Ny(s) yo My(s)

Jlo cykynHoOCTi po3B’si3KiB, BU3HAYEHUX LLUM CI1iBBiAHOLEHHAM, CJiij

JLOJIYYUTH CTali PO3B’S13KH, 3alaHi KOXHUM i3 piBHsAHE N((x) = 0 Ta

My(») = 0

30



1.1
PO3B'R3aHHR OKPEMUX TUNIB An(PepeHuiantHuX PiBHRHL NEPOro NOPABKY

1.1.2. Nixinne piBHAHHA.
PiaxAnHA BepHynni

‘g;amum BULIALY
x =a(t)x +b(t) (1.11)

{3 HenepepsHumu Ha iHTepBaii [/ yHkuiamMu a : [ RT1a b: > R
HA3UBAIOTL AIHIHUM OugbepeHyianbHuM PIBHAHHAM nepuiozo nopsdky. BoHo
IBETLCAH AiHiGHUM HeoOHOPIOHUM pienannam (JIHP), akwo b(t) # 0. Bin-
NoBinHe ainiline odnopione pieuanna (JIOP) yrBoploerscs 3 (1.11) npu
b(1) = 0 i mae Burnan

X =a(nx. (1.12)

JIOP Boanoyac HajleXuTh 40 Kiacy PiBHAHb i3 BIIOXPEMIIIOBAHUMM 3MiH-
HMMHU | nerko po3p’sa3yerbesi. CnpaBui, B KOXHiN i3 niBruiowunH x > 0 1a
X < 0 Hioro MoXxHa nojaTu B eKBiBaIEHTHOMY BUIJIALI

dx

— =a(t)dt

X

| nicns inTerpyBaHHs AiCTAaTU NneplUMi iHTerpa
!

In|x|= j a(s)ds +C,
fa

1e 1, — noBiibHa GikcoBaHa ToYka 3 iHTepBay /, a 10BiibHa cTana C npo-
Oira€ MHOXMHY BCiX NificHKX yMcen. 3BiACK 3HAXOAUMO CiM’10 pO3B’sA3KiB

x| = e,l.,l”lllﬁ)d\"( ipatsyds

,

< x=c¢signx-e

MO SKOi JONYYaEMO OYeBUIHMMA CTaIMK pO3B’A30K X = 0 — mpusianvrui
pa3e azox JIOP. Jlerko nepeKoOHaTUCs B TOMY, LIO OfEPXAHY MHOXHUHY PO3-
B'SI3KiB MOXHa BMPa3UTH OfiHi€0 HopMmyolo

i atsyds
X = e

, CE R, (1.13)

sika ¥ Bu3Havae 3aeanbrull pose szok IOP. (Ilpy 1boMYy cilill ypaxoByBaT,
1o rpadiky XonHux 1Box PpyHkuid cim’i (1.13) He MalOTh CIIIBHUX TO-
0K, a TOMY Oliepallisi KOHCTPYIOBaHHSI HOBMX PO3B’H3KiB «CKA€I0BAHHSAM»,

t
olmMcaHa B npuxiani 1.2, Hemoxiupa). 3BHyaiHo, 3aMicTb j als)ds y
0
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fnaea 1
AWOEPEHLIIANBHE PIBHAHHA NEPWOIO NOPRAKY

dopmyai (1.13) Mmoxe dirypyBatu Oyab-sika iHiua siepeicHa dyHKiiii a (7).
Dopmyny 3arajibHoro po3n’sasky JIOP Bapro sanam’sraru.

HaitnonynsipHiluuM mMetonoM poss’sizanus JIHP (1.11) € memoo sapi-
ayii doginbhux cmaaux, sunaaenuit XK. Jlarpanxem y 1775 p. (memoo
Jaepanxca). I10piBHAHO 3 IHILMMHU CNIOCOOaMy PO3B’A3aHHA PIBHAHHA
(1.11), 3anponoHoBanumu pasiwe M. bepnysui (umB. Huxue) Ta JI. Eitne-
poMm (aMB. 11. 1.7), meToa Bapiauii A0BUIbHUX CTAJIMX € HabaraTo nepciek-
TUBHILIMM 1 ONYCKA€ BaXJMBiI HajIeKOCSXKHI y3araibHeHHs. Onuumiemo
cxemMy Uboco Memoady.

e Po3p’sizyemo JIOP (1.12), ake Bianosinae (1.11), i 3anucyemo jioro
3arajbHyK po3s’sa3okK (1.13).

e Po3p’sa3ok (1.11) wykaemMo y BUrsii

ILatsyds

x = C(t)e ™", (1.14)

ne C(t) — Hepigoma audepeHuUiitoBHa Ha intepBaii I gyHkKiis (uei
KPOK I105ICHIOE Ha3By MeToay). [i BM3HayaloTh 3 yMOBH, 1O 3aAaBuUi
MPOEKT PO3B’A3KY Ma€ 3a10B0bHATH JIHP:

i ags)ds a(s)ds

C(ne's =b(t) = C@) = b(r). (1.15)

[Cnpagai, nincrasvsiiy (1.14) y pisusHns (1.11), nicraHeMo piBHICTb

fags)ds

C(I)efm

ats)d [,0 ats)ds

+CHE ™ 4ty = a(n)Clt)e +b(1),

exsBiBaneHTHy (1.15).]
o 3HaxoaMMo Bci QyHKLII, sIKi 3a10BOIbHAIOTL YMOBY (1.15):

C(H=c¢ +I e Ty "m‘hb(t)dr, ce X

Lle#t Bupa3 niactannsemo B (1.14) i micna HecknaliHMX NepeTBOPeHb
HicTaeMo cim’io po3s’s3kis JIHP

xm e [y g (1.16)

o

Lis dpopmyiia Bu3Havae 3aeanrvruli pose uzox JIHP (1.11).
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1.1
P03B’A3aHKA OKpEMUX TUNIB AndepeHUianbHnX PiBHAHD NEPWOro NOpARKY

Jlisi NOBHOTO OOIPYHTYBaHHS TakKOi Ha3BU 3ayBaXuMo, 1o (1.14) Mox-
MR TPAKTYBATH SIK 3aMiHy 3MiHHMX — nepexil Bid 3aiexHol 3MiHHOi x A0
110801 3anexHoi 3miHHoi C. Lia dopMyna BCTaHOBIIOE B3aEMHO OAHO3HAY-
1y BianosigHicTb MiX po3s’sakamu JIHP i MHOoXMHOIO dyHKUIH, sKi 3380-
uwoibHsoTh (1.15). Yci ui d)yHKui'i Oyno 3HaineHo. 3BicH ¥ BUILIMBAE, 1IO
vim's (1. 16) MlCTHTb yc1 p03B n:um JIHP.

L wee

Ha niacrtasi (1 . 16) MOXHa 3p06mn TAKWii BHCHOBOK: 3deanbHuil po3- :

6 A30K AIHIUHO20 HEOOHOPIOHO20 PIGHAHHA € CYMOIO 3A2dnbHO20 PO3-

. 8 A3KY 8i0N08IOH020 NiHIliHO20 OOHOPIOHOZ0 PiBHAHHA Ma 0esK020 4ac-

muHHo20 poae xaxy /umunoeo neodnopzauoeo plel-lﬂnml

‘Ja gonoMorow q)opmy;m 3arajibHoro po3p’sa3ky (1.16) serxo zicratu
posB’a30K 3anavi Kowli 3 nouatkoBuMy aaHuMu (1, x;). Cnpasai, noyat-
KOBa yMOBa X (f;) = X, a€ 3MOl'y OHO3HAaYHO BM3HAYUTH BilIIOBiJHE 3HA-
"eHHS AOBUIBHOI CTAIOI: ¢ = X,. OTXe, WyKaHui po3p’a30K 3aaayi Kowi
MUC BUIJISIA

X = xoe[;a(s)ds +I il a(s)dsb( )dr. (1.17)
lo

Crioci6 po3p’s3anns JIHP, 3anpononoBanuit M. BepHyiuii HanpukiHui
XVII cr., noasirae B TOMY, 110 PO3B’S30K LIYKAETHCA Y BUDIALI H0OYTKY
ABOX HeBinomux GyHKIN

x = u(t)v(e).

CuiBBiaHONIEHH, OfEpXKAHE I1iC/A NiACTaBAeHHsS uboro supasy B (1.11) i
BillIIOBiAHOrO NeperpyryBaHHs WieHiB, MOXHA NOJATH Y BUIIsAAL

@(t) — a(®u(t))v(t) + u(t)v(t) = b(r).

lle#t Bupa3 3HayHO CHIPOLUYETHCH, AKLIO 33 PYHKUIIO u(f) B3ATH HETpUBI-

wibHUM po3p’si3ok JIOP (1.12), Hanpuxian ¢dyukuiio (1.13) npu ¢ = 1.

‘Toai xoedilieHT NpH v (1) NePeTBOPIOETLCS B HY)b, a AJ151 BU3HAYEHHS DyHK-

1ii v(¢) nictaeMo Te caMe piBHsHHSA, Wo # wis C(r) y metoni JlarpaHxa.
AHaJIOrN4YHO MOXHA PO3B’s3aTH il PiBHAHHS BUIJISLAY

X =a()x +b(r)x™, e R\{0}U{1}). (1.18)

Moro HasupaloTb pisnannam Bepuyasi. Jliloun Tak camo, SiK i y BUNALKY
JIiHIHOIO PiBHSIHHA, MaTUMEMO
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nasa 1
AN®EPEHUIANBHE PIBHAHHA NMEPWOIrO NOPAAKY

(@ — a(tu)y + uv = b(t)(uv)".

I

BizbMeMo 3a u po3B’A30K U = ¢(1):= CXP(L a(S)dS) JIOP (1.12). Toni ans
0

v AiCTaHeMO PiBHAHHS 3 BIIOKPEMIIIOBAHMMHU 3MIHHUMH

d‘? -
= = bty (t .
p ()™ (tn

Horo nerko 3iHTerpyBaTy i oepxaTv OIHOMapaMeTPUYHY CiM’I0 PO3B’sI3KiH

1

v’ ol [
=v.(t)y=|(1- ».)I, b(s)p™ ‘(s)ds +c¢ ,
[

a 'y sunanky A > 0 we ¥ TpuBianbHuii po3B’sa30K v = 0. (Sikwo A > 1, 10
TPUBiaabHUiA PO3B’A30K BU3HAYAETLCA 3 v (f) y IPAHUIL IIPU ¢ — 00, & NpU
A € (0, 1) ue sBMiLE He MPOSBIAETLCS.) TakKMM UMHOM 3HAXOAUMO CiM’10
pO3B’s3KiB piBHAHHA bepHynii

x =@y ().

Ilpu % > 0 BOHO Ma€ TaKoX po3B’s130K x = (.

PiBHsiHHs BepHy/uli MoXHa po3B’A3yBaTy 1 33 [OTIOMOroOIO 3aMiHu 11y~
KaHoi GyHKUil 3 NOJaIbIIMM 3BeAEHHAM [0 JliHiAHOro piBHSAHHA. llei
cnoci6, 3anporioHopanuit I'. Jlei6niuem (1693) ta M. Bepuyani (1697), sis-
Jisi€ cobol0 ejleMeHTapHY LIIOCTPaLLil0 HAA3BAYAIRHO [U1iAHOI 3arajibHoMaTte-
MaTHUUHOI igei. BUKOPUCTAHHSI 3aMiH 3MIHHHUX [ns 3Bed€HHS CKIaAHUX
00’eKTiB 10 POCTiLINX.

[MozainuBiuy 06uaBi yacTUHY piBHsAHHA BepHywi Ha x*, Kicraemo npu
x # 0 exBiBaJIeHTHe PiBHSHHS

x "x =a@)xt * +b().

3po3yMino, Wo 1is 3BeAeHHs 010 A0 NiHiHHOro AOCTaTHLO BBECTH HOBY
dyHKi0

u=x'".
OCKinbKY 4 = (1 - v)x "X, TO PIBHAHHA 114 U MATUME BUIJISA]
u=(-2)alt)u+b)).
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1.1
Po3B’A3aHHA OKPEMUX THNIB AWDEpPeHuUianbHUX PiBHAHB NEPLIOro NOPAAKY

Moro Bxe MoXHa po3B’s3aTH MeTOAOM Bapiauii AOBiIIbHMX CTaiMX.
Ilicus uboro noTpiGHO NoBepHYTHCA A0 3MiHHOI X. 3aCTOCOBYIOUM Ja-
UMY cnocib, He ciin 3abyBaTU Npo TPUBIaJbHUM PO3B’SI30K PiBHSAHHA
bepuyi.

UNpuxknap 14
3inmezpyemo piGHAHHA
yzdx +x(y+x2)dy =0.
Hacamnepen 3HaxoaMMo CTafi po3B’si3KM LIbOTO PiBHSIHHSA
x=0, yex; y=0, xei.

Hani B KOXHi#H i3 niBniowunH y > 0, y < 0 nepenucyeMo piBHSHHS Tak:

dx x x3
—t =+ —=0.
dy y y*

Lle pisusiuusi Bepryni. Illykaemo itoro po3s’sa3ok y Bursiai x = u(y)wy).
TiactaBuBLIM Liei NPOEKT PO3B’53KY B PiBHAHHS, AICTAHEMO

) (du u} dv v’
—+—|V+u—+ =0

. . du u .

3HaxoauMo HeTpuBiaibHUI po3s’sizok JIOP T+— =0. Bignokpemusuu B
L. y

HbOMY 3MIHHI, MAa€EMO v -

—‘g’—:—% = Inlu|=~In|y|+Ilnc < |u|=c/|y|.

Tenep 3po3ymino, wo 3a ¥ = u(y) oouinbHO B3sITH PyHKUilO u = 1/y. Sk
pe3yabTaT JIiCTAEMO PiBHIHHA M1 BU3HAYeHHs PyHKuii v

e ) 3
d—‘+—‘—— =0.
a’y y"

IMicaa sigokpemiieHHs 3MiHHMX Ta iHTerpyBaHHsi 3HaXOAMMO

12
exfe- i)
3y
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fnasa 1
DUOEPEHUIANBHE PIBHAHHA NEPWONO NOPAAKY

Otxe,

1
X=t—e—=——— a00 x=t% 3),

oo 2 ey’ -2
3y°

BuBegemo piBHAHHA iHTErpanbHOI KPMBOI, sIKa NMPOXOAUTH Yepe3 3aja-

HY TOUKY (X, ¥p). ObuMciuswM 3HaYeHHS AOBLILHOI CTANOI, ke Bianosigac
ui#f Touui, MaTMMeMo

. 3 2.3
xzsngnxJ x,"y",y —
Byo +2x5)y" - 2X5 ¥

Ak 6auyMMo, iHTerpanbHi KpuBi po3TalioOBaHi CUMETPHYHO BLIHOCHO OCi
opanHAT. AGM 1iCTaTH YsABJIEHHS NMPO IXHIO MOBEAIHKY, ROCTATHBO OOMEXU-
THUCS aHaNi30M THX i3 HHX, IKi JexaTb y npasiil nisnaowmyi. Orxe, Hagami
BBaXaTMMeMo, o x; > 0.

Sxwo y, > 0, To iHTerpanLHa KpyBa
Ma€ /1Bi aCHMIITOTH: BEPTUKAIIbHY — BiCb yﬂ‘

OpAMHAT TA FOPU3OHTANAbHY — NpsMYy, 3t
2+ ;\
1

Taky caMy ropu30HTaIbHY aCHMITOTY ; L L L
MaloTh iHTErpajibHi KpHUBI, Ans akux —1f

- 2x8/3 < yy < 0. Koxua Taka kpuBa —2}
BXOANTb Y NOYATOK KoopauHart. Jlerko _j3
nepeBipuTH, WO napabosia, 3anaHa
piBHsiHHAM y = ~2X*/3, caMa € iHTer-
pannHolo. IHTerpanbHi KpMBi, ski ne-
XaTb Nia ui€ napabonolo, BUXOAATb

i3 no4YaTKy KOOPAMHAT, a NOTIM MIPH y — 00 HABAMKAIOTHCA A0 OCi OpaAM-
HAT fK A0 BEPTHKaibHOI aCUMITOTM.

IToprper pocainXxyBaHOro piBHAHHSA B Mpasiil niBnjoiuHI 306paxeHo
Ha puc. 1.3*.

3a0aHy DIBHSHHAM J = V3

Puc. 1.3

* [MoGynoBy noprperie andepeHUianbHKX PiBHAHbL AOLLUILHO BHKOHYBaTH 32 ROINOC-
MOTOIO TaKUX KOMII'IOTepHMX nporpaM, sk Matlab, Mathematica, Maple.
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1.1
Poas’'nsanna oxpemnx Trnis audepeHuianbHux PisHAHB NEPLUOIO NOPRAKY

1.1.3. KsasioaHopiaHi
pPiBHAHHA

Hexait 0 € R i D € R? — MHOXHHa, 5Ka Pa30M i3 KOXHOIO TOUYKOIO
(1, x) MicTHTb i TOuKy (Af, A°x) npu foBiIbHOMY A > 0. DyHkuiro f: D+ R
Ha3UBAIOTh K6a3i00HOpiOH0IO CTENIeHA V 3 Barolo ¢ BilHOCHO KOOpAMHATH X,
HKUI0

JO,2x)=A"f(t, x) YL >0, V(, x)e D.

S Osnavennn 1.1
Pienannn

x = f(, x) (1.19)

Hazueaioms Keasiodnopionum, axuio o1s desxozo ¢ > 0 6oHo ineapianmne
6iOHOCHO nepemeopeHHA Koopdunam

t M, x> A x (1.20)

npu 6yos-axomy A > 0; 4ucao 6 npu ybOMy HA3UEAIOMb NOKAZHUKOM Kéa-
3iodnopionocmi danozo pieuannA. PigHAHHA 3 NOKA3HUKOM KEa3io0Hopio-
Hocmi © = | Ha3uearomb oOnopioHUM.

Y uboMy O03Ha4YeHHi BUMOILY ineapianmrocmi Clill po3yMiTH K Bjiac-
‘IMBiCTb AMpepeHUiabHONO piBHAHHS (1.19) He 3MiHIOBaTH CBOro BUI/ISIAY
11pu neperBopeHHAX KoopanHar (1.20). Lo Br1acTuBicTh Moxma NoJaTH B
TaKii popmi:

di’x
di.t

= f(ut,31°x) o 15V = f(.1,1%%) o x= f(t1, x).

(Qani 6yae ccopmynboBaHo Gijibl CTpOre O3Ha4YeHHS iHBapiaHTHOCTI AK-
¢epeHuianbHOro piBHAHHA.) TaKMM YNHOM, YMOBA KBa3iOAHOPIAHOCTI piB-
nsinHa (1.19) exBiBaneHTHA PiBHOCTI

fG1,3°x) =25V f(t, x) V2.0, V(t, x)e D. (1.21)

o e A O A A DO AN A A R

ARGE SRS e L SR W e A

BucuoBok: pienanna (1.19) lcsaazodnoptane 3 NOKA3HUKoM G modi i |
Auwe modi, Koau 020 npaea yacmuHna € K6azioOHopionow Pynkyicio
cmenens ¢ — 1 i3 eazoio ¢ ujodo lcoopduuamu x.

AN AN WIS HRSBR WD wd  AE L BN N S SRS
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nasa 1
OUOEPEHLIIANBHE PIBHRHHA NEPLLOTO NOPRAOKY

Teopema 1.2
Hexait (1 19) — KB&S]O}J,HO})UIHQ PiBHSIHHS 3 TIOKA3HUKOM ©. 3a-
MiHa 3a1eXH0i 3MIHHOI X Ha HOBY 3a/leXHY 3MiHHY ¥ 3a GOpPMYJI0I0

npyu 1> 0 (1.22)

NIepeTBOPIOE HOro Ha PiBHAHHA 3 BiIOKPEMJIIOBAHUMUA 3MIHHUMM,

dosepneHHnA
Micns 3aminyu 3minHux (1.22) 3amicts (1.19) nictaemo piBHSHHS

tu+ot® lu=fQ, tu).

Aste 3rigno 3 piBnictio (1.21) £, t"u) = f(t-1, Pu)y=t""Lf(1, u).
Orxe, nudepeHitiaibHe PiBHAHHS U1 ¥ MA€E BUIIIsS PiBHAHHSA 3 BiIOK-
pPeMLIOBAHMMM 3MiHHMMU

_ fd, u)-ou

- (1.23)

Po3p’szaBlun piBHsHHS (1.23), 3a dopmyaolo (1.22) 3HalinpeMo po3-
B’s13ku piBHAHHA (1.19). BinzHauumo, 110 064acTh BUZHAYEHHS KOX-~
HOI'O TaKOro po3B’sA3Ky HajJexXHTh miBoci 7 > 0. I[Ipu ubomy ciaia na-
M’ATaTH IIPO MOXJIMBICTb BTPaTU CTaJUX PO3B’A3KiB, sIKi BU3HAYAIOTh-
Csl KOpeHsiMU piBHSIHHA f(1, u) — cu = 0, npyu BinokpemsieHHi 3MiHHHUX
y (1.23).

? 3anumanna. SIx 3HaxoAMTH PO3B’A3KM piBHsAHHA (1.19) npu 1 < 0?

ONpuknap 1.5
3inmeepyemo pieHAHNS

X=x +—3. (].24)

IlepeBipMO, Y¥ HaNEXWTb He PiBHAHHA N0 Kiacy KBa3iOAHOPIAHMX.
PoGumo B piBHsiHHiI neperBopeHHs (1.20). Hictaemo

cole - .o 1
20l =122 47—
41

AG#u ue piBHAHHS 3Boamnoca 1o (1.24) npu Beix A > 0, HeoOGxiaHo # AocTaT-
HbO, W06 G 3310BOJbLHANO Taki yMOBH: 6 — | = 26 = —2. 3BiACH 3HAXOAUMO
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1.1
Po3B’A3aHHA OKpeMux Tunie andepeHuianbHuX piBMRKHL NEPLIOTO NOPAAKY

110Ka3HMK KBasioAHOpiaHocTi ¢ = -1. [lns 3BeleHHA AAHOFO DIBHSHHA 00
PIBHSHHSA 3 BilOKpeM/IOBAHMMM 3MiHHMMM BBOIMMO HOBY luykaHy ¢yHK-
uito u 3a dopmynolo x = u/t. IlincraBuBiuM et Bupa3 y piBHaHHA (1.24),
MaTHMeMO <

aft—u/t? =t/ 14 o a=u+1/2)* 1t

Ctanum po3B’A3KOM JaHOTO PiBHSIHHA € U = —1/2. IHWwi PO3B’A3KK 3HAXOAU-
MO, BLIOKPEMJIIOIOUM 3MiHHI B KOXHil 3 obnacreit u > - 1/2ta u<-1/2:

du dt l 1 1
—_—— =-lnet > U =——r——.
(u+1/2)° 1t u+1/2 Inct 2

TMosepHYBIUKCS 10 BUXIAHMX 3MiHHMX, 3aNUCYEMO 3araibHuil po3B’s30K piB-

HaHHa (1.24);
{1 1 - 1
{x:-?(m+i),cem\{0}}U{x- ZI}.

3ayBaxumo, wo npu ¢ikcosaHomy ¢ # 0 dopmyna x =—l[ L +l)

tilner 2
BM3Hayae 1Ba po3p’sa3ku. O61acTio BU3HAYEHHSA NEPHIOrO € Ti 3HaueHHs 1, Ui
skux ¢t € (0, 1), apyroro — Ti 3HauyeHHs f, uia akux cf € (1, 00). Gopmyna

1 . .
X = ~o; TeX BM3HA4a€ 1Ba PO3B’sI3KK: ONMH — Ha miBoci (oo, 0), a iHwKHi —

Ha nipoci (0, o). [1pu pocnigxeHHi iHTerpaibHUX KPUBUX PiBHAHHs (1.24)
IOCTaTHBO OOMeXMTHUCh aHai3oM THUX i3
HMX, WO pO3TallOBaHi B npasiit nisnjo-
wuHi. CnpaBai, ue piBHSAAHHA He 3MiHIO-
€ThCA NPHU NEPETBOPEHHNAX X > —X, I > —L.
Tomy itoro iHTerpanbHi KpUMBi CUMETPUYHI
BilHOCHO noyaTky koopauHat. Po3s’s3ky 3a- t
nayi Kowi 3 no4aTKoBUMHU RaHWMH (1, X;),
Xy = ~1/(21y), 1, > 0 Binnosinae 3HayeHHs n0-

xA

BUIBHOI CTANOT ¢y, Xo) = exp - /to. Puc. 1.4
2’0.\:0 +1

SAxwo x> - 1/(21) [sianosiaHo x; < -1/(24)], To Takuit po38’430K BU3HAYE-
nuit na (0, 1/c(#), xy)) |BianosiaHo Ha (1/c (4, x;), oc)]. YaBienHs npo nose-
RiHKY iHTerpaabHUX KpUBUX piBHAHHS (1.24) nae puc. 1.4.
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fnasa 1
AVMOEPEHUIANDHE PIBHAHHA NEPWONO NOPAAKY

3po61MO Kisibka AOAATKOBMX 3ayBaXeHb CTOCOBHO KBasioaHOpia-
Horo pisHaHnlsg (1.19). IMepersopents (1.20), BinnocHo sxoro ue
PiBHAHHSA 3IMILAETLCS iHBapiaHTHUM, HAa3MBAIOTb HOTO cumempiclo.
Jlerko noMIiTHTH, 1O MHOXHNHA TaKHX NEPETBOPEHD € IPYNOIO BilHOC-
HO onepauii cynepnosuuii. PyHkiis u(t, x) := x/1° asnse cobol0 iHBa-
piaHT i€l rpynu:

u(nt, 2°x) = u(t, x) v2.>0.

3amina (1.22) subupanacst came Tak, LO6 HOBOIO 3a/1€XHOIO 3MIHHOIO
OyB inBapiauT ¥ = u (1, x).

3a3HauuMo, 1o neperBopeHHs (1.20) rpadik dyHkuii x = x (1),
TO6TO MHOXHHY TO4OK (Z, x(1)), NEPeBORUTb Y MHOXHHY TOYOK
(1, 2°x(1)), 10610 B rpadik GyHkuii x = 2°x(#/2.). TIpn upomy, sKkino
x(7) — po3B’s30K KBasziogHopiaHoro pisHsivhs (1.19), To dynkuin
x =32°x(1/i) takox Oynme #oro po3ss’sizkom. Cnpasai, B3siBIM A0
ysaru (1.21), maemo

AN x(/r) 5o 1 dx(t)
dt ’ dr

=17 @ x| = 10250,

T A

Takum yMHOM, XapakKTepUCTUYHA BaacTusicTb cuMerpii (1.20) nonsrae
B TOMY, 110 BOHA KOX€H PO3B’#30K andepeHuianbHoro pisHsiHH (1.19)
NepeBoOIUTh Y PO3B’A30K LbOTO CaMOI'C PiBHSHHSA.

BUSIRISETHCSA, KOXHE CKASIDHE PIBHAHHSA NEPLIOTO NOPSAKY, 1110
Mac OHONapaMeTPUuHy CiM’1I0 CUMETPiH (nepeTBOpeHb, siKi 3a1Miua-
10Th Oro iHBapiaHTHUM, ab0 MepeTBOpPeHb, sIKi PO3B’A3KK PiBHAHHS
NepeBoasATh y MOro X PO3B’3KH), MOXe OyTH 3iHTErpoBaHe B KBaapa-
Typax 3a aHaIOTIE€I0 3 KBAa3iOAHOPiAHUM piBHsiHHAM. HeranbHilue Bia-
MOBiAHI NUTaHHS 0OrOBOPIOBAaTUMYTLCS B 11. 4.2,

1.1.4. PiBHAHHA Pikxari

JudepeHuianbHe piBHAHHSA

% = phx? +q()x +r(D),

ne p(t), q(1), r(t) — HenepepBHi Ha faesKoMy iHTepBani I GyHkitii, Ha-
3UBAIOTh 3a2aabHum pieHaHuam Pikkami. Moro okpeMuil BUIIanoK, Koau
qg(t)=0, p(1) = a, r(t) = bt* (a, b, o — crani), aocnigxysas . Pikkari
(1723). Y uboMmy pa3si (1.25) Ha3uBalOTh cneyianrbhum pienarnam Pikxami.
Bono LikaBe Hacamnepel 3 orjisiy Ha Taknit daxrt. J1. bepHysai 6au3bko
1725 p. BcTaHOBUB, WO CllelliaibHe piBHAHHA Pikkati nonyckae BialllyKaH-
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1.1
Po3B'A3aHHA Oxpemux Tunie AndepeHuianbHnx piBHAKL NEPLIOTO NOPARAKY

HSl 3arajbHOro PO3B’sAA3KY B eJleMeHTapHUX QYHKIfAX, SKkio o = —2 abo
o =-4n/(2n -1), ne n — uine (aus. [28]). Y 1841 p. XK. Jliypiuib 3’sicyBas,
IO APM BCiX iHLIMX 3HAYEHHSIX ¢ Lie PiBHSIHHS BX€ He MOXHA 3iHTerpyBatu
B KBajipaTypax.

PiBusinna (1.25) Ta #ioro y3arajibHeHHsI Ha BMIAAOK cucTeM andepeH-
HiaJIbHUX PiBHSAAHb MAIOTh BAaXJIMBI 3acTOCyBaHHSM B 6araThox MareMatTuy-
HMX AMCUHMILTIHAX.

Iokaxemo, 110 piBHsAHHA PikkaTi 3aBXAM MOXHA 3iHTeIpyBaTH B KBali-
paTypax, SIKILO BAAAOCS 3HAUTHU xouya 6 oauH HOro YaCTMHHMIA PO3B’A30K.

TeeppxeHua 1.1
Axio x (1) — yacTdHHuM po3p’a30K piBnaHHsg (1.25), To 3amina
3MIHHMX X = x(I) + y, Ae y — HOBa HeBiaoMa QyHKUIA He3aleXHO]
3MIHHO] #, 3BOAMTD 1€ PiBHSAHHS A0 PiBHAHHS bepHysuti.

dosepneHHA
ItincraBuBuin B (1.25) 3amicTb x Bupa3 x (1) + y, AictaHeMo

X0+ = p(Ox () + q()x(t) + H() + p(O)y* + p()x(t) + g(1))y.

Ane x(t) = p(z‘)x2 () +q(t)x(t) + r(t). ToMy piBHAHHS Uit HOBOI 3MiH~
HOI y Ma€ BUIJISAL

¥ = p()y? +QpO)x() + q(1N)y.
Ile — piBHsiHHSA bepHyiLii.

3apauy iHTerpyBaHHs piBHsiHHSA Pikkati iHOAI BOAETHCS MONETLINTH,
3BiBLUM HOrO MonepeaHbLO A0 KAHOHIYHOrO BUMIAAY

=22+ Q). (1.26)

Npunycrusum, wo p(t) € C*(I - (0, ), ¢(t) € C'(I - R), ue MoX-
Ha 3pobuTn y aBa eTand. Ha nepiioMy — BUKOHYEMO 3aMiHy 3MiHHOI

x =a(t)y,

abu neperBoputy KoediuieHT npu y2 B onuHuLIo. OCKiIbKY PiBHSHHSA
JUISL y MA€ BUIISA

a(t)y = a*(p(t)y’ +(a()q(t) - a()y +r(1),
TO, MOKAABWH a () = 1/p(t), ictaemo
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Tnaea 1
ANOEPEHLIANBHE PIBHAHHA NEPWOrO NOPALKY

y=y +§ty+ 7@,

ae 4(t) = q(t)—a(t)/a(r), 7(t) = r(t)/a(r).
Jlani poGumo 1ie 0aHYy 3aMiHy 3MiHHMX

y==z+b(1).
Maemo

2=22 4 Qb +G(1)z + F (1) + b2(1) + G()b(t) - b(¢).

Lle piBHaHHA Habepe KAHOHIYHOIO BUIIAAY, AKILO NOKIACTH b(t) = —-g(1)/2.

BIMPABMU TA 3ALAMI
@ Po3p’s3aty piBHSIHHA Ta NOGYAYBATH iX MOPTPETH:
2
a)J&=xlnx : r))&=x_2t;
r x-t

6) x=x+1% ") (Jx’+y2 +%y)dx—xdy=0;
2
B) X =l[x+t—-]; e) x=¢'x’-2".
2 X

@ 3Haittu 6ci po3p’a3ku 3anadi Kowi 3 noyarkosoio ymoB010 x (0) = 2 ansi KOXHO-
IO 3 PiBHSIHb:

a) x=1(x-2)%  6) x=2[x-2]|

ITosicHuTK, B YoMy nossrac oco6ansicTs Wiei 3anaui y Bunaaky 6).

@ bes 3acTocyBaHHs MeTo/y Bapialii JOBLIbHUX CTAINX JOBECTH TaKe TBEP/UKEH-
Hst. Hexait x = §(7), t € I — Oyab-axkuit yactuHHuit po3s’asoxk JIHP (1.11), a
x=@(1), te I — pOBLIbHMIA HeTPUBiAALHUIA PO3B’s130K Bianosiztoro JIOP. Toxi
topmyna

X=cet)+it), ce R

BM3HAYa€ MHOXMHY BCix PO3B’$3KiB (3araibHUM po3B’a30K) aaHoro JIHP.

v Bkasiska. loBecty ¥ BUKODHMCTATH TaKi JOMOMiKHI TBepaXeHHs: 1) pi3HKLUS
po3e’sa3Kis JIHP € po3s’siskom sianosigHoro JIOP; 2) sxiio po3s’sizok JIOP,
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1.2
CKanApHe aBTOHOMHE PIBHRHHA NEPLLIOTO NOPAAKY

BU3HAYeHUH Ha I, NepeTBOPIOEThCA x04a 6 B OAHIN Touui #) € / B Hy/b, TO BiH
TOTOXHO AOPIBHIOE HyJIO Ha /.

Bu3HAuMTH, NpU SIKOMY CMiBBIAHOIUEHHI MiX YMCAAMH p T2 ¢ PiBHAHHA
x=ax? +by?, neaeR, be R, Oyne KBa3ioAHOPIAHMM.

3HaiiTu NOKa3HUKK KBasiogHopiaHocTi yHKuUiA M (X, y), N(x, ¥), pH SKKUX
piBHsaHHA M (x, y) dx + N (x, y) dy = 0 Gyne kBa3ionHopiaHuM, TO6TO iHBapiaHT-
HMM BiAHOCHO MEPeTBOPEHb X > Ax, y > A%y 3 aeakuM 6. 3iHTerpysaTtu Take
PiBHSIHHSL.

[Toka3aTy, WO PiBHSHHS BUIJIARY

X= f(_____a“t+alzx+b, ] J(2) e C(R - R)
021’ +dnX +b2

a, ap

BMIAAKY, KOJIM A=
y Y (“21 an

) # (), MOXHA 3BECTH 10 OAHOPIAHOrO, BBiBILM
HOBY He3aJlexHy 3MiHHY T Ta HOBy LykaHy dyHkuUilo & = §(1) 3a Ppopmynamu
r=t1+a, x=E+P

i BiANOBiAHMM MMHOM BM3HAYMBIUM CTali o Ta P; Axuwo x A = 0, To aaHe
piBHAHHA Habupae BUrARY X = g(ay + a;x) i 3BOAMTLCA A0 PiBHSAHHA 3 BiA-
OKpeM/IIOBAHNMHM 3MiHHUMM NIAICTAHOBKOIO a)f +a,x = y, Ae y = y(t) — HoBa
wykaHa QyHKuUis.

3HaMILOBIUM BiAfIOBIAHY 3aMiHY 3MiHHMX, 3iHTerpyBaTM DiBHSIHHS

% = xf(1°xP)/1,

ae fix)eC(E— K), ae R, BeR.

| 1.2 ]

CxanApHe aBTOHOMHE PiBHAHHA
nepworo NOpAAKy

Jndepenianbye piBHIHHSA

x = f(x), 1.27)

B sikoMy ¢yHKuis f: J > R He 3a1eXUTh ABHO Bill yacy f, Ha3UBAalOThb
aemonomuum. BOHO HajleXUTh 10 KJacy PiBHSIHb i3 BiIOKpeMJIIOBaHUMH
3MiHHMMH # JIerKo iHTerpyeTbCsl. 3apa3 Hallia MeTa I0JisiraTUMe B SIKOMora
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nasa t
ANOEPEHUIANBHE PIBHAHHA NEPLIOTO NOPAOKY

JeTajbHIlLIOMY AOCNINXKEHH]I NOBeAIHKH HOro po3s’a3KiB Ha OCHOBi iH(pop-
Mallii npo BracTusocTi GyHkuii f(x). 3anaqi TaKOro TMIy BUBYAE AKicHa
meopin 36udalinux JugepeHuianbHuUX PiGHAHb.

1.2.1. IcHyBannn 1a BnacTMBOCTI
pO3B’A3KY 3apa4i Kowi

Hacamnepea 3ayBaxumo, 110 piBHaHHA (1.27) npy Oynb-sikoMy T € R
€ iHBapiaHTHUM BiIHOCHO NEPETBOPEHHS 3CYBY, IKE MA€ BUIJISAM X > X,
t > t — 1. SIX HacjligioK MaEMO Take TBEPLKEHHSN.

Teeppxewun 1.2
Axmo x(t) — po3p’a3oK pisusaHHA (1.27) Ha inTepBani (o, B), TO
st 6yab-aKoro 1 € R GyHxuis x (1) = x (£ ~ 1) € pO3B’A3KOM LHOTO
piBHSiHHSA Ha iHTepsani (o + 1, B + 7).

NoBeaeHHA
JloCTaTHBRO 3anucaTi Takui JIaHLOXOK PiBHOCTEH:

ﬁdx(%t_) = f(x(t-1) = f{x D), te(a+1, B+1).

Lle TBepAXeHHS MOKa3ye, 10 OAMH YACTHHHUM PO3B’SA30K PIBHAHHSA
(1.27) nopoaxye LTy OIHOMAapaMeTPUUHY CiM’10 O3B A3KiB. 3aBASIKK LIbO-
My IIpy pO3B’A3yBaHHI 3anaui Kouii 1ocTaTHb0 OOMEeXHTUCS NOYAaTKOBUMH
AaHuMu Burasgy (f; = 0, x;), x, € J. [lificHo, sKiio x(f) — BianoBiaHWi
pO3B’130K, T06TO X (0) = X, TO 3rilHO 3 TBepAXEeHHAM 1.2 PO3B’I3KOM 3a-
Jayi 3 N104YaTKOBMMM JAaHMMH (1, x,) Oyae dyHKuin x (1 - £y).

3apa3 chopMyII0EMO | 1OBEIEMO TEOPEMY, SKa He JIMllEe BCTAHORBIIOE
icHyBaHHA pO3B’A3Ky 3aiayi Ko 3 noyarkoBumu nanums (0, x,) ripu no-
BiIbHOMY X, 3 061aCTi Bu3HayeHHs GyHkuil f(x), a i ykasye MakCcuMajib-
HU# iHTepBaJl, Ha IKOMY Lieil PO3B’I30K iCHYE.

Teopema 1.3
Hexait dyuxuin f HeniepepsHa it HabyBae JiMille JOAATHUX 3HAYEHD Ha
intepsani J = (a, b) (a 2 -0, b < +00). Toai ansa Gyab-sakoro x, € J
Ha inreppani I = (a, B), ne

x. (1) =

X ds
o= . € 00,

\ x o ds .
lim — -0, B= lim
x=ac0dx f(5) p I—’b'OJ‘.\'g f(s)
44



1.2
CKanApHe 8BTOHOMHE PIBHAHHA NEPWOro NOPRAKY

;piBHﬂHHH (1.27) mae eauunit po3s’sa3ok x (1), wo mom;ﬁxe no-
4aTKOBY yMOBY X (0) = X, Lle#t po3s’sa30k € ¢yHKui€lo, sKa CTporg
MOHOTOHHO 3poctae Ha (o, B). [1pu ubomy

lim x{(t)=a, lim x(t)=24
1-3a+0 t->8--0

HosepenHn

3 BukiageHoro B 1. 1.1 BUILIMBAE, 110 po3B’a3aHHs 3aaa4i Kouwi 3
no4yaTkoBuMH NaHumu (0, x;) exBiBajieHTHe BilyKaHHIO GyHKuil x (1),
BU3HAYeHOi Ha NesKOMy iHTepBaii [/ > ), fIKa NPH KOXHOMY € [
3a[I0BOJILHAE PiBHAHHA

x ds -t
Xo f (s)
(y nawomy sunaaxy f,(¢) = 1, f(x) = f(x)). Ilokaxemo, o x () icHye
# 3HaiigeMo Mexi iHTepBany /.

3asnaunmo miactusocti dyHkuii F(x): a) F(x) € C'(J - R); 6) F(x)
K ¢yHKUig 3 [oaaTHOIO NoxiaHow0 1/f(x) MOHOTOHHO 3pocTa€E Ha J i
pinoGpaxae 11eif iHTepBan B3aEMHO OIHO3HA4YHO Ha iHteppan (o, B), BU-
3HayeHu#t y popmymnioBaHHi TeopemH; B) F (x;) = 0, a ToMy iHTepsan
(o, B) MicTuTb TOuKy ¢ = 0. 3a TeopeMol0 npo ob6epHeHy GYyHKILiIO
(auB., Hanpukiaan, |4]), icHye eaMHa HenepepBHO AudepeHUiROBHA
Ha / = (o, B) dyHkuis x(7), obepHeHa no F(x). BoHa MOHOTOHHO
3pocta€ Ha / it Bino6paxae nei inrepsan Ha J. KpiM Toro, ockinbku
F(x(1)) =1, 10 F(x(0)) = 0, 2 ue Moxu1uBo auiie Toai, Koy x (0) = x,.

) Hacnigox 1.1

F(x)= (1.28)

Hexaii cnpagdxcyromucsa ymoeu meopemu 1.3 npu b = . Todi, axwo
f(x) =0(x) npu x — o0,

mo obaacmio icHysanna 6yob-aKoeo po3e ’a3Ky pienanua (1.27) e niggico

(o, ) (Kaxncyms, w0 6 UbOMY pasi po36 a3Ku HECKIHHEHHO NPOO0EICYEaNi

8npaeo).
SAxuwo wc oas desxoeo K > 1 6ukoHyembcs ymoea

- x* = O(f(x)) npux — oo,
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naea 1
ANOEPEHUIANBHE PIBHAHHA NEPLLOrO NOPAQKY

mo zpaghix KOHCHO20 p0o36°A3KY MAE 8epmUKAbHy acumnmomy U po3ma-
woeanul nieopy4 8id Hei.

Cnpasai, icHye ctana K > 0 taka, wo

F(x)>Kng£=Kln X >0, X >
X § X
y neplioMy BUNaaKy n
- xﬂ__ K I-v _ 1=« K R
F(.x)<KL05K—K_l(x0 X )—)K_lxo , X > o

— y ApyroMmy.

IlepeiineMo 10 BUBYEHHS BUMNAAKY, KOIU (PYHKUiA f (x) 1epeTBOPIOETh-
cs1 B HyAb Ha iHTepBani J := (a, b), ane f(x) # 0. Toai J € 06’eaAHaHHAM
JIBOX HEMOPOXHiX HernepeTHHHUX MHOXUH

A={xed: f(x)=0} taB={xed: f(x)=0}

Ak yxe 3a3Hauanocs B 1. 1.1, MHOXUHY A MOXHA 300pa3suT y BUIsai
06’e¢HaHHA He Ouiblle HiX 3/1iYeHHOI CHCTEMM IHTEPBaiB, IO HE NEepeTH-
Harotbes. L1 KOXHOro 3 uMx iHTepBaliB iCHy€e xoua 6 oaHa MeXOBa TOUYKa
3 MHOXHMHU B. 3po3ymino, o crana GyHKUis X = X, € pO3B’I3KOM PiBHsAH-
Ha (1.27) Toni # sauwe Toai, xonu f(x,) = 0, T06T0 X, € B. AKWO X, €
MEXOBOIO TOUMKOI0 MHOXMHY A, TO NIOCTAE LiKaBe 3aIIMTAHHS: Yu domuKxa-
tombca npamoi x = X, epaghiku inuux po3e’askie pienanus (1.27), mobmo uu
nopywyemoscs 6 moukax yiei npamoi edunicms pose’asky zadaui Kowi? Ha
ningcrasi TBepIxkeHHA 1.2 MoxHa 3poOMTH TaKMil BUCHOBOK: i3 HasiBHOCTI
xoua 6 onHiel TOYKW HeeAMHOCTI po3B 3Ky 3anaui Koiui Ha npamiit x = x,
BMIUIMBAE, 1O JO LbOTO CaMOro KJ1aCy HajleXxaTh i pellita TOYOK 3a3HayeHol
npsamoi. Kaxyrtsb, 1o B 1boMy pasi x = x, Bjas€ cobo1o ocobrusuii pose n-
30K. 13 TaKMMU pO3B’si3KaMK MUY BXe 3ycTpivanucsa B L. 1.1.

Haa npoctoty OyaemMo aHani3yBaTy BMIAJOK, KOJM B CKNagaerhcs 3
onHiei Touky. [lns nosuibHoro X, € J \ {x,} BBENIEMO iHTEpBAs

(a, x.), IKIO X < X.,

J(XO) ={

(x., b), sxumwo x4 > X,.
3ayBaxuBiiy, 1o GyHKuis F(x), 3agaHa ¢popmyoro (1.28), MOHOTOHHA Ha
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1.2
CkanapHe aBTOHOMHE PiBHAHHA NEPLWOro NOPAAKY

J (x4), BU3HAYUMO CKiHYeHHY 260 HeCKiHYeHHY OfHOGIYHY IPaHHULUO f(Xy)
y TaKui cnocio:

’ —is——;t.(xo), xeJ(xy), X > X..

x f(s)

Bianopiab Ha OCTaR/ieHe BUILLE 3alMTaHHS Ja€ 3MOrY RIiCTaTH HACTyIl-
Ha Teopema.

Teopema 1.4

Hexait dyuxuis f€ C(J - R) 11epeTBOPIOETLCH B HY/Ab B €AUHINA
Touui x, € J. Akio 3HaiineTsest x, € J \ {x.}, Wi AKOrO rpaHKLs
1.(x,) CKiH4eHHa, TO X = X, — 0CcOBAMBYMI PO3B’A30K piBHAHHA (1.27).
HaBnaku, siKio s 3a8aHoro Xy € J \ {x.} clipaBAXyeTbCsi yMOBa
1% = +0 {1,(xy) = — ), TO IPAMA X = X, € TOPU3OHTAILHOIO ACHMII~
TOTOW Ipadika po3s’sa3ky x (1) 3anavi Koiui 3 noyaTkOBUMM JaHHK-
mu (0, x;), npuyoMy x (1) — x. IipU 7 — +00 (f — —00). Y pasi, koiu
Ha KOXHOMY 3 iHTepBaiB (a, X.) Ta (X., b) 3HAMAETHCH 110 TOYLI X,
AJ18 AKOI rpanHuust 4(x,) HeckinueHHa, piBuanns (1.27) ocobmusux
pPO3B’3KiB He Ma€.

DoBepeHHA

IIpoaHanisyeMo BUNanoK, Ko X, € (a, x.) i f(x) > 0 na (a, x.). Toai
3 TeopeMM 1.3 BUILIMBaE, 110 061aCTh BU3HAYEHHS PO3B’I3KY Xx (1)
MICTHTb MHOXUHY [0, 1.(Xy)), X () MOHOTOHHO 3POCTAE i iCHYIOTDb rpa-
HuULi

l. = KXuy i .’ = i =‘ «) =Y.
MO N KO, (SR 2S00 20

Ao Tenep £(xy) < %, To MOXHa JOBUIHAYMTH x (1) A0 HenepepBHOL
dyskuii Ha |0, .(xp)], noknaswn x (4(xy)) = x.. Lla bynkuia mMae ao
TOTO X HyJIbOBY JIiBy NMOXiAHY B TouUi #4,(x,) (auB. [16], n. 113). Te-
nep OYEeBMIHO, 10 QYHKIList

~ x(1), 0<t<t.(x),
b ( t) - ( x«( 0 )
0, t>t.(xq)
€ po3p’sa3koM 3ana4i Ko 3 noyatkoBuMy 1anumu (£.(x,), X.), KUt He
36ira€TbCa 3 PO3B’SI3KOM X = X, Y OyIb-SIKOMY $IK 3aBrOJHO MajJOMY

OKOJli TOYKH f.(xy) (puc. 1.5, a). Lle o3nayae, wo B Touli (4(xy), x.)
NMOPYLUYETHCA €AMHICTb PO3B’s13KY 3an1ayi Kouui.
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fhasa 1
AUOEPEHUIANBHE PIBHAHHA NEPWOIrO NOPAOKY

x

A xhA
X X x
5 5 %,
o im) P
a 6
Puc. 1.5

OuesnaHoO, 1O NpH f.(x,) = © NpsAMa X = X, € FOPU3OHTAJILHOIO
acMMNTOTOIO rpadika po3s’a3ky x(f) (puc. 1.5, 6). 3okpema, SIKIIO L
YMOBa CIIPaBILXYEThCS X04a 6 /s OfHi€l TOUKHM, TO £(x;) = 00 A BCiX
X, € (a, x,), a TOAi NpsAAMa X = X, € aCUMNTOTOIO /lsi BCiX PO3B’A3KiB,
NMOYATKOBi 3HAYeHHS AKUX HalNeXaThb (a, X.).

AHani3 iHiMX MOXJIMBHX KOMOiHaLil 3HaKa f(x) Ta po3TallyBaHHsA
TOUYKH Xy 3LIACHIOETHCSE AHANOTI4HO.

O Hacnipox 1.2
SAxwo dynruin fe C(J > R) nepemeopocmobcs 6 HYAb 6 €OURIl mouuyi
x. € J i mae e uiti mouyi noxiony, mo x = x, He € 0cOOAUBUM PO36 A3KOM.

Crpaggi, B uboMy BUNaaKy f(x) = f'(x.)(x - X.) + 0 (X — x.) NIpH x — X..
Tomy icHye okin J Touku x, i crana L > 0 taxi, wo | f(x) | < L|x ~ x| o
Beixx € J'. Ane sixuo x € J' N J(x,), TO

|
—|In
Li

s
x f(s)

X — X«
Xg -

) Lolf(s)l

‘0

Tomy | .(x)) | =
4 3ayBameHHR 1.2

3 HaBefeHUX MOSICHEHb BUIUIMBAE, IO YMOBY iCHYBaHHsl MOXiAHOI MOXHa
3aMiHMTH Giibll 3araibHOIO; icHye okin J  TouykM x, i crana L > 0 Taki, mo
[fO)|< L] x~ x| ang Bcix x, € J'.

) Hacnipox 1.3
SAxwo icnye yucao v € (0, 1) make, wo
|x ~x.[" =O(| f(x)|) npux— x,
mo x = X, — ocobauguii po3e’a3oxK.
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1.2
CkanApHe aBTOHOMHE DiBHAHHA NBPWOro NOPAAKY

Cnpasai, B LboMY pasi icHye ctana K > 0 Taka, 1o

s
xo f(5)

* d x d K
ot ey R Moy v

Yo |5 - X

KXo X, € J(xp), x > X,. Tomy | 1.(x;) | < 0.

1.2.2. TeomeTpNMYHNA aHaNi3 CKaNAPHOro
. aBTOHOMHOTO PiBHAHHA NEPLWIOro
¥ NOPAAKY

3 KOXHOIO Napoio x € R, v € R noB’saXeM0 HanpsAMJeHUH Biapi3ok
nikcHoi npsMoi R, IOYaTOK SKOFO 3HaXOAUTbCS B TOYLI X, a KiHelp —
y Toulli X + v, i Ha3BeMo Leil BiAPi3OK eexmopom v, npukaiadnum 00
mouKu x.

< OsnaveHnn 1.2

Bexmopnum nosem na inmepeani J = (a, b) (a = —o0, b < +0) Hazueaoms

gidnosionicmv, axa Koxcrii mouyi x € J sicmasnse eexmop, npuxsadenu
do x.

3po3yMino, WO BEKTOPHE NoJie Ha J MOXHA CXapakTepu3yBaTy eBHUM
BinoGpaxeHHsM f: J— R, i HaBMaku, KOXHe Take Bilo6paxeHHs BU3HAYa€
Jlesike BEKTOpHe IoJjie. 30KpeMa, [paBa YyacTMHA AudepeHLiaIbHOIO PiBHAH-
Hs (1.27) BA3HAYa€E BEeKTOPHE NOJE f, siKe KOXHIN Touli x € J CTaBUTb ¥
BiMOBIAHICTD BiAPI30K i3 NOYATKOM Yy X i KiHLIEM Y X + f(X).

Bynp-sikuit po3s’si30k x(t), t € [ piBHaHHa (1.27) 3aga€ 3aKOH pyxy

TOYKM 110 iHTEpBay J. TPaeKTOpi€I0 Takoro pyxy € MHOXuHa | {x(¢)} < J.
te l
I1pu HBOMY MUTTEBA LUBUAKICTh TOUKH B MOMEHT y4acy !, sk nobpe Bizomo,

JIOPiBHIOE x(f) i 36iraeThcs 3i 3HAaUYEHHAM BEKTOPHOIO 1o f came B TouLl
x (1). ToMy BeKTOpHE noJie, NoB’s3aHe 3 ArdepeHLiaibHUM piBHSHHAM (1.27),
Ha3MBaIOTb No.AeM MUMMEBUX weudkocmell.

AGH pyx TOUKY OAHO3HAYHO BM3HA4ABCH i IIOJI0XEHHSM Yy JesAKHii [o-
YaTKOBMIl MOMEHT 4acy, CKaxiMo B MOMeHT 7 = 0, noTpibHO BUMAaraTy, 1ob
piBHsiHHA (1.27) He Mano ocobMBUX po3B’a3KiB. Taky BiacTUBICTD 3a6e3-
rieyye, Hanpukian, ymona fe C (- R) (ITOSCHIiTh YOMY), IKY MM Hajali
BBaXaTHMEMO BMKOHAHOIO.

Buie BXxe Binz3Hauasocs, 110 iCHYE B3a€EMHO OJHO3Ha4YHa BiAroBia-
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ANOEPEHUIANBHE PIBHRHHA NEPLWOrO NOPRAKY

HICTh MiX CTaJIMMKU PO3B’A3KaMu PiBHAHHA (1.27) i TOUKaMH, B SKHUX
010 NpaBa YacTMHA NEPETBOPIOETHCA B HYJib. 3aJieXHO Big TOro, y 3B’s3-
Ky 3 SKHM 06°cKTOM (PiBHSIHHSM YUY BEKTOPHHM I10jieM) PO3LSIAETHCS
TOYKaA X, i3 BNaCTUBICTIO f(X,) = 0, BAKOPHUCTOBYIOTb OllHE 3 JBOX TaKUX
03HauYeHb.

S O3navennn 1.3

Touky x. € J Ha3uealoms noaodNceHHAM picnosazu pienanna (1.27), axwo
cmana yHKYia X = X, € 1020 po36 A3K0oM.

< O3HaveHHR 1.4

Oco6.aus0t0 mouKoI0 6eKMOPHO20 NOAR HA3UBAIOMb MOYKY, 8 AKill 6iono-
GiOHUII 6eKMOp NOAR NEPEMBOPIOEMBCS 6 HYyb.

TpunycTumo, WO PiBHSAHHS Ma€ CKiHYeHHY KUIbKIiCTb [10/10XKeHb PiBHO-
Baru X ; < ... < X_,. ADM 3’5iCyBaTH [1OBEAiHKY HOro iHTerpajlbHUX KPHBHUX,
NOTPiOHO 3HAUTH Ui NMOJIOXEHH PiBHOBArK ¥ BU3HAYMTH HanpAM BeKTop-
HOro noJis (3Hak ¢GbyHKuUii f(x)) Ha KOXHOMY 3 m’repBaJuB Ha gKi TOYKHU X,
po361BalOTh MHOXUHY J. Pe3ynbTaT Takoro aHaily Aist KOHKPETHOFO Bld-
naaky ¢yHxuii f(x) 306paxeno Ha puc. 1.6, a. PosriasiHysuu puc. 1.6, 6,
MOXHa 3PO3YMiTH, SIK NMOBOAATH Cebe iHTerpaabHi Kpybi piBHAHHA (1.27),
HIO 1eXaThb y CMYIax MiX NpPSMMMH X = X, (1 =1, .., 4).

Axkuo Tpeba nobyayBaTy iHTEerpaibHi xpum ﬂxomora TOUHillie, TO MOX-~
Ha CKOPUCTATHCA TAKUM CHIOCTepeXeHHaM. Hexail x, — 3anana To4ka, fka
He € I0JIOXKEHHSIM PiBHOBaru. Ik My BXe 3HAEMO, PO3B’A30K x (1), 110
3a[10BOJIbHAE N0YaTKOBY yMOBY X (0) = x;, € QyHKUi€I0, O6EPHEHOIO A0
¢yukuii F(x), BU3HaueHOI B piBHAHHI (1.28).




1.2
CKanApHe aBTOHOMHE PIBHAMHA NEPLWOro NOPRAKY

NI R WAL NN M w e orgrer s

{ I eome'muqnum TleMa‘leHHﬂM uboro axry € TaKMP'I BHCHOBOK: 2pa-
ik po3e’azky x(1) € eeomempuuHum Micuem mo4OK, CUMEMPUUHUX
} mouxam zpagixa @ynxuii x = F(t) eionocrno npamoi x = t.

PucyHoK Ty 1.6, 6, axuii xapakTepu3ye sIKiCHy NOBeiHKY BCix iMTer-
paJibHUX KPUBHUX 334aHOI0 JudepeHiiajibHOro piBHAHHA, HA3UBAIOTb NOP-
mpemom Ub020 PiBHAHHA.

[lon0XeHHs PIBHOBAru x_; Ta X,; Ha3UBAKOTb ACUMAMOMUYHO CMIlKU-
MUu: KOXHA TOYKA, 1O PYXAETHCA 10 iHTEPBAly, MEXOBOIO TOUKOIO SIKOrO
Cx, (1 =1, 3), npsMye 10 x, ,;j TIPH { — 0. Buxopsiuy 3 aHaJIOriYyHMX MipKy-
uam> TOYKY X., Ha3UBAIOTb HeCMIUKOI0, @ TOUKY X , — Haniecmilikoio.

ACUMITOTHYHO CTiliKe NOJOXeHHS PiBHOBAaru Ha3uBalOTh TAKOX CMO-
Kom, abo ampaxmopom, a HecTilike — dxcepenom, abo penenepom.

1.2.3. Ananis mopeni
OAHOBMAOBOI NONYNALIT

Y Bcryni MM BX€ ITO3HAHOMWINCS 3 MAaTEMATUUYHOIO MOAEJULIO OJHOBH-
JIOBOI ITO1TyJIsiiii, KA OTNMCYETHCH JIOMICTUMHHUM PiBHsAHHAM. [lojansiue y3a-
raJibHEeHHS L€l MojeJli 11018ra€ B NPUNYLIEHHI, 110 YaCTUHA NOyasnii 3i
CTI010 LIBUAKICTIO BUWIYYAETLCS! i3 CEpeIOBUILIA CBOTO NMPOXUBaHHS. SIK11I0,
HaNpUKIaA, i0eThCs PO nonyJsauilo pubd y 3akpuTiit Bogolmi, To TaKkoMy
IIPMOYHIEHHIO BilITIOBIAA€E CUTYyallis, KOJM BiAOYBA€TLCS NOCTiMiHMIA BUNOB
pubH 3 TOYHUM JOTPUMAHHSIM II€BHOI KBOTH.

Y3araibHeHa MOfie/ib OIUCYETHCS AuepeHLANIbHAM PIBHAHHSM

x=kx-Ix*-3%, x>0, (1.29)

B SIKOMY WeH —A XapakKTepu3y€ LIBHIKICTb BWiyyeHHs. Braxarumemo A
11apaMeTpoM i nocTaBUMO neped coboio 3a1a4y MPOCAiAKYBaTU, AKUM YH-
HOM noptpeT piBHAHHA (1.29) 3anexnTh Big A. 33CTOCYEMO [UIsl LILOTO pe-
3yJbTaTU NONEPEIHiX MyHKTiB.

IloptpeT piBHgHHS npu A = 0 306paxeHo Ha puc. 1.7, a: Touka
x, =0 — HecTtiiike NnOJOXEeHHsA piBHOBaru, a x, — cTiKe. B nponeci
PO3BUTKY nonyJisiuii 11 BesinynHa cTabini3yerbest 10 3HAYEHHA X, He3a-
JIEXHO Bill TOro, SIKOI0 BOHa 6yJ1a B I0YATKOBMIA MOMEHT.

Tlpu 3pocraHHi A BinOyBa€eTHCS 301MKEHHs 110/I0XEeHb piBHOBarn x, (%)
Ta X, (%), siki € GyHKUiAMM A, ajie 10 NEBHOI MeXi XapaKTep LUMX NOJIO-
XeHb PiBHOBary He 3MiHIOEThCA. 30UIbLIYIOYM IIBUAKICTH BHIOBY, IO-
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AUCEPEHUIANBHE PIBHRHHA NEPWOINC NOPAOKY

J

f
x A
7\‘* _____________ Xx (An
f t
8
:I &-
f t
2
AY
Pmuc. 1.7

TPiGHO C1iAKYyBaTH 3a THM, 1106 NOYATKOBE 3HAYEHHS MONYJIALIT X, 3a/Iu-
wajnocsa 6inblmMM Bin x, () : amke gxumo X < X, (), To nonynauia 3a
CKiHYeHHHMI1 yac 3HuKae (1.7, 6).

Kputnune 3HayeHHs A, BU3HAYAETHCH YMOBOIO JIUTTA ABOX IOJIOXEHD
piBHOBary B OjiHe «KpaTHe» X,(\.), sike € HaniBCTiiikuM (puc. 1.7, ¢). [lpn
JAanblioMy 3pocTaHHi A piBHAHHS (1.29) He MaTMMe XOAHOro MOJIOXEHHS
piBHOBary ¥ nonyisailis BUMHpaTHMe He3aJIeXHO Bil CBOE MOYATKOROL
BesinumHyu (puc. 1.7, ). AkicHy 3MiHy NnopTpeTa piBHAHHS [PHU NIPOXOA-
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1.2
CxanApHe aBTONOMHE PIBHRHHA NEPLWOro NOPRAKY

XeHHi napaMeTpOM A KPMTHYHOIO 3Ha4YeHHsA A. Ha3uBAIOTDb bighypkauicio;
noHa BiabuBac siBuilie (Ha30BOro nepexoay B po3risayBaHiit 6ionoriunii
CHUCTEMI.

3ayBaxumo, 140 Hebe3neyHHMHM U1 BUXUBAHOCTI MONYJIAILLI € He JiMlle
HO33KPUTHYHI 3HRYEHHSA A > A,, a i yCi 3HaYeHHs, JOCHTh GiIM3bKi 40 KpKU-
THuHoro. JlificHo, AKino Xy > X, (i), TO BIANOBiAHMIN PO3B’A30K NPIMYE
no x. (») npu t — co. Ha nepumii norisa, nomnyjasauii BAMMpaHHs He 3ar-
poxye. [Ipore akwo A = A,, T0 X, () = x, (2.). Tomy BunagxoBe 36ypeHHR
BeJIMYMHY NONYJIALI IPH BeNMKUX 3HAYEHHAX 7 MOXe 3p0oOMTH ii MEHLLIOI0
38 x» (L). Lle npu3Beae no 3arubesi nonyssiuii.

1.2.4. Mopenb
€KOHOMIYHOr0 3POCTaHHA

Bax1uBo 3a3Ha4MTH, LIO IPOBEJEHUI HaMHU aHasi3 MOAEN OLHOBHRO-
woi nonyysLii MoxHa 6e3rnocepeiHbO NepeHEeCTH Ha BUIANOK PiBHAHHA 3a-
F1bHILIOro BUTASRY

X = g(x)-

fe A — Hesin’eMHuit napamerp; g(x) € C(]0, ) - R) — Gyab-sika GyHK-
uisg, Wo 3an0BoNbHAE Taki ymoru: a) g(0) = 0; 6) hm g(x) < 0; B) g(x)
OIyKJIa Bropy # Ma€ €MHY TOUKY MaKCUMYMY.

Came Taxi BracTUBOCTI QyHKLUIi

g(x)= f(x) - (n+v)x, .

Aka (irypye B eKOHOMiKO-MaTeMaTU4Hil Mojesi, onucaxiil y npuknani B.4.
Kosiu 0b6car crnoxuBaHHA B po3paxyHKy Ha OJHOTO MpauliBHUKA € CTaJloI0
BEJIMYMHOIO ¢, BilNnoBiaHe PiBHAHHA HAbMpa€e BUIIAY

X=f(x)-(p+v)x-c. (1.30)
Y TaK 3BaHiii HeOKJIaCHYHiH Teopii EKOHOMIYHOIO 3pOCTaHHS Bil BAPOOHK-

yoi ¢yHkuii f(x) BUMaraloTh, 1106 BOHA, KPiM HenepepBHOCTI Ha [0, o) i
piBHocTi f(0) = 0, 3ap0BosbHsAIA TaKi YMOBH [34]:

f(x) e CX((0, ©) > (0, ©)); f'(x)>0, f'(x)<0;
lm, /') = 0, lim, ) =0
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AUOEPEHUIANBLHE PIBHAHHA NEPWONro NOPARAKY

3a Lyx NpuMylieHb NPONOHYEMO YMTa4€Bi CAaMOCTIHO NpoaHasti3ysaTu

piBHsiHHa (1.30), BBaXalouu ¢ rnapaMeTpoM, i BCTAHOBMTH IPaBWJIbHICThb
TaKUX TBEPIXKEHb.

1. ®yukuig g(x) = f(x)- (1 +v)x onykia Bropy # AOCSra€ Makcu-
MaJIbHOTO 3HayeHHs ¢, = g (X) B EAuHiit Touui X € (0, o).

2. Ilpu xoxHomy c € (0, ¢.) piBHSIHHSI Ma€ ABa NOJIOXXEHHS PiBHOBAru:
axepeno x, (¢) Ta crik x; (¢), npuyomy 0 < x, (c) <X < x, (¢). Sxwo no-
yaTkoBe 3HavyeHHs x (0) Hanexuts iHTeppany (0, x, (¢) ), TO 3 ILIMHOM yacy
¢yHKuUia x(¢), To6TO KamiTaa, WO NpUIlafae Ha OAHOIO NpauiBHUKA,
MOHOTOHHO crajfa€ it JocsArae HyJbOBOro 3HAUE€HHS 3a CKiHYeHHUH vac.
Y Bunanky, koan x(0) e (x, (¢), x, (¢)), dyHKUis x () MOHOTOHHO 3pOC-
Ta€, HabaMXKAIOYMCA B IPAHMULI NIPU f — 00 10 3HAYEHHS X, (¢). SAxio x

x(0) > x, (¢), T0 x(t) MOHOTOHHO cnanae i lim x(f) = x, (¢).
>«

3. ¥ rpanuui npy ¢ — ¢, — 0 BinOyBa€eTbCs 3MUTTA ABOX IIOJIOXEHD
piBHOBArK B OflHE HaNiBCTiliKe — TOYKY X. OCTAHHE 3HMKAE, KOJIM ¢ CTAE
6inbLUMM 32 C..

IosicHiTh, YoMy He6e3MeYHO JOCSraTy piBHSA CIIOXHBAHHS Ca.

1.2.5. Ananis moaeni
ximiuHoi peakuii

Hexait y npoueci ximMiyHoi peakuii Mix pe4yoBuHamMu A 1a B yTBOPIOETh-
¢ peyosrHa C, npuuoMy 1 r 1€l peyoBUHM BUHMKAE BHAC/IiOK CMO1Y-
YeHHs p rpamiB pe4oBUHU A Ta g rpamiB peyoBuHHU B. Binomo, 110 B XOXeH
MOMEHT 4Yacy MHUTTEBA IUBUAKICTb YTROPEHHS pe4oBMHU C MpONoOpLjiiiHa 3
neaxum xoediuienToM x > 0 1oOyTKy Mac peyoBHH A Ta B, sKi Ha uei
MOMEHT 1lIe He BCTUIJIM NpopearyBaTy.

3HaiineMo audepeHliaipHe PiBHSHHSA, K€ ONUCYE 3aleXHiCTb x (1)
macu peuoBuHM C Bia yacy 1.

Hexaii a i b — mMacu pe4oBUH A Ta B BiANOBiIHO B NOYaTKOBUH MO-
meHT 7 = 0. 3a yMOBOI0O Ha MOMeHT 7 > ( npopearyBano px(t) rpamis
peuyoBHHU A Ta ¢x(7) rpamiB peyoBMHU B. OTXe, Ha Leil MOMEHT He
BCTYMMWJIO B peakuilo a — px (f) rpamiB pe4yoBUHU A Ta b — gx(t) rpaMis
peuoBuHHU B. Tenep 3po3ymino, 1o wiykaHe gudepeHLiaibHe piBHAHHSA
Ma€ BUIJISLA
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1.2
CxanApHe aBTOHOMHE PiBHAHHA NEPUOro NOpRAKY

X =«x(a - px)(b - gx)
u0o
X = k(o — x)(B - x), (1.31)

Jie k .= kpq; o := a/p; B := b/q. Cronn noTpibHO 11ie JONUCATH NOYATKOBY
ymoBy x{0) = 0.

[poananizyeMo nopeaiHKy po3p’si3KiB piBHsHHs (1.31) nipu ¢ > 0. Ilokna-
nemMo f(x) = k(o — x)(B~ x) 1418 BU3HAYEHOCTi MPUITYCTHMO, 1O o < [3.

PiBusanxga (1.31) Mae nBa nojoxeHHs piBHOBaru: x = o 1a x = .
Ockinbku f(x) > 0 Ha MHOXMHI (-0, o) U (B, ©) i f(x) < 0, xonu x € (o, B),
10 o ABAsA€ cobolo CTiK, a f — mxepeso. ToMy po3B’#30K x () MOHO-
TOHHO 3pocTa€ 1o o, AKwo x(0) < o, i MOHOTOHHO CIaga€E a0 o, AKIIO
x(0) € (o, B). Axwo x x(0) > B, To rpadik po3s’sa3Ky x(f) MaE€ BepTUKA/Ib-
HY aCUMIITOTY

t=t,:=lim J'x &
RS o k(o - )P - s)

CKiHYEHHICTb £, JIerKO BCTAHOBUTH, B3SIBLUM IO yBar#, o f(x) ~ x> npu

X
x — oo, i 3ayBaxupiuu, wo lim | s72ds < o p1s QOBiIbHOIO x,> 0.

X->uad xp

OcCTaTOYHO MOXHA 3pOGUTH BUCHOBOK, IO IPaHMYHE 3HAYEeHHS MacH
peyoBruHHU C, YTBOPEHOI SIK pe3yabTaT peakllii pe4oBUH A Ta B, 1OpiBHIOE
min(a/p, b/q).

s & 4 = SRR £ 000 LA TS K SRR M S - e

BMNPABU TA 3A[AMI

@ CxapakTepu3yBaTy NOBEAIHKY iHTEIPATbHUX KPUBHMX PiBHSAHb

a) x = cosx, 6) x=cosx-1
Ta 306pa3uTH ix. YKa3aTH CTOKH Ta Jxepena.

@ BusHauMTH, 4M iCHYE PO3B’A30K 3anaui Kowi

2n
x:i’%, x(0)=0, neN

XZn
Ha Beiit aificHil oci.
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fnaea 1
AWOEPEHUIANBLHE PIBHAHHA MEPWOro NOPAOKY

® ®

Tokasartu, o 6yab-siKKHit pO3B’A30K PiBHAHHA X = J.rz" +1, n0eneN, n>2
icHye JiMile Ha CKiHYeHHOMY iHTepBaii.

CdopmynioBaty i J0BeCTH aHanor Teopemu 1.3 3a yMoBH, 10 f(x) < 0 Ha J.

3a anasnoricio 3 HacniakoMm 1.1 chopmyaioBaTH yMOBM MPOAOBXYBAHOCTI sk
BNiBO, TaK i BNPaBO, a TAKOX YMOBU iCHYBAHHS! JIiBUX i NPABUX BEPTUKAIbHUX
ACHMIITOT PO3B’sI3KiB piBHsuHHSA (1.27) i3 q)yuxuielo f(x) cranoro 3Haka.

Jdocniautu piBHsiHHA X = (x - 1) ,’1 ¢' —1| Ha icHyBaHHs OCOBJHBUX PO3-
B’H3KiB.

3HaliTH B IBHOMY BUIJIsIAI 3ajlexXHiCTh MacKu peyoBuHu C Bia yacy B moneni
xiMiuHOl peakuii, onucaHoi B n. 1.2.5. Po3rasiHyTH TakOX BUIAA0K, KOAMN

a= .

LIBMAKiCTb BUMAPOBYBaHHS JTbOASIHOI Kyjli B KOCMIMHOMY MPOCTOPi nponop-
uiitna rutowi ii nosepxui. Hexail nouarkosuit 06’em Kysi aopisHioe ¥ i ino-
MO, 110 yepe3 yac 7 BiH 3MEHIUHMBCS HArnoAOBHHY. BH3HAYWTH, KONM TAKA JAbO-
ASIHA KYJil TIOBHICTIO BUINIAPYETLCH.

| 1.3 |

EnemeHTtu AKICHOro aHanisy
NiHiRHOro PiBHAHHA

[py gocnilkeHHi NoBeAiHKY po3B’sA3KiB AndepeHLliaibHUX PiBHAHD i3

MPaBOI0 YAaCTUHOIO, 3A/I€XHOIO Bi/l Yacy, K IPaBU0, BAHMKAIOTH 3a/1a4i Ha
MOPSAOK CKAaAHil, HiX Ti, 10 po3raaaaiucs B I1. 1.2. O3HalioMiieHHd 3
eJieMeHTaMHU IKICHOIO aHalily HEeaBTOHOMHMX PiBHSIHb JAOLIILHO PO3MOYa-
TM 3 JiHIAHOro BMMNAIKYy.

O1xe, po3rJsiHEMO PiBHAHHS

X =a(t)x +b(r) (1.32)

3 HelepepBHUMM Ha BCiH AilCHIN oci koediuieHTamu a(¢) Ta h(t). Hara-
naemo Gopmyiy po3s’asky 3azadi Kouui 3 noyarkoBumu gaHumu (fy, x,),
Ky 6ysio onepxano B 1. 1.1.2. [lonamo uio dopmyay y surasai

x =e.f,'(]a(s)ds (X() +j"e a(ﬂdsb( )dr J (1.33)
fo
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1.3
EnemenTH AKICHOro axanidy niHifkHOro PiBHAHHA

1.3.1. 3apava npo
obmexxeHnit po3B’A30K

Po3nisaHeMo BUNanok, Koau B piBHAHHI (1.32) dyHkuia b (1) o6MexeHa
Ha BCiii milicHif oci, To6TO

sup | b(r) |= B < =. (1.34)
=R

IMocrasumo 3anady npo BiallykaHHA oOMexXeHOro Ha BCilt miicHiit oci
pO3B’A3KY LbOro piBHAHHA. be3 10JaTKOBMX YMOB, HakJlafieHMX Ha (yHK-
uito a (f), Takoro po3p’si3Ky Moxe i He iCHyBaTM. My BKaxXeMO HalNnpocCTi-
Wy AOCTaTHIO YMOBY: JOBEJEMO, 11O NPpU BUKOHAHHI nopsaa i3 (1.34)
HepPIBHOCTI

a)za>0 Vier (1.35)

piBusHHs (1.32) Mae eauHuit oOMexeHnit Ha BCill AiMICHIN oCi po3B’sA30K.
Cnpobyemo 3HalWTH 110YAaTKOBE 3HAYEHHS X, TAKOIO PO3B’A3KY, KOpHUC-
rylouncst popmyioro (1.33). 3ayBaxumo, 1o 3 (1.35) BUILIMBAE HEPiBHICTb

eI,'ua(v’)dS > oM 1)

,t21. (1.36)

ToMy noyaTkoBe 3Ha4YeHHS OOMEXEHOro pO3B’A3Ky Ma€ 3a40BOJIbHITH
YMOBY

t-»r

lim (xo +j"e W )d) . (1.37)
fo

JloBeieMO, 11O TaKe X, iCHYE # BU3HAYAETHCSA OAHO3HAYHO. 3 HEPiBHOCTI
(1.36) micTacMo OLIIHKY

L ats)ds —o(T-
e’ <e M gy,

AKa rapaHTye iCHyBaHHs IPaHMLi

. ’ 5) d: d
lim a( ) sb( )d J‘ a(s) sb( )d‘t
> '0 f
Cnpasai, Bi3bMeMO JOBLUIbHI 1), 1, (4, < #, < I,) # OLIHMMO Pi3HMLIO iHTer-
paiiB
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fnaea 1
OUOEPEHUIANBHE PIBHAHHA NEPWONO NOPARAQKY

R 3

I’:l, I n(\)(l.sb( )d‘t—j a(s)ds‘b( )d‘[—jz a(s)d\b( )d-.

) 4a h

Maemo

l.‘": I a(snlsb( )d‘t

Lt

<j": !’n(s)ds'b(t”a,ts

1 Be ully - 1g)
< BJ e Mgy —

f o

Ockinbpkn ¢ * — 0, 1, — o0, TO CNIPaBIXKYETbCA HeobXiaHa H N0CTaTHA
YMOBa iCHyBaHHS CKiHYeHHOI rpaHuui / (n14B., Hanpukiaaa, [5], oi. 13,
n. 1.3).

Tenep, abn 3a10B0OILHATH YMOBY (1.37), 1OCTATHBO MOKAACTH X = —~
[lincTaBuBLIKM Lie noyaTKoBe 3Ha4YeHHs Y ¢opmyay (1.33), aictanemo pos-
B’A30K BUIVISAY

x(t) = -j' " By . (1.38)

Moro obMexeHiCTb Ha BCiil OCi BUIUIMBAE 3 OLIHKH

| x(n| < j K AP ) |dr < BI Tt gy o L) VteR.
!

(o3

BuknaneHi MipkyBaHHsI HiICYMOBYE TaKa TEOPEMA.

Teopema 1.5

Hexait aa pissinns (1.32) cnparaxylorscs ymosH (1.34) 1a (1.35).
Toni BOHO Mae eauHuil oOMexXeHU# pO3B 30K, i Lell po3B'A30K
BuU3HayaeThcH Gopmynolo (1.38).

1.3.2. Nivine nepioanyne
PiBHAHHA

Po3risiHeMo uikaBu# 3 6araTboX TOYOK 30Dy BUIIANOK, KOIM B PiBHSIHHI
(1.32) dyHkuii a(r) Ta b (1) nepiotuHi 3 HafMeHLIXM J0JaTHMM nepioaom T
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1.3
EnemMeHTn AKICHOro aWanidy NiHifHOTO PiBHAHHA

a@t+T)y=a(t), b(t+T)=b(t) VteX.

lle niHiliHe piBHAHHA Ha3uBalOTb T-nepioduunum. BaxiuBy BnacTuBiCTb
#01'0 PO3B’3KiB YCTAHOBIIIOE TaKe TBEPIXKEHHS.

TeepaxeHHR 1.3

Sxino x (1) — po3p’n30K T-nepioayuHoro pisHaxHHS (1.32), 10 dyH-
KLtist

xp)y=x(t+T1)

. TeX € HWOro po3B’AI3KOM.

[losBeneHHRA

OckinbkH piBHicTh X(f) = a(t)x(t) + b(t) BUKOHYETbCS JIA BCIX f,
10 X(t+T)=a(t+T)x(t +T)+ b(t+T). 3Biacu 3 ypaxyBaHHAM T-1nie-
pioanyHocTi ¢yHkuii a (1) Ta b(t) MaemMo noTpibHUIE pe3y/bTar:

Xr(t) =a()xp (1) +b(t) VteR.

3a A0MoMOroI0 J0BEIEHOTO TBEPIKEHHS JOCHIAMMO CIIOYATKy NOBediH-
KY PO3B’AI3KiB JIiHIHHOIro ONHOPIAHOrO 7-nepioaMYHOro piBHAHHS

X =a(t)x. (1.39)

Onst noBiibHOTO X, € R #Oro po3p’si30k, sikui Habysa€ 3Ha4eHHS X, NIPH
t = 0, Mac BUIIAN ’

ipats)ds

x(t) = xye (1.40)

o O3HaveHHn 1.5

Yucao

. T
. ats)ds
5= e

Ha3ueawoms mMyasmuniikamopom piensuna (1.39).

Ha3ssy 1a 3HauyeHHs 1bOro YMcCia A JiHiiiHOro oaHopigHoro T-nepio-
JAWYHOTO PiBHAHHSA NOACHIOE Take TBEPMXEHHS.
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ANOEPEHUIANBHE PIBHAHHAR NEPWOrO NOPRAOKY

TeepaxenHn 1.4
ko x (1) — po3s’s30k piBHanHg (1.39), To At AoBUIBHOIO ke Z
i Ipu BCix ¢ € R COPaBIXYETHCA PIBHICTD

x(t +kT) = 1*x().

HDoseneHHnRn

Hexait x,, := x(0). BianosiaHo n0 TBepaxeHHs 1.3 dyHkuist x,.(1) =
=x(t+ T) — Tex po3B’a30K piBHAHHA (1.39). [loyarKOBMM 3HaYEeHHSAM

[()Tn(s)ds

1bOro po3B’a3ky € xr(0) = xye =}.xy. Tomy

fpats)ds

x(t+T)=)xye = 2.x(1).

Ananoriuno x_;(0) =2 'xq i x(t - T) = 7. 'x(t). Tenep notpi6umit pe-
3yJALTAT IIPOCTO NICTAEMO 1HAYKLIEIO 1100 K.

Teopema 1.6

Hexaii x(f) — noBUILHMHE HeTpUBIanbHMA PO3B’S30K piBHsHHs (1.39).
Toai, axwo A < 1, TO

x(t) > 0nput—o0i|x(r)|— o nput— —o.
Axmo A > 1,710

x(t) - O0nput-—> ~0ilx(t)| - o nput— o
Axwo x A =1, 10 x(#) — T-nepiognuna GyHKLId.

HDosegeHHA
IlepioanyHicTh x (1) y BUnanuky A = | € 6e3nocepeaHiM HacAiIKOM
1BepaxeHnsa 1.4. Orxe, Hexait Tenep A # 1. [lns poBinpHoro ¢t € R
no3Hayumo yepe3 N(¢) := |¢#/T| uiny yactuny uucna t/T. Toai 1(t) =t -
~ N@)T e |0, T). 3riaHo 3 TBepaxeHHsIM 1.4
x(1) = x(x(t) + N@OT) = 1.8 Ox(x (1))

Ane 3 (1.40) BuninBae, Wo x (f) He NepeTBOPIOETLCA B HYJIb Ha R, 30-
Kpema,

0< r,ﬂ})i,HI']Ix(t)l <|x(z(1)] < txrll(%.*<7_]l.vu‘(t)[ vVt e R.
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1.3
EnemenTH AKICHOro aHanisy NiHikHOro PIBHAHHA

Tomy nopeaiHka ¢GyHKLII x (1) NpU ¢ — +00 UUIKOM BU3HAYAETLCH MHOX-
nukom AM?. Tenep a1s 3aBeplueHHs NOBeSHHS 3ATUIIAIOCA 3ayBaXU-
™, 110 N(f) — 100 npu 1 — 00,

@ 3aysaxennn 1.3

OuyeBHAHO, HIO nepeBipKa YMOB TeOpeMH 3BOAHMTLCs A0 BHU3HAYC€HHs 3HaKa
yucaa

T
a= Io a(s)ds.

IepeiineMo fo po3rasay JNiHiHHOro HeoaHopiAHOro 7T-nepioguyHOro
piBHsHHS i PO3B’AXeMO 3ajayy IIPO iCHYBaHHA B HHOro 7-nepioanyHux
PO3B’sA3KiB.

Teepaxennn 1.5
YmoBa T-nepiogau4HoOCTi po3p’a3ky x (f) T-11epionuYHOro piBHAHHS
(1.32) exBiBasileHTHA PiBHOCTI
x(0) =x(T). | (1.41)
HDosepeHHn

3 TBepixeHHs 1.3 BuruiMBae, wo ¢yHkuis x (f + 7) — po3B’s130K
piBusiHHs (1.32). OckinibKY PO3B’SI30K JliHIHHOTO piBHSAHHSA OJHO3HAY-
HO BU3HAYAETHCA CBOIM [I0YAaTKOBUM 3HAYEHHSM, TO yMOBa x(f + T) =
=x(t) Vi € R exBipanentHa (1.41).

Teopema 1.7
SAxuio A # 1, To npu Oyab-skik T-nepioanyniit dyukuii b(t) T-ne-
piopmyHe piBugHHS (1.32) mae eauHmit T-nepioguuHuit po3s a30K
X.(2). Sixino x A = 1, TO npn BUKOHAHHI piBHOCTI

T _g=
jo e I(,a(s)d.vrb(t)d‘C -0 (142)

KOXEeH PO3B’S130K LbOro piBHAHHA € T-nepioguuHuM, a fipM il nopy-

exHi pisHsanHA (1.32) He Ma€ XOIHONO 7-NepioAMYHOro po3B’si3KYy.
Y punanky A < 1 T-nepionuuHuil po3B’si30K X.(f) Ipu f — oo

nputarye o cebe Bei iHi po3p’s3ku pipnsnng (1.32), Tobro

lim (x(7) - x.()) = 0,
tos>d
ne x(t) — JoBiUIbHMI PO3B’A30K piBHﬂH_m (1.32).
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ANDEPEHLIIANBHE PIBHAHHA NEPLLOMO NOPAAOKY

LOoBepeHHR

Bynemo wiykaT noyatkose 3Ha4eHHs X, SIKOMY Binnopinae
T-nepioanyHui po3B’s30K. 3 ypaxyBaHHSM dopmyn (1.33) ymoBy
(1.41) npu 1, = 0 nepenuiuemMo y Buriaai

T iZaats)ds
Xy = ).(xo +Io e J""m“b(t)dt)

foats) d‘b(t) d.

T
(1 -1)xy = xJ’ e
0
OueBHAHO, WO NPHU A # 1 NOYaTKOBE 3HAYEHHs] BUBHAYAETLCS OHO-
3HAYHO, a Y BUNAIKY A = 1 CYMIiCHIiCTb LIbOIO PiBHSAHHSI 3yMOBJIEHa
BUKOHAHHSM piBHOCTI (1.42).

JoBeneMo ocTaHHE TBepaXeHHs TeopeMH. Hexaii x (1) — g0-
BiIbHUIA pO3B’930K piBHAHHA (1.32). be3nocepenHbolo nepesip-
KOIO ITepEKOHYEMOCS B TOMY, IO QyHKIis x (1) ~ x.(7) 3a40BOIb-
Hs€ BilnOBiAHe NiHiliHe OJiHOpiAHE piBHAHHA. OCKUIbKM A < 1,

TO 3 TeopeMmu 1.6 BumMBaE, wo LA QyHKIIA OPIMYE A0 Hyas

Nnpu t — o,

3a3HauMMo, L0 B peajlibHUX cHUcTeMax (MexaHiuHuX, (pi3UyHMX, Xi-
MiYyHMX, 6i0JIOYHMX 1 T. [1.) AOCHTb YaCTO MOXHA CIIOCTEPIraTy MpouecH,
SIKi 3 TUIMHOM yacy HabyBaloTh 03HaK nepiognMyHocTi. Taki npouecu Hasu-
BAIOTb nepexionumu, a BIANOBIAHI rPaHUYHI NEPIOAUYHI PeXUMHU — ycmane-
numu. OTXe, npu A < | Bci po3B’sa3ku piBHSAHHA (1.32), kpiM x.(1), MOXHa
iHTeprpeTyBaTH fAK MepexifHi npouecu, WO 3 YACOM BUXOASTh HA €AMHUI
yCTaleHU# pexuM x.(1).

P T B T T e S T D T P N SN St B IR

BMNPABW TA 3ABANI

@ 3uaittn o6MexeHMit Ha Beilt AiFICHIN OCi PO3B’A30K PiBHSHHS X = X + COS /.

@ JloBecTn, 110 PiBHIHHA X = |c0S 7[Xx +$in/ Ma€ cAMHUH 2n-NiepioaMYHMIA pO3-
B’S130K.

@ Toxa3ary, W0 B 3a0a4i NPo oBMexenuit po3s’s3ok ymoBy (1.35) MoxHa 3aMi-
HWUTHU BUMOIOIO (1) < ~a <), 1 € R.
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1.4
IcHyBaHHA Ta EAMHICTL PO3B'A3KY 3apavi Kowi

Tokasary, 110 B pa3i BUKOHAHHSA Lue OAHIET AoaaTKoBOi ymMoBU b(f) — 0, 1 — o0
0OMexXeHHUI PO3B’I30K NPAMYE A0 HYNs NPU T — 00,

Jlosectn, 110 Gyab-siknit o6MexeHUI HA BCil oci po3B’s30k 7-nepioaMuHoro
pisnsinHs (1.32) € T-nepioauuHuM.

v Bxasiexa. Ilpu A # | ckopucTaTHCH THM, 11O pisHMLUs aBoX po3B’si3kiB JIHP €
po3B’si3koM Bianosiadoro JIOP. Ipu A = | Bukopuctatn T-nepioAUyHICTb

1
dyHkuil Io a(s)ds.

| 1.4

IcCHyBaHHA Ta EAMHICTL PO3B’A3KY
3apavi Kowi

dyHnaMeHTaIbHE IMTAHHA 3araibHOol Teopii piBHAHHSA

X = f(t,x) (1.43)

110J4Ia€ Y BU3HA4YE€HHI YMOB iCHYBaHHSl, 2 TAKOX €IMHOCTI PO3B’SI3KY
ro4yaTkosoi 3anayi. Brnepuie BiAnoBinHWA 3araJibHUM pe3yabTaT JicTaB
O. Kouwi 6an3bko 1820 p., npUIlyCTHBUIM, 1O B OKOJIi NOYaTKOBUX Ja-
HUX (%, X,) dyHKuia f(#, X) HenepepBHa i Mae HenepepBHy YaCTHHHY I10-
xigHy of (1, x)/ox.

1.4.1. Teopema iCHyBaHHA
Meano

Y 1890 p. [Ix. [leano noBiB TeopeMy iCHyBaHHS pPO3B’s3KY (MOXJUBO,
HeeauHOro) 3anavi Kowi 3a ymoBH, 1o GyHkuis f(f, X) Julue HerepepBHa
B NIPSIMOKYTHMKY

M={(t.x)eR2:|t-ty|<a, |x-xo|l<by=1,xJ,,

ae 1, =ty —a, ty+al, J, =|xy - b, x, +b]. HaBenemo toue popmymo-
BaHHS1 LIbOTO TBEPAXKEHHS. :

63



fnaea 1
ANOEPEHUIANBHE PIBHRHHA NEPWOrC NOPAAKY

Teopema 1.8 (Meano)
Hexait f(¢, x) € C(IT+ R). Toni Ha Bigpisky /, =ty ~ A, t, + A},
ae

= min(a, /M), M = "mz}{(n | £, x) ],

icHye po3B’a30k x () pipHsaHHsa (1.43), aKuit 3aI0BOJIBHAE NOYAT-
KOBY YMOBY X (#y) = X,.

3apa3 My He JOBOAMTMMEMO LIIO TEOpeMy 3 OIJISLLY Ha Te, 110 B Ii. 5
Oyjiie HaBeaeHO NIOBHE OOTPYHTYBaHHS OUIbLI 3aralbHOIrO pe3y/sTaTy, SKUM
CTOCYETLCS HOPMasIbHOI cucTeMH indepeHuia/ibHuX piBHAHL. BinzHaunmo
Jauiue, mwo # O. Kowi, # [Jx. [leaHo y cBOiX MipKyBaHHSIX BUKXOPHUCTOBYBa-
n Metol 1106yI0BY HabMXeHOro po3B’a3Ky piBHsHHS (1.43), 3anponoHo-
BaHuit y 1768 p. Jl. Eitnepom. B ocHOBI LbOro MeTomy JieXuThb MOHATTA
namanoi Eiinepa. OctanHs sABis€ cobolo rpadik KyckoBO-J1HiHHOT hyRKuii,
YTBOPEHOI 3a Takum fipaBuioM. Ha Binpisky (7, t0 + h} yepe3s piBHi npo-
MLKKWM BIIKJIAAAEMO M TOYOK &, = Iy + ih/m, i=1, ..., m 3ayBaxuBsilig, L0
NPy AOCHUTH BEJIMKOMY m noxumy byHkuii x(t) € C Ut ty+ Al > R) y
TOYL #; MOXHA JOCTATHbO TOYHO HAGIM3NTH PI3HMLIEBMM BiIHOILEHHSM
fi‘t—l—):—;—tﬁ nepeitneMo Bix audepeHUiaibHOO piBHAHHA (1.43) 10 itoro
pi 3HIH}.1€B(1)IO aHasnora

Xjg ~
o —t

= f (’ 1 x )
3Bincy AiCTAEMO peKYPEeHTHE CIiBBiAHOWEHHS

h
Xig =X+ [, x) 0, ~1)=x +f(’i’xi);1'

BoHo na€e 3mMory nociiioBHO BU3HAYATH X, ..., X,, 32 3aJlaHUM X,. KoxHe X,
PO3LIAA2€ETHCA K HAbMMKEeHe 3HAYeHHA TOYHOIO PO3B 3Ky B Touli /. Te-
nep 6yayeMo KyCKOBO-JiHiHY GyHKUiIO X, () 32 dopmyraMu

Xy =x; + f(t;.x; Xt =1), telt, ;]

Ii rpadik i sBsie cobolo namany Eﬁﬂepa, sIKa MOC/IiI0BHO CI10Jy4a€ ToY-
Ku (15, xy), (4, %)), ...y (tm, x ) npﬂmonmmunmn Biopizkamu (puc. 1.8).
Ax. IleaHo 10BiB, WO iCHYE MIANOCIAOBHICTD {m,}, _, ,  HATypaibHUX
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uucen, 419 KOl NOCAiBOBHICTD PyHKUiH
(o M2, piBHOMipHo 36ira€Tbcs Ha
HiLPI3KY [to, t0 + hji TIpH LibOMY IpaHHy-
na pyHxuis x(t) Ha Bmplaxy g, 19+ Al e
TOUHUM posn A3KOM piBHsAHHA (1.43).

Jle#i po3B’A30K 3a10BOJBHSIE NTOYATKOBY
yMOBY x (1) = X;.

Ha npuknani piBusiiHa (1.9) MoxHa
lIePEKOHATUCS B TOMY, 1UO OIHIET aule
uenepepBHocTi GyHkuii f(#, x) Hegocrtat-
HbO [UIS TAPaHTYBaHHA €UHOCTI PO3B’A3-
Ky 3aga4i Komi.

‘ tgo,=r(t, x;)
y

i D |

1.4.2. Teopema iCHyBaHHA

Ta eamHocri lMikapa

Y 1890 p. E. [lixap o6rpyHTyBaB iHLIHKI cnocib noOyaoBU PO3B’I3KY
3anayi Kouui y Burisiai piBHOMipHO 361KHOI [10C/1iI0BHOCTI HEMEPEPBRHMUX
¢yHKUiH — TaK 3BAHUI MemoO nocaidogHUX HABAUNCEHD.

Teopema 1.9 (Tlixapa)

3 3431

Hexait oyukuis f(f, x) € C(I1 » R) 3an0Boabusie ymony Jlimuiua
11040 3MiHHOI X, TOOTO icHye poaatHe uuciao L (crana Jlimuina)
TakKe, 10 151 AOBLILHOI I1apyu TOYOK (1, X'), (¢, X’) i3 NPSIMOKYTHHU-~
Ka F1 BUKOHYETHCH HepiBHICTh

<Ljx -x"
.. Toni na Biapisky 7, =l#5 - h, 15 +hl, ne
= min{a. b/M), M = me)\xn! fi, x|,
t, X)e
icHye eauHuit po3s’a30K x (¢) piBHanHs (1.43), 9xuii 33A0BOJILHSE
NIOYATKOBY YMOBY X (7)) = = Xg- 1leit pO3R’A30K € rpaHuUILIo PIBHOMIp-~

HO 301XHOI HOCAiROBHOCTI PYHKLIN {xk(t)}k - 1,2, BU3HaueHoI pe-
. KypentHuMHU GOpMyAaMH METOAY T10CALIOBHUX HAbIXEeHb

Xolt) =Xy, tel,,
eI T (1.44)
X {t) = Xxg +§:0f(s’ xp {syds, tel,, k=1,2, ..
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ONOEPEHUIANBHE PIBHAHHA NEPLWOrO NOPAAKY

oBeperHnA

BoHo ckiapa€Tbcs 3 KiibKoxX etaniB. JlolLiJIbHO Cno4aTky po3-
ISIHYTH CXeMY [IOBEIeHHS B LILJIOMY, HEe BHMKAlOYM B JeTalli, a BXe
MOTiM po36UpaTUCs B TeXHIYHUX NOAPOOULISX.

1. ExsiBanentnicts 3axavi Komwi interpaasnomy pisasnmio

x(1) = x5 + J" f(s, x(s))ds. (1.45)
Iy

PiBHstHHs Burasay (1.45) BinHocHO HeBigoMoi GyHKuil x(7) Ha3upa-
I0Tb (Heainiunum) inmeepanshum pienanusam Boavmeppa. (B. BoabTeppa
po3poOUB CUCTEMATHYHY TEOPil0 PiBHAHb TAKOIO THIY HanpUKiHHi
Xl1X ct1.)

Hexait / < I, — nesikuii Biapisok, x () € C U J;) — po3B’30K
3agavi Kouii 3 nouarkoBumu gaHumu (1, xo). Toai

x(t) = f(t, x(t)) Vtel, (1.46)

x(ty) = Xp. (1.47)

InterpyBaHHsiM obox yacTun (1.46) y Mexax f, 10 f 3 ypaxyBaHHAM
(1.47) nepekOHyeMOCS B TOMY, 110 (PyHKLis x () cnpaBiKye PiBHICTb
(1.45) npu Bcix 1 € 1. Lle o3nayae, o x (1) — po3B’s130K iHTErpajlbHOIO
piBHsAHHA (1.45) Ha Binpisky /.

Hapnaku, Hexaii ¢yHkuis x (1) € C(/— J,) 3anoBobHse (1.45) Ha
Binpi3ky I. OckinbKy B npasiit yacTuHi piBHocTi (1.45) ¢dirypye Hene-
pepBHO nudepeHuiiioBHa QyHKIS (32 BIIOMOIO BIaCTUBICTIO BU3HA-
4YeHOoro iHTerpasia K GpyHkKuUii BepXHbOI MexXi), To ¥ cama dyHKuia x (1)
aproMaTuyHo Gyne HenepepBHO audepeHuiitoBHoIO Ha /. [licia obuuc-
JIEHHS NoxinHMX B 000x yactyHax (1.45) mictaHemo (1.46), a nokiaBLIx
y (1.45) t = t;, maTumemo (1.47). LLi MipKyBaHHs 1OBOAATb, WO Herie-
pepBHMH Ha BiApi3Ky [/ po3B’si30K iHTerpaibHOro piBHsiHHA (1.45) €
IUYKaHUM PO3B’si3KOM 3aaa4i Kouui.

2. OnepaTtopHa topma iHTerpanbHoro pisusiHng. [1paBy 4acTHHY
iHTerpanbHoro piBHsiHHA (1.45) NpUpOAHO PO3rASAATH SIK AesKe
iHTerpasbHe IepeTBOPEHHS HenepepBHOi ¢GyHKLUIL x (). BoHO KO-
PEKTHO BU3HaueHe, RKIIO 06)1acTio BU3HayeHHs x (1) € siapizox / < /,
a 06,1acTIO 3HaYeHb — IiAMHOXHKHA Biapiska J,. KoxHii ¢yHkuii
x(t) e C(I+— J,) ue nepeTBOpeHHs CTABUTb Y BiANOBIAHICTb Hemne-
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t

pepBHY dyHKLiIO X) + j’ f(s, x(s))ds. TakxuM 4YMHOM, Ha MHOXMHI
0 .

C (] — J,) BunrKae BinobpaxeHHs @, ke i€ 3a NPaBUIOM

CU > J,) 3 x() D o[x()](1) =

= x, + .L:, £(s, x(s))ds € C(I > R).

Taxe BinoOpaxeHHs1 B MaTeMaTUYHil JliTepaTypi Ma€ crieLiaibHy Ha3By —
(Heniniiinuit) inmezpanvuuii onepamop Boabmeppa. (My BUKODUCTOBYE-
MO T03HayeHHs X (-), HEe BKA3ylouM aprymeHTy ui€i @yHkuii, abu nin-
KPECJIMTH, 110 B obuucieHni ¢[x(-)](f) OepyTb y4yacTb yci 3HaueHHA
x (), KOJIM S 3MIHIOETLCA B Me€XaX Bid £, 10 1.)

Tenep pisHsaHHSA (1.45) MOXHA NEpenucaTv B ONEPaTOPHOMY BU-
i

x(t) = o[x()](7). (1.48)
3BepHeMO yBary Ha ABi BaXJIMBi BJIaCTUBOCTI onepaTtopa ¢. Ilepiia
3 HUX, 30KpeMa, NOACHIOE NPUPOJHICTb BU3HAYEHHS uucaa h. BusiB-

JISIEThCA, WO came npu [ = [, onepaTop ¢ KOXHY GYHKIiWO Kiacy
C({,— J,) nepesoauts y GyHKUIIO ULOTO CAMOIO Kilacy, To0To

NiitcHo, axwo 0 < A < a, To w1t KOXHOi x (1) € C(I,+ J,) i wns Beix

t € I, maemo

lolx()](1) - x| < <

I’ S(s, x(s))ds
Iy

<

<SM|t-1) (1.50)

L’ | fs, x(s))|d5

3BiACH BUILIMBAE, 1O NOTPiOHA HEepiBHICTb

lolx((?) - xol s Mh< b Vtel,
BUKOHYBaTMMETBLCH caMe NpH A = min (a, b/ M).
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AVOEPEHLIIANBHE PIBHAHHA NEPLLOTO NOPRAOKY

Jpyra B1acTUBICTb ONepaTopa (¢ BUPAXKAETHCS HEPIBHICTIO

loluOI) - o[y <

I: | f(s,u(s)) - f(s,v(sPlds| <

?
<L j lu(s) - v(s)|ds ]|,
fo

(1.51)

AKa CIPaBAXYyETbCs Aas Beix u(¢t), v(t) € C(I,— Jy) i Bcix te [,

3. KopexTHicTh METOAY NOCAiAOBHMX HaOamKenb. 15 nobynosu

po3B’s3KYy piBHAHHA (1.48) BUKOPUCTAEMO METO NOC/IiAOBHUX Ha-
6anxeHb.

3rifHO 3 LU¥M METOAOM YTBOPHMMO MOCHiJOBHICTH (byl-u(um
{x (D} o, 1,2, .. 32 PEKYPEHTHOIO (pOpMYII0I0

X (1) =@lx, (O, k=1, 2, .., (1.52)

B3SIBLUYM 34 Hy/1b0Be Hab/MXeHHs cTany QyHKUIo xy(7) = x,. OyeBuaHo,
o xy(f) = xy € C(/, - J,). Tomy 3 orisiiy Ha nepuly BIaCTUBICTb Onepa-
TOpa ¢ MaTUMEMO X,(f) = ¢ |x,(-)1(1) € C(I,+— J,). Y3arani

xk_l(f) € C(Ih - Jb) = Xi (t) = (p!xk_|(-)](f) € C(Ih —> Jb)’

k=12 ..

Lle o3Hauae, uio npouec nobynosu nOCIiAOBHUX HabGAKKEHD X, (1)
(k =1, 2, ...) MOXHa JIIPOUAOBXYBATH O HECKIHYEHHOCTI.

4. 30ixnicTs nocainosuux wabauxkenn. JoseneMo, 1o nocaiioB-
HICTb GYHKUIHA {x,(f)} piBHOMIPHO 36ira€Tbca Ha BiapisKy /,. s Libo-
IO 3ayBa)XXMMO, 1O X, (7) € k10 YACTUHHOIO CyMOIO (PyHKLIOHAIBHOTO
pany

Xo + D (6 (1) = x; (1), (1.53)
it
Cnpagni,
Xo + 9 (1) =X (1) = Xg + 2%, (1) = Xg + X3 (0) = X (D) + ..

i-1
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Ansi poseneHHst 30ixHocTi psay (1.53) ouinummo |x,.(t) - x,._,(t)l Ha
Biapi3Ky /,. [List nepiuoro wiena, nokiuasuin y (1.50) x (t) = x,, aicra-
Hemo | x, (1) - x,| < M|t - 1,|. TIpUpPONHO MPUIMYCTHTH, WO WiEHU psy
(1.53) 3a10BONBLHAIOTL HEPIBHOCTI

x,(0)—x; (D] < K; |t -1,]" (1.54)

as i=1, 2, ... 3 peakumu ctanumu K. JliicHo, skwo (1.54) Bu-
KOHYETHCS ISl JeIKOFO HATypasibHOTO uMcia i, To 3 (1.51) npu u (¢) =
= x{t), v(t) = x,_,(t) maTumeMO

[x; (@) = x; (O] = @lx; OND) = plx; ; ONN < LKil J"’ Is—tyl'ds| =
0

LK.
H_'l’ tol =Kt -1

Otxe, ouiHka (1.54) mificHO cnipaBIXY€EThCs s BCiX i =1, 2, ..., AKINO
110K/IACTH

ME' ML

K, = L
TN

i

3 umMx MipKyBaHb BUIUIMBaE, WO /- wieH ¢dyHkuionansHoro psay (1.53)
Ha BiAPi3Ky /, He nepeBuIlye 3a aGCONIOTHOIO BEJIMYMHOIO BiiNOBiAHO-
ro wieHa 361XHOro YMCIOBOro psanLy

“«

~ M (L)
ks T
il :

[Il

. M
CyMa SIKOrO AOpPiBHIOE |xg|+— - 1). Toai Ha nigcTasi 03HaKu

Beitepuitpacca ¢yHkuioHasipHu# paa (1.53), a otxe, i nocaigos-
HICTh {x,(#)} piBHOMIPHO 30iraloThCa Ha BIAPI3KY /, 10 AeAKOi QyHK-
uii x.(r) € C(1,— Jy).

Tlokaxemo, 110 (hyHKLis x,(1) i € po3B’s13KOM piBHsiHHsA (1.48). [lng
1bOro OGIPYHTYEMO IPAHMYHMIA Nepexin

hm olx, (@ = olx.OM(t) Ve, (1.55)
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BUOEPEHLIANBHE PIBHAHHA NEPWOro NOPRAKY

Ockinbku 3a Teopemolo Kantopa ¢yHkilis f(#, x) piBHOMipHO He-
nepepsHa B MPAMOKYTHUKY I1, TO nocaiAoBHicTL GyHKuUiH { (7, xk(t))}
PiBHOMipHO Ha [, 36iraeTbca 10 GyHkuii f(¢, x.(1)). Tenep piBHiCTH
(1.55) BumnuBac 3 TeopeMu IIpO IPaHUYHMM Mepexid nig 3HaAKOM
iHTerpaia.

HapeiuTi, nepeifinoBuin A0 rpaHuili B 060X YaCTMHAX PeKypeHTHOI
dopmynu (1.52), 6aunmo, o byHKLis x,(f) € HENEPEPBHUM PO3B’I3KOM
piBHsAHHS (1.48) Ha /,, a 3apa3om i po3B’a3xoM 3anayi Ko, icHyBaHHa
SIKOTO CTBEPIKYETHCA TEOPEMOIO.

5. IIemaxicTs 36ikHOCTI NOCAAOBHHX HaGAMKeHDb i €auBpicTs po3-
B’n3Ky 3anayi Komi. Hexaii x(f) € C(/+— J,) — nobinbHa GyHKuis, WO
cnpaBixye Ha Bipi3Ky / < I, pisnicTs (1.48). Bianimemo sia (1.48)
piBHicTb (1.52). BpaxysaBiuu (1.51), nicraHemo

[ () - x, )] < | @[xOI@O) - @, IO | <

: | x(8) = x5 (5)|ds]|.

Tenep Tak caMo, SIK i BUIlE, JIETKO OEPXYEMO: |x (1) — X, | < M|t — 1],
t € 1, i 3a inaykuiewo

kel k1
IX(f) xk(f)l__M L l Ik+l<M(Lh)

AT T eD vtel.| (1.56)

Sk 6aunmo, x,(t) — x(¢t) npu k — oo piBHOMipHO Ha BiIpi3Ky /. 3
€AMHOCTI IrpaHULi NOCAiIZOBHOCTI BUILIMBAE, L0 x(¢) = X.(¢) 114 BCix
t € 1. €1UHICTL PO3B’A3KY X.(f) AOBeAEHO.

4 3ayBaxennn 1.4

SAxino dyHkuin f(, x) € C(I1 — R) Mae YaCTUHHY NOXiAHY 32 apT'YMEHTOM X
y KOXHi#t Touui (#, x) e I # icHye crana L > 0 taka, wo

|%t,_x)_ <L v, x)ell,
ox

TO f(?, x) 3agoBosbHsiE€ yMoBY Jlinwina woao x 3i cranoto Jlinwina L.
HiiicHo, 3a TeopeMolo Jlarpanxa npo CKiH4eHHi IPUPOCTH LISt KOX-
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HOI mapy To4YoK (7, x’), (t, x”) € I, e A1 BU3HAYEHOCTi X" < x” , iCHY€E
yucio & € (x’, x”) Take, WO

LA

7, Xy - fit, 1) = LEE (o .
ox

Ot1xe, TeopeMa icHyBaHH i eauHocTi Kolui, po fiKy 3ragyBajiocsi Ha
1ouaTKy JaHoro naparpacda, € OKpeMuM BumnankoM Teopemy Ilikapa.

Hape1uri, BinzHaunmo, 1o ouiHka (1.56) cBin4MTb PO JOCUTH BUCOKY
WBUAKICTh 301XHOCTI MOCHizoBHUX HabaMxeHb OO TOYHOIO PO3B’SI3KY.
Tomy MeToA IOCHIA0BHMX Hab1MXeHb MOXHA e(eKTUBHO BUKOPHCTOBYBA-
‘M 11 HabnuXeHoro iHTerpysaHHs JugepeHUiabHUX PiBHAHD.

QNpuknanp 1.6

3acmocyemo memoo nocaidosrux Habauxcens 0o HabauxcenHozo 8i0uyKanHs pos-
6’a3Ky 3adaui Kowi

% =x2 421, x(0) =0.

[MocaigosHi HabnMXeHH BM3HAYAIOTLCH PeKYPeHTHOIO (opMyJioio
14
X () = Io(xi_l(s) +2s)ds, k=1,2,...,
ae xy(¢) = 0. BukoHaswuy BiAnoeiaHi 06Yncier s, 3HaAX0AMMO:

x(f) = I;ZSds =7,
t 4 5 2
xz(t)=jo(s +25)ds =1’/5+1°,

X3(1) = L:(s“’/zs +257 /5458 +25)ds =1"/275 4+ 820+ £5/5+ 12, ..

A6K BKa3zaTu sikHaMMPIUMI BiAPi30K, Ha KoMy 3b6iraloThes Ui mo-
cninoBHi HabnuxeHHs, noTpibHO napamerpu a 1a b npsMokyTHuKa I BU-
6partu Tax, wo6 BennuuHa h = min(a, b/ M) 6Gyna HaiGirbwow. B Hawomy
BUNanKy #, = X, = 0, a Togi M = b* + 2a i h = min(a, b/(b* + 2a)).

YeiBlwu 3aMictb b HOBHIt napamerp ¢ > 0 3a popmynolo b = Jac , 3Bene-
MO Hawy 3ajavyy A0 BiJllyKaHHA MaKCHMaAbHOroO 3HauyeHHA OyHKiil

. ¢ . .
mm(a, T(Z_DJ [ABOX JoaaTHMX 3MiHHuX a T1a c¢. Tlpu dikcoaHomy ¢
a(e” +
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AWOEPEHUIANBHE PIBHAHHA NEPWLOTO NOPAOKY

faHa ¢yHKUis nopoaxye PyHKLiIO apryMeHTy a, sika Jocsirae Haibinsworo

¢ ¢ V7
3HayeHHs 3a YMOBH, WO g =—=—————, TOOTO NpHU a = (—,-*) . ®yHK-
Ja(e? + 2) ¢ +2.
Lisi 3MiHHOI ¢, AKka birypye B niBil yacTuHi ui€i dopmynu, aocsarae Makcu-
MaJIbHOTO 3Ha4YeHHs 1/2 npu ¢ = V2. Tenep 3nHaxoaumo: a = 1/2, b= 1. Ta-
kuit BuGip napamerpiB ¢ ta b rapaHTtye 30iXHICTb nocainoBHux HabiuxeHb
Ha Binpisky [-1/2; 1/2].

OuinuMo HA UbOMY BiApI3KY BiaxuieHHs k-ro HabiMXeHHs BiA TOYHOTO
po3B’a3ky x(t) aocrimxyBaHoi 3ana4i Kowi. OCKiIbKM B HAaUWIOMYy BHNAAKY
%fx_ =2x, 10 npu b = 1 MoxHa noknactu L = 2. 3 ypaxyBaHHAM piBHOCTI
M =2 ouinka (1.56) na6upa€e BurasLy

i 1
I.\'(f)-‘xk(r)lﬁm, feli”'i, 2}

W ans et e v A 1 NN 2 A e 0 I T e N AN TR I S X MR RGO

BIMPABM TA 3AJAYI

@ Mobyaysarn Ha Biapisky [-1/2; 1/2} namany Eitnepa 3 yotupma Ta BichMoma
JlaHKaMM [ po3B’s3ky 3anayi Kowi x = x~ +2r, x(0) =0.

e O IA AN S

@ 3naiitn dopMmyay s k-ro NOCAIIOBHOrO HABIMXEHHS 10 PO3B 43Ky 3adaui
Kouti x = x +¢, x(0) = (). JloBeCTH B ubOMYy BUNARKY 3GiXHICTb MeToUy NO-
CNi0BHUX HabaMXeHb Ha Oyab-sIKOMY IIPOMiXKY.

® 3’scysaT, uM CIpaBAXYIOTbCH yMosu Teopemu [likapa y Bunanky, xonu
FGoxy =20, 1= =1 <=L U]

@ TIlpu sukonaHhi ymos Teopemu [likapa nosectu 36iKHICTh NOCTIA0BHKX Hab/M-
XeHp Ha Bipisky |#, — h_, 4, + h,], ne

. b , ,
h, = mm[a. —AT-J M, = ,max U, x)),

aTll_Tall, — 4acTMHKM NPAMOKYTHHKA [1, #iKi iexaTs y NiBLIOWMHAX I < [, TA
1> 1, Biamosiaxo.
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1.5
MpopoexeHHR po3s'A3KY 3apayvi Kowi

1 1.5 |

NMpopnoBXeHHA PO3B’A3KY
3apavi Kowi

Hexait D — obaactb y R? if(t, x) e C(D— R). d1g BOBULILHOI TOYKH
(1), xy) € D 1eopema IleaHo fa€ 3MOry BCTAHOBUTHU iCHYBaHHs PO3B’SI3KY
yanadi Kowi

%= f(t,x), (1.57)

x(ty) = X (1.58)

Ha JeSKOMY, MOXJIMBO NOCUTb MajiOMy, BUIPi3Ky 3 LIEHTPOM y TOuLi ;.
IHakuwe Kaxyuu, pe3yabrar [leaHo — 1€ JloKajibHA TeopeMa iCHYBaHHS
po3B’sa3Ky AudepeHUianbHOro pisHsaHHs (1.57). s 1i 3acTocyBaHHs 10O-
1pibHO napameTpu a = a (fy, x,) Ta b = b (4;, x;) NpAMOKyTHMKa IT, LUEHTP
SIKOrO PO3TaloBaHMM y To4L (#), X,), BUOpaTu Takumu, wob ITc D. [licas
UBOIO MOXHA BU3HAYMTH YUCIO h = h (1), X;) 1 BIANOBiAHMIA Biapisok /,, Ha
KOMY iCHy€ po3B’sa30K 3anauvi (1.57)—(1.58).

1.5.1. HenponoB)XyBaHi po3B'A3KK

Kinueni Touku rpadika po3p’saky 3anaui (1.57)—(1.58), icHyBaHHs
sIKOro rapaHtye teopema [leaHo, jiexatb B obnacri D. Tomy, po3rasinaiouu
iX sIK HOBi NOYaTKOBi JaHi, MOXHAa 3HOBY 3aCTOCyBaTu TeopeMy IleaHo i
pPO3LKMPUTH 001aCTh iICHYBaHHS LIbOrO PO3B’A3KY, SIKLIO B34TH 10 yBaru
TaKe IPOCTe TBEPIKEHHS.

TeepaxeHua 1.6
(npo CKheloBaHHA PO3B’'A3KIB)
Hexait f(1, x) € C(D - R) i x () € C({1y, ;] = R) 1a x,() €
e C(l1), ,] — R) — PO3B’43KM PiBHAHHSA (1.573, AKi 331[0BOJIbHSI-
J0Tb YMOBY X,(t;) = x,(¢,). Toni ¢ynxuia
(1)’_ X}(f) np“ teltﬂ» tl':
h X, (f) npu te(ty, Hl

€ po3s’a3kom pisHsaHHA (1.57) Ha Biapisky |1, 4].
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masa 1
ONOEPEHLIIANBHE PIBHAHHA NEPLLONrO NOPAAKY

OosefneHHn

OueBUAHO, WO TaK BU3HaueHa QyHKLUin x(f) 3a10BOJIbHAE PiB-
nsaHHs (1.5.7) ax Ha (4, 1)), TaK i Ha (f,, t,]. JliBa i npaBa noxinHi
GyHkuil x(f) y To4ui 7, icHYIOTb i HabyBaloTh 3Ha4yeHb BiANOBiAHO
S, x, (1) 1a f (1, x5(1,)). Ane 3 yMOBM TEOpEMH BHUILIMBAE, IO Li
3HaveHHs 36iralorhes 3 f(¢;, x(1))). Tomy x(¢) — po3B’A30K Ha BCbOMY
BIIPi3KY [#y, 5,].

Ka3zatumemo, 1o po3B’s30K x (1) i3 LbOIo TBEPKEHHS € NPOO0oBHCEH -
HaM po3e a3ky x,(t) enpaso (po3e a3ky x,(t) eéri6o). B 3araipsHOMY BUNIAAKY
JaMO Take O3HAYEHHA.

S O3HavyeHHRA 1.6

Pose’szox X(t), eusnavenuil Ha inmepeani (8iopisxy) T , Ha3ueawms npo-
doexcenHam po36 asKy x (1), susnauenozo Ha inmepeani (6idpisxy) 1, axuo
Il i x(t)=X(t) 0aa koxwcHoeo t € 1.

INokaxeMo, 10 po3B’a30K Oyab-gKO0i 330a4i Komli MoxHa rnmpoaoBXuTy
Tak, o6 KiHli iforo rpadika BuiinLIM 3a MeXi AOBUILHOTO Hanepea 3ana-
Horo koMnakTty K < D. [ist 1boro Ham 3HanoOMTLCS JOMOMLXHMIA pe3yib-
Tar [IpO iCHYBAaHHS Bilpi3Ka NPOAOBXYBAHOCTi, O/IHAKOBOIO LISl BCiX TOYOK
MHOXHWHU K.

TeeppxeHHa 1.7
Jnst nosinbHoro koMnaxkry K« D MOXHAa BKa3aT Take 4Mcio 1) > 0,
IO Ajs1 KOXHOI ToukM (', x’) € K po3s’sa30K piBHAHHS (1.57),
AKUA 3a40BOJILHAE HOYATKOBY YMOBY X (1) = X', ICHY€ Ha BiApi3Ky
{t'—m, ¢ +nl
OosenernHn

Yuciao € > 0 BubepeMo HacTUIbKM MajiuM, 11106 I KOXHOI TOYKHU
(t', x') € K xBagpart IT (¢, x') = {(t, x) e R? : |t - F'| <€, |x - x| < €}
uizikom nexas y D. Toai

Ke:= Y, x)e D

(r.x1e kK

(nosenitp!) i I (', x') < K, sk TiAbkH (¢, x') € K. Sk Hacmimok

max t,x)|<M, ;= max tox
{t, x)en‘“', xv)l f( )I € (r. .\‘)€K(|f( ’ )I,

74



1.5
MponoexenHA po3s'A3Ky 3apadi Kowi

i 3 Teopemu IleaHo, 3acTrocoBaHoi n0 KBaapaTa I1.(#, x'), BUIUIUBAE,
1O PO3B’I30K piBHAHHA (1.57), iUt 3a00BOJIbHSE IOYATKOBY YMOBY
x(t’) = x’, icHye Ha BiapisKky [t' - n, ¢’ + ], Ae n =1, := min(€, €/M,)
He 3anexcums 6i0 mouku (', x') e K.

Teopema 1.10 P
Hexait f(1, x) € C(D — R). [ina 10BUIbHOI TOUKH (4, X,) € D
noBiibHOro Komnakty K < D iCHYIOTb uncna 1< Iy, > f; i po3
B’s130K x (f) 3anaui (1.57)—(1.58), su3nayennii Ha {1, ¢ |, Taxi, wo
x(t=xi (4, xt) e K

HdosepneHHA

Jani MipKyBaTMMeMO 3a YMOBM, 1O (Z;, X,) € K (y BUnanKy, Konu
(ty» xy) € K, TBEpIKEHHsA TeopeMu € oueBUOHMM). TBepaxenus 1.7
rapaHTy€ iCHyYBaHHs PO3B’a3Ky x (7) 3agaui Kouii 3 moyaTtkoBMMH na-
HUMH (1, X,) Ha BiApisKy [ — 1, & + n]. AKuwo obuaBi KiHuUeBi TOYKK
(fp £ n, x(#y £ n)) rpadika x(¢) nexarp 3a MexaMH KoMIakty K, To
TBEpIKeHHs TeopeMU NpaBuibHe. B IIPOTUBHOMY pa3i NPUITYCTUMO WISt
BM3HAYEHOCTI, 110 (1), X;) = (£, + N, X (f + n)) € K. 3ri1HO 3 TBEPIXKEH-
HaM 1.7 po3B’s30k 3anayi Kolui 3 noyaTkoBUMH JaHUMM (1, X,) iCHYE
Ha BiApisKy [t,, t; + n] = [#; + 7, £, + 2n]. CKOPUCTABLIKCS TBEPAXKEH-
HAM 1.6, MOXHA NPOJOBXMUTH PO3B’A30K 3anayi (1.57)—(1.58) 3 Binpiska
I, - n, 1, + ] Ha Biapisox [f; ~ m, £, + 2n]. byaemo BxuBaTH No3Ha-
yeHHd x(7) i Ana i€l npogosxeHoi GyHkuii. Tenep 3HOBY nepesBipsie-
MO, YM HaJIeXMTh Touka (f, + 2n, x (¢ + 2n)) xomnakTy K, i T. A.
(puc. 1.9). Ockiibky MHOXHHA K obMexXeHa, TO 3pO3yMilo, 1O 3HAail-
JIeThCsl HAaTypajibHe Yyucio N, s sKoro po3B’a30k 3anayi (1.57)—(1.58)

~yY

Sre---/-F-
=
Sv9-4-f-- -
[F
Fod
=

Puc. 1.9
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naea 1
ANOEPEHUIANBHE PIBHAHHA NEPWOro NOPAOKY

yAacTbCsl NPOJOBXUTH BIIPABO Ha BIAPI30K [#) — n, £, + Mn], oaHak npu
LUbOMyY TOuKa (4, + V0, x(fy + Nn)) onuHuThCs Bke 3a Mexamu K. Otxe,
MOXEMO IIOKJIACTH [, = f; + Nn.

AHan0riyHO 3MiACHIOETbCS [IPOLEAYPA MPOJOBXKEHHS PO3B’I3KY 3a-
nayi (1.57)—(1.58) Baiso.
2 OsnaveHHn 1.7

Po3se’azox pienanns (1.57), eusnavenuii na inmepeaani I, nazusaoms
uenpoaosaxjeauum, AKUWO 0N HbOZ0 He ICHYE NPOOOENCERHA HA MAKUU
inmepean 1 moIcI 1\1¢®

JloBeeMo Teriep OCHOBHY TeOpeMy — IpO iCHYBaHHsI HENMPOJOBXYBa-
HOTr'O PO3B’SI3KY.

Teopema 1. 11
Sxuwo f(t, x) € C(D > R), TO sl AOBLIBHOI TOUKH (I, Xo) € D
iCHy€e HelnpoaOBXyBaHM po3s’a30K 3aaui (1.57)—(1.58).

HoeegeHHRA

Hns obnacti D icHye NOCAiIOBHICTb TAKMX KOMIIAKTiB {K } -1,2,.
o K c K, D UK D1 nns 6yab-akoro komnakry K c D 3HawleTbca
Homep N Taxun mo K c K. diiicHo, sikwo D = R2, 10 33 K, MOXHa
B3TU 3aMKueHuﬁ Kpyr B (0) pazniycoM j i3 ueHtpoM y Touui (0, 0).
ko x D # R TO MHO)KMHa 6D MexoBHX TOYOK obJacTi D Henopox-
HS. Hoaﬂaqumo Toi Yepe3 0D, €-okil MHOXUHH 0D (T06TO 06’ €aHaH-
H$1 €-0KOJIiB yCiX TOUOK MHOXMHMU ¢D). Tenep 10CTaTHLO NOKJIACTH
K; =(D\cDy,;)N B;(0). (Kinbka wieHiB 1oCaiA0BHOCTI {Kj} MOXYTb
BUSIBUTUCS TIOPOXHIMHA MHOXMUHAMM.)

3acTocyeMO B KOXHOMY KOMIIAKTi K; MeTon n0BeieHHs TeopeMM
1.10 i nobyayeMo NnocCliaIOBHICTb Bl.[lpl3KlB {I Yoo T Moci-
IIOBHICTb PO3B’S3KiB {x; ¢): [~ R} 21,2, 3a11atu (1. 57) ~(1.58), Ta-
KMX, LLO lj_ X (t) =X, 1(t) upu te 1 , @ KiHui rpadixka po3B’a3Ky
xj(t) He HaJle)KaTb K ,J= l 2, I'hcml uboro nokaageMo / = u[ i
BU3HAYMMO (bym(uilo x() i I- R YMOROIO

x(t) = xj(t), AKIIO f € 1/

L dyHkuig i € HenpoaoBXyBaHUM po3s’a3koM 3aaayi (1.57)—(1.58).
Cnpagni, MipKylo4M Bill CYPOTMBHOIO, NPUIYCTUMO, HaNpUKIIaI, WO
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1.5
MpoposxeHHA po3s’'A3Ky 3apadi Kowi

I Mae ckiHueHHY npaBy Mexy b < oo i po3B’A30K x(f) AOIyckae
NPOAOBXEHHS Ha iHTepBan (Bilpi3oK), AKUNA MIiCTUTb TOUKY b. |Lle
11pOAOBXeHHS MU 3HOBY no3Hauumo yeped x(¢).] Toai rpadik He-
nepepBHOro Bino6paxennsa x (') : |4, b} — R, 3 oaHoro 6oky, € xom-
[aKTHOIO MHOXHMHOIO, SIKa NP JOCUTh BEJIMKOMY HaTypaaibHOMy N
MmicTuthcs B Ky, a 3 iHworo, 3a no6ynoBoio,— sl NpaBoi MeX0BOI
TOUKM 1y € [#,, b] Biapiska I, maemo (¢, x (1)) # K. Adiduuin npo-
THPIYys.

1.5.2. Teopema Kne3sepa

Axiio Ha ¢GYHKUIIO HE HAK1aJaTH XOAHMX IHIIMX YMOB, KPiM HerlepepB-
HOCTi, TO MOX€ BUSIBUTHCA, LIO iCHY€E Oijibllle HiX OAMH HENIPOAOBRXYBaHHUI
po3B’s3ok 3azadi (1.57)—(1.58). I. Kre3ep y 1923 p. onepxaB Takuil pe-
3ybTaT.

Teopema 1.12 (KHesepa)

Hexait f(t, x) € C(D > R) i ansa 104Ky (1, x,) € D na Biapisky
1#5, ] icHY10Tb ABa Takux po3p’s3kM X (¢) i x,(f) 3amaui (1.57)—
(1.58), mo x,(¢) > x,(t) ans seix 1 € (4, £.}. IlpunycTumo Takox, wio
obnactp G, obmexena rpadikaMu LMX PO3B’A3KiB i npAMOIO £ = L,
Hanexuts D. Toni Touky (3, X;) MOXH2 CIIOJIYYUTH lHTeI‘pafleOK)
KpuBoIO piBHaHHS (1.57) 3 6ynb—sn<mo TOYKOIO BiIpi3Ka, KiHIsAMH
AKOIo € ToukH (4, x,(1)) Ta (L, x,(%)).

HdosepeHHA

Hexaii x, € (x,(%), x,(1.)). [IponoBxyBaTiMeMO BJiBO PO3B’S130K X (),
SIKMIA 3310BOJILHSIE 104AaTKOBY YMOBY X (1.) = X,. 32 Teopemolo 1.10 fioro
rpadik o60B’s13K0BO Buiiae 3a Mexi komnakty G. Otxe, 3HaiineTbcs
Take 1 € |4, L) Tak € {1, 2}, mo x (1) = x,(1). AKWO 1 = £, TO LIYKAHOIO
iHTerpajbHOIO KpUBOIO € rpadik po3s’sasky x(f), f € {1, &.]; axmo x
T > I, TO Helo € rpadik QyHKuii

xk(’)a teltos tlo
- x(r)’ te(’01 ‘cil,

siKa 3riiHO 3 TBepAXeHHSIM 1.6 Tex € po3B’sA3KoM piBHAHHA (1.57)
(puc. 1.10, a).
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nasa 1
ONOEPEHUIANBHE PIiBHAHHA MNEPLWWOrO NOPAGKY

x A XA

Puc. 1.10

1.5.3. Teopema nOpPiBHAHHA

Y pocniKeHHsAX, MOB’s3aHMX i3 npobaeMaMy €AMHOCTI i NpoaoBXKYyBa-
HOCTI pO3B’93KiB, BAXJIMBY pOJb Bilirpae Taka Teopema.

Teopema 1.13 (NOpiBHAHHA)

INpunycrumo, wo dynkuii f,(1, x) € C(D — K) (k= 1, 2) 3an0801b-
HAIOTb YMORBY

L, x)y< fLr, x) Y, x)e D. (1.59)
Hexait x,(-) : {, > R — HenponoBXyBarHui po3s’si30K 3ana4i Kowi

X = fi 1, x). x(fy) = x, (k= 1, 2), ne (4, xy) € D — crijbya noyar-
KOBa To4YKa 060X po3B’s3KiB. Toai BUKOHYIOTECS HePiBHOCTI

xl(f)>X3(1) vtel. :={i€l|nlz :’(t(}}‘
O <x, @)y Veel ={teliN],:1>1}

OoBepeHHA

O6MexumMocs A10BelleHHIM ApYyroi HepiBHOCTI. Po3rnsHemMo QyHK-
uiro (1) = x,(t) — x,(t). OueBnaro, wo §(#) =01

£(tg) = X (t9) - X, (10) = fr(tg, Xo) = fillg, Xo).
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15
MponosxeHnA Poas’'A3ky 3apadi Kowi

3 ypaxyBaHHsiM ymMoBM (1.59) maemo i(ro) >0, i ockinbkM I(f) =
= S(fg)t —fg) +0(f = 1y), t —> 15, TO LA BCIiX 7, AOCUTDb O/IM3bKUX 110 /),
3HaK QyHkuii &(f) 36iraeTbes 3i 3HaKom (f - 1)). ToMy icHye makcu-
ManbHui iHTepsan (4, &) < /., Ha akoMy &(1) nomarHa. Hesaxxko 3po-
3yMmiTH, 11O

t.=sup{rel, :5(1)>0 Ve, 0}

Teunep norpibHo gosect, Wwo (1, &) = I, . [lpunyctumo, HaBnaku,
IO £, I€XMTh yCepeauHi inTepBany /, . 3a O3HaYEHHAM I, BAKOHYETb-
cs piBHICTb &(1.,) = 0. 3Biacu x. := x (%) = x,(%,), i 3 ypaxyBaHHIAM
HepiBHocTi (1,59) micraemo i(t)= fo(t., x.)- fi(t,, x.)>0. A oc-
Kifibku (1) = 2(t,)(t - t,) +o(t - 1,), t — 1,, TO byHKLUinA () Mae Ha-
6yBaTH Bil’€MHMX 3HaYeHb Ha AeAKOMY iHTepBa (4 -9, &) < (4, 1),
e 8 — nocuTh Majne goaatHe uuciao. e, onHak, cynepeyuTb 03Ha-
YEHHIO f,.

[1pu ouiHloBaHHI iHTepBay, HA SIKMH AOITYCKA€E IIPOAOBXEHHS PO3B’si-
30K 3aaadi (1.57)—(1.58), BeJibMU KOPUCHUM € Takuit pe3yabrar.

Teopema 1.14
Ilpunyctumo, uio D — onykia obaacts y R? i ¢yukuii f(t, x),
St x), [(t, x) € C(D > R) 3a10BOAbHAIOTH YMOBY

filt, x) < f(t, x) < fH{t, x) V(t, x) e D.

Hexa#l x, () : [, — R — HenpoaoBXyBanui po3B’A30k 3anadi Kowi
X = fillt, x), x(t)) = xy (k= 1, 2), ne (t, x,) € D — cninbHa novar-
Kopa Touka 060X po3p’sikis. Tozi po3p’s3ok 3axadi (1.57)—(1.58)
ACIYCKaE NPONOBXEHHs Ha intepBan f:= I, N 1,.

oBepeHHA

Hexait T'— poBijibHa ToYKa 3 iHTepBaily /, po3TaluOBaHa Ipasiile
Bil #;. 3a TEOPEMOIO 1I0PIBHAHHA BUKOHYETBCH HEPIBHICTH X, (1) < X,(1),
te (), T|. 3a Teopemoio 1.10 po3p’si30K x (¢) 3amaui (1.57)—(1.58) mox-
HAa ITPOZOBXMUTH BIIPABO TakK, 1100 #oro rpadik nepeTHyB MexXy KpUBO-
JiHIAHOIO TPUKYTHHMKA, O6MexeHOoro rpadikamu GyHkuii x (1), x,(1) Ta
npamorlo 1 = T (puc. 1.10, 6). Ane 3a TeOpeMOIO NMOPIBHSIHHSA B IIPOLIECi
TAKOro [POAOBXEHHS Ma€ 36epiraTucs HepiBHICTb X, (1) < x (1) < x,(1).
Towmy rpadik x (1) nepetHe npamy 1 = T. TakuM YuHOM, x (1) HONYCKaE
[PONOBXEHHA Ha BiApi3ok |f), T|. AHaNOriYHO PO3IA9Aa€ETHCH BUIIA-
A0k, Koau T'< 1.
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Masa 1
AW®EPEHUIANBHE PIBHAHHA NEPLLOIO NOPAAKY

O Hacninok 1.4
Axwo dynxuin (1, x) € C(R? > R) 3adog0nbHse ymogy

| £, x)| < g1 (x| +g:(1) V&, x) e R,

de g (t) € C(R > [0, ) (i = 1, 2), mo koxcen po3e’asok pigHaHHA
(1.57) npodoexcyemocs Ha 6cio dilicHy 8ich.

CripaBaii, JOCTaTHBO 3ayBaXMTH, LIO TaKy BJIACTUBICTb MalOTh PO3B A3~
KH piBHSIHb
X =g (N|x|-g2(), x =g ()]x|+g,(t)
(noBeniTn!).

BMPABU TA 3AZJAMI

@ Buxopucrapiuy ielo AosenexHs Teopemn KHesepa, 3HatTH pO3B’SI30K PiBHSH-
Ha X = x?/?, sxui 3anosonbHse ymosu x (0) = 0, x(100) = 1.

@ Hexait M, ={(t.x) e R*: |x| <22, (<D'r>0}, i=1, 2. JoBecty, mo KOXHY
TOUKY MHOXHMHM M|, MOXHA CHOJYYHTH IHTEIpajbHOIO KPHMBOIO DiBHSHHSA
% =23/t i3 KOXHOIO TOYKOIO MHOXHHM M,

® 3ayBaxuBuiu, 110 P+t<t+a nipu t € [0, a), BUKOpHCTATH TEOPEMY NOPIBHAH-
Hs1 ¥ OUiHMTHU iHTepBas, Ha SIKMIl NPOJOBXYETLCH BIPABO PO3B’A30K 3amaui
Kowi % = x2 +1, x(0) = 0. Josecry, 1o uei PO3B’5130K HE MOXHA NPOAOBXKM-~
TH Ha AORATHY NiBBiCb.

MNoxasary, w0 KOXeH PO3B’A30K PiBHSAHHS X = X COS (£X) NPOAOBXYETCA Ha
BCIO DiliCHY BiCb.

Hexait D — onykiaa oGnacn yRZif(t, x) € C(D > R). [lpunycrumo, wmo
rpadixu dynxuiit &(1) € C}(/ > R) 1a n(f) € C(/ > R) nexars y D, npuuomy
E@)>n(t) vte i

£ < f(1, &), WD) > f(t,n(n) Vel

Hosecty, o po3p’s3ok x(#) 3anayi Kowi x = f(1, x), x(f) = x;, ae t, € 1,
n(#y) <x, <E&(%), icnye Ha inTepBani /N [#), ) i 3a10B0IbHAE HEPiBHICTH

n(#) < x(r) <&(@).



1.6
feomeTpuuna iHTepnpeTauin pudeperLianbHOro PiBHAHHA NEpLWOro NOPAAKY

| 1.6 |

feomeTpuyHa iHTepnperauin
“aucepeHuianbHOro piBHAHHA NEPLIOro NOPAAKY

1.6.1. None nanpAmis.
IHTerpannHi kpmsi

PosrisiHeMo aucepeHUiaibHe PiBHAHHA

Y _ fix, y) (1.60)
dx

3 HenepepsHolo dyHkuielo f: D — R. 3a reopemolo [leaHo yepe3 goBiIb-
HY TOYKY (X,, ¥;) IpOXoauTh rpadik po3s’a3Ky y = y (x) piBHsaHHA (1.60).
Y wuiif Toyni BiH Ma€ JOTUYHY, AKY MOXHa 33/aTU PiBHAHHAM

Y=y (xo)x - Xp) + Yo

Ocxinpku y’(xy) = f(xq, ¥ (x)) = f(xy, ¥p), TO Lie CHiBBiAHOWEHHS HabyBa€e
BUIJISAY

¥ = fxg, yo)(x ~ X)) + yq. (1.61)

Taxum unHoM, audepeHLiaibHe piBHAHHS (1.60) koXHi# ToUL (X;, ;) CTa-
BUTb Y BiANMOBiOHICTh npamy (1.61) 3 kyrosum koediuieHTOM f(X;, V).
BaxcuinBo 3BepHyTH yBary Ha Takuit ¢akT: xoya npsima (1.61) BUHMKIIA 9K
JoTHYHa A0 rpadika po3s’sa3Ky piBHsaHHs (1.60), onHak i BCTaHOBIEHHS
3a3HaYeHOl BiILMOBLIHOCTI «TOYKA > IIpSMa» ABHUH BUIJISIA PO3B A3KIB LbO-
1'0 piBHSIHHS He IIOTpiOeH.

AOCTparylouucst Bifl OIMCaHOI BU1LE KOHCTPYKIii, TPUXOAMUMO A0 TaKO-
'O O3HAYEHHS.

S O3navennn 1.8

Iloaem nanpamie y obnacmi D < R? nasusarome eidnosionicme, ska

Koxchiti mouyi (xy, y,) € D 3icmasnsne npamy L(x,, y,), w0 npoxooums

uepes (g, yy)-

BianosiaHicTs «TOYKa > npsMa», B kil poab L (x,, y,) BimirpaoTs
npami (1.61), Ha3uBaAKOTb nonem Hanpsamie pienanna (1.60). et 06’ext

81



fnaea 1
OUOEPEHLIANBHE PIBHAHHA NEPWOrO NOPAAKY

MOXHa BBaXaTh reOMETPUYHUM eKBiBajieHTOM JaHoro audepeHLuiajibHOIo
piBHsiHHS. Hanpam nonst y dikcoBadiii Toyli 306paxaloTs y BUIJIsiLE Majlo-
ro Biapizka (JiiHiliHoro efieMeHTa) BiANoBiAHOI npamoi (puc. 1.11).

Y BcTyni 6y/10 BBEIEHO MOHATTS IHTErpaibHoi KpUBoi piBHsiHHs (1.60).
Lle#i TepMiH BUKOpDUCTOBYBABCS SIK eKBiBajeHT rpacdika po3s’sizky. Oue-
BUMAHO, 110 B KOXHil TO4Li iIHTeIpajibHOI KPHUBOI 11 AOTHYHA 30iracTbcs 3
NpAMOIO MOJ1s1 HANPsAMiB AndepeHLiaIbHOIO PiBHAHHS, AKa il Toull Biao-
Bidae. 3 ornsiay Ha ueit ¢GakT y BUNAaAKY 110/ HANpPsAMiB 3arajlbHOro TUIY
IIPUPOHO JIATU TaKe O3HAYEHHS.

< O3HayeHHA 1.9

Iumezpaavioro Kpueoro noan Hanpamie HA3UBAIOMb MAKY KPUBY, 8 KONCHIU
moyuyi aKoi domuyna 36icacmbcs 3 NPAMOIO NOASA HANPAMIG, WO Wil mouyi
gionosgidac.

Ilpo iHTerpajibHY KpMBY KaXyTb, HIO BOHAa NOTUKAETLCA IIOJSA Ha-
MPSMIB.

[NpuposHO BUHUKAE NTATAHHSI CTOCOBHO iCHYBAHHS iHTerpajllbHHUX KpH-
BMX. BOHO IpOCTO pO3B’SI3YETHCS Y BUIAAKY IO/ HATIPSAMIB, NOPOMIXKEHOIO
AudepeHLiaIbHUM PiBHSIHHAM i3 HerepepBHOI0 MyHKLIEO f(x, y). diicHo,
JOCTATHLO 3ayBAXMUTH, LIO iHTerpaibHa KpuBa piBHSIHHA (1.60) B po3yMiHHi
0O3HAYEHHSI, HABEeAEHOro Y BCTYIli, € BOAHOMAC iHTErpajibHOIO KPMBOIO N0
HarpsAMiB LIbOTO PiBHAHHS B CE€HCI 03HaueHHs 1.9. Buasnserses, Hio npa-
BWIbHMM € 11 0OepHeHe TBepIDKEeHHs.

Hepiu Hix Horo obrpyHTYBaTH, YTOUHUMO, LIIO TYT i Hajgani, SKio He-
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1.6
feomeTpuuHa iHTepnpeTauin AMdepeHUianbHOro PiIBHANKHA NEPILIOTro NOPRAKY

M JIONATKOBMX MOSICHEHb, KPMBOIO Y Ha TUIOLIMHI Ha3MBaTUMeMO obpa3 y
R* BinoOpaxeHHs iHrepBany /

I> 1+ (3(1), n(t)) e R? (1.62)

vy pyHkuiaMu E(1), n(¢) knacy C'(I ~ R), AKi 3a70BONBHAIOTb TaK 3BaHy
YMOBY Pery/sipHOCTi

|&o|+|a0] =0 viel (1.63)

K10 L yMOBa CNIPaBAXYETbCA, TO B KOXHiH Touui (§(7), n(f)) kpupoi y
ICHYE AOTUYHA, SIKa BU3HAYAETbCA AOTUYHUM BEKTOPOM (£(7), n(f)).

Tenep 110xkaxeMo: AKLIO KpHBa Y, BU3HauyeHa BinobpaxeHHsM (1.62),
JIOTUKAETHCA 110J151 HANPAMIB zmdaepeﬂuia.nhuoro piBHsaHHa (1.60), TO BOHa
¢ rpadikoM aesikoro Horo po3B’si3Ky.

HificHo, Kp¥Ba Y IOTUKAETHCA 110/ HANIPAMIiB PiBHAHHS (1. 60) TOAi
JIAILE TOI, KOJM IPU KOXHOMY ¢ € I JOTU4HHUI BEKTOpD (‘(t), n(r)) 6yne
KOJliHeapHHMM MpsAMiil i3 xyroBum KoediuieHToM f(E(7), n(7)). AHATITUYHO
1110 YMOBY MOXHA 3a11MCaTH y BUIJsAi

A1) = FED)EE) Viel (1.64)

Auie Toni 3 ypaxyBaHHsaM (1.63) nicraemo: (1) = 0 npu Beix 7 € 1. Otxe,
E(t) MOHOTOHHA Ha iHTepBali / i BinoGpaxae HOro B3aEMHO 0,11HO3Ha‘iH0 Ha
nesikuit inTepsan J. [1py LboMy icHye obepHena dyHkuis T (x) € C'(J — I),
'} O3HAa4YeHHs KOl BMIUIMBAE PiBHICTb £(T(x)) = x, x € J. TakuM 4rMHOM,
sIKILIO BBECTM HOBMH napaMeTp f = 7(X), TO KDMBa Y BUSABUTHCS rpa(bixom
$hyskuii y(x) := n(1(x)) € C(/— R). 3anuuuniocs JOBeCTH, 1O y(x) —
po3B’si30K piBHsAHHS (1.60). ¥ ubOMY J1erKO NepekoHaTUCs IIPSIMUM 06YMC-

di(1(x)) - dx =1 i dopmyny (1.64):

JIGHHSAM, SIK1LIO B3SiTH 0 YBaru piBHICTb
dx dx

Y'(X) = AUxNT(X) = Fx, y(x)Ex))T(x) =

= fi(x, y(x ))a'“(r(\)) = f(x, p(x)) Vxel.

GORERAN e N L e L S S e h ThAN L S ween < o

i

s A

Bncuonox. epaquu pose n3Kie pienanna (1.60) i auwe éonu € inmee-
paﬂbnwuu xpuewuu tioeo noas Hanp}wte

ORISR B 2 P v S
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fnasa 1
ANCEPEHUIANBHE PIBHARHHA MEPWOrO NOPAAKY

{lonsa HanpsmiB piBHSAHb BUraAny (1.60) He MiCTATbL NpSIMUX, 11apa-
JenbHUX oci opauHat. OTXe, TaKMMHU IOJISIMU HE BHYEPHYIOTbCH BCi
MOXJIMBI [10J151 HAlIpSMiB Ha [UIOWMHI. 3 LbOTO MOTJIsiAy IPUPOLHILLINM
00’exTOoM € nudepeHLialbHe PiBHSIHHA B CUMETPUYHIN dopMi (pienanns

lpapgpa)
M(x, y)dx + N(x, y)dx =0, (1.65)
ae M(x, y), N(x, y) € C(D 1 R) — dyHkuii, siKi 3a10BOJbHAIOTh YMOBY
| M(x, »)|+| N(x. 3)| =0 V(x, y) e D. (1.66)

[MoscHuMo, fAK lie piBHSAHHA BU3HAYa€ MoJie Hanpsimis y obaacri D.

Jugepenyianvua opma © = M(x, y)dx + N(x, y)dy — ne nudepeH-
UHiaIbHO-reOMEeTPHMYHHUI 06’ €KT, KMl IOBHICTIO XapaKTEePU3YETHCH TAKOIO
BJIaCTUBICTIO: KOXHOMY BEKTOPOBi @ = (a,, ay), MPUKIATEHOMY IO TOYKH
(x, y), bopMa o CTaBUTb y Bil[IOBiIHICTb YMCIIO

o((x, y); @) = M(x, y)a, + N(x, y)a,,

siIKe Ha3MBAETLCS 3HAYEHHSIM L€l GOpMHU Ha BEKTOPI a.

®opMy » HA3UBAIOTH HegupoOxceHow B obaacTi D, KO il koedilieH-
™ M(x, y), N(x, y) 3a10BO/bHAIOTL YMOBY (1.66).

Hexait ® — HeBupoaxeHa B obnacti D audepeHuianbHa dopma. Po3-
[ISIHEMO NOBLNbHY TOUYKY (X, ¥,) € D. MHOXMHA BCiX 1IPMKJIAJEHUX 10

(xg, ¥;) BEKTODIB @, HAa AKUX (GOPMa » NEPETBOPIOETHCS B HYJlb, YTBOPIOE
TIpSIMY, LLO OMMUCYETHCS PiIBHAHHIM

M (xy, yo)(x = xg) + N(xy, y) v = yp) = 0. (1.67)

3a ponomorolo ui€i npsimoi piBHAHHA (1.65) i 3agae HanpaMm y Touyui
(x> yp). IlobyroBaHa BiNOBIAHICTL «TOUKA > NPAMa» BU3HAY4€E NOJIE HA-
npsiMiB, nopoxeHe audepeHLialbHUM PiBHAHHAM (1.65).

Hapnaku, Hexail B ob6nacti D € nesake noJjie HanpsiMiB. BoHo Touui
(xg> Yo) CTaBUTH y BIIIOBILHICTD NpPAMY L (X, y;), AKY 3aBXAM MOXHA 3aj1a-
TH PiBHAHHAM BUrany (1.67). Ilpu uboMy, ogHak, Cjij ypaxoByBaTu, 1O
koediuienTH M (xy, y,), N(xy, ) BU3Ha4al0TLCA 11pAMOIo L (x,,y,) HEOAHO-
3Ha4HO, 3 TOYHICTIO A0 HEHYJIbOBOro MHOXHHKKA. ToMy Haaalli, roBopsuu
TPO M10J1e HANPSIMIB, MPUIYCKATUMEMO, IO BIOBIIHICTD (Xy, ¥,) — L (xy, y;)
3aga€ npamy L(x,, y,) piBHAHHAM (1.67) 3 o1HO3HA4YHO BKa3aHMMU Koedi-
uieHTaMu M (xy, y5), N(xy, yp). Y LbOMY BUNAILKY 110/1€ HANPAMIB MOXHA
BB2XaTH NOpO/LKeHUM AudepeHlliaibHUM PiBHAHHAM (1.65). IHTerpansHy
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1.6
FfeomeTprvHa iHTepnpertauin AMMePeHLIanbHOrC PiBHAHHA NEPWOro NOPRAKY

KPUBY TAKOTO MOJIS1 HANPAMIB IPUPOJHO HA3MBATH IHME2PANbHON KPUBOIO
#lonogionoeo pisHsnHa 6 cumempuunii opmi.

3po3ymiio, 1o KpuBa Y, 3anaHa BinobpaxeHHsM (1.62), Oyae interpans-
1010 KpYBOIO piBHAHHA (1.65) Toai # nuiue Todi, KONM 3HAYeHH audepeH-
nianbHOi GOpMH ® HAa KOXHOMY AOTHYHOMY BEKTOPIi A0 Y NOpiBHIOBaTUME
Hy.1o, T06T0

ME@), n)E + NGO, nit) ) =0 Vel

Y usoMy pasi napy ¢byHkuUii x = £(7), y = n(7) Ha3MBaTUMEMO P036 ‘A3KOM
pienanns (1.65) & napamempuunomy euzaadi.

OfNpuknaa 1.7

NudepeHuianbHe piBHAHHA 3 BIIOKPEMIOBAHUMU 3MIHHUMHK Y’ = —Xx/y
BM3HAYa€E NoJjie HAMpsAMIB Yy KOXHiH i3 niBmiowunH y < 0 Ta y > 0. 3interpy-
BaBLUM JaHe PiBHAHHSA, NPUXOAMMO A0 BUCHOBKY, L0 HOTO iHTErpaaibHUMMU
KDHMBMMM € 11iBKOJA, 5IKi yTBOPIOIOTLCA PO3Di3aHHAM Kin x? + y2 =c(c>0—
JoBuibHA ctana) no oci abcuunc y = 0. Ane X 11i Koja MalOTb JOTHYHI B YCIX
CBOiX TOYKax. TOMY BMXiAiHe fojie HanpsiMiB NPUPOAHO AOBU3HAYKTH Bep-
THUKaAbHUMM NpAMUMM B Ha niBocsix oci abcumc. Y takuit cnocib mu
picraemo B obaacti R%\ {(0, 0)} nose Hanpsmis audepeHUiaNbHOIO piB-
HsiHHS X dx + y dy = 0. Jlerko nepepipuTH, 110 iHTErpaibHi KPUBI OCTAHHBO-
ro MOXHa 3aJaTH B NapaMeTPUYHOMY BUIISIL:

X =8t = JZcos t, y=n(1):= \/Zsin t, te X

IlutaHHsa npo icHyBaHHS iHTerpajbHMX KPUBMX DiBHAAHHS B CUMeET-
puuHiit opMi 3 HenepepBHUMH KoeditieHTamu M (x, ¥), N(x, y), aki 3amo-
BOJIBHSIIOT YMOBY HEBUpOKeHOCTi (1.66), po3B’a3y€eThcsi HA OCHOBI TEO-
peM iCHYBaHH# Ta NPOJOBXYBAHOCTI PO3B’A3KiB piBHsHHA Burasay (1.60).
AiicHo, B OKON KOXHOI TOYKH (X, V) € D none HanpsiMiB pisHsinHs (1.65)
MOXKHA OTOTOXHHUTHM 3 NI0JIEM HAIIPSAMIB TOrO 3 PiBHSIHb

* dy  Mx,y) dx _ N(x.y)

dc NG,y dy M, y)

B SIKOTO 3HAMEHHMK I1paBOi YACTUHM HE NEPETBOPIOETHCS B HY/b IpH (X, y) =
= (Xg, yy)- TOMy JIOKasIbHE iICHYBAHHS IHTErPAIbHUX KPUBUX 3a6€3I1edyeThb-
csi TeopeMolo Ileano. Akwo xoediuieHTn M (x, y) i N(x, y) HernlepepBHO
AndepeHIIIOBHI, TO BIANOBIAHO 1o TeopeMu [likapa MoxHa CTBepIXyBa-
TH, 1O yepe3 AOBUIbLHY TOYKY o6JacTi D NpoXoAUTh €AMHA iHTErpajbHa
KpuBa.
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fnaea 1
AVNOEPEHUIANBHE PIBHAHHA NEPWOro NOPRAKY

Jani MoxHa 3aiCHIOBaTH NpOLIeC NPOJOBXEHHS iHTETPAbHUX KpU-
BUX METOJOM CKJEIOBaHHSA, aHaJOriYHO TOMY, K Lie pobujiocs Ajs
piBHsiHHSA (1.60), i nicTaBaTH HelpoAOBXYBaHi iHTerpaisHi kpusi. Cnin
3ayBaXWTH, IO Y BUNAAKY PiBHSIHHS B CUMETpUUHiil ¢opMi Taka «Max-
CHMMaJlbHa» KpMBa MOXe i1 He BUXOAUTH 3 AeSIKOro KOMIAKTy (AUB. NpU-
xian 1.7).

1.6.2. Cxema pocnigxenHn nosBeaiHku
iHTerpasbHuX KpuBux

Hasitb y TOMy BUnazaky, KoJjin audepeHuianbye pisHsaHHsa (1.60) yna-
€ThCS 3iIHTErpyBaTH, AOC/IIKEHHA NOBEAiHKY HOro iHTerpajibHUX KPUBHUX
MOXe BUABMUTUCS HEIpOCTOIO 3anauelo (0COOAMBO TOLi, KOJU PO3B’SI3KHU
3ajlaHO B HeSIBHOMY BUIJISIAI 3a AOIIOMOTrOIO 3arajlbHoOro iHrerpana). 3a
uux obctaBuH npupoaHo 6yao 6 cnpobysaTty nictatd iHpopmauio npo
OCHOBHi reOMeTPUYHi XapaKTepUCTUKY iHTerpajJbHUX KpMBUX De3noce-
peaHbO 3 BjacTuBocTeit ¢yHKUil £ EneMeHTH TaKOro reoMeTpUYHOIro
aHasi3y pisusiHHs (1.60) Mu 3apa3 i po3risiHemo. Huxue nipunyckaerb-
cs, wo f(x, y) € C'(D > R).

1. O6nacri 3pocTanus i cnajaHns iRTErpaibHUX KPHBHX. YBeJeMO B po3-
IS4 ABi BIAKPUTI MHOXKWHM
D ={(x,eD:f(x,y)>0}, D ={(x,y)eD: f(x, y) <O}

Ta pinaHka iHTerpanbHoi KpUBOi, AKa HanexXxuTe MHOXUHI D, (D), € rpa-
¢ikom dyHkuUiT y = y(x), 110 MOHOTOHHO 3pocTae (cnanae). Cnpasii, Ha
it aibmsaaud y'(x) = f(x, y (x)) > 0(< 0).

2. I3okninn.
S Osnavennn 1.10

Muoocuny mowok I, = {(x, y) € D: f(x, y) = k} (k — Oiiicne uucno 3

obaacmi 3na4env Qyukuii ) nazuearomo k-i30xainom0.

IHTerpasibHa KpUBa, 10 MPOXOAUTD Yepe3 TOUKY K-i130KJ1iHM, Ma€ B Uil
TOYLi AOTUYHY, NapanejbHy NpAMIl y = kx.

3a neBHUX YMOB HEeBUPOLKEHOCTI (DyHKLII £ KOXHa i30K/1iHa CKJIANAETD-
¢ 3 OHi€l a0 KiIbKOX KPHUBHUX.

3. ExcrpeManbHi To4KH iHTerpanbHux KpuBnx. Po3risHeMo aesxy Toy-
Ky (Xg, ¥p) 0-i3okininu. 3a o3naueHHsam y uiit touui f(x,, y,) = 0. Axwo
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16
feomerpuyna iHTepnpeTauin andepeHuiansHOro PiBHAHHA NEPWOro NOPABKY

fi(xq, ¥9) >0 (f'(xo, ¥9) <0), TO X, € TOYKOIO JIOKAILHOrO MiHiMyMy
(MakcuMyMy) po3B’3Ky y = y(x), AKuH 3a10BO/IbHAE YMOBY y (x5) = ¥,
JMiiicHo,

¥'x) = %f(x,y(x)) = g(x, y(x)), (1.68)
ue

o (x, y) LI ))f

g(x, y) =" x, »). (1.69)
ix cy

Sxino tenep f(x;, yy) =0, T0 ¥"(xp) = fi(X), ¥p), i 3a1MIIMIOCA CKOPHCTa-
TUCb BiIOMOIO JOCTaTHLOIO YMOBOIO MiHIMyMYy (MakcuMyMy) GyHKIIL.

Cnia 3ayBaXuTH, 1O BUCHOBOK TIPO XapaKTep eKCTpeMyMY iHoAi 6yBae
npocrilue 3pobuTy, AOCHIAMBILY PO3TalllyBaHHa obnacreit D,, D BiiHOCHO
nuisiHKY 0-i30KJ1iHM, fIKa IIPOXOAMTL Yepe3 TOUKY (X;, V)

4. Obaacti onykiocTi Bropy (BHu3) inrerpasbHux kpusux. Po3rasiHemo
UBI BiIKpHUTi MHOXHHH

={(x,»eD:gx,y)>0}, G ={(x, y)e D: g(x, y) <0},

se yHkuin g (x, y) Bu3HavyeHa ¢opmynorwo (1.69). 3 (1.68) Bunausae, 1o
Ta AUSIHKA iHTerpasnbsHOi KPUBOI, 5iKa HalexuTb MHOXUHI G (G ), € rpacdi-
KoM ¢yHKuil, onykioi Bropy (onyxioi BHu3). TOUKU nepernHy iHTerpaib-
HUX KPMBMX CIlil LIyKaTy cepell po3B’sa3KiB PiBHAHHA g(x, y) = 0.

11106 picTaTH noBHillle YSBIEHHS IIPO MMOBEAIHKY iHTEIPalbHMX KPHUBHX
3anaHoro audepeHuUiaibHOro piBHAHHS, MOXHA HaBeieHi BHlile MIpKYBaH-
H{l JIONOBHMTH N0OOYI0BOIC NOJIS1 HANPSAMIB Y TOYKAX A€SIKOi JOCUTD LLIbHOI
B obnacti D IMCKpeTHOT MHOXHMHH, HAIIPMKJIAA y By3/1ax AOBOJI I'YCTOI CiTKu
BEPTUKAIbHMX Ta TOPU3OHTANbHMX IPSAMMX.

OMNpuknap 1.8

Bidomo, wo cneuianvne pienannn Pikkami

Y=y -x (1.70)

He inmezpyembca 6 lceadpamypax 3oiticnemo tiveo 2eomempuunuli ananis.
KoxHa k-i30KkniHa plBHmum (1.70) siBnsie coboto napabony, sika 3a-
[A€THCS PIBHAHHAM X = y 2 — k. O6aacTb D, p03Tal.UOBaHa AiBOpPYY, @ 06-
nacts D — npasopyy Bin 0-i30kninu x = y% Ockinbky B nepiiit i3 unx
obnacTeit iHTerpajibHi KpUBi 3pOCTalOTh, & B APYri#l — cnasaioTb, TO 3pO-
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Masa 1
AVOEPEHUIANBHE PIBHARHHA NEPWOIO NOPAOKY

) /%,‘(I’

V/ 4\ S

N \ -
YA k=-2
k=1 k=—1
Puc. 1.12
3ymisio, wo 0-i3okniHa 3anoBHeHAa TOYKAMM MAKCUMYMiB iHTerpajbHux

KPUBHX.
Tenep 3naitaemo dynkuiro (1.69):

g(x,y):Zy(y2 -x)-1.

Kpusa neperunis I' 3a0a€TbCsi piBHAHHIM

2y -1
2y

i cknanaeTses 3 ABOX BiTOK. OnHa 3 HuX ', nexuTb y BepxHii miBmiowmmyi, a
inwa I'_ — y uuxnil. Touku obnacrti G, ne iHTerpanbHi KpUBI OMyKJi BrO-
py, po3rawosani nia kpusoio I', i nisopyy iz xpusoi I'_. Han xpusow I, a
TAKOX NpPaBopyy BiA KpuBoi I'_ nexarbs Touku obnacti G,.

130kuinn, nBi BiTku KpuBOi neperuHiB [ Ta iHTerpanbHi KpuBi (XupHi
Jinil) gocnaizxyBaHoOro piBHsiHHA 300paxeHo Ha puc. 1.12.

Rt wEAve v agawa s b v R P B SO R R wy HSTIH DR W S AL S AN A A S

BMNPABU TA 3A[AM!

@ 3ailicHATH reOMETPMYHUI aHAN3 PIBHAHHS Y = X — ‘/; .

@ [latn reoMeTpuuHY iHTepnpeTauilo TBepIKeHHs, cOpPMyIbOBAHOTO B 3aaa4i 5
n. 1.5.

@ Cnupaouncs Ha MONEPeAHIO 3anauy 2 Ta puc. 1.12, JoBecTH, L0 B PiBHAHHS
(1.70) icHye iHTerpanbHa KpUBa, sika NIPU NMPOJOBXEHHi BIIPaBO He BUXOAUTD 3

88



1.7
PigHAHHA 8 NOBHUX AndepeHuianax. |HTErpyBanbHUK MHOXHUK

obnacri, o6mexenoi isokniHamu Iy a I'_,. Sk Hac/1ia0K yCTaHOBUTH iCHYBaHHR
pO3B’s3Ky y(x) i3 BnacTuBicTiO y(X) ~ -Jx. x - x. [loBecty, wo Taky Biac-
TUBICTb, 30KPEMA, Ma€ PO3B’5I30K, rpadik SKOro BUXOANTD i3 IOYATKY KOOPAU-
HaTt. BUsHauuTy, 4u iCHYE PO3B’A30K 3 aCMMITTOTHKOI J(x) ° Jx, x > x.

1.7

PiBHAHHA B noBHUX anudepeHuianax.
IHTerpyBanbHUA MHOXHUK

Cnocobu iHTerpysaHHs AndepeHLuialbHUX PiBHSAHD NEPUIOTO MOPSAKY,
npo ski intocs B n. 1.1, 6a3yBanucs Ha igel 3BeJeHHs BUXiIHOTO PiBHSH-
Hst JO PiBHSIHHSA 3 BUIOKPEMJIIOBAHMMU 3MiHHMMMU 3a JOMIOMOTOI0 BAAIOTO
Brubopy 3aMminm 3MminHux. Tyr 6yne BMKnaneHo iHwMM niaxin, axuil Mu
CI10YaTKy NPOLTIOCTPYEMO HA KOHKPETHOMY IPUKIIa.

QNpuknap 19

3naiidemo opmy 03epkana pegaexmopa, sake 6 6id6ueanro npomeni moukogozo
Odicepena ceimaa napanensHo 3a0AHOMY HANPAMY.

Gopmy o3epkana WyKaTHMEMO Yy BUFASII no-
gepxHi obepraHHs. B nnowuHi, sika npoxoauts
yepe3 Bich obepraHHs, sBubepeMo AekapTOBY Mpsi-
MOKYTHY CMCTEMY KOODAWHAT, DO3TallyBaBIUM Y
axepesio cBitna B 1i nouatky O i cnpsiMmyBaslliy B
3aaHOMY HanpsiMi BiCb opauHar. Tenep 3aaaua
3BOAMTLCSH OO BiAlLYKAHHSI KPUBOI Y 3 TAKOIO BAac-
TUBICTIO: 151 JOBLIbHOI TOUKHM P e y KyT, yrBOpe-
HUI BEKTOPOM QP 3 BEKTOPOM T, JOTUHHHUM 10 Y
y Toyui P, NOpIBHIOE KyTy MiX T Ta OpTOM OCi
opaunar (puc. 1.13).

Hexait kpuBa v € rpadikom aeskoi amdepeHuifoBroi Gynkuii y = y(x).
Po3rasineMo noBinbHy TouKy P(x, y(x)) € y. BekTop OP Ma€ KOOpAMHATH
(x, y(x)), a noTu4yHuii_Bextop T — KoopuauHaty (1, y’(x)). YmMoBy piBHOCTI
KOCMHYCiB KyTiB MiX OP i1 Ta MiX T T2 OpTOM e, = (0, 1) MoXxHa noaaTH y
BUTJISLAI

Puc. 1.13

(OP, vy (&, D
loPii) Ul
3BiaKu nictaeMo audepenuianibHe PiBHAHHA
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Tnaea 1
ONOEPEHLIANBHE PIBHAHHA NEPWONO NOPAOKY

U '\'+.y}'l ___0

Lle piBnsHus onHopinne. Moro MoxHa 6yso 6 po3s’si3aTy, 3BiBIUM 10 piB-
Hsitls 3 BLOOKPEMJIIOBAHMMM 3MIHHMMM f1LICTAHOBKOIO y = x 2. OgHak, sSKI1io
3ayBaXHUTH, WO 1IpaBa YAaCTMHA A4HOTO PiBHSAHHA € NOBHOW MOXiIHOW, a
came

y’.—_x—”’lL :i(y_‘,\'z +y2)
\},\'2 +y2 dx

TO Bigpa3y AicTaHeMo 3arajibHuii po3B’si30K y HesiBHOMY BUIAsAAL

y-yxi+y* =¢, c<0.

3Biacu y = ¢/2 - x*/(2¢). Lle — piBHsiHHS ciM’i napa6os.

Tenep My craBuMO cobi 3a MeTy 3’ICyBaTU YMOBH, NPHU BUKOHAHHI SIKMX
mndepeHuiaibHe PiBHAHHS NEPIIOTO NOPALKY AOIYCKA€E 300paXeHHs Y BUI-
J1sAi nNoBHOI 1oxinHoi abo, Ko HAeThbCA MPO PIBHAHHA B CUMETPUYHIN
¢opMi,— y Bumsai amdepeHuiana GyHKuii ABOX 3MiHHMUX.

1.7.1. PiBHAHHA B NOBHKX
aucbepenuianax

Poarnanemo audeperuiaibHe piBHAHHA
o =0, (1.7DH)

ne o= M(x, y)dx + N(x, y) dy — nudepeHuianbHa ¢hopMa 3 HemepepBHUMU
B obsacTi D © R? xoediuientamu M (x, y), N(x, y).

< Osxauennn 1.1
Dopmy © HazusaroMb MOHHOIW, U6O NOGHUM OUPEPEHYIBAOM, AKULO iCHYE
maka pynxyia U(x, y) € CH(D - R), wo
M(x, )= ZLED e gy D) (172)
ax Cy
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mobmo o = dU. @yuxuio U(x, y) Hasusaromb modi nomenyiaiom gpopmu
w, a dughepenyianvre pienanun (1.71) — pieHanuam y noenux ougpepen-
yiasrax.

IokaxeMo, 110 iHTerpajibHi KpuBi piBHAHHA dU = (0 MOXHa OTOTOXHU-~

TV 3 Nidiamu piBas dyHkuii U(x, y), TO6TO KpUBMMH, SIKi ONMUCYIOTHCH
piBHsIHHAMHU

079

lie ¢ npobirae MHOXHHY 3HayeHb PyHKuii U(x, y). Ilicnda Toro, sk ue TBep-
JiXeHHs Oyae foBeaeHO, MM MaTUMEMO BCi ITICTaBU HA3WBATU CIiBBiIHO-
wenHsA (1.73) zazarvhum inmezpanom piensnns (1.71).

Teopema 1.15.
Hexait w = dU — touHa HeBupoaxena B obsactri D dopma. Toai .
KOXHa iHTerpajibHa Kpvpa piBHsiHna (1.71) € sidi€lo pisus ¢dyHKuUil
U{x, y), i HaBnaxu, KOXHa KpUBa, B3a0BX kol dyHkuis U(x, y)
TEPETBOPIOETHC B CTAILY, € IHTEIPaNIbHOIO KPHBOIO pisHanHs (1.71).

doBepneHHA
Hexait

x=x(t), y=y@), tel (1.74)

— PiBHAHHS iHTErPaIbHOI KPUBOI, sIKa IIPOXOLMTh Yepe3 TOYKY (X, V),
NpUYOMY Ll Touui Bianosinae 3HayeHud t = ¢, € 1. Toni, BpaxoByioun
purasaa xoediuieHTiB GopMy o, a TaKOX TOH ¢akT, wo GyHKLUii x (1),
y (1) 3ana10Th po3B’A30K piBHAHHSA (1.71) B mapaMeTpUyHOMY BUIISAAI,
JiCTaEMO

UL(x(@D), y)x(t) + Uy, (x(1), ())y(r) =0 Vi el, (1.75)
TOOTO

d

—Ux(@),y) =0, tel.

T (x(@®), y(1)) 5
3Biucu

U(x(1), y(t)) = Ux(tg), y(ty)) = U(xg, yy). tel. (1.76)

Llg piBHiCTb O3HAYAE, 110 iHTErpaibHA KPUBA € JliHi€lo piBHA GyHKUIT
Ulx, y). '
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Haenaku, Hexait (1.74) — piBHSAAHHA KPUBOi, AKa 3aA0BOJbHSIE
piBHicTb (1.76). 3nudepeHuiloBaBuiy L0 piBHICTH, AictaHemo (1.75).
Otxe, 3a3HaYeHa KPUBa € iHTErpaibHOIO.

& 3aysaxeHHs 1.5

SIxuio B3STHU 0 yBaru HEBUPOLXKEHICTb (GOpMU ® = dU, TO, CKOPUCTABLUMCS |
TEOpeMOoIo Npo HessBHY QyHKUiIO (IMB. ACA. 2), MOXHA JI€TKO IOBECTH, LIO .
pisuanna (1.73) npu ¢ = U(x,, y,) BU3HAYAE E€NMHY KDHUBY, 5IKA [IPOXOAHUTH
uepes ToYKy (X, ¥). ko, vanpuknaa, U (xy yo) = 0, To B 1OCHTH Maso-
MY OKOJ1i Li€i TOYKH 3a3HayeHa KpuBa € rpadikom dbyHkiuii y = y(x). Takum
€nocoboM yRa€TbCsH BCTAHOBMTHM ICHYBaHHSI M BJABCTHUBICTb €AMHOCTI iHTEr-
pasibHOI KpMBOI DiBHSIHHS B NOBHUX AudepeHlianax i3 HerepepBHUMHU Koe-
diuientamMu 6e3 nocunanp Ha Teopemu [leaHo it Ilikapa.

3 npakTU4YHOIO MONISAAY BAX/IMBO BMITH Oe3nocepeaHbo 3a xoeditieH-
1aMu GOpMHM ( BU3HAYATH, YH € BOHA TOYHOMO, a /Ul TOYHOI GOpMH —
OyayBaTH BianoBiaHuMi noTeHuian. Po3B’sXKeMO Couyarky Lo 3a3aydy y BU-
najky onykaoi obaacmi D. (Harapaemo, 1110 MHOXHHA Ha3MBAETHCA OIYK-
JIOIO, AKIO 3 KOXHUMMHM ABOMA CBOIMMA TOYKaMM BOHA MiCTUTb i BiApi30K,
SIKMM LI TOUKM CIIOAYYAE.)

Teopema 1.16

Hexait M(x, y), N(x, y) € C{(D> R). Sxiuo dopma o = M(x, y) dx +
+ N(x, y) dy TouHa, 10

PM(x, ) _ N(x. )

oy ox

(x, e D. (1.77)

Hasnaxu, sikIno cupaBikyeTsest ymona (1.77), a o6nacrs D oaxo-
38’53Ha, TO GOPMa O TOYHA.
doeepnenHnA

Heobxionicms. Hexalh @ = dU — Touna dopma. Toai M(x, y) =
=U,(x, y), N(x,y) = U,(x, y) i dynkuii

EM(x,y) 2W(x,y) &N(x,y) &U(x, y)
8y oyex éx x &y

HenepepBHi B o6nacti D. 3anuiuniocs CKOPUCTATUCH BiloMuM dakToM
PO PiBHICTb MilIAHUX YACTMHHKX MOXiZHKUX APYroro nopsaaky GyHkuii
U(x, y) B pa3i ix HellepepBHOCTi (auB., HanpuKian, |S), r. 11, § 3).
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Hocmamnicms. JoBenenHs Apyroi 4aCTUHU TeopeMu Oyae KOH-
CTPYKTUBHMM. OIMILIEMO aJITOPUTM BilllLyKaHHs noteHuUiany GopMu,
KoedillieHTH AKOI 3340BOJILHAIOTH yMoBY (1.77).

1. 3naxonumo Bci Pynkuii U(x, y), g AKMX BUKOHYETbCA Neplla
ymoBa (1.72). I1pu xoxHomy dikcoBaHoMy y QyHKLis F, (x) = U(x, y),
s1Ka 3aJl0BOJIbHSIE 1110 YMOBY, Ma€ OyTH nepBiCHOIO (byHKun f (x) =
= M(x, y). Tomy

X
Ux, y) = I M(s, y)ds + C(y),
Xo
ne C(y) — noBinbHa QyHKILisi oaHiel 3MiHHO1 y. 3ayBaXXUMO, 11O NMPU
0oOYMCIIeHH] iHTerpajla MM KOPUCTYEMOCS THM, LLO BiAPI30K, SIKMii Crio-
JIy4a€ TOYKH (x;, ¥) Ta (X, y), UUIKOM JIeXuTh y D.

11. Jo6epemo C(y) Tak, 1100 BUKOHYBanacs Apyra piBHicTb (1.72).
SAxuwo B Hel MiACTaBUTH 3HaiaeHuit Bupas uia U(x, y), TO AiCTaHEMO

_a'.[ M(s, y)ds +C'(y) = N(x, y)
ay %o s D
abo

C'(») = N(x, y) ~j: M (s, y)ds.

Tyt 6yno BMKOPHCTAHO TEOPeMY Mpo nudepeHUiloBaHHSA iHTerpaia, 3a-
JIeXHOrO Bij 11apamerpa (AuB., Hanpukian, [5], r. 13, §2) Ockinbku
3a yMOBOIO M, (s, ¥) = N (s, y), TO

J" M (s, y)ds =j' Ny(s, y)ds = N(x, y) - N(xq, »).

g RYi)

AJte Tozi ymMoBa Ut BU3HaYeHHA yHKuUii C(y) Habupae Burnsay
C'(y) = N(xy, »).

v . .
MoxHa noksacti C(y) = I N(xy, s)ds. Otxe, norenuiaioM hopmu
o € hyHKuUisA Yo

Ulx, y) = J” M(s, y)ds +j}y Nixgy, s)ds. (1.78)
Ap ‘o
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& 3ayBaxeHHR 1.6

®opmyna (1.78) oaHO3HAYHO BuM3HAYAE NnoOTeHuian ToOYyHOI GopMU w, siKuit
TIEPETBOPIOETBCS B HYJb Y Touui (X, Jp). Byab-sikui inmuit norenuian
BIADI3HAETBLCH Bill HLOrO HA AEAKY KOHCTaHTY.

QNpuknapg 1.10
Poszasnemo pignanns

(x2 + y)dx +(x+y2)dy =(.

BoHO He HaleXUTb XOOHOMY 3 paHiille PO3rIAHYTHX iHTEIPOBHUX THITIB.
Boanouac M =1= N.. OTxe, MaEMO piBHAHHA B MOBHMX Andepeniianax.
3HaiigeMo BiANOBIAHUI MOTEHLIiaAN.

1. 3 ymosu U’ = x? + y Bu3HAyaemo

2 x?
Ux, » =I(x +y)dx =T+xy+C(y).

2. lobupaemo C(y) TaK, ui06 3a1080AbHUTH yMOBY U = x +y2. Mae-
Mo x + C’'(y) = x + y2, 3siaxu C’(y) = y*i C(y) = y*/3. Octarouro U(x, y) =
= %/3 + xy + /3. 3aranbHnit inTerpan
P43y 4yt =¢

i BU3HAyae iHTerpasbHi KPUBi PO3rAsAYBAHOFO PiBHSAHHA,

Bapto 3ayBaXuTu, 1O YHiBEpCIbHICTb BMKIALEHOI cxeMu M06ynosu
noTeHuiady 1le He rapaHTye ii MAKCMMaIbHOI pauioHaibHocTi. Tak, nosas-
1K 11paBy YaCTHHY DiBHSHHA Y BULIsAi

3 3
x2dx +(ydx + xdy) + ydy = d[%—] +d(xy) + d(yT]
BiApa3y aictaeMo norpibHMii pesyabTar.

3pobuMo Tenep KinbKa 3ayBaXeHb CTOCOBHO BUIIAAKY, KOIU obracme D
He € ONyKA0H0.

< O3HavenHn 1.12

Dopmy o 3 koegiyienmamu M (x, y), N(x, y) € C/(D > R), sxi 3a008016-
uaioms ymosy (1.77), Hazusaroms 3aMKHENOIO.

Hexait &) — 3aMkHeHa dopMa B HOBiIbHIE obaacTi D. 3adikcysaBuin
TOuKy P € D, MOXHa B KOXHi# onykai# ninobnacti Dy ¢ D, fKa MicTuThb
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104Ky P,, 01HO3Ha4yHO noOyaypaty norteHiian uiei dopmu U(x, y), Takuii,
mo U(Py) = 0. PosrngrHeMo inwmy onykiy migobnacts D; < D, sika mae
HCIOPOXHIN nepetuH i3 Dy. Hexait Py € Dy N D,. Icvye notenuian U, (x, y)
n D, taxui, wmo U,(P)) = 0. Ane toni dyukuia U (x, y) + U(P;) € Takum
noteHuianom ¢opmu o B D,, sikuit 36iractbes 3 U(x, y) Ha MHoxuHi Dy N D,.
Orxe, ¢yHkuin ToToXHO nopisHioe U(x, y) B Dy i U\(x, y) + U(P)) B D,
KOPEKTHO ¥ OQHO3HAa4YHO BM3Ha4a€ norteHuian ¢opmu o B Dy U D, axui
11EPETBOPIOETHCA B HYJIb Y TOuli F;. I1pouec po3iumnperHs obnacri BusHa-
“ieHHs 1ioTeHUiany U(x, y) MOXHa NIPOJOBXWUTH.

Tlocrae npupoHe 3anUTaHHs: Y4 MOXHA OTIIMCAHMUM CIIOCOOOM ITOILUMPHTH
(hytkuio U(x, y) 3 D, Ha BCio obnacts D? Y Kypcax MareMaTH4HOro aHaisy
JIOBOJMTBHCS: SIKIIO 001aCTh £ ONHO3B’SI3Ha, TO BLIMNOBIAL HA NIOCTAB/IEHE 3a-
1IMTaHHY CTBepaHa (AuB., Hanpukiaaz, |5)], m. 15, § 6). (OnHo3B’I3HiCTh 00-
JacTi D o3Haya€, 1o 118 JOBU1LHOT 3aMKHeHoi KpuBoi [” « D obiacts, obMe-
xeHa I', LinkoM Hanexuts D.) Y 3araibHOMY BUIIAIKy 3aMKHeHi ¢opMu B
HEOJHO3B I3HKX 001aCTsX MTOPOIXKYIOTh TaK 3BaHi MHOFO3HAYHI NOTEHIHaIN.
Lle 3ayBaxeHHs MIPOLTIOCTPYEMO HA KOHKPETHOMY ITPUKAAJL.

ONpuknap 1.1

Pozenanemo gopmy

X

0 = -—32— dy + —— dy, (x, ) e D =R\ (0, 0)}.
X“+y X +y°

Jlerko nepesipuTH, IO yMOBa 3aMKHEHOCTI A1 HEl CMPaBAXYETLCH, a
TaKoOX, WO B npasiil niBruiowmHi x > 0 3a 11 noteHuian MOXHa B3STH
arctg (y/x). 3HauyeHHst TAKOTO MOTeHUiany B Toylli (X, y¥) NPUPOAHO iHTEPH-
PeTYBATH MK KyTOBY KOOPAMHATY @ (X, V) WIi€l TOYKU B MOASIipHIN cucTemi
koopanHar. @yHkuis Kyra @ (x, y) AONycKae HenepepsHo audepeHLiifoBHe
NpOAOBXEHHS B 06jacTbh, sika YTBODIOEThCS 3 R BUpisaHHsM Oyab-sikoro
npoMers 3 noyarkom y toyui (0, 0), nanpuknan npomens x =0, y < 0.
Benunuyuna ctpubka ¢yukuii ¢ (x, y) Ha uboMy npoMeHi gopiBHioe 2r. Takum
yuHOM, po3rsaysaHa (opMa B HeOAHO3B’s3HiM obnacti R\ {(0, 0)} mae
MHOTrO3Ha4YHMHA oTeHUian — GyHKUiIO KyTa ¢ (X, ¥).

1.7.2. lHTerpysanbinin MHOXHNK

INpu cnpo6i nownputn onucauuit y nn. 1.7.1 nigxin Ha knac piBHaHb
sursany (1.71) i3 He3aMkHeHMMU GoOpMaMu ® NPUPOIHO BUHUKAE NOHATTA
IHTErPyBaJIbHOTO MHOXHMKA.
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< O3navennn 1.13

Dynkyiro u (x, y) € C(D > R), aKa He nepemeopoembca 6 HyAb Y HCOOHl
mouyi obaacmi D, Hazueaioms inmezpyeasbHuUM MHONCHUKOM (opmit ©,
AKUWO0 U® — mouHa opma.

SAk1o iHTerpyBalbHUN MHOXHMK U (X, ) GOPMHU  BitOMMH, TO IIpouec
IMTErpyBaHHs BianopinHoro avdepeHuUiabHOrO piBHSIHHS 3BOAUTHCS AO
BiawykaHHsa noteHuiany U(x, y) TouHOL GoOpMy P i 3anUCy 3arajibHOro
inTerpana y surasagi (1.73).

AOY cxapakTepu3yBaTH KJacC piBHSIHb, LISl IKUX iCHYIOTh iHTErpyBasibHi
MHOXHHKM, BBEIEMO lli€ OjHe O3HAYEeHHSI.

< O3navenHn 1.14

Dynxuiro U(x, y) Hazuearomb inmezparom dudepenyiasbrnozo picHan-
Ha (1.71), akwo KoxcHa iHmezpanbHa Kpuea Ub020 PIiGHAHHA € AIHIEIHO
piena gyuxyii U(x, y). Inmezpar na3zusaiomv HeeUPOONCEHUM, AKULO
UL (x, »I+|U(x, y)|# 0 6 koxcrid mouyi obaacmi D.

3po3yminio, 110 noTeHuian To4HOoI (hopMU ® € iHTErpasioM BiANOBiAHOrO
audepeHiianbHoro piBusaHHs (1.71).

Teopema 1.17
Pisusinas (1.71) i3 HesupoixeHO1 HOPMOIO 1 MAE HEBHPOLKEHUTE
iHTerpas Toli ¥ AMile TOMI, KOJM ICHVE iHTEerpyBalbHUI MHOXHUK
hopmu ®.

HDoBeneHHA

3 ypaxyBaHHSIM MipKyBaHb, HaBeleHMX BULLE, 3aJIMLLMIOCA QOBEC-
TH, 1O HASIBHICTb HEBUPOAKEHOIO iHTerpajia rapaHTye iCHyBaHHS iHTer-
pyBajlbHOro MHOXHMKA. Hexat x = x(t), y = y(t), t € I — piBHSHHs
iHTerpajibHOi KpuBoi y piBHsAHHA (1.71). Toai 3a o3HaueHHsIM iHTerpana

%U (x(1), y(t)) =0, t € 1. OOUHCAMBLIM MOXiAHY B JiBii YacTHHI L€l

PiBHOCTI Ta BpaxyBaBllH, 110 napa ¢dbyHkuii x(t), y (f) 3agae po3s’a-
30K piBHAHHA (1.71) y napameTpyyHOMY BUIAsAi, AicTaHEMO TaKy
CUCTEMY:

UL (x(1), () X (1) + UL (x(2), y(1)) (1) =0 Vtel,

M), yaNx )+ N(x@), y() y(t)=0 vtel.
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Ockineku |x(1)]+| ()| # 0 WA KoxHoro ¢ € /, To HacniAKOM Ui€i cH-
CTeMH € JIiHiitHa 3a1eXHIiCTh CTOBIILIB MaTpMLi

Ui(x, ) U,(x, »)
A(x,y):( (x. ») U( y)

M(x, y) N(x,y)

y TOYKax iHTerpaibHOi KpMBOI Y. Ajle iHTerpajbHy KpUBY MOXHa Ipo-
BeCTH yepe3 NOBUIbHY TOUuKy obiacti . Tomy Marpuus A(x, y) € BH-
poixeHoo Mis BCix (x, y) € D. Tenep MoXHa CTBepAXyBaTH, LUO ii
PSLAKU JiHIMHO 3ajlexHi, a ocKinbKM KoediuieHT M(x, y) i N(x, y)
HE MOXYTbh OJHOYACHO NEPETBOPIOBATUCA B HYJlb, TO iCHYE (PYHKUIA
u (x, y) Taka, 1O

nx, MM (x, y) =UL(x, ), u(x, yIN(x, y)=Ui(x, y),

T06TO LW = dU. BunucaHi piBHOCTI AalOTh 3MOry JIETKO 3HANTH SABHUM
BULASA] Ui€l PyHKILIT:

UL(x, »YM(x, y)+ U (x, »IN(x, y
M? (x, y)+N (x, ¥)

p(x, y) =

3po3yMiio, wo U (x, y) € C(D+— R). Hapeiuri, 3 HeBUPOLXKEHOCTi iHTEr-
para U(x, y) BUILIMBAE, WO U (X, y) He MEPeTBOPIOETLCS B HYJb Y
XOnHi# Touli obaacti D. Orxe, p (x, y) — iHTerpyBaJlbHUii MHOXHHK.

1.7.3. [Oenki cnocobu BipWwyKaHHA
iHTErpyBanbHoOro MHOXHUKa

Po3rngHeMo avdepeHuianbHe piBHsiHHA (1.71) y npunyileHHi, 1o KO-

ediitienTn dopMu ® HenepepsHO audepeHLiiioBHi B obaacti D. Abu ¢yHK-
uist p (x, y) Oyna iHTerpyBalbHMM MHOXHMKOM L€l (popMH, HeobxinHO, a y
BMNAAKY OJHO3B’S13HOCTI obnacti D — i focTaTHbO, 1100 CripaBaXyBalach
yMOBa 3aMKHeHOCTi GOpPMH Lm, TOOTO

%(u(x, YIMGx, 7)== (e DN ) (1.79)

;)i'\‘)

CnisigHowieHHs (1.79) MOXHa TpaKTyBaTH K PiBHSIHHSA A1 BU3HA-
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YeHHs1 HeBioMoi QyHKUii pu (x, y). B 3aranbHOMY BUNALKy pO3B’A3aTH HOro
aHiCKinbKY He seriue, Hix piBHsiHHS (1.71). BaxanBo, OJHaK, 3ayBaXUTH,
IO U1 HALUMX LJ1eM JOCTaTHBO 3HAWTH He BCi, a JIMlle OfMH, «4AaCTUHHUI»
HeTpMBialbHU#i po3B’s130K piBHAHHA (1.79). ¥ KOXHi 01HO3B A3Hil nino6-
nacti obnacti D, 1e TakKMi PO3B 30K HE NepeTBOPIOETLCS B HYJIb, BiH AB-
JsiTUMe coB010 WYKAHUH iHTerpyBalbHUIA MHOXHMUK.

ONpuknap 1.12

3naiidemMo inmezpysanbHuil MHONCHUK AIHITHO20 PIGHAHHA, 3GNUCAHO20 8 cuMem-
puunii opmi

(M(x) +a(x)yydx —-dy =0, a(x), b(x) e C(& > X).

dns Hboro piBHicTb (1.79) HabGupae Burasay

L (b(x) +a(x) y)) = -’
ay

abo
(b(x) +a(x) y)p'y +pa(x) = —pi.

HeBaxxo nOMiTUTH, 110 AaHe PiBHSIHHS AOMYCKAE YACTHHHMII PO3B’A30K K
dynkuilo nvwe oaxiei amiHHoi x. Cnpasai, npu U = | (X) BOHO [EPeTBO-
PIOETbCH HA JliHifiHE OfHOpiAHe piBHAHHA

djt
- Ao

; , -Jatdx Lo

AIKE MA€ HETPUBiaNbHUH PO3B’S30K U =e¢ . Us dynkuia i € iHterpy-
BafiIbHUM MHOXHMKOM JiiHiiHOro piBHsiHHA. [Tpoliec po3B’a3yBaHHS OCTaH-
Hooro (metoa Eiuiepa) MoxHa Tenep nogaTv y BUOasALi

- | a(x)dx
(:‘J (.X)dx

b dx +a(x)ydy-dy) =0 =
.Ia(.v)dY X - Ia( dx
=d je b(x)dx - ye =

= Je .[a(.\')(b\'b(x)d)r - ye Ia(.\')rl\' -
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Po3puBalouy igelo 3BeseHHd (1.79) no 3BuyaiHoro audepeHLiianbHOIO
PiBHAHHSA, IHYKATUMEMO iHTErpyBajibHUIA MHOXHUK Y BUIJIAZ | = 1 (6(x, ¥)),
Jie 0(x, y) — noku o HesigoMa ¢ydkuis. IlincraBuBluy TakuMi NPOEKT
po3B’s3ky B (1.79), nicns HeckagHUX o6YMUCIeHb AiCTAHEMO

1dp _ M, - N,

Lap _ , 1.80
wd0 MY, - MO, (150

SIkiuo tenep yaactbes Aibpatn dynkuiio 0(x, y) Tak, mwmob Bupa3 y npasii
YacTHHi ABAB cobolo cKiaaHy ¢yHkuito F(0(x, y)), ne F(t) — nesixa Herne-
pepBHa (YHKIIA OAHi€l 3MIHHOI, TO 3a]a4a BilllyKaHHS iHTErpyBajbHOIO
MHOXHMKA 3BOJUTHMETLCA N0 3BUYaliHoOro audepeHUiaibHOrO PiBHSIHHA

lan = F(0).
ndo
HMoro po3p’sa3koM € p = ej Fed IlincTaBuBLIY cloaM 6 = O(x, y), AicraHe-

MO LIYKaHU# iHTerpyBajJlbHU# MHOXHMK.
QNpuxknap 1.13
3naiioemMo inmezpy6anbHuli MHONCHUK DIGHAHHA
yglxy)dx + xh(xp)dy =0,
deg:Ri> R, h: R+ R — Oosisbni nenepepeno oupepenyitiosni gynxuil,

npuyomy g(z) # h(z), ze R.
Y navomy Bunaaky npasa yactuHa popmysau (1.80) mae Burisan

8(xy) +xyg'(xy) - h(xy) — xyh' (xy)
xh(xp)9', - yg(xp)0', '

Hesaxko 3n0oragatucs, o U0 GyHKLII0 MOXHA noaaty y suraani F(8(x, y)),
noknapiuK 6(x, y) = xy. Toxni
%
g — I®) +(g'H) - H(ONO _
(h(B) - g(ONO

d
) = -Z - h(m)8].
F(®) dum[(g(e) h(®))s]

Tenep i3 piBHsAHHA

1 du d
e ol o 0) - A0
76 doln[(g() h(0))6]



Mmasa 1
AONOEPERUIANBHE PIBHAHHA NEPWOTrO NOPAAKY

JIEFKO 3HAXONMMO HETPMBIANLHUM YACTHHHUMA PO3BA30K 1 = [ (g(0) - 4(8))0] .
Otxe,

1
M= o) ~ ho)xy

Jani iHTerpyBaHHs PiBHAHHA 3AIMCHIOETHCA 3a CTAaHAAPTHOIO CXEMOIO.

IHwK# cnocib BialyKaHHA iHTErpyBajlbHOTO MHOXHHMKA 6a3yeTbcs Ha
Horo HeeIMHOCTI.

TeepaxeHHA 1.8
Sixuio p (x, y) — iHTerpyBaibHUH MHOXHUK dopmu o i1 U(x, y) — no-
TeHuian Gopmu pw, Tak we po = dU, 1o dynxuist f(U(x, y)) i (x, y), de
[R5 R\ {0} — nosinsHa HeilepepsHa yHKLIA, TeX € iHTEIPY-
BAIbHMM MHOXHUKOM (OPMHU ©.

JoBepeHHRA
Maemo f(U)pow = f(U)dU = dF(U), ne F(u) — noBiibHa nepBicHa
dbyuskuii f(u). Orxe, f(U)uw — TOouHa hopMa 3 noteHuianom F(U).

IMpunyctumo, wo GopMy ® MOXHA 306pa3suTU y BUDISIAI CYMU [IBOX
¢opM, [UIsi KOXHOI 3 IKUX iMTErpyBajlbHUIl MHOXHUK JIErKO 3HAXOAUThCS:

O =0, +0,y, uo, =dU,, k=1 2.

13 TBepXeHHs 1.8 BUILIMBAE, LIO ISl BUSHAYEHHS! iHTErpyBaJIbHOrO MHOX-
HuKa HOPMH ® AOCTaTHLO Aibpath HenepepsHi GyHKuUiif, : R - R \ {0}
(k =1, 2) TaK, 1106 BUKOHYyBaNacs PiBHICTb

= RACIV ) 1.81
. ulfi(Ul)‘PZ.fz(Uz)@fl(Ul)—pl. (1.81)

JilicHo, a0 TaKi (pyHKIli BiilyKalOThCs, TO iHTerpyBaIbHUM MHOXHU-
KoM dopmu o 6yae p =p, f(U)) = n, f(U,).

& 3ayBsaxeHHA 1.7

3ayexHo Bia BUINIAAY 1loTeHUianiB 6yBae 3pyyHO HeBizoMi QyHKUI myKaTH
y Burasai cynepnosuuii f,(9,(2)) i3 Hanepen 3a1aHUMK DYHKLIAMHU @, (2).
A e, CBOEIO 4eprolo, o3Hayae, wo 3amicts noreduianis U, y dopmyai (1.81)
MOXHa BUKOpHCTOBYBaTH QYHKIIT @ (U)).
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1.7
PiBHAHHA B NOBHWX ancpepeHuUianax. IHTerpyBanbHUi MHOXHUK

QnNpuknapn 1.14
3uaiidemo inmeepysanvhuli MHOXCHUK hopmu
o=(x*-xy? ~y)dx +(x’y - y* + x)dy.

Hns uboro po3i6’eMo ii Ha cyMy aBox ¢opm:
0] = (x> = xy?)dx +(x2y - y3)dy = (x? -yz)(xdx +ydy),

®) =—ydx+xdy5xy[~d—x+g—].
x Yy

Jlerko mepekoHarucs, IO

1 x2+y
= , U =
H PR 1 3

l
, My=—, Uy=In
"2 Xy 2 x

3 ypaxyBaHHsiM 3ayBaxeHHs 1.7 Gynemo wykatu dyHkuii fi(2), £,(2), ski 6
330BOJIbHSLIM YMOBY

A +yY) _ H/x)

X2 _ y2 Xy

Taxi yHkuii cripasai icHylots: £(2) = 1, £(2) = z/(1 - z%). Orxe,
w=1/x?-p?.

BIMPABU TA 3ALAM!
@ 3idTerpysaTu PiBHAHHS:
a) (2 +yeX)dx+(Qxy +e5)dy=0; 6) (1+y’sin2x)dx = 2y cos® xdy.
@ Po3p’s3aTH METOAOM iHTErpyBajbHOTO MHOXHHMKA PiBHAHHA!
a) (.\'2+3lny)ydx=xdy; 6) xdx+(xy—y3)dy=0.

v Bxasziexa. Bu3HauuTy uncaa a, b 3 ymoBH, 110 IHTErPYBaJibHUM MHOXHUK
Ma€ BUrIaA U = p(8), ne = alnx + blny y Bunanky a) Ta 6 = ax + by2 y
BUnaaky 6).

® [osectn, wo ¢yHkuia U(x, y) € HEBUPOLKXEHUM IHTErPAIOM piBHSAHHA w = 0 3
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Mmasea 1
AWOEPEHLIANLHE PIBHAHHA NEPWOrO NOPAOKY

HeBupowKeHOIo B obsacti D dopmorto o = M(x, y) dx + N(x, y) dy Toai # auiLe
TOAi, KOJIX

Uix, )N(x, y) -U(x, )M(x, y) =0 V(x, p)e D.

@ 3naiiTy iHTErpyBaibHi MHOXHHMKH PiBHAHHA BepHy/Lli Ta KBa3i0AHOPiIAHOIC
PiBHSIHHS.

1.8

PiBHAHHA B CUMETPUYHiN chopmi
Ta ABOBUMIipHi aBTOHOMHI cucremMu

1.8.1. BexvopHe none

Po3risiHeMO Lie OMH BaXJIMBUHA reOMeTpUYHUI 00’ €KT, CNOpiAHEH U
i3 110J1eM HarnpsMiB.

< O3HaveHHA 1.15

Bexmopnum noaem ¢ obnracmi D < R? nazuearoms eionosidnicms, akc
KoxcHil mouyi obaacmi D 3zicmaense eekmop, npukaadenuii do yie.
mouKu.

YBeneMo Ha IUIOLIMHI JeKapTOBi IIPAMOKYTHI KoopauHaTu (x, y). Tow
BEKTODHe 110Jie, 3azaHe B obsiacti D C R%, MOXHA OTOTOXHMTH 3 YIIOPSIKO-
BaHOI0 Napoio QYyHKUIN: JOCTaTHBO B KOXHIH Touli (X, y) € D BU3HAYUTY
koopamHaTH (P(x, y), Q(x, y)) NpUKI1aaeHOIo 0 Hei BeKTopa.

Po3risHeMo Crio4aTky BUNAIdoK, KOJIu

(P(x, »), Q(x, y) = (0, 0) Y(x, y)e D

Toni BekropHe noje (P, Q) onHo4yacHo BU3Ha4a€ B D i noJie HanpsMiB, SKe
Touli (x, y) € D CTaBUTb Y BiAIIOBIAHICTb MPsiMy, 110 IPOXOAUTH Yepe:
(x, y) napanensHo Bektopy (P(x, y), Q(x, y)). BusHauyeHe nosne HanpsiMir
MOXHa 330aTh TaKoX AudepeHLialbHUM PiBHIHHIM

o = Q(x, y)dx - P(x, y)dy =0. (1.82;

CnpaBai, B KOXHi# Touli r = (x, y) € D 3HayeHHs ui€i ¢OpMU Ha BEKTOP:
v(r) = (P(x, y), Q(x, y)) BOPIBHIOE HYIIO:
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1.8
PiBHAKHA B CMMETPUHRIA (DOPMi Ta NBOBUMIPHI aBTOHOMHI CMCTEMWU

o(r; v(n)=0(x, »P(x, y)- P(x, y)Q(x, y) = 0. (1.83)

KaszarumeMo, 10 BekTopHe nojie v = (P, Q) napajiejibHe OJIO Ha-
1paMiB, 3anaHoMy audepeHUialbHUM PiBHAHHAM (1.82).

1.8.2. ABTOHOMHA CucCTEMA

BexTopHi nojys Ha ruomuMHi # nop’sa3aHi 3 HUMKM 06’€KTH AOMYCKalOTh
1IpO30pYy rigpoMexaHiyHy iHTepnperauio. A caMe, po3MIsiHEMO TaK 3BaHMUH
yCTajleHU# IUIOCKO-Napajie/ibHUM pyX OQHOPiIAHOI HECTUC/IMBOI PiiMHU (ra-
3y). BiH xapakTepu3yeTbcsl 1BOMa YMOBaMHU: 1) BeKTOpH LIBUAKOCTEN yac-
TUHOK PiIMHM 3aJIMILAIOTHCS TapasieibHUMU OfHIN i Til caMmiil rwowuHi IT;
2) y KOXHi#l Toyni 06’emy, sikuii 3aitMae pilMHa, BEKTOP LUBUAKOCTI Teyil
SQUIEXKUTD JIMIIIe Bil MPOeKLUii i€l TOYKM Ha TUtowuHy I1. MoxHa BBaxaru,
1O TaKuil pyX piiMHM BiIGyBaeTbCs B AesiKiil obnacti D ruiommHu R amke
JUIs1 AOTO OIMCY JIOCTAaTHHO CJAiAKYBATH JiMiie 32 3MiHOIO MOJIOXEHb pPO-
eKLifl YaCTMHOK PiIMHM Ha IUviouiuHy I1. BinnoBinHicTh, siKa KOXHIN Toulli
r=(x, y) € D 3icTaBinsi€ BeKXTOp WBUAKOCTI Teuii v (r) = (P(x, y), Q(x, y)) vy
uiil Touli, 3anae B D BeKTOpHe 110Jie — M10Jle MATTEBUX LLIBUAKOCTEM.

Hexait 3anexHictb x = x(t), y = y(t), abo y BeKTOpHii ¢opMi r =r(t),
BM3HA4A€ 3aKOH PYXY YacTHMHKH piavHu. Toai i1l MMUTTEBA LIBUAKICTH
F(t) = (x(1), (1)) nopiBHioe mBuaxkocTi tedii v(r(¢)) = (P(x(t), y (1)),
Qx(1), y(¢))) y Touui r(1). Orxe, 1el 3aKOH BU3HAYAETHCS PO3B’SI3KOM
CUCTeMH JU(PepeHLliaIbHUX PiBHSAHD

X = P(x,y),
{}" =Q(x, ). (1.84)
1i MoxHa 3anmucaTi TaKOX y BeKTOpHiit (opMi:
F=v(r). (1.84)

Ockinbky npasa yacTuHa cucteMu (1.84) He 3aneXuTh Bil 1, TO AaHa CUC-
TeMa Ha3HUBAETLCSA A6MOHOMHOK).

& O3naueHHA 1.16
Kpuey, axa e obpasom sidobpaxcenns

I3t (x(), y(1)),
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OVNOEPEHLUIANBHE PIBHAHHA MEPLLOrO NOPAOKY

de (x(1),y(1)), t € | — po3s’azox cucmemu (1.84) na inmepeani I, nasu-

eaiomb (pa3zoeor0 Kpueoo yici cucmemu (6ekmoprozo noas), abo mpaex-

mopiero nowamio8oi mouxu (x,, y,) = (x(4), y (1)), #, € 1, na uacosomy

inmepesani 1.

Y rinpoMexaHiui ¢a3oBi KpUBi Ha3UBalOTh JIiHISIMM Te4ii.

Ha koxHili ¢a3oBifi KpUBii € NpUPOAHA Opi€EHTAUisl, BU3HAYEHA Ha-
MpSAMOM PyXY MO0 Hiii BianosigHo a0 BekTopHOro nojst. 3o6paxaiouu dhaso-
BY KpHBY, Lieil HalpsaM 103Ha4aioTh CTPUIKOIO.

38’30K MiX IHTErpajJlbHUMU KPMBMMU 1OJI HaNpsiMiB Ta (pa30BUMMU
KPMBHMMH I1apasieJibHOIO #HOMY BEKTOPHOIO 110151 BCTAHOBJIIOE Taka TeopeMa.

Teopema 1.18
Hexaii v(r) € C(D > R?) iv(r) 0 ans Beix (x, y) € D. Toxi koxua
thazoBa xpuBa cucremy (1.84) € iHTerpajibHOIO KPUBOKO PIBHIHHS
(1.82), i HaBmaku. Ilpu uboMy, sIKiLO

x=51), y=n0, ted (1.85)

— napaMeTpyuyHe plBHﬂHHH iHTerpajabHOi KpUBOI pmuﬂurm (1.82),
TO iCHY€E Taka 3aMiHa napaMerpa 1 = (2), ae 1(1) € Clim J) —
MOHOTOHHE BinoOpaxeHHs iHtepBany [/ Ha iHTepBan J, 1o napa
dynkuiii x (1) = §(z(t)), ¥y (t) = n(1(¢)) € po3p’s3kom cuctemu (1.84).

[loBepeHHA

®a3zopa kpuBa cuctemu (1.84) B KOXHiil CBOIi TOYLI AJOTUKAETHCS
BEKTOPHOTIO 10J18, a BiATaK, i napajejbHOro iomy nosst Hanpsmis. Orxe,
tasoBa KpuBa L€l CUCTEMH € IHTErpajIbHOIO KPUBOIO piBHsIHHA (1.82).
JoseneMo Tenep obepHeHe TBepaxeHHs. [loknamemo p(1) =
(E(x), n(7)). OcKinbky ROTUYHHE A0 iHTErpajibHOI KPUBOI BEKTOL

p'(t) KoniHeapHMﬁ BekTOpy v(p(1)), TO 3HaimeTbcs Taka QyHKis
A J = R\ {0}, ux

Mop' (1) =v(p'(1)) Vied.

JlIoMHOXUBILM OOMABI YaCTMHU L1i€] PIBHOCTI CKaISAPHO Ha p'(t), JIerke
JicraHeMo

(v(p(), p'(¥))

(p/(T)s p/(T)) .
3Bigcu BUAHO, o A(1) € C(J— R\ {0}).
104
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1.8
PiBHAHHA B CUMOTPUYHIA (PDOPMi Ta NBOBUMIDHI ABTOHOMHI CUCTEM#

®DyHKililo t(2), nNpo AKy iaeTbcs y GOPMYy/IOBaHHI TeOpeMH, BU3-
* Ha4YMMO 3 YMOBH

2 o) = (e & HOPE(1) = M (x(0),

sIKa O3HAayae, 1o BeKTOp-PYHKLifA r(f) = p(1(t)) 3aA0BOJIbHIIE CHCTE-
My (1.84'). Lla yMoBa cnipaBIXyBaTUMETbCS, SIKUIO 3a T (?) B3ATH pO3-
B’$130K aBTOHOMHOTIO PiBHAHHS T = A(t). 3aIMIUUI0OCH CKOPUCTATUCH
TeopeMoio (1.3).

TakuM YuHOM, po3B’si3aHHs cucTeMH (1.84) 3BonUTHCS 10 iHTErpYBaH-
Hs piBHSIHHA B cMMeTpuuHiit ¢dopmi (1.82) Ta aBTOHOMHOIO piBHSIHHA
1 = i(7), e A(1) Bu3HayeHa ¢popmyoio (1.86). Hasnaku, po3B’a3ku aBTO-
HoMHOI cucTeMH (1.84) saBisitoTh co6010 NapaMeTpuyHe 306paxeHHs iHTer-
paIbHMX KPMBUX piBHAHHS (1.82).

Joci My 06MexyBanu Halll PO3IJIsiA NPUITYLIEHHSM, HIO BEKTOpHE NoJie
He [1epeTBOPIOEThCA B HYJb Y XOAHiK Touli obaacti D. CaMme ua yMoBa
11a€ 3MOI'Y KOPEKTHO BHU3HAYMTH BiANOBiAHE napajesibHe I10Jie HanpsaMiB.
MoxHa, ojHaK, IOCTABUTH 3ajavy NPO AOCJAXEeHHS NMOBeliHKY iHTer-
pa1bHUX KPUBUX PiBHAHHA (1.82) y 10CHTL MaIOMy OKOJi TOYKHM (X., ),
1S SIKOi

lim Px, y) = lim Qx, y)=0.
(X. V) >(xe, V) (X, Y)Y (Xe, ¥a)

(Lo BaxJiMBYy 3a7a4y MM PO3IJISIIaTUMEMO B HacTynHoMy nyHkTi.) o x
CTOCYEThCS TaKuX 00’€KTiB, K BEeKTOPHI IO/ i aBTOHOMHi CUCTEMH, TO
TYT YMoBa v (r) = 0 1u1a BCix » € D B3arani € HenpupoaHolo. Hapnaku, nisa
CHUCTEM, LU0 I1paBifATh 32 MaTeMaTUYHI MoJeJli Pi3HOMAaHITHUX SIBUIN i
MpOLECIB, SIK [IPABWIO, iCHYIOTb TOYKHM, B SIKMX iXHi I1paBi YaCTUHU 1epe-
TBOPIOIOTbCS B HyJb. CaMe 3 LIMMM TOYKaMU NOB’S13aHi Taki MOHATTA, AK
cTalioHapHUI pexXuM, CTaH PiBHOBaru, cTaH cnokoio. BpaxoByiouM Ui 3ay-
BaxeHHS, JaMO O3HAYEHHS lile TPHOX BANUIMBUX NOHATh.

2 O3HayeHHA 1.17

OcobBausorw moukoro dugpepenyiasvroi gpopmu o = Q(x, y)dx— P(x, y)dy
Ha3ueawomov moyky (x., ¥.), 6 axii P(x., y.) = Q(x., y.) =0.

S OsHavenHA 1.18
Oco6au6oi0 MO4KOI0 6EKMOPHOZ0 NOAR V HA3UBAIOMb MOYKY Iv, 8 AKIl
v(r.,) =0.
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3po3yMino, Lo KOJIY . — 0CO6/IMBA TOYKA BEKTOPHOTO MO/ ¥, TOF =7,
sBsie co0010 CTaIMii poO3B’SI30K BilNOBiHOI aBTOHOMHOI cuctemu (1.84"), i
HaBI1aKH.

S Os3nauennn 1.19

Cmanuli po3e’a30K a@MOHOMHOI cucmemu HA3UBaOMby il NOAONCEHHAM
DpisHoeazu.

IlojioxeHHs PiBHOBAaru Ha3UBalOTh TAKOX MOYKOI0 CNOKOI0, CMAUIOHAp-
HOIO MOYKO0I0.

1.8.3. BocnipxeHHn mogeni
Norkn—Bonbreppa

3acTocyeEMO BUKIIAJIEHY TEOPIIO 10 CUCTEMH, sIKa MOJAEJIIOE TIPOLIEC B3a€-
Mo/il y ABOBUAOBIN nony/suil THIY «XiKak—XepTBa» (1MB. npukian B.5).

Po3rngHeMo BUNAaA0OK, KOJIM KOHKYPEHLI€IO BCepeArHi KOXHOFO BU-
Iy MOXHa HexTyBaTu. Toai, noknasuwu / = ¢ = 0, gicTaHeMO aBTOHOMHY
CUCTEMY

x = x(k—-my),
{y = y(=p +rx). (1.87)

1i Ha3Ba — moodeas Jlomxu— Boasmeppa. B. Bonbsteppa B poboTi, JaToBaHii
1926 p., 3a nonomoromw i€l Moaesi NOSICHUB KOJIMBaHHS YUCeIbHOCTEH
JABOX BUAiB puO B AnpiaTuuHOMY Mopi. PaHiwue (1920) A. Jlotka 3anpono-
HYBaB aHaJIOTIYHY CUCTEMY IK MaTeMaTHyYHy MOjeJib [INOTeTUYHOI XiMi4YHO]
peaxiiii, B npotieci Kkoi BiaOyBalOTbCsl NepiognyHi 3MiHM KOHLEHTpaLii
ABOX IIPOMDKHMX PEYOBUH 332 YMOBH, 1110 KOHLIEHTpaLil BUXiIHOTO peareH-
Ty i OCTATOYHOIrO MPOAYKTY 3aJIMILAIOThCA cTaiuMHU. LlikaBo, 110 BXe yepe:s
PiK peaibHicTb L€l Moaeni Oy10 nmiaTBepAXeHO eKCIIEPUMEHTAIbHO.
Po3p’sa3aBLIM cUCTEMY aireOpUYHKUX PiBHSAHb

{x(k -my) =0,
y(p+m)=0,

3HailaeMo 0COONMBI TOUKH BeKTOPHOTO 110481 v (r) = (x (k — my), y(-p + rx)).
TI0B’#3aHOr0 3 aBTOHOMHOI0 cuctemMolo (1.87). Humu € noyatok KoopimHal
i Touka (x., y.) = (p/r, k/m).
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Jani 3ayBaxumo, 1o cucrema (1.87) mae po3B’sa3ku, A AKMX OIHA 3
KOMIIOHEHT TOTOXHO JOPiBHIOE HY/IO. A caMe, siKuO y = 0, TO iHIIa KOM-
1IOHEHTa BU3HAYAETBCS K PO3B’S30K PIBHAHHA X = k X, TO6TO x = xge'.
11pu x; > 0 KOXeH pO3B’A30K TAKOIO THIY OIMCYE NPOLEC 3pOCTaHHs NO-
1YASILLT XePTB 3a BiACYTHOCTI xuXakiB. ko x x=0, To y = yge ”. 3a
TAKMM 3aKOHOM BinOyBa€eThCs BUMMpaHHS XMXakKiB y pa3i BiCYTHOCTi
XepTB.

Ja BinwiykaHHs iHWMX ¢a3oBUX KPUBKX PO3IJIIHEMO BCepeAuHi nep-
WIOro KBajpaHTa 3 BUKOJIOTOIO TO4YKOIO (p/r, k/m) BianosinHe piBHSIHHA B
CUMeTpUYHIA ¢opMi

(-py + rxy)dx — (kx - mxy)dy = 0. (1.88)

. . 1 .
JOMHOXHBIIK HOro Ha iHTErpyBalbHHMA MHOXHHK KM = —, HiCTaHEMO
PiBHAHHS 3 BiJOKPEMJIEHUMM 3MiHHUMMU Xy

(—£+r]dx +[—£+m}dy =0.
X y

BoHo Mae 3arajibHu# iHTerpan BUrIsLy
Ux,y) =(rx—-plnx)+(my-klny) =c.

InTerpansHi Kpusi piBHsHHsA (1.88) (da3osi kpusi cucremu (1.87)) — ue
JiHil piBHA ¢yHkuil U(x, y). ko § — rpadik ¢yskuii z= U(x, y) y
npoctopi R” i3 1eKapTOBUMM KoopauHaTaMu (x, y, ), TO Ui JiHii ABISIOTH
cobo10 npoekilii Ha rwiolKnHy xOy nepepisiB oBepxHi S IUIOIMHAMY Z = .
AGu JicTaTy ysaBIeHHs Ipo GopMy NoBepxHi S, po3iTHeMo ii rUIoIMHAMH
x = p/rT1a y = k/m. YTBOpEeHi KpHBi v, Ta Y, 306paxeHo Ha puc. 1.14, a.
SK110 KpMBY ¥, NIEPEHOCHTH TaK, 100 BOHA 3a/1MLIANACs NApaie/ibHOIO UIo-
WwuHi yOz, a i HAHMXYa TOYKA pyXajacs 110 KPMBIi y,, TO nepuia Kpusa i
onuiue nopepxHio S. Tenep 3po3ymino, wo S Mae GopMy IMU, a TOMY
KOXHA IUIOLIMHA Z = ¢, e ¢ > U(x,, y.), NepeTHHae Lo NNOBEPXHIO NO 3aM-
KHeHiil KpuBiii (puc. 1.14, 6). TakuMm yHHOM, y nepilLIOMY KBaJpaHTi BCi
da3zoBi kpusi cuctemu (1.87) 3aMkHeHi i yci BOHH OTOUYYIOTb IIOJIOXKEHHS
piBHOBaru (x., y,). Opi€Hrallis Ha KPUBMX BU3HAYAETHCA AOBUILHUM BEKTO-
POM BEKTOPHOrO 1ojia v. Hanpuknan, y Touui 3 abcumucolo x; = p/r i opau-
Hatolo y, € (0, k/m) maemo Bextop (p (k — my,)/r, 0), HaNpsMJIEHUI Y3I0BX
nisoci Ox.

3 HaBeleHMX MipKYyBaHb BUIUIMBAE, WO B cucteMi Jlorku—BosisTeppa
CIIOCTepiraloThCsl He3aracaloui KOjiMBaHHS HABKOJIO [0JIOXKEHHS piBHOBAru.
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N
-

S
L
<

/

X / (x*r .‘/*)

a 6

Puc. 1.14

PO3MHOXY104UMCS, XePTBU CTBOPIOIOTh CIIPUATINUBI YMOBH JUISI PO3BUTKY
nonyasauii xuxakiB. OJHaK 3pOCTaHHs KiJIbKOCTI XMXakKiB IIPU3BOAUTH
[0 IHTEHCUBHILIOIO BUHMILEHHS HUMHU nonynsuii xeprs. Hectaya xapyo-
BUX PECYPCiB CIIOYATKY TrajlbMYE 3pOCTaHHSA KUIBKOCTI XMXaKiB, a IOTIM
CIIpUYMHAE 3MeHIlIeHHA ix mony/suii. Hacrae HOBHi etamn 30iiblIeHHS
nomnyJsLii xeprs. MoxHa mokasaTy, LU0 ONMCaHi KOJIMBaHHS YMCENIbHOC-
Teil ABOX BUIIB NepioanyHi. TakuM YMHOM, XOJHOMY 3 BUIiB BUMUPAHHS
He 3arpoXyYeE.

1.8.4. MpAmMuK po6yTOK aBTOHOMHUX PIBHAHD.
3aminu sminuux. PoswennenHa

Hexait P(x) € C(I- R), @(y) € C(J > R). Cucrema BUIIIsALY

{)& = P(x),
¥ =00) (1.89)

HaA3UBAETHCS NPAMUM 006ymKom aemoHoMHuX piguans x = P(x), y = Q(¥).
1i Ha3sMBalOTL TAKOX po3wentenoro cucmemoro. 3 pe3yibTatiB 1. 1.2 BUILUIA-
Ba€, IO KOMIIOHEHTH X (f), y (f) po3B’a3Ky 3aaaui Koiiri 3 moyarkoBuMu
AanuMu (&), Xg, ¥o) € R x I x J Li€l CHCTEMM BU3HAYAIOTLCSA 3i CMiBBiAHO-
1LEeHb
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PiBHRHHA B CMMETpUUHiA (bOpMi Ta ABOBUMIpHI AaBTOHOMHI CHCTEMM

x ds

——=t-t,, akmo P(xy)=0,
Xp P(S) 0 ( 0
x = Xy, akmo P(xy) =0;
v ds

—“—‘—'f—’,ﬂkmo Q( );t()’
yo Q(s) 0 Yo
Y=, skimo Q(y) = 0.

‘TakuM 4MHOM, po3LIeIUIeHa CUCTeMa iHTerpOBHA.
Cucrema (1.84), Bu3HayeHa B 06sacTi D, Ha3UBAETHCS POIUENIIOBAHOIO,
SKILO 3aMiHOIO 3MIHHMX

x=Xu,v), y=Y(u,v) (1.90)

il MOXHa 3BeCTU A0 po3uiernyieHoi cucteMu. Ilpu uboMy Bin QyHKUIH
X(u, v), Y(u, v) BUMaraetbcs, o6 BoHu 6yau HenepepBHO audepeHLi-
MoBHMMM B JesKiit o6nacti G < R?, 3a10BOJIbHSAIM YMOBY HEBUPOIXE-
HOCTi

X, (u,v) X.(u,v)

Aw,) = Y, v) Y., v)

#0 V(u,v) e G, (1.91)

a Bino6paxeHHa Z: G— D : (u, v) — (X(u, v), Y(u, v)) B3a€EMHO OIHO3HAY-
HO nepeTBOpIOBaIO o61acTh G Ha obaacts D. Binomo (auB. aox. 2), mo 3a
uMx yMoB obepHeHe BinobpaxeHus Z~' Tex Gyne HenepepBHO audepeH-
UioBHKUM. Y nudepeHilianbHiil TOnosoril B3a€EMHO OIHO3HAYHE Hellepeps-
HO au(epeHUiiioBHe BinoOpaxeHHs, obepHeHe 0 AKOro TEX € HelepepB-
HO AudepeHUiAOBHUM, HA3UBAWOTh dugeomopgizmom. TaKuM YHHOM,
3amiHa 3miHHuMx (1.84) mae 3agaBatu nudeomopdism obnacti G Ha 06-
nacts D.

3HaiineMO BUIJIA[ fepeTBOpeHOoi cucTeMd. Pe3ynbTaT niacraBiieHHs
(1.90) B (1.84) nogamMo y BeKTOPHO-MaTPUYHOMY BHIJISL:

X, @, v) X, @, )\ (@) (P(X@, v), Y(u, v))
Yow,v) Yy, v)) %) \ QX @, v), Y, v))
3Bincu
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AWDEPEHUIANBHE PIBHARHHA MEPWOrC NOPAAKY

. oy X G o] ,
(u) ) {X“(u, v) Xi(u, \)J (P(X(u, v), Y(u, v))] (1.92)

v Yiu,v) Yi(u,v)) \Q(X(u, v), Y(u, v)))

Lle i € ABHMI BUI/ISLL NEPETBOPEHOI CUCTEMMU.

PozrnsHeMo B o6nacti G BeKTOpHe noJjie w, NOPOAXEHE MPaBOI0
4aCTHHOIO NEPETBOPEHOI CHCTEMHU. SIKILO NO3HAYMTH yepe3 Z ' roxiaHy
BinoGpaxeHHs Z [y KoxHii Touui (u, v) € G BoHa sipnsie coGOIO JiHilHe
X (u, vy X (u, v)

BinOOpaxeHHs 3 MaTpULEIO
HaobpaxeH TPuL [Yu’(u, Y)Y, v)

H TO 1le BEKTOpHE

10Jle MOXHAa NOAaTH y BUIsAi
w=(Z) oz

MexaHi3m yTBOpEHHSI BEKTOPHOTO I10JIs1 W IyXe IIPOCTHii: abu nobyny-
BaTHU BEKTOP, MPUKJIAJEHMH 10 3a0aHO1 TOYKH, NOTPIOHO 3HAMNTH ii 06-
pa3 npu BinoOpaxeHHi Z, B3SITH NpUKIaJeHUH A0 0AepXaHO! TOYKHU
BEKTOD BEKTOPHOFO IOJIs ¥ i NepeKMHyTH #oro Hasaa B obsactb G
niHifHuM BinobpaxenHsm (Z°) L.

JHani 3amina 3minHux (1.90) nepersopioe andepeHitianbte piBHsIH-
HS B CUMETPHuUHiil opmi (1.82):

QX,Y)dX -P(X,Y)dY =0 &
< QX X, - P(X, X)) du+(QX, V)X, - P(X, Y)Y])dv=0.
Orxe, npyupoaHo BUHUKAE dopma

(O, V)X, - P(X, Y)X.)du +(Q(X. V)X, - P(X, Y)Y)dv = Z 0.

Ax 6aunmo, BinobpaxeHHst Z neperBopioe koediuieHTU AudepeHLti-
anbHoi hopMU 3a NPaBUIIOM

O(x. y))H X v) X\ { QX.Y)
- P(x, y) Yiu, vy Y, vy | (-P(X,V))

Ae iHaexc 7 03Havyae onepauiio TpaHCNOHYBaHHs MaTpHLIi.

Y n. 1.9 My BUKOPHMCTAEMO BIACTHUBICTb PO3LLIEIUIIOBAHOCTI Aesi-
KUX BaXJiMBUX KJIaciB CUCTEM NPM AOCTiAXeHHi noBeaiHKY (a3oBHX
KPHBHUX B OKOJ1i NOJIOXEHHS PiBHOBATH.

3BuuaiiHO, AaIEKO HE KOXHY aBTOHOMHY CHCTeMY BAAETbCS pO3-
wenvTy. B 3aranbHOMY BUNaAKy HaMaraloThCsl 3HAATH NepeTBOPEHHS
surnany (1.90), ske 6 aano 3MOry, B NEBHOMY CEHCi, MAKCHMATbHO
CIIPOCTHTH BHIJISLA AOC/iAXYBaHOI CHCTEMH ¥ MiAIOTYBaTH TPYHT LISt
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1.9
Knacucbikauin a3osux nopTpeTis aBTOHOMHWX CMCTEM B OKONi NONOXKEHHA PiBHOBArW...

3aCTOCYBaHHs iHLUMX MeToaiB. Takuit miaxix BUSIBUBCS Ayxe TUHAHUM:
3aBASIKM KOro 3aCTOCYBaHHIO ofepxkaHO 6arato TOHKMX i mMBOKUX pe-
3y/bTaTiB y Teopii AudepeHuiaibHUX PiBHAHD,

5 NSRRI AN Ko

BIMPABU TA 3A0AMI

@ CkopucraBuucs Teopemolo 1.18, nobynysati $a3oBi KpUBi CHCTEM:

X = y2 ~x2y, X = 4.1'2.

CVR B) 9. ’
y=x(x"~y); y=Qx)" +1;
x=x(y+x2). x =e~,
y=-y; y=(e'y)  -2.

3HalTH Noa0XeHHs piBHOBaru. 306pa3suTy BeKTOPM BiANMOBIAHUX BEKTOPHUX
NMOJiB Y KUILKOX TOYKAX IUIOiMHM. BkaszaTn HanpsAM pyxy no ¢a3oBUx KPUBUX
MpHU 3POCTaHHI yacy 1.

@ JosectH, 110 npH BUKOHaHHI ymoBu (1.91) piBHanHS Z*® = 0 ekBiBaTeHTHe
- piBHSIHHIO B cMMETPUuUHiit opmi, sike Binnosinae cucremi (1.92).

| 1.9 |

Knacudikauin cpazosux noprperis:
. 2BTOHOMHMX CMCTEM B OKOJli NOJNIOXKEHHA PiBHOBArm
3a NiHINHUM HAOBNVIKEHHAM

Ipunyctumo, wo audepeHuiaisHa ¢GopmMa ©, BU3HaYeHa B obaacri D,
Ma€ i30J1bOBaHy OCOOJMBY TOUYKY (x., y.). be3 o6MexeHHS 3arajibHOCTI
MOXHa BBAXaTH, 1O X, = Y, = 0 (iHakie norpibHo 3po6uTH 3aMiHy 3MiHHMX
Xt Xe + X, Y > Y+ ). Y 11. 1.8 yxe 6yno cpopMynboBaHO 3anauy, sika
CTOCYBaJlacst JOC/i/DKEeHHsl iHTErpajibHUX KPUBUX PiBHAHHSA o = 0 B oKouti
ocobuBoi Touku. Cnupaloyucs Ha TeopeMy 1.18, HaToMicTb BUBYATUMEMO
nopediHKy $a3oBux KpUBUX BiANOBiAHOI aBTOHOMHOI CUCTEMM B OKOJi
TPUBiaIbHOTO I10710XXKEHHs1 piBHOBaru. sl 1bOro BUKOPUCTAEMO Memood
Aineapusayii.
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BWOEPEHUIANBHE PIBHAHHA MEPLOIrO NOPRAKY

1.9.1. Nixeapusauin
AQBTOHOMHOI CUCTEMM

Ha nepiuomy etari 3a3Ha4eHOro MeTOAY 3aMiCTb BUXiAHOI CUCTEMM IOC-
JHAXYIOTh NPOCTIilly, TaK 3BaHY JliHeapHU30BaHy CUCTEMY.

Hexait g)yuxuﬁ P(x, y) Ta Q(,y, y) HenepepBHO AuepeHLIiHOBHI B Aesi~
KOMY OKOJ1i IOYaTKy KOOPAMHAT i 3a/l0BOIbHAIOTb YMOBY
P(0, 0) =Q(0, 0) = 0.
Toni
P(x, y) = Pi(0, 0)x + P;(0, 0)y +o(| x| +|»])

npu (x, y) - (0, 0).
Q(x, y) = Q.(0, 0)x + Q;,(0, 0)y +o(|x|+]y])

S O3navennn 1.20
Cucmemy

% = P,(0, 0)x + P,(0, 0)y,
¥ =0, (0, 0)x + 0, (0, 0)y

Ha3usawomb AiReapu308aHoI0 6 0KONI MPUBIANbHO20 NONONCEHHA PicHOBAzU
w000 cucmemu

X =P(x, y),
{y' =Q(x, y). (1.93)

INoxnagemo

r= [xj A _ P):(Os 0) [3',(0, 0) . [(X ﬁ]
y) 0:(0,0) 0,(0.0)) "y &)
Toai nineapu3oBaHy CUCTEMY MOXHA MOJATH Y BULISAA]

F=Ar (1.94)
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1.9
Knacudpixauin (ba30Bux NOPTPETIB aBTOHOMHWX CUCTEM B OKONI NONOXEHHA PiBHOBArW...

1.8.2. ®asosi nopTperu
- Nineapn3oBaHMX CUCTEM

SIx 6auuMo, KOXHil JliHeapM30BaHii CUCTEMi MOXHA NTOCTABUTH Y B3a-
CMHO OJIHO3HaYHY BiANIOBIAHICTB (2 X 2)-MaTpULIO 3 HiHCHUMH €JleMeHTaMu.
Kuiacudikyiouy Taki MaTpulii 3a KiIbKIiCTIO JIiHIHO He3aleXHUX BIaCHUX
BEKTOPIB Ta TUIIOM B/IACHMX YHMcCeJl, JicTaHeMO Kiacuikauiio ¢a3oBux nopr-
peTiB BiANoBiAHMX JiHeapu30BaHUX cucTeM. OGMeXUMOCs AOCTIIKEHHAM
JIiHEapU30BAHUX CUCTEM, B SIKMX

det 4 0.

Lis ymosa o3Hauae, wo r =0 € i30J1b0BaHMM [OJIOXKEHHSM PiBHOBary cuc-
Temu (1.94).

1. Bunagok, KO/ XapaKTepuCTHYHE PiBHAHHA

a-A B

) =22 —trA-7+det A =0,
Y d-n

ue tr A= a + 8 — cjia MaTpuli, Ma€ napy AiCHHX Pi3HMX KOpeHiB A, # A,.
Y uboMy pasi MaTpuLs A Ma€ napy JliHiiHO He3aleXHHUX BIACHUX BeK-
TOPIB 5}, §,:

ASJ=.,‘,IS/' j:l, 2. (1.95)

JliniitHa 3aMiHa 3MiHHUX (X, y) = S(u, v)

‘r = us; +vsy = Su, v)l -

posiuernnoe cucreMy (1.94). [lificHo, B HOBMX 3MiHHUX Lisi CUCTeMa Habu-
pa€ BUIISRY

us; +vs, = A(us) +vs,)
abo, 3 ypaxypaHHaM (1.95),
US| +VS8y = 1.\Us; +h,Vs, .

OcCKiJlbKM BEKTOPM §,, §, iHIHHO He3aleXHi, TO e CHiBBIIHOIIEHHS eKBi-
BajleHTHe CHUCTeMi

{" =T (1.96)

V=17,V,
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DAVOEPEHLIANBHE PIBHAHHA NEPWOro noPAAKY

IO € NPSIMUM 100YyTKOM CKa/IApHUX piBHAHbL. Pa3zoBa KpvBa L€l CUCTEMHU,
K2 B MOMEHT ! = 0 cTapTye 3 TOYKM (1, V), OIIUCYETHCA PiBHAHHAMM

u= u0e7"', = \’037‘3’. (1.97)

Burnaa umx XpyUBHUX JIETKO AOCIIAMTY 3a AOIOMOIOIO iHTErpajibHUX KPHU-
BUX BilIIOBiAHOIO PiBHSHHS 3 BiIOKpeMJIIOBAHWUMM 3MiHHHUMHU

rovdu —)udv =0

Moro iHTerpaibHi KpMBi BU3HAYalOThCH CYKYIHICTIO CMiBBiIHOLLE€Hb

u=0, vz 0,
v =0, uz0, (1.98)
v=clul*™, uv=0c20.

Po3rnsitHeMo Taki niaBUIIAAKH.
1.1. Baacui wucaa 00Ho20 3HaKa:

®azosumu kpuBuMu cucteMu (1.96) € KooparHaTtHi MiBOCi, a TAKOX CiM’g
KpUBHMX TANY napabo:n. JliniiiHe BinoOpaxeHHs S nepeBoauTh ix y ¢a3oBi
KpuBi cuctemu (1.94). Ilpn ubomy o6pazom opta oci Ou € BEKTOp s,, a
obpazom opTta oci Ov — BekTop 5,. Pa3oBui NOPTPET CUCTEMU B LILOMY
BUMAJKy HA3MBa€TLCA eyztom (puc. 1.15). Hanpsm crpisok Ha dha3oBux

VA y
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1.9
Knacudikauin ¢a3osux nOPTPETiE aBTOHOMHUX CUCTEM B OKONI NONOXEHHA PiBHOBATM...

KPHMBYX BU3HAYAEThCS 3HAKOM RIIACHUX yKcel. 13 dopmynu (1.97) sunin-
nHe, WO B pasi aonaTHuUx (Bia’€eMHMX) BlacHUX uucen ¢a30Bi KpHBi BXO-
JWTh Y IOYaTOK KOOPAMHAT IIPH [ — —0 (f — +o0). Hapeiiiti, 3ayBaxxumo,
WO napaboau domukaromsca 8 noamKky K0opOUHAM Mo20 6AdCHO20 6eKmopa,
RKuli gidnogidac MeHwWoOMy 3G MOOYAeM BAACHOMY YUCHY.

1.2. BaacHi wucaa piznux 3nakie:

Da3oBuit IOPTPET CUCTEMH B LLOMY BUIIAIKY HA3MBAETHCA cidiom (puc. 1.16).
BiH BinpisHs€TbCS Bill nonepeaHbOro TMM, 1O Ga3oBi KPUBi MalOTh «rinep-
6oniunnit» T, Ha mowuHi xOy npu ¢t — +00 Tpa€KTOpil HabNMXaI0ThCs
JI0 Ti€l BIaCHOI MPSIMOI, 5IKa BiATNIOBiJA€ AONATHOMY BJIACHOMY YMCJLY.

2. Bunanok, KoM XapaKkTepUCTHYHE PiBHAHHA MA€ KpaTHUi Kopiub A =
= A, = A,. Po3rnsHemo Taki niaBunaiaxu.

2.1. Mampuys A diazonanvna (18 BAaCTUBICTh, OYEBUIHO, HE 3AIEXHUTD
BiZ BUGOPY Gasucy B R?, OCKLILKH KOXEH BEKTOP BJIACHMIA).

TpaekTopii cucremu

{‘\: = }\.x N
y="hy

— i€ Bci nNpoMeHi, 1O BXOAATb Y [10YATOK KOOPAMHAT [IPU f — +00
(t > —00), axwo A < 0 (A > 0). Lleit dakr onpasy surumsace 3 dopmysu (1.97)

Ai>0,A,<0

Puc. 1.16
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AUNOEPEHUIANBHE PIBHAHHA NEPLLOTO NOPRAKY

npH A, = A, = A. @a30Buil NOPTPET HA3UBAETLCA OUKPUMUUHUM 8Y310M (PHC.
1.17, a).

2.2. Mampuys A nediazonanvHa (TIPOCTIP BIACHUX BEKTODPIB OJHOBM-
mipHuif). Hexait s, — BiacHuit Bextop. 3a Teopemolo ['aminbToHa—Keitni

(auB. goa. 1) mMaTpuus A aHYJIIOE CBilf XapaKTePUCTHUYHMH IOJiHOM.
Otxe,

A2 -0 A+32E =0 abo (A-LE)A-LE)=0,

ne E = [O J. Tomy, AKWO 5, — NOBUILHUHA JiHIHHO He3aNeXHUH i3 s,

BEKTOp, TO (A — AE)s, #0 (s, He € BIaCHMM BEKTOPOM), a (4 — LE)[(4 -
— AE)s,| =0, T06TO (A — ALE)s, — BiacHuii BexTOp. Asle Toai 3HaineTbCs
Take y # 0, wo (4 - AE)s, = us;. MoxHa Bpaxaty, wo u = 1. Cnipasai, s
UbOrO CJlill 32 BIACHWH BEKTOD B3ATH LUS; 3aMiCTb §,.

y

Sy

Puc. 1.17
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1.8
Knacudikanin pazosnx nopTpeTie aBTOHOMHUX CUCTEM B OKONi NOSIOXKEHHA PiBHOBArw...

TakuM YMHOM, WWifl NiHIAHO HE3a/IeXHUX BEKTOPDIB |, S, CIIPaBAXYIOTb-
¢Sl PiBHOCTi

Asl = }»sl, ASZ = 8§ + ‘/-52.
BukonaBiuy 3aMiHy 3MIHHMX r = us, + vs, y cucrtemi (1.94), MaTumMeMo
us) +vs, = A(us; +vs,) < us, + vsy = (A + v)s; + Avs;.

3BincHu aiCTaEMO cHCTEMY

u=xu+v,
V=AV.

(1.99)

Taky cucteMy NpUMPOAHO HA3BATU HanienpaAMum 0o6ymKom CKAAAPHUX pig-
nanb. BinnopinHe ii piBHAHHSA B CUMETPUYHi ¢opMi Mae BUIjn

wdu —(uu+v)dv =0. (1.100)

Lle oaHopigHe piBHsAHHA. OYeBUAHUMH IHTErPATLHUMHU KPMBHUMHU € v = 0,
u>0Tav=0, u<0, anpn v+ 0 3aMiHa 3MIHHHUX ¥ = VW 3BOIMTH 1€
Iny

piBHAHHSA [0 BUIISLY Avdw — dv=0.3BlaICU w =c + — i u = ¢v +;lnix’|.
OcTtaTtoyHO iHTerpajibHi KpuBi piBHAHHA (1.100) Bu3HayaloTHCS ,E:yxyn-
HicTio

v=0, u=z0,

u =cv+}lln|vl, v#20,ceR.

Tenep HeBaXKO JOCAIAMTY NOBEAIHKY iHTerpajbHMX KPUBUX CHCTEMH
(1.99). IIpama u = 0 € k-i3okniHowo piBHgHHA (1.100) 3 k = 1/A, a npa-
Ma u =-v/A — 0-i3okiiHo0. [Ipy KOXHOMY ikcoBaHOMY ¢ QyHKUis

v . .
u (v)=cv+ > In|v| Mae Taki B1acTuBOCTI:
Injv
I, Injv]

lin})ur(v) =0, lin})u; (v) = lim (c +—

) = (~sign A)oo.
v »0 ~ I8

Orxe, iHTerpajibHa KpUBa B TOYL NEpeTUHY NpAMOI u = 0 Ma€ JOTHYHY 3
KyTOBUM KoediuieHToM k = 1/A, y ToUL nepeTUHY NpsMO] ¥ = —v/\ AOCAra€

117



naea 1

ANOEPEHUIANBHE PIBHAHHA NEPLLOrC NOPARAKY

CBOIO €KCTPEMYMY M, HapelITi, 3aKiHYy€ETbCS B [10YATKY KOOPAMHAT, JOTH-
Karouyucs npsmoi v = 0.
Ma30Buii NOPTPET Y PO3MIIAYBAHOMY BUIIAAKY HA3UBAETLCA BUPOONCE-

Hum eyzaom (puc. 1.17, 6).

QMNpuxnanp 1.15

To6ydyemo nopmpem piensnns (2x — y) dx — (3x - 2y)dy = 0.
BianoBiaHa aBTOHOMHA CUCTEMM MAE BUINSA

X =3x+2y,
y=2x-y.

1. 3HaxooKMMO BAACHI Yucna MaTpULUi L€l CMCTEMH:

3-2

2

-2
-1-%

=2 -D+1=0=>% =2, =1

2. BusHauyaemo 6a3ucHuii B1acHU BeKTOP:

:

-2
-1

Joo-ea=()-()

Takum 4yMHOM, MAEMO BUPOIXEHHUI By30/. Yci $ha3oBi KpUBI CHCTEMHU BUXO-
IATb i3 NOYaTKy KOOPAMHAT, JOTHKAIOUUCA B HbOMY MPSIMOIL y = X, HanpaMm-
JIeHOT B3IOBX BAACHOIO BEKTOpA.

Jlnsi TouHiworo 300paxeHHs (a30BUX KPUBUX MOOYAYEMO KiabKa Xa-
PaKTePHMX 130K/AiH BUXiZHOrO PiBHSAHHS B CUMETPUUHIK dopMi.

I30ks1iHa, B310BX sSIKOI noJjie HanpsMie napanenbHe oci Ox (0-i3okiiHa),
BU3HAY4ETHCS YMOBOIO PiBHOCTI HyMIo KoedilieHTa npu dx: y = 2x.

I30kiHa, B3OOBX SKOi nosie HanpsaMiB napaiensHe oci Oy (oc-i3okii-

y

Puc. 1.18

Ha), BU3HAYAETHCH YMOBOIO PiBHOCTI HYy/10 KOe-
¢diuienta npu dy: y = 3x/2.

Bicb abcumuc € i30KJiHOIO, B3JA0OBX SKOi
KyTOBMH Koe(dilieHT BU3HA4aA€ETLCH YMOBOIO
2x dx - 3xdy =0, To6T0 y’ = 2/3.

Bicb opamHar € i30KkJiHOI0O, B3A0BX $IKOi
KyTOBMH KoedilLiEHT BM3HAYa€TbCs YMOBOIO
-ydx+2ydy =0, 10610 ¥y’ = 1/2.

3 ypaxyBaHHsIM OCOOJMBOCTEH MOBEAIHKM
TPaeKTOpiil y BUNAAKy BUPOLXEHOrO By3/a (AMB.
puc. 1.17, 6) dasosuit nopTpeT HalOi CUCTEMMU
MaTume BUIJIsA, SK Ha puc. 1.18.

118



1.9
Knacudikauin a3oBux NOPTPETIE aBTOHOMHUX CHCTEM B OKONi NONOXEHHA PiBHOBArw...

3. Bunajiok, KoM XapaKTepHCTHYHE PIBHAHHA MA€E NAPy KOMNJIEKCHO-
CRpsIKEHHX KOpeHiB A, = A = o + B, A, = A= o — iB. Lium KopeHaM Biano-
sinae napa JiHiiiHO He3ajeXHMX (Hal I0JeM KOMIUIEKCHHMX YHCesl) KOM-
IUIEKCHO-CIIPSLKEHUX BJIACHMX BEKTOPIB §, §:

As =75, A5 =15 (1.101)

Busapinsietsecs, cuctemy (1.94) MoXHa po3lUEeNnUTH, BBIBIIM HOBi 3MiHHI
p € (0, ) Ta ¢ € R 32 popmynoio

r = p(e™s + e ®5) = R(p. o).

3ayBaxumMo, 110 BizobpaxeHHs R(p, @) € B3aEMHO OQHO3HAYHUM HA MHO-
XuHi (0, o) x {0, 2rt). [NincraBuBwu r = R(p, ¢) y cucremy (1.94), nicra-
HEMO

pe™s + e “5) + ipp(es — e 5) = p(r.e™s + .e 5).
INpupipusasn KoediuieHTH NpU NiHiIAHO He3aleXHUX BEKTOpax, Ma-
TUMEMO

p+ipp=12p, p—ipp="rp

(oueBMAHO, 11O Apyra piBHICThL € HacAioKoM nepiuoi). Buainusuuu gidcHy
Ta ySiBHY YaCTMHM, LiCTAHEMO LUIYKaHY pO3lleIUIEHY CUCTEMY

{p o ‘ (1.102)
¢ =p.

[jia Hei Nerko 3HaxoAMThCA PO3B’s30K 3a1ayi Kol 3 NoYyaTKOBUMH NaHK-
mu (0, py, @)

p =poe™, ¢ =Pt +qp.

3.1. didcni macmunu eénacnux vucen 6iominti 6io Hyaa: Red = o = 0.
Y uboMy pa3i ¢a3oni KpuBi cuctemu (1.102) — cnipani. ¥ sunaaky o < 0
(o > 0) BOHM HaBMBAlOTHCS Ha [0YATOK KOOpAUHAT IIPU ¢ — o (f — —00).
®azoBuii nopTper HasMBaeTbhes gokycom (puc. 1.19, a).

3.2. dilicni yacmunu eaachux 4ucen dopieriotoms Hyaio: Re A = o = 0.
Y koopauHatax (#, v) ©a30Bi KpMBi — KOHLIEHTPUYHI KoJa, a Y BUXiAHIH
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Puc. 1.18

CUCTEMi KOOpIMHAT — KOHLEHTPUYHI estincy. Pa3oBuiit noprpeT Ha3UBAETh-
cs yewmpom (puc. 1.19, 6).

OfNpuknap 1.16
[Tobydyemo nopmpem pienannsa (2x - yydx + (y — x) dy = 0.
3anuuieMO BiANOBiIAHY aBTOHOMHY CUCTEMY:

X=X-y,
y=2x-y.

1
2 -1
roma A% + 1 cyro ysisHi: X, =i, hy = —i. Orxe, pa30BUM MOPTPETOM € LIEHTP,
a a30BUMMU KPUBUMH — EeJIIfICH.

A6M TouHiwe 306pasuTu Ga3oBUil MOPTPET CUCTEMM, 3HANAEMO Napy
BEKTODIiB 1|, r,, HANMPAMIEHHUX Y310BX rOJIOBHMX Oceii eninciB — ¢dasobux

KpuBMX. HeBaxko 3po3yMiTH, 110 Ui BEKTOPU MaiOThb 3340BOJIBHSITH YMOBY
OPTOTOHANbLHOCTI

Marpuueio uiei cucteMu € A = [ ] KopeHi xapakTepucTHYHOro NnoJti-

(4r, r)=0.
SIKuto wykaTy po3B’A30K LULOro piBHAHHA y Burasaai » = (1, k), T0 BoHO
3BeNeThCA 40 KBAAPATHOro PiBHAHHA k> — k — 1 = 0, po3s’si3aBuiM ke, 3Hai-
aeMo
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1.8
Knacupixauin hasoBux NOpPTPeTie aBTOHOMHUX CMCTEM B OKOAi NOAOKEHHA piBHOBArM...

. [1 1+2¢§], .- [1, 1_25}

YKaxeMo ule Kijibka xapakTepHHMX i30KJIiH. Y Toukax npsAMoi y = X,
BiAMiHHMX BiA MOYaTKy KOOPAMHAT, MOJie HANMPAMiB BePTUKAIbHE, OCKLIbKHU
X = 0. Topn30oHTAIBHMM BOHO € Ha NiBnpsiMux y = 2x (x # 0), 60 Tyt y = 0.
Kpim toro, dy/dx =2 npu y=0 (x# 0), dy/dx=1 npu x=0 (y # 0).

TloprpeT piBHAHHsA 300paxeHo Ha puc. 1.19, 6.

QnNpuknang 1.17
Iobydyemo gpasoeuli nopmpem cucmemu

x =13y,
y=-5x-2y.

-5 -2

Ay 2 =-1%8i. Orxe, pasoBu#t NOPTPET CUCTEMM — dokyc. Ockinbky AikcHi
YAaCTUHY BJACHHUX YMCe Bill’€MHi, TO TPAEKTODISIMMU € cnipali, ki HAaBU-~
BAalOTbCH HA NOYATOK KOOPAMHAT MpHU ¢ — 0. AOuK 3’sicyBaTu, 3a FOAMHHHK-
KOBOIO CTPIIKOIO UK NPOTH Hel 3aKPyuylOThCH TPAEKTOPil, NOCTATHLO MO~
6ynyBaTd xoya 6 oaMH BekTOp BeKTOpHOro noss (13y, -5x, — 2y). Ha-
NpUKJIaa, BEeKTOp, npukiagesuit 1o touku (1, 0), mae koopauHatu (0, -5).
Otxe, HanpsIM pyxy B3[0BX TPAaEKTOPii — 3a FOAMHHMKOBOIO CTPLIKOIO.
XapakTepHUMH i30KJiHAMHK BiAMOBIAHOrO PiBHAHHS B CUMETPHUYHIii dop-
Mi (5x + 2y)dx + 13y dy =0 €: y= 0 — npsiMa BePTUKaIbHUX HANDSMIB 1MOJIA
(c0-i3okitiHa); y = -5x/2 — 0-i3okaiHa; x = 0 — (~2/13)-izokniva. Pazosuit
fIOPTPET CUCTEMHM 300paxeHo Ha puc. 1.19, a.

Marpunusa cucreMu ( } Ma€ napy CyTo YSIBHMX BJACHHMX YHMCeJ

BuknaneHy MeTonnky knacudikallii ¢a3oBux noprpeTis JiHIAHUX ABO-
BUMIDHMX CUCTEM MOXHA 3 YCIIXOM 3aCTOCYBATH W 10 aHallizy BUPOMXKEHHX
BMINAIKiB, SKi XapakTepu3y€e ymona det 4 = 0 (auB. 3agauy 2).

1.9.3. EnementapHa mopens
6onoBux pin

Po3risiHeMo oy 3 Moneneil 60MoOBUX Ail, 3anpornoHoBaHy y 1916 p.
[in yac nepuioi CBiTOBOI BifHM aHrnificbkuM gociaiaHukoM @. B. JlaHuec-
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TepoM. Hexaii y 36poitHomy KoH@UIiKTi 6epyTh yuacTb peryJisipHi Bificbka
JBOX CTOPiH YMUCEBHICTIO X Ta ¥ BianosigHo. Ha nijcrasi neBHUX MipKy-
BaHb JlaHyectepom Oys10 3po0eHO NpUMyLIEHHs PO Te, L0 LBUAKICTD
yTpaT IiepLloi CTOPOHHM HPONOPUiHHA YUCEABHOCTI BiiiChbK Apyroi, i HaBma-
Ku. [To3HauMBLUKM 3a3HAYEHI LIBMAKOCTI B MOMEHT 7 yepe3 vy (f) Ta v, (f)
BiANOBIAHO, MAaTUMEMO

v (1) = ay(t), vy(t) = bx(t).

JopatHi ctani a i b — ue Tak 3BaHi KoediuieHTH ebeKTUBHOCTI BeA€HHS
60itoBHX Ai# i3 OOKy ApYroi Ta Nepiuoi CTOpiH BiAnOBiXHO.

O6MExXUMOCH aHaJli30M CUTYallil, KOJM CTOPOHM CIIPSMOBYIOTH Y paiioH
KOH(UIIKTY JIAKPIIUIEHHS 3] CTaIMMM WIBUIAKOCTAMHU v = f Ta v; = g.
Toai cucrema angepeHiabHUX PiBHAHD, KA ONKACYE €BOJIIOLIIO YHACEb-
HOCTeH BifICBK, MaTUMe BUIJAL

¢

[apanesbHUM NepeHeCEHHAM [10YATKY KOOpAMHAT Y TOUKY ( g/b, f/a)

~ay + f,
-bx + g.

1

(1.103)

0 -a
IO CHCTEMY MOXHa 3BeCTi 10 BUrsny (1.94) 3 Marpuueio 4 = b o)
- J

BiacHMMM 4KCIaMM OCTaHHBOI € 7., , = tv/ab. OTXe, MAEMO BUMALOK
cinia.
3ayBaxumo, o cucreMi (1.103) BianoBinae piBHsSIHHS B CUMETPUYHIA
¢opMi 3 BilOKpeMIEHUMU 3MIHHUMH
a(y-flaydy - b(x-g/byax=0,

3arajlbHUi iHTerpa sIKOro Ma€ BUIVISAA
y4 a(y-fla)* - b(x-g/b)*=c.

\/ Taxwuii iHTerpan BU3Hayae Ha ruiowmHi xOy ci-

M’10 rinepbon. 13 3po3yMinux MipKyBaHb Hac
LKABASTD JIMIIE Ti JiISHKY IHTerpaibHUX KpU-
BMX, SIKi JieXaTb Y IepluoMy KBazapadri. Kiibka
/\ 3 HUX 306paxeHo Ha puc. 1.20.
KpuBi, posrawoBaHi B 06.1acTi, BUdileHii
Z  cipuM KOJbOPOM, BiiAMOBiIalOTh CLeHapiio 60-
Puc. 1.20 HOBMX AiH, sIKi 3aBepLUYyIOTHCS 110Pa3KoIo fiep-

122




1.9
Knacnikauin ha3oBux NOPTPETiBE aBTOHOMHUX CUCTEM B OKONi NONOXEHHA PiBHOBArM...

WO CTOPOHM: X-KOMITOHEHTa BilflOBiAHOTO PO3B’S3KY MNepIIOI0 NepeTBO-
PIOETLCA B Hy/Ib. BUHSTKOBUI BUnNanok — ¢a3oBa KpyMBa HAIEXMUTb aCUMII-
tori Ja (y~- fla)- Jb (x-g/b)=0 — Bignosinae cutyauil, Koju BiliHa
TPUBAE HECKiIHYEHHO J0BIO.

1.9.4. Tpo xOpeKTHiCTb
meropny niHeapmsauii

Ak yxe BiI3Ha4Ya10Ch, aHaii3 JliHeapuM30BaHOI CUCTEeMH — Lie JIMLIE fep-
WK eTan AOCaUIKeHHs $a30BUX KPUBUX BHUXiIHOI CUCTEMH B OKOJIi NOJIO-
XeHHst piBHOBarM. Ha HacTynHoMmy erarii noTpibHO 3’siIcyBaT IIMTaHHs [1IPO
‘Te, HACKiJIbKM TOYHO (ha3oBuit noptpeT cucteMu (1.94) Binobpaxae nose-
1iHKY ¢da3oBux kpuBux cuctemu (1.93). BusinsieTbcs, BinoBiAb Ha Le
IIMTAHHS B 3aralbHOMY BUINAAKY 3a0€XUTh 5K Bill XapakTepy BIaCHUX M-
cejl MaTpuLi A, TaK i Bil audepeHUiaibHUX BIacTUBOCTel GyHKuUil P(x, y)
1a Q(y, y). HaBenemo 6e3 noBeaeHHs Takuii pe3y/bTar.

Teopema 1.19. ('pobmana— XaprmaHa)
Hexa#t dyHkuil P(x, y) ta Q(y, y) usiui HenepepsHo audepeHi-
I0BHI B OKOJIi IOYATKY KOOPAMHAT 1 AifiCH] YaCTMHM BIIACHHUX YHCen
Marpuid
_(Pi0,0) PO, 0)1
TLOL0,0) 0.(0, 0)

Vi

BinMiHHI Big Hysis (< Re A(A4) = 0). Toni B nesikomy okoii B Touku
(0, 0) icHye B3aEMHO OQHO3HAYHe HeliepepBHO audepeHuUiioBHE
Bino6paxkeHHs

Bo(x, ) (x+ X(x, p), y+Y(x, y)e 2,
sike (pasoni kpuBi cuctemu (1.93) nepesoauts ¥ pa3oBi KpyBi giHe-

apu30oBaHoi cuctemu (1.94). Ilpu uboMmy dyuxkuii X(x, y) 1a Y(x, y)
3a00BOJILHSIOTHL YMOBU

=Y.(0,0) = ¥;(0,0) = 0.

123



asa 1
AWOEPEHUIANBHE PIBHAHHA NEPLLONC NOPAAKY

3 reoMeTpMYHOI TOYKH 30pY CPOPMYJ/ibOBaHE TBEPIXKEHHS O3HAYAE, IO
B pa3i BUKOHaHHA YMOBHU Re A(4) # 0 Manoio pedopMaui€io AessKoro oKoiy
Touku (0, 0) nokanbHuii pazosuii noprper cucteMu (1.93) MoxHa neperBo-
puTH y da3oBMit NOpTPeT BiANoBiAHOI NiHeapu3oBaHoi cuctemu. CripaBai,
BinoOpaxeHHs, Npo sKe iaeTbcs B TeopeMi 1.19, € nokanbHuM audeomop-
¢dizmom (auB. goa. 2). OckinbKu

X(x, y)=owxl+y2), Y(x, ,v)zo(\/;2 +y2), sz +y2 -0,

TO Leil andeomopdizm 3anuae Touky (0, 0) Hepyxomolo i 1ob6aU3y Hei
MaJIO Bipi3HAETHLCS Bil TOTOXHOIO.

TakuM 4YMHOM, 32 YMOBM, 110 pyHKUii P(x, y) Ta Q(x, y) ABiYi Hene-
pepBHO audepeHUiIOBHI, MM MAaEMO BCi IiACTaBYM Ha3UMBATH OCOOIUBY
TOYKY HeJiHiiiHOoi cucTemMu (1.93) By3/iOM, BUDOIXEHHUM BY3/10M, AUK-
PUTHYHHUM BY3JIOM, CilllioM, (POKYCOM, sIKLLO (Ga30BuUit ITOPTPET BiNOBIA-~
HOI JliHeapy3BaHOI CUCTEMU € BiAMIOBiHO By3JIOM, BUPOIXEHHM BY3JIOM,
JUKPUTHYHUM BY3JIOM, Ci/1IoM, OKYCOM.

Y BUIIAIKY, KOJI BJIACHi YKCJ/ia MaTpHli A cyTo ysiBHi, TO6TO pa3oBUM
noprpeToM cuctemu (1.94) € LieHTp, BiAIOBiAL HA NIOCTAB/IEHE HA IIOYATKY
JaHOIo NYHKTY [IMTaHHS BUMAra€ aHajily HeJliHiHHUX WieHiB Y pO3BUHEH-
Hsax GyHkui# P(x, y) Ta Q(x, y) 3a cTeneHsaMH x, y B okoii Touku (0, 0). Lli
WieHW MOXYTh 3MIHMTU TUI $a30BOro IOPTPeTa, XapaKTepHMIt ISl LIEHTpa,
3MYCHUBILM, HANPUKIIal, (a3oBi KpUBi HeliHIHHOI CUCTEMU HABUBATHUCA Ha
M10YaTOK KOOPAMHAT Y BUIJIALI cnipajiieil. Y 3B’s13Ky 3 UMM BUHUKAE TaK
3BaHa npobaema yenmpa i gokyca.

Fo P s o i &

BNPABMW TA 3A1AMI
® Busnauutu TR i nobyayBati $a3oBi MOPTPETH TAKUX CHCTEM:

'=3 y 4\“: ’

a))f x+dy r){. Y
y=2x+y; y=y-2x;
X = -3 X =x-°

6) |* 2y -3x, X=x S5y,
y=x-4y; y=2x-y;

5) X=x+y, ¢ X=2x-y,
y=3y-x; y=6x-~y.
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1.10
PiBHAHHA, HE pPO3B'A3aHi BIAHOCHO NOXiAHOI

@ 3aificuuTu xnacudikauio Gazosux NOPTPETIB JiiHeapH30BaHMX CHCTEM Y BH-
POfXEHMX BUIanKax, koau det 4 = 0.

@ Bu3HauuTH, WIS AKMX i3 BANKUCAHUX PiBHSHb NPY AOCAIIXEHH] nOBeAiHKM

iHTerpaibHUX KPHBUX B OKOJi NNOYATKY KOOPAMHAT MOXHA KOPUCTYBAaTUCH Me-
TOAOM NiHeapu3aLlii:

a) (2x+y+ydde- (x2+3x+4y)dy=0;

6) (x—4y+xVdx+(3x-2y-y)dy=0;

B) By-x)dx+ (2 -x-y)dy=0;

r) (2x—y—x2)dx+(y+x3)dy=0;

m) x—y+x%)dc+(Sy-x-y)dy=0;

&) (x-y+yHde+(Sy-x+xH)dy=0.
@ 3HaiTH OCOGNMBI TOUKM CHUCTEMHU

. 2
X=x" -y,
2
l-x+x

y = InAXrX
y=In 3

JiHeapu3yBaTH 1i B KOXHiH 0co6auBi# TOYL, BUSHAYUTH THUII JliHEAPU3OBAHOI
CHCTEMHU, 3’CYBaTH NUTAHHS NPO KOPEKTHICTb JiiHeapu3aLii.

1.10

PiBHRHHA, HE PO3B’A3aHI
BiZAHOCHO NOXiAHOI

Hexait G < R3 — gesika o6nacts. KoxHa dyukuisn F : G- R BU3Hauae
PiBHSIHHS BULASALY

0. (1.104)

dy
F X, y, ——
(‘ Y dxj

Moro Ha3uBaloTh dugepenuianbhum pieHAHHAM, He PO36 A3AHUM GIOHOCHO
noxionol, abo nessnum Oougepenyiarbhum pignanHam. Po3B’13KOM LBOTO
piBHSAIHHS Ha iHTepBaJi / Ha3uBa€Tbcs AUdepenUifosHa Ha [ QyHKLiA
¥y = y(x), sKa 3a00BOJIbHAE YMOBU
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(x, ¥(x), V(N eG i F(x, x), y(x) =0 Vxel.
Y Teopii HesIBHOIO PiBHSHHS JEKaPTOBi KOOPAMHATH mpocTopy R> 3a Tpa-

AMLi€EI0 N03HAYaloTh yepes (X, y, p).

1.10.1. Teopema iCHyBaHHA
T2 €AVHOCTI PO3B’'A3KY

Jlns HesIBHUX PiBHSHb JOCUTh 3arajibHOIO € CUTYallisl, KO dikcoBaHii
napi (x;, ¥,) NOYaTKOBUX JAHMUX MOXE BiNOBIIATH KilbKa 3HaYeHD dy/dx = p,,
AJst IKMX BUKOHYETbCS DiBHIiCTb F(X;, ¥y, py) = 0. Y 3B’3Ky 3 uuM s
OIHO3HAYHOIO BUALIEHHS PO3B’SI3KY MOTPIGHO HE JiMille 3a4aBaTH [104YaTKO-
BY YMOBY y (X,) = y,, @ i 10AaTKOBO BUOMPATH KOHKPETHE 3HaYeHHs HOro
HOXiAHOI B TOYMI X;) i3 KiJIbKOX MOXJIMBUX.

Teopema 1.20
Hexa#t F(x, y, p) € C](G - R) i (xg, yg» Pp) € G — TOuxa, B sKiik
F(xg, Yo, py) = 0, ane F, (X Yo Py) 2 0. Tom Ha JIesIKoMYy iHreppai /,
IO MICTHTh TOYKY X, ICHYE EAUHHMI PO3B’A30K y == y (X) PiBHAHHS
(1.104), 19 IKOro CIpaBAXYyIOThCS YMOBH

y(xg) = yo. Y'(xp) = pg. (1.105)

[loBepeHHRA

Dynxuia F(x, y, p) y To4ui (Xg, Yo, Py) 3200BOILHAE YMOBH TEOpe-
MM 1IpO HesABHY MYHKUiIO (AMB. god. 2). 3rigHo 3 Li€lI0 TeopeMolo B
IEAKOMY OKOJL TOYKH (X, Vg, Py) PiBHsIHHA F(x, y, p) =0 Moxma OIHO~
3HAYHO p033 $13TH BilHOCHO p. TouHilite, icHyIoTb Kpyr D < R? i3 neHr-
pom y Touui (x;, y,), iHTepsan J < R i3 LeHTPOM Y TOULI p, TA €AMHA
¢yHkuig f : D J1aki, mo Dx J < Gi F(x, y, f(x, y)) =0 pas Bcix
(x, y) € D. Kpim Toro, f(x, y) e C(D - J)i f(xy ¥y) = Py Orxe,
MHOXMHA TOYOK 3 OKOjty D X J, s1Ki 3a10BO/IbHAIOTb YMOBY F(X, y, p) =0,
30iracThes 3 rpadikom pyHkuii p = f(x, y), a ToMy piBHsiHHS (1.104) B
L1IbOMY OKOJ1i eKBiBaJleHTHe PiBHAHHIO

=f(x, y), (x,y)eD (1.106)

i3 HemepepBHO AudepeHLIHOBHOIO MPaBOI0 YaCTUHOIO. 32 TEOPEMOIO
Ilikapa Ha neskoMy iHTepBaJli / 3 LIeHTPOM Y TO4Li X, piBHsAHHsA (1.106)
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PiBHAHHA, HE PO3B’A3aHI BIAHOCHO NOXipHOI

Ma€ €AMHMII pO3B’s130K, SIKMH 3a0BONIbHAE mepiy 3 ymoB (1.105).
HApyra 3 yMOB TeX CIPaBLKYETbCSA, OCKUILKY ¥ (x,) = f(xy, ¥o) = Py

1.10.2. MeTop napameTpu3auii

Jia BiuiyKaHHsl po3B’si3kiB piBHsHHS (1.104), oco6aMBO B TUX BU-
11a1Kax, KoY #0ro He BAAETHCSA PO3B’3aTH BiAHOCHO MOXiAHOi, BUKOPHUC-
TOBYIOTb Memo0 napamempu3ayii. BiH na€ 3Mory 3BeCTH HesiBHe DiBHSIHHSA
JIO J1eIKOrO PiBHAHHA B CUMETPUYHIN dopmi. SIKINO OCTaHHE MiAAAETLCA
iHTErpyBaHHIO, PO3B’SI3KM BUXiLHOIO PiBHAHHS 3HAXOAATb Y MapaMeTpuy-
1HOMY BHIJisIAi.

2 Osnavensn 1.21

Hapy gynkuiii x (1), y(t) € C' (I > R) Hazueaomo po3e’n3Kom pieHAHHA
(1.104) 6 napamempuunomy eueandi, aKuio

x(1) =0 i F(x(t), w(t), "-;(f)) =0 Vtel.

X(1)
ﬂJUl 3aCTOCYBaHHSA 3a3HA4YCHOIO METO4Y HOTpi6H0 CIIOYATKy IlapamMer-
PpU3yBaTU MHOXUHY
S={x,y,peCG: F(x, y, p) =0},

TOOTO 3a3aTH 1i PIBHAHHAMMU
x=X,v), v=YW,v), p=Pu,v), (u,v)e D, (1.107)

3a JOINOMOIol0 HemnepepBHO AudepeHUiNOBHUX Y AesKiik obnacTi
D c R? dyukuiit X, Y, P, sKi 3a40BOAbLHAIOTH TaKi YMOBH:
X, (u,v)y Y,(u,v) P(u,v
1) rank ’,‘( ) ’,( ) ",( )
X.(u,v)y Y.(u,v) Piu,v)
- (X(u, v), Y(u, v), P(u, v)) € S B3aEMHO O0HO3Hau4He i oro ob6pa3s 30i-

racTbcs 3 .S. MHOXMHa S, siKa JOINYCKA€E napaMeTpuU3aLilo, € IBOBUMipHOIO
110BepxHelo B R>. 13 caMOro o3HayeHHs NapamMeTpu3allii BUILIMBAE, 11O

J = 2; 2) BinobpaxeHns D > (u, v) >

F(Xu, vy, Y(u,v), Pu, v)) =0 V(u, v)eD. (1.108)
Ipunycrumo, wo Tpifika QyHKuUii X, Y, P 3a10B0JIbHSE BCi 3a3Ha4eHi
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suie yMoBH. Toni, abu pictatn nudepeHuUiaibHe PiBHSAHHS B CUMETPUYHIE
dopMi, sike nop’sa3ye Mix coboi0 3MiHHI 4 Ta v, JOCTAaTHBO MiACTABUTE
(1.107) y TaKk 3BaHe ocHOBHE audepeHLiaibHe CIiBBIIHOLIEHHS

i ofepxaHy piBHICTb

dY(u, v) = P(u, v)dX (u, v) (1.109)

nojaary y BUrasadi

You,v) = Pu,v)X, v du + (Y (u,v) - Pu,v)X (u,v))dv=0. (1.109")

IlpupoanicTb Takux Aid MOSICHIOETbCS NpocTo. PiBHsaHHA (1.104) moxHa
pO3IISLAATH K HACHiIOK CUCTEMM

F(x,y, p)=0,
{ (1.110)

dy = pdx.
Woro aicraiors i3 (1.110) y pe3y/isTaTi BUK/IIOYEHHSs! 3MiHHOI p. OCKiIbKM
BUKOHYEThCS TOTOXHiCTh (1.108), 10 pa3om i3 (1.107) cucrema (1.110) na-
K1aaa€ auiue oaHy ymoBy (1.109) Ha u, v. Lis ymoBa it sipiisie co6o10 yka-

He audepeniiansHe piBnaHHg (1.109°). OctatoyHo MeToa napaMeTpu3aii
OOIPYHTOBYE TaKe TBePIXKEHHSI.

Teepaxenuna 1.9
Hexait u = u (1), v=v(t), 1 € I — napaMeTpyuHe piBHsIHHS iHTET-
pajibHOi KpuBoOi pisHsiHHs (1.109") (abo, uto onHe ¥ Te came, po3-
B's130K pisHsiiys (1.109") 8 napamerprunomy suriasiai). [oxknanemo

x(t) = XQu(t), v(£)), y() = Y(u (), v{1))

i upuryctumo, o x (1) # 0 ana Beix f € 1. Toai napa dyHxuii x (1),
y{?) € po3p’a3kom piBHAHHSA (1.104) B napaMeTpUYHOMY BHATJISLL.

HoseneHHA
Ockinbku u(f), v(t) — po3s’sasox (1.109'), o

dY u(), v(t)) = P(u(t), v(1))dX (u(t), v(t)) Vtel,

10610 dy () =p(2) dx(t), ne p(t) = P(u(t), v(¢)). A TOLi 3 ypaxyBaHHAM
(1.108) maemo
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F(x(), y(), p(t)) =0, y(t)= p()x(t) Vtel,

s+ 3BIOKU p(?) = p(1)/x(t) i F[x(t), y(1), -::—((%] =0 mua Bcix t e I.

' 3ayBaXkMMO, W10 AOCUTb 3arajibHOI0 € CHTyallisl, KOJM NapamMeTpu-
3auii BCi€l MHOXMHM S He iCHYe, OJHAaK MOXHA BKa3aTH CKiHYeHHUH
Habip napamMeTpu3oBaHMX MOBePXoHb S, c S (i= 1, ..., N), o6’eaHaHHs
sikux 36iraeTncst 3 5. Y LbOMY BUIIaJKy METOA NapameTpu3auii caia 3a-
CTOCYBAaTH 10 KOXHOI MHOXHHH §. [10TiM oaepxaHi po3B’si3KM MOXHa
Oylde BUKOPUCTATH 11 YTBOPEHHS HENPOAOBXYBAaHOIO PO3B’A3KY PiB-
HsinHa (1.104).

ONpuknap 1.18
Pozzaanemo pienanua Knepo

y=xy +g(y).

Tyt g: R — R — noBinbHa ABiyi HenepepBHO AudepeHLiiioBHa GyHKLiA.
. B manomy Bunaznky F(x, y, p) = y — xp — g(p). Ma€eMo oueBHAHY NapaMeTpu-
3auiio

x=u, y=uv+g), p=v. (1.11nH

ITincraBuBum ii B OCHOBHe audepeHLianbHe CHiBBiNHOWEHHS dy = p dXx,
. JicTaHeMo

vdu+udv+g'(v)dv =vdu abo (u + g'(v))dv = 0-

InTerpanbHi KpUBi LIbOrO PiBHAHHS BH3HAYa€ CYKYIHICTb

v=c, ¢ € R — NOBUIbHA CTaNa,
u=-g'w).

Ilepma piBHicTb Li€i cykynHocTi nicns niacrarienys B (1.111) i BuryyeHHs
napaMerTpa 4 MOpoaXye Cim’io po3B’s3kiB piBHsaHHA Knepo

y=cx+glc).

AHaIOriyHo Apyra piBHICTb BU3HAYa€ YACTMHHHUHA PO3B’A30K LbOrO PiBHAH-
Hs B MapaMeTPUYHOMY BUIAsIAi

x=~g'(v), y=-g'(v}v +g(v)
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ONOEPEHUIANBHE PIBHAHHA NEPWOro NOPRAKY

Ha KOXHOMY iHTepBani 3MiHM napamerpa v, fe g”(v) He NMepeTBOPIOETLCSH B
HYJb.

3ayBaxuMoO, 110 MHOXHHA S JONYCKAa€E OYEBUIHY IapaMeTpHu3alliio,
SKIIO PiBHSIHHA F(x, y, p) = 0 MOXHa po3B’s13aTH BiAHOCHO OHHI€l 3i
3MiHHUX Xx a6o y. [lpore nudepeHuianbHe piBHAHHA (1.109°), onepxaHe
BHACJiA0K TaKOi NlapaMeTpM3allil, JajleKO He 3aBXAM BIA€EThCs 3IHTErpyBa-
TH. Po3rnsiHeMo 1ue oiyH Kjac piBHSIHb, SIKi € y3arajibHeHHSIMU PiBHSIHHS
Knepo # ana sakux po3B’s30K MOXHA 3HAaWTH B KBaapaTypax.

ONpuknapg 1.19
Posansinemo piensuna Jlazpannca

y=a(y')x+b(y).

Tyr a, b: R — R — pnoBiabHi HenepepBHO audepeHuifoBHi QyHKLIT.
IMapamMerpu3auis Mae BUrsSA

x=u, y=a(Wu+b(v), p=v.
IMinctasusium i B ocHOoBHe audepeHUiabHe CNiBBIAHOLEHHA, AiICTaHEMO

a(v)du +(a@'(v)u+b'(v))dv = vdu
abo

(a(v)=v)du +(@' (Mu+b(y))dv =0. (1.112)
[Tpunyctumo, uio dyHkuia a(v) — v Ma€ juile i301b0BaHi HyAi v, V,, ... Im
Bianosinae Habip poss’sskis v = v, (k = 1, 2, ...) piBnanna (1.112), akui
nopoaxye Habip po3B’aA3KiB piBHSAHHA Jlarpanxa
Y=y X +b(vy)

(spaxosano, mo a(vy) = v). Jani npu v# v, (k= 1, 2, ...) piBuauna (1.112)

eKBiBaJIeHTHe NiHItHOMY PIBHSHHIO BUIJsiLY
ﬂ+ a) u+ b'(v)
dv a(v)-v  a(v)-v

i, OTXe, iHTerpyeTbcs B KBaaparypax.
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1.10.3. leomeTpin
. HERBHOrO PiBHAHHA

fpunyctumo, mo F(x, y, p) € C'(G > R) i B TOYKax MHOXHHHU §
4YaCTHHHI NOoXigHi pyHKUii F 01HOYACHO He NepeTBOPIOIOTHCA B HYJIb. I3
TEOpPEMU NPO HesABHY QYyHKUi0 (A4B. O0A. 2) BUIUIMBAE, 11O TOAiI B OKOi
KOXHOI TOYKHM (Xy, ¥y, Py) € S MHOXHMHA § 10MyCKae napameTpu3allifo.
Otxe, € BCi nmcraBu Haauaam LLI0 MHOXHWHY (1BOBUMipHOIO) NOBEpPX-~
Helo. Hexau n: R R? 1 (x, y, p) = (x, y) — OpPTOrOoHaJibHa NPOEKLisi
npoctopy R® Ha ruiowuHy xOy (puc. 1.21). O6pa3 nosepxHi S npu Bm06~
paxeHHi © no3HayuMo depe3 S . OTxe, WIs1 KOXHOI TOYKM (x, y) € S,
3HangeTbcs xoua 6 onHa To4Ka (x, y, p) e S. HOBHMM npoobpas TO‘IK.H
(X9, ¥) € S Ha NOBEPXHi .S NO3HAYMMO 4epe3 Tt~ (xo, ¥,), TO6TO

7 H(xg. ¥0) = (X0, ¥, P € R 1 F ((Xg,¥0.P) = 0}.

3po3symito, wo 1 (x, y) CKIamaeThes 3 TOYOK NEpeTHHY NOBEPXHi S BepTH-
KaJIbHOIO [PAMOIO, 51KA IIPOXOAMTD Yepe3 TOuKY (x, y, 0). Hanani po3rnsna-
TUMEMO HeBMpomKeHuu BUIANOK, KOJM 1 KOXHOI TOYKHM (X, y) € S,

MHOXMHA T (x, y) auckpetHa. [udepeHiiianbse piBHsaHHs (1.104) B KOX.
Hi# Toqm (xp> ¥p) € S,, BU3HAUa€e HE MeHIUE HiX OAMH HalpsaM. A came,
SIKIHO T (xo, Yo) =G Yos Po, DYk 1,2, . mo 2€ M= m (X, Yy) 260 HaTypaib-
He, 260 o0, To k-ii HanpsIM 3aja€ npaMa

Ly (xo. ¥0) 1 ¥ = pop (X ~X¢) + ¥y,

P
Porg-.
i I p=filx, y)
Po2.
p=hHh(x, y)
Yy
Li{(xo, %)
x
L2 (xOI yo)

Puc. 1.21
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AVNOEPEHUIANBbHE PIBHARHHA NEPLLOIO NOPRAKY

fiIKa IIPOXOIMTL Yepe3 (X, y,) 3 KYTOBUM Koeili€HTOM py,. Y 3arajbHO-
MY BUIIaAKy BUHUKA€E MHOTO3HA4YHAa BilMOBiAHICTb, fIKa KOXHii TOYLi
(x,y) e Sxy 3icraBise Habip npamux {L,(x, )}, _ b oo m(x, 3) Lo Biamo-
BilHICTh Ha3MBaTUMEMO [10J1EM HAIlpsSIMiB HesiBHOro piBHsHHs (1.104).

2 OsnaueHnn 1.22

Inmezpaavnoro xpusoio pisuauna (1.104) nasusaroms maxy Kpusy, aKa &
Koxchili ceoiti mouyi domuxaemoca xo4a 6 o0Hiel npamoi, euznayvenoi 6
uii moyyi nonem Hanpamis pienanns (1.104).

IlocTae npupoaHe 3aMUTaHHA: YW IS KOXHOrO HanpsMy B 3afaHii

TOYMi (Xy, ¥,) iCHYE iHTerpaibHa KpUBa, sIKa HOro JOTMKAEThCsA? AGM Biato-
BICTH Ha Lie 3alIMTaHHA, BBEAEMO IOHSTTS PeryispHOl TOYKHU.

< O3HayeHHA 1.23

Touxy (x, y, p) € S nazusaioms pezyanpuoio, axujo F ; (x,y,p)#0.

3 reOMETPHYHOIO MNOLIsLY PEryJIAPHICT: TOUKH (X;, Vo, Po) O3HAYAE, HIO
noTuyHa 1iowunHa TS (x,, y,, Py) L0 MOBEPXHi Sy UiA ToYli He € BepTH-
KanbHow0. Crpasii, K BiioMo (auB., Hanpukiaa, [16]), piBHAHHS TUIOMIHK-
HHU TS(xy, ¥, Py) MA€ BUIIIAL

Fi(xq, Y0, Po)(x — X¢) + F (X0, 0, Po )Y — ¥o) +
+ F;(xo,yD,Po)(P —pO) = Oy

a Bekrop grad F(x;, ¥y, py) = (Fi(xq, ¥0,09), Fy(x0.¥0.P0). Fy(x0,¥0.P0))
opToroHanbHuit 10 75 (xy, ¥y, py)- [Lonmna 7. (x;, y,, p,) 6yne nepnenau-
KYJISIDHOIO 10 TUIOIMHY xOy TOAi # JMlue TOAi, KOJU TpeTs KOMIIOHEHTa
Bexropa grad F(x,, y,, p,) BOPiBHIOBATMME HYJIIO.

Teopema 1.21
HAxio0 MHOXMHA n”’(xu, V) CKIIAAETHCA JIMIIE 3 PETYISIPHUX TO-
YOK, TO UL KOXHOI nNpsAMOi L,(x,, ¥,) 3 105 HANPAMIB DIBHAH-
Ha (1.104) y nesxomy oxodi Touku (xg, y,) iCHye €auHa iHTer-
pajibHa KPMBa LbOro PiBHAHHA, fKa AOTHKAETbCA L, (xy, ¥g) ¥
Touul (g, yg)-

oBeneHHRA

HocTatHbo 3acTocyBatv TeopeMy 1.20 10 KOXHOI TOUKH (X, Vg, Pyy) €
e (0, yo)s k=1, 2, ..., m(xg, yp)-

132



1.10
PiBHAHKA, HE PO3B'A3aHI BIAHOCHO NOXiAHOT ¢

Ha puc. 1.21 Touka (x,, y,) Ma€ aBa pery/isspHUX npoobpasu (g, ¥q, Py
k =1, 2. Orxe, B il TOYLI HesiBHE piBHﬂHHﬂ BM3HAYa€ JBa HaNpsiMHU
,|(x0, Yo) Ta Ly(xg, ¥o). B 0K0J1i KOXHOI TOUKA (xXg, Yo, Pyy) NOBEPXHS S €
1padikoM aeskoi GyHKuUii p = fk(x y)- Tomy B oxom TOYKH (X, )’0) HesiBHe
PiBHSIHHSA ABJSE COO0IO CYKYNHICTh PiBHAHB Y = fi(x, y) Ta y’ = f,(x, y),
i Yyepe3 L0 TOUKY NPOXOIATh [Bi iHTerpajibHi KpHBI vy, Ta Y,, 5IKi 10THKa-
10T npaMux L (x,, yo) Ta L,(x, yo) BiANOBiAHO.
lmerpam,m KPHUBi HESIBHOTO PiBHSHHA, sIKe BU3HA4a€ MHOIO3Ha4YHe
110J1€ HaNpPsMiB, MOXYTb YTBOPIOBATH AyXe 3aIUlyTaHy CiTKy JiiHii. Buss-
JIAETHCS, OJHAK, LU0 Ha MHOXMHI TOYOK, AIKi MAlOThb JIMllle peryaspHi npo-
obpasy, L0 CiTKY MOXHA «pO3ILlyTaTH», IIiIHABIIM BiAlIOBilHUM YMHOM
KOXHY KpMBY Ha noepxHio S. Iliciast Takoro migHsTIs yepe3 Oyub-siKy
peryJispHy TOYKy IIoBepxHi S npoxoautume eduna(!) kpupa, obpa3 sikoi
MIpY [POEKTYBaHHI Ha IUIOWKHY xOy € iHTerpalibHOIO0 KPMBOIO BilMNOBia-
HOIO HesIBHOIO piBHsIHHSA. JIOKaJIbHO iCHYBaHHSA NOTPiOHOI CUCTEMM KPU-
BMX Ha NOBepXHi S yCTAHOBIIOETHCS AyXe IpocTo. SIK yXe Bia3Hayauocs,
B OKOJIi IOBUIBHOI PEry/IspHOI TOUKHM (X;, ¥, Py) € S List MOBEPXHS € rpa-
¢ikoMm J1esiKOi HerepepBHO nutbepeuuiﬁonuo’i GyHKuUil p = f(x, y). Hexaii
y = y(x) — po3p’s30k 3anaui Kowi y’ = f(x, y), ¥l x = Yo- Tomi no-
KaJibHO KPMBa Ha MOBEPXHi S, Ka NpOXOAUTb Yepe3 TOUKY (X;, Vo, po) i

NPOEKTYETHCA B IHTErpaibHy KPUBY Ha ILUIOWMHI xOy, ONUCYETbCH PIB-
HAHHAMH

y=yx), p=fx, yx).

Tenep M4 NoKaxeMo, 110 Tak NMoOynoBaHi KPUBi € iHTerpaibHUMM LIS 1I€B-
HOTIO M0JIs1 HANpsAMIB, 3a1aHOr0 Ha JesKiil MAMHOXMHI S’ c S, siKa MiCTUTh
yCi peryasipHi TOukd. Baxiy¥B0O HarojaoCUTH, 1O JUIsi HOro yTBOPEHHs BXe
He NoTPpibHO BUKOPUCTOBYBATH JIOKAJIbHE 300paXxeHHs MOBepXHi Sy BU-
s rpadika @yHkuUii aBox 3mMiHHMX. HaToMicTb rojioBHY pojib y Bij-
NOBiAHINA KOHCTPYKLUI] Bilirpa€ BaXx/JMBHil reOMETPUYHHI 00’ €KT — KOH-
maKkmHa naowjuHa.

2 OsnauenHr 1.24
Inowuny T(x,, ¥y, py), 3a0any 6 R? DIiGHSIHHAM
(y _yo) - Po(x _xo) =0
Hasuearoms Koxmaxmuoiw 6 moxui (x,, ¥y, Po)-

3rigHo 3 UMM O3HaYeHHSM y R BUHMKAE 10/1e KOHTAKTHHX ILUIOLIMH,
OCKUIbKM BKa3aHO NPaBWIO, BIlNOBIAHO A0 AKOro KOXHi# o4l (x;, ¥y, po)
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3icTaBiIsIETHCA TUIOWMHA [1(X,, ¥, py). Lle none MoxHa 3a1aTth OAHMM piB-
HaHHsM [ldadda

dy—-pdx=0.

OrnuilieMO OCHOBHI BNAaCTUBOCTI KOHTAKTHOIL IUIOMHU. OueBUAHO, 11O
miowmHa I(x,, yo, py) NIPOXOAUTD uepe3 TOUKy (xg5 Yo» Pg) 11APAJIENBHO OCi
Op. SIKIIO 1151 TOYKA HANEXUTb NOBEPXHI S, To I1(Xy, ¥y, Py) NEPETHHAE IUIO-
wuHY xOy No NpsaMii, sSKa IIPOXOAUTh Yepe3 TOUKY (x;, y,) i Ma€ KyroBui
KoedillieHT py, TOOTO MO NPAMIH, 110 HAIEXUTH MO0 HAMPAMIB AUGepeH-
uiansHoro piBnsiHHs (1.104). Tomy KOHTaKTHA IUIOIMHA B TOYL (X, Vg, P)
JOTHKAETLCA ¥ iHTErpaIbHOI KPUBOI, IO IIPOXOAMTD Yepe3 TOUKY (X, V,) i
Mae B Hilt p; 3a KyToBuii KoediuieHT 10THYHOI. SIKIO ToYKa (X4, ¥y, Py)
peryasipHa, 1o I1(x;, y,, pp) HOTHKAETLCA B Hili TAKOX KPUBOI Ha I10BEPXHI,
Ka NPOEKTYEThCS B 3a3HAuYeHy iHTerpaibHy KpuBy (puc. 1.22).

Hexaii S’ — niaAMHOXMHA MOBEpXHi S, 10 CKIANAETLCA 3 TOYOK, Y
KOXHIH 3 sIKMX NOTMYHA ¥ KOHTAKTHA IUIOIUHM He € napajieJbHUMU H,
OTXe, NepeTUHAIOTHCA NO NpsAMii. YpaxoBylouM BUIJISII DiBHSHb OGOX LMX
TUIOIMIMH, MHOXUHY S’ MOXHA 33JaTH TakK:

S’ ={(x,y,p)e S :rank B(x,y, p) =2},

F. F, F,
ae B(x,y,p) = | . 3po3ymino, wo S’ MiCTUTh MHOXHHY pery-
-p 1

JIAPHUX TOYOK: aJiXe Ha Liif MHOXMHI MiHOpD ApPYTOro NOPAAKY

KoHTakTHa
nnowmHa

Dotuuna
nnoumMHa

\
<y

Pwc. 1.22
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£, £

1 0

=-F,

He NepeTBOPIOETHCA B Hynb. Ha MHoxuHi S’ piBHsanHa (1.104) npu-
POLHO NMOPOAXYE NOJI€ HANPAMIB: KOXHi# Touui (xy, ¥4, py) BianoBinae
npama L (xy, y,, Py), MO AKil nepeTHHaoTbC AOTUYHA W KOHTaKTHa
[UIO1HMHU:

L (xg, ¥g» Py) = TS (xg, ¥4, P) N TU(X, Yo, By)-

13 B1aCTMBOCTE} KOHTAKTHOI IVIOIMHY BUIVIMBAE, IO TaK NoOynoBaHe mnoie
HanpsuMiB L i € ykaHum. Moro MoXxHa po3risiiaTd TakoX SIK reOMeTpHUY-
HMii ekBiBaIeHT AuepeHUianbHOro piBHSIHHS Ha MOBEPXHi, 3aJaHOro y
BHUIJISI CUCTEMH

F(x,y, p)=0,
Fi(x, y, pydx + Fy(x, y, pydy + F,(x, y, p)dp =0,  (1.113)
dy—pdx =0.

Ty nepute piBHAHHSA BUaiase B R? TOUKHM noBepxHi S; Apyre piBHSAHHA
IU11 KOXHOIL TOYKM (X, y, p) € § BU3HAUAE JOTUYHY IUIOLUMHY, & TPETE —
KOHTAKTHY IUIOILUMHY, Ki IPOXOASTh yepes IO TOYKY. 3ayBaXuMo, 1o,
KOPUCTYIOUMCSI METOAOM IapaMeTpu3allii, My 3BoauMo cucteMy (1.113)
ao piguanHsa (1.109). Axwo u(¢), v(¢) € po3B’A3KOM LUbOTO PiBHAHHA,
TO Tpifika

x(@)=Xu(t),y@)),
y(@)=Yu@),y@), pt)=Pu(t),y())

3a/10BOJIbHAE 3a3HayeHy cucteMmy (1.113). OTxe, MeTon napaMeTpu3auii
MOXHA BUKOPUCTOBYBATH [UIA BidlUyKaHHS iHTerpajbHUX KPUBUX 1100Y-
JI0BaHOro Nojs HamnpsMiB Ha nopepxHi. JiITHKa KOXHOI TaKoi KpUBOI,
YTBOpEHa 3 PeryjisipHUX TOYOK, [IPOEKTYEThCA B iHTerpajibHy KpMBY piB-
HsHHs (1.104). Cknannilua cuTtyailisi BAHMKAE, KOJIY AesKa iHTerpajibHa Kpu-
Ba I Ha nNoBepxHi NPOXOAUTL Yepe3 HeperyasapHYy TOUKY (X., Y., p.) € S”.
Y uiit Toyli BoHa Ma€ BePTUKaNbLHY NOTUYHY, 60 1 KOHTaKTHa, i AOTUYHA
[UIOILMHH B (X., yv, ps) € S’ BeprukaibHi. ToMy npoekuisi I' Ha muiowmHy
xOy y Touni (x., y.) MOXe Matu OCOBJMBICTL TUIy TOYKM 3BOPOTY.
I1poieMOHCTPYEMO Lie SIBMILE HA eJieMeHTapHOMY IIpHKiai.
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ONpuxknap 1.20

Posansmemo pignanna x + (y°)? = 0.

IosepxHs S apase coboio napaboniyHuit UMIiHAD, 3a0aHUi Y R pis-
HsaHHsIM F(X, y, p) = X + p* = 0. MHOXMHY PeryisipHMX TOYOK YTBODIOIOTb
yci TOYKM LbOTO UMJiIHApA, KpiM THX, LUO JiexaTb Ha oci opauHar. HiticHo,
HeperyasipHi TOUKM BM3HAYalOTbCS CUCTEMOIO YMOB

2— \ =
F(x,ly, pi=x+p° =0, - [x=0,
Fopix,y.p)i=2p=0 1p=0.

Hauni, matpuus B(x, y, p) Ma€ BULIsIA
1 0 2p
s 10 20)
(x, y. ) =p 1 0)

OueBMaHO, WO 1i paHr ycioau AopisHIoe asoM. Tomy S = S, i, oTxe, auce-
peHuiaisHe PiBHSAHHS BM3HAya€ 1oJje HanpsiMiB Ha BCii nosepxHi S. 3ayBa-
XKMMO, 1110 us nosepxHs € rpadikoM dynkuii x = -p*. 3acTocyBaBWM MeTOA
fnapaMeTpu3auii, 3a 40NOMOrol0 OCHOBHOTO Au(epeH1liaibHOrO CHiBBIAHO-
uieHHs AICTAEMO DiBHAHHA Ha MiouuHy yOp:

dy=-2pdp=y=-2p"/3+c.

TakuM 4yMHOM, iHTerpajibHi KpPMBi NMOJISI HanpsiMiB Ha MOBEPXHi 3aAal0ThCs
PiBHSAHHSMH

=-p. y=-2p3/3+c (pe R — HesanexHa 3MiHHa).

qA

Puc. 1.23
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(Ha puc. 1.23, a ix 306paxeHo XxupHuMHU niHisiMK.) TIpoekuii Lux Kpu-
BMX Ha naowuHy xOy siBagioTh cobow cimM’io HaniBky6iuHux napabos
y= 25 2/34+¢. TakuM YMHOM, BiCb OPAMHAT CKJIANAEThC 3 TOHOK 3BO-
poTy. 3 KOXHOI Takol TOUKM BUXOAMTH ABi iHTerpajibHi KpMBi — BiTKM Ha-
niBkyOiuHux napaboa (puc. 1.23, 6).

1.10.4. AnCKpUMiHaHTHI KpUBI
12 0cO6NMBi PO3B'A3KM

Ak nokazye npukiaa 1.20, Touku, Ae NOPYyLIYIOTHCSI YMOBU TEOPEMU
1.20, MOXYyTb BUSIBUTUCH OCODJIMBUMM AIS iHTErpaibHMX KPUMBKMX BilfOBi-
JIHOTO HESBHOIO PiBHSIHHA. |H1MHA XapaKTepHUi TUI ITIOBEAIHKM iHTerpaib-
HYX KPMBHX B OKOJIi TAKMX TOYOK MOXHa CIIOCTEepiraTd Ha npukiaii pis-
HSIHHA

v+ =1 (1.114)

HyniHaApHUYHY NOBEPXHIO S, 3a1aHy PiBHAHHAM y2 + p2 = ], MOXHa napa-
METPU3YBaTU TAKMM YHHOM:

X =u, y=sinv, p=cosv.
OcHosHe aydepeHiaibHe CIiBBiIHOLLEHHS NOPOLXYE HA IUIOLMHI Napa-

METPiB u, v PiBHAHHA (dv - du)cos v = 0, pO3B’SI3KM KOO BU3HAYAE CY-
KyIHICTb

{cos v=0,

v=u+cC.

Po3p’siakaMu Xk BHXiaHoOro piBHsHHS (1.114) € mapa npamux y = =1 Ta
ciM’s cuHycoin y = sin(x + ¢) (puc. 1.24, 6). Ls ciM’s1, siKy My 1103Ha4YMMO
yepe3 F, € npoekuielo Ha IowdHy xOy ciM’1 TBUHTOBHUX JIiHiH, IO Jie-
XaTh Ha 1noBepxHi S (puc. 1.24, a):

y=sin{x+c), p=cos{x +c).

OuyeBHAHO, 110 KOXHA 3 YKa3aHUX CUHYCOIl JOTMKAETbCA NpSMUX y = £1,
sIKi, 3 LILOFO NOIJIALY, IPUPOAHO Ha3uBaTu 06BinHMMHU cim’1 F. Jani,

137



Fnaea 1
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yA

Puc. 1.24

+1,
0,

I

J)
4

F(x,y.p)=y"+p* -1=0,
F,(x,y,p)=2p=0

o |
1

3BiIKM BMIUIMBAE, 10 3a3HauYeHi NpsAMI € NIPOEKUIIMM Ha IUIOLUHY xOy
MHOXHHM HeperyJiipHMX TOYOK, a TOMY B310BX HUX MOPYUIYIOTECA YMOBH
TeopeMu 1.20. Mix numu aBoma dakTaMy iCHYE TiCHMH 3B’SI30K, SIKMiA
3apa3 JOCIiIKyBaTUMETLCS.

SIK HaM yXxe BiIOMO, MHOXMHA Hepery/isipHUX TOYOK IOBepXHi S BU-
3HAYAETHCH CUCTEMOIO

{ F(x,y,p) =0, (1.115)

Fp' (xaysp) =0.
o O3navennn 1.25

Ipoexuyiio MroXCuHU Hepezyaaprux mo4ok Ha naowurny xOy Hazuearoms
D-Ouckpuminanmoro.

[punyctupuy, wo 3 (1.115) MoxHa BUKIIOUMTH 3MIHHY p, SIK HACHIAOK
JictaHeMo cniBBilHOLIeHHA ®(x, y) = 0. 3a neBHMX YMOB BOHO BM3HA4Ya€
ofiHy abo KijlbKa KpUBMX, SKi Ha3UBalOTh p- AUCKPUMiHAHTHUMH.

2 OsnavenHn 1.26

Touky (x,, y,) Ha3u6alOMb MOUKOIO PO32AAYNCERHA IHMESPAALHUX KPUBUX
pienanna (1.104), akwo aoHa € moukow domuKy npunaumHui 08ox ioz0

138
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PiBHAHHA, HE PO3B’A3aHi BIAHOCHO NOXiAHOI

inmezpanbrux Kpueux, ki He 30iearomobca 6 AK 3a8200H0 MANOMY OKOAI
uiei mouxu.

Y nitepatypi 3 andepeHLiaIbHUX PiBHAHD K CHHOHIM yBEeAEHOro I10-
HSTTS 3aCTOCOBYETbCS TAKOX TEPMiH mo4Ka HecOUHOCMI po3e ‘A3KY.

2 Osnauyennn 1.27

Kpusy y nazusearomo ocobaueoro inmezpaivnoio Kpueo, AKui0 0N Koxc-
Hoi mouku P € Y 3nalidembca inwa inmezpanbia Kpuea, sKa 0omuKaems-
ca kpugoiy y movui P i ne 36icacmoca 3y 'y 6y0b-sakomy oxoni uiei mouku.
Po3e’azok, epagix aK020 € 0co06aU60I0 IHME2PANALHOIO KPUBOIO, HA3UBA-
omb ocobaueum.

3po3ymino, 10 ocobnuBa iHTerpaibHa KpMBa CKIAAacThCA 3 TOYOK PO3-
ranyXeHHs iHTerpajibHUX KpUBHUX.

TeepaxenHa 1.10
OcoGuuBa iHTerpajibHa KpuBa € p-AUCKPUMIHAHTHOIO KPUBOIO.

OoBepeHHRA

3rigHo 3 TeopemMoio 1.21 y Toyui, npoobpa3 siKoi CK/IaJacTeC Jnllie
3 pPery/isipHMX TOYOK, JOTHK iHTerpajlbHMX KPUBUX HEMOXIIUBHIA.

O Hacnipok 1.5

SAxkwo acodna p-duckpuminanmua kpuea pieHanna (1.104) ne € inmee-
DANbHOI0, MO Ue PIGHAHHA He Mae 0cobausux po3e 'a3kis.

3 iHnworo 60Ky, SIKIIO p-AUCKPUMiHAHTHA KPUBA € iIHTErpajibHOIO, TO
HE BUKJIIOUEHO, L0 BOHa € ocobnupolo. OnuuieMo Kinbka miaxoais ao
BillyKaHHS 0COOJIMBUX PO3B’A3KiB piBHsAHHSA (1.104).

o Cnoci6 npsamoi nepesipkn. [IpunycruMo, 110 HaMm yaaiocs 3HaiTH of-
HOMNapaMeTpUYHY CiM’10 PO3B’a3KiB piBHsIHHS (1.104):
y=9(x,c). (1.116)

Hexaii p-anckpMMiHaHTHA KPHUBA € iHTErpaJbHOIO, OMMCYETHCA PiBHAHHAM
y=1n(x), x e i 6yab-sika i ginsiHKa He 30ira€TbCs 3 XOLHOIO KPUBOIO CiM’i
(1.116). A6u BU3HAYMTH, IO L KPUBA € 0COO/IMBOIO, JOCTATHHO AIF AO-
BUIBHOTO X, € / BCTAHOBUTH iCHYBaHHSI PO3B’AA3KY € = ¢ (X)) CUCTeMH

! { ¢ (%9, ) = n(xp),
CP;; (XOa c) = rl'(xo)-
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Tnasa 1
ANOEPEHUIANBLHE PIBHAHHA NEPLLONO NOPARAAOKY

BukoHaHHA UMX 1BOX YMOB IpU ¢ = c(Xx;) 03Haya€, 1O KpMBa, 3aaaHa
PiBHAHHAM y = @ (X, (¢ (X)), LOTUKAETHCSA p-NUCKPUMiIHAHTHOI KPUBOI.
A OcKilbKM X; — JOBLIbHA TOYKa 3 iHTepBajly I, TO p-AMCKPHMMiHAHTHA
KpHMBa € 0C00/IMBOIO.

OfNpuxnap 1.21

3acmocyemo onucanuii cnocib eidwyKaHHa 0cob6aUBUX pO36 A3Kie 00 DIBHAHHA
Kaepo 3 npukaady 1.18 3a dodamkoeoi ymosu g"(p) #0 Vpe %.

SIx 6yno nokasaHo, piBHaHHA Kiiepo Mae ciM’10 po3B’si3kiB y = @ (X, ¢) :=
= cx + g(c). Horo P-AUCKPHMIHAHTA BA3HAYa€ETHCH CHUCTEMOIO

[y-xp-g(p) =0,
l x+g(p=0,

i, oTXe, il MOXHa 0OAaTH B NapaMeTPUYHOMY BHUIJISAAI PiBHSHHAMHU

x=-g'(t), y=-g)t+g(1).

VY npuknani 1.18 Gyno nokasaHo, w0 Ui CNiBBiAHOWIEHHS BU3HAYAIOTh Yac-
THHHHUI po3B’sa30k piBHsAIHHA Kiepo. Lle o3Hayae, 110 p-IMCKpUMiHaHTa €
iHTerpanbHOI0 KpuBOlO. Ockinbku ¢yHKuUiss -g’(T) MOHOTOHHA, TO BOHA
Mae obepHeHY T = T(x), BU3HaUYeHY Ha AesiKoMY iHTepBaJji /, a ToAi piBHAH-
HSl p-AUCKPUMIHAHTHOT KPUBOI MOXHA IMOAATH y BULAALL ¥ = n{x) = xt(X) +
+g(1(x)).

Tenep nokaxemo, 110 AaHa KpuBa € 0c00auBoI0. Uit LbOro noTpiGHo
NepeKoHaTUCH B TOMy, 1O i KOXHOrO X, € I cucrema

{Cxo +8(€) = xgT(xg) + &(1(xo)),

¢ = T1(Xg) + XoT'(xg) + &' (t(x)T'(xp)
Ma€ PO3B’A30K ¢ = ¢ (x;). OCKLIbKH —£'(T (X)) = X, TO OYEBMIHO, 1O HIYKAHUM
PO3B’A3KOM € ¢ (xy) = T(xy). OTxe, B TOuui 3 abcuncow x; € / p-AUCKpHUMi-
HAHTA JIOTMKAETLCA NPAMOI y = cx + g(c) npu ¢ = T(x,).

Hapewri 3ayBaXuMo, 11O OCKiIbKM T(X) € CTPOrO MOHOTOHHOIO (PyHK-
ui€to, a n’(x) = t(x), TO X0AHa AUIAHKA p-AUCKPUMIHAHTHOI KPUBOi He 36iractb-
¢s1 3 niniliHOIO dyHkuieo. Takum YMHOM, p-auckpuMinaHTa piBHsiHHa Knepo
3i cTporo onykJioio GyHkui€o g( p) € 0cobauBoI0 iHTErPAILHOIO KPUBOIO.

e Meron oOBinnoi. Hexait cim’s iHTerpanbHUX KpUBUX piBHSAHHA (1.104)
BiIOMA ¥ ONUCYETHCS PIBHAHHSIM

d(x, y,¢)=0, (1.117)
ge ® e C'(G > R) (G — obnactb y npocropi R?).
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o Osnauennn 1.28

Kpuey y nazuearomo obeionoro cim T (1.117), axuo 0as KoNCHOT mo4Ku
P € y 3naiidembca xpuea yiei cim’I, axa domuxaemocs Kpueoiy y mouui P
i He 36icacmbca 37y y 6ydb-mc0My oxoai mouku P.

besnocepeanno 3 o3HayeHHs 1.28 BuiuiMBae, mo obBigHa ciM’l iHTer-
PaILHMX KPUBMX € OCOOIIMBOIO iHTErPaIbHOIO KPHBOIO.

Bin3nauumo, wo o6BiaHi NpMpOAHO BUHHKAIOTH MPH AOCILIKEHH]
3aKOHOMipHOCTe#l MowMpeHHs XBWIbOBUX ¢pouris. Tak, 3rigHo 3
npuHuKnoM [olireHca KoXHa TOYKa I1OBEPXHi, AKOI JOCAINA B JaHUH

+ 7| MOMEHT XBWIsSl, CTa€ AXEpPeJOM BTOPHMHHHX €JIeMEHTAPHMUX XBHJIb.
XBWwibOBMH (DPOHT y KOXEH HACTYNHUIH MOMEHT 4acy snjsi€ coboio
06BiAHY LMX BTOPDUHHHUX XBWb.

O6BinHa, 3anaHa piBHAHHAMM Xx = (1), ¥y = (1), T € J, BU3Haya€ TaKk
3BaHMi 3aKOH NPUKPinIeHHs ¢ = ¢(t). Bin nokasye, wo B Touui (§(1),
1(7)) KPUBOI Y AOTMKAETHCSA CaMe Ta KpHBa CiM’i, iKa BiaNoBigzae 3Ha-
4eHHIO ¢ = ¢(1). Ockinbky Touka (§(1), n(t)) HaneXMUTb Uil KpUBiM i3
cim’i, TO

D (E(1), n(1), c(NN =0 Ve J. (1.118)
YkaxeMo yMOBM iCHyBaHHs 0oOBiaHoi. [l LbOro BBEOEMO IOHATTA C-AH-
CKPUMiHAHTHOI KPMBOI.
S Osnauennn 1.29

Kpuey v, 3adany pignannamu x = £(1), y = n(v), © € J, nasuearoms c-ou-
CKPUMIHGHMHOI0 KPUBOIO i3 3AKOHOM NpuKkpinaenns ¢ = ¢ (1), aKuo ons
koxcrozo T € J mpiiika (§(1), n(1), ¢ (1)) 3adosoasnse cucmemy

O(x, y,c)=0,
Q. (x,y,¢)=0

Ycionu Hapani #tuMeThbes NMpo 0OBiAHI Ta c-AMCKPUMIHAHTHI KPHUBi 3
depeHIIHOBHUMM 3aKOHAMM NIPUKPIIUIEHHS, 11st AKMX QYHKLA ¢ (1) He
11€pEeTBOPIOETHCA B CTAly Ha XOAHOMY iHTepBaJli CBO€E] 00/1aCTi BU3HAYEHHS.
Takuit 3aKOH NPUKPINIEHHS HA3UBATUMEMO HEMPUBIATbHUM.

TeepaxeHHa 1.1

O6BiaHa 3 HETPUBIUIBHHM 3aKOHOM NPHKPHIIEHHS € c-,zmcxpx
MutaHTHoro KpUBOIO.
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doBefneHHA
3 oaHoro 60Ky, Axwio x = x,(t), y = y{t), t € I, — piBHAHHA KPUBOI
ciM’i, ka BiANoBinae napaMerpy ¢, TO
D(x. (1), y. (1), c)=0 Vtel =
= D (X (1), ¥ (), )X () + D, (x.(1), Y. (1), )y (1) =0 (1.119)
vtel,.

3 iHworo 60Ky, axiuo 3audepeHLiloBaTd ToToXHIcTh (1.118), TO micTa-
HEMO

@, G0, n(0), c(DNE(D)+D, G, (1), c()N'(1)+
+ @) (D), n(1), (D)) = 0. (1.120)

AJie 119 KOXHOro 1 € J 3HaiiieTsCcst KpMBa CiM’i, sika BialoBiaa€e 3Ha-
YeHHIO napameTpa ¢ = c(7) i npu AeIKoMy ¢ = ¢(T) NOTUKAETHCA 06-
BigHOi v y Touui (§(1), (1)) = (xc(,)(t('c)), Yeo(1(1)). Lle o3Hauae, wo
HOTHYHI BEKTODH (X, (t)(l‘(‘t)), V.9t (1)) 1 (€'(1), n’(1)) KonineapHi. Te-
nep i3 (1.119), (1.120) Ta npunyleHHs PO HETPHUBiaJIbHICTh 3aKOHY
npukpinaeHns (He icHye iHTepBaly, Ha sxoMy c’(t) = 0) BUIIMBa€
piBHiCTb

@, E(1), n(x), ¢(1)) =0, (1.121)
sika pa3om i3 (1.118) o3nauae, 1o y — c-AUCKPUMiHAHTHA KpUBA.
JoctatHio yMOBY iCHyBaHHs OOBiiHOI BCTAHOBJIIOE TaKa TeopeMa.

Teopema 1.22
Hexait ciM’s xpunux (1.117) mae c-AMCKPUMIHAHTHY KPUBY

yix=&1), y=n(1), 1eJ

3 HETPMBIa/IbHUM 3aKOHOM NpHKpirieHHs ¢ = ¢(1). [lpunyctumo
TaKOX, 10 icHye @) ¢ C(G > R) i npu KOXHOMY T € J T2 11pyU
x = &(1), ¥y = (1), ¢ = ¢ (1) COpaBIXyIOTHCSE YMOBU

i(l)'x ‘ +| @ ! =0, ¢, =0.

Toai y € obsigHo0 ciM’] kpusmx (1.117).
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bDoBeneHHA

Hexait (xo, yo) — [OBiIbHA TOYKA KPHMBOI Y, & ¢, — 3HAY€HHs Ilapamer-
pa ¢, sike BiINOBLIAE TOYLIi (xo, Y,) 3TIIHO i3 3aKOHOM NpUKpirvieHHs. bes
obMexeHHs 3arajibHOCTi MipKyBaHb NMPUITYCTUMO, 110 O’ (xo, Vos €9) 2 0.
Toni B oKoni TOYKH (X;, y,) NapaMeTPOM KPMBOi Y MOXHA BBAXATH
3MiHHY X.

CrnpaBai, Hexail c-AMCKPUMIHAHTHY KPMBY 3a1aHO PiBHSHHS-
Mmu x = £(1), ¥y = n(1), T € J i i#f BianoBina€e HeTpUBianbHMUH 3aKOH
npukpinaedus ¢ = ¢(t). I3 (1.118) nicraemo (1.120), a ockinbku
RJist C-AMCKPHMMIHAGHTHOI KDMBOI BUKOHYETbCH piBHicTs (1.121), TO

@', (§(1), n(1), €(1))E'(x) + D (E(x), n(1), c()N'(x) =0. (1.122)

Hexait 1 € J — Take 3Ha4eHHs, 110 &(1y) = X, n(Ty) = ¥, € (Tp) = &,
Toni 3 (1.121) # ymosy |&'(7) | + | (1) | # 0 Bunmsae, wo &'(1) # 0,
npuHaiMHi B OKOJi TOukM T, OTxe, £(T) — MOHOTOHHA (yHKUis B
okoli 15, i MM Maemo npaso 3pofuTtH 3aMiHy napameTpa 3a GopMmy-
oo &(t) = x. Hagani, abn He ycK/1agHIOBAaTH NMO3HauyeHb, BBAXATH-
MEMO, WO T = X.

Taxum yuHOM, B OKOJIi TOUYKH (Xp, ;) C-AMCKPHMiHAHTHA KpUBa
€ rpacdikom dyHkuii y = n(x), x € J. 3 (1.120) npu 1 = X 1erKo 3Haxo-
AUMO

(xo) = - CD'f (X0, ¥0.%0)

@', (X9, 9. ¢0)

Hani, 3a TeopeMo10 Npo HeABHY (yHKLII0 B 0KoIi (X, y,) iHTerpasbHa
KpUBa, SIKa BIINOBINAE 3HAYEHHIO NAPAMETPA ¢, i IPOXOLMTH Yepes Lo
TOYKY, TEX € [‘pa(blKOM dyunkuii y = y(x), BU3HaueHoi Ha AesIKOMY
iHTepBaii /, 1O MIiCTUTh TOYKY Xx,. [Ipu LLOMY y(x) e C'(I> R),
D(x, y(x), ¢p) =0 ansa Beix x € 1, y(xy) =y, i

' _ CI)" (anyOac())

Y(xy) = ~——F—,

(Dy (xOvyO’CO)

Takum unnom, y(x;) = n(xy) i y'(xy) = n'(x,). Lie o3nauae, wo B Touui
(xg, yp) 3a3HayeHa iHTerpajJibHa KpUBa JOTUKAETHCA C-AMCKPUMIHAHT-
HOI KpMBOi. 3aaMIIWA0Cs AOBECTH, 1O Li ABI KpUBi He 36iraloTbest B
K 3aBIOJHO MaJIOMY OKOJIi TOYKH X, [lpunycTuMo, HaBnaku, 11O
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¥ (x) =n(x) y aesaxomy oxoJii ToYkHM x,. Toai 3 ypaxypanuam (1.122)
B LIbOMY OKOJli MaEMO

0=®(x,y(x),cp) = P(x,n(x),¢p) =
=D (x,n(x),c(x)+(cy —c(x))) =

=P (x,n(x),c(x)) + D (x,m(x),c(x))(cy —c(x)) +

+_;qagc (e, (), e))eo - )’ +0((co - e(x))*) =

" (X, (x), c(X))eo — c(x))? +0((co - c(x)?) 20,

M|’-‘

OCKUIbKM 3aKOH IPUKPIIUIEHHS HeTPUBiaJIbHUM.

OnNpuknanp 1.22

3acmocyemo memod o6eionux onn eiduiykanna ocolnusux pose ’a3Kie pieHANHA
Knepo 3 npuxnady 1.18 3a dodamxkoeoi ymosu g”(p) + 0 Vp € R.

Sk 6yno noka3axo, piBHsHHA Kiepo Mae ciM’10 po3B’S3KiB y = ¢ (x, ) :=
:= cx + g(c). Vioro c-AMcKpuMiHaHTHA KPHUBa BU3HAYAETHCA CHCTEMOIO

y—xc-g(c) =
x+g8'c)=0

i, oTXxe, il MOXHA IIOZATH B MapaMeTPUYHOMY BHIJISIAI PiBHAHHAMMH

=-g'(1), y=-g(1)r+ gl1)

3 HeTPUBiAIbHUM 3aKOHOM NpUKpimieHHs ¢ = 7. OcKuUibkM B JaHOMY BHIMaj-
Ky d> =1, &7 =g"(c) 2 0,10 c—nucxpummaﬂma KpUBa € 00BiaHOIO, a ii
plBHﬂHH}l Buauaqalon, ocobnuBuit po3B’sa30kK piBHAHHS Knepo (puc. 1.25, a).

Haronocymo, 110 ¢-IUCKPMMIHAHTHA KpYBA MOXe BUABUTHCH oGBmHmo
iy pasi TOpyLLIEHHS YMOB TEOpEMH 1.22. Hanpuma,u, piBHsHus (')° - y=0
Ma€ CiM’10 iHTerpajlbHMX KpuBUX O(x, 2 c) = y - (2(x + c)/3)3 0, mis
Kol npaMa y = 0 € c-AUCKPUMIHAHTHOIO i3 3aKOHOM NPUKPIIUIEHHS € = —X.
Ockinbku ®i(x, y, -x) = CD)’,(x, ¥, —x) = 0, To yMOBM Teopemu 1.22 mopyuuy-
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a 6

Puc. 1.25

j016cs1. BoaHouac rpadik KOXHOro po3s’sisky y = +(2(x + ¢)/3)*/? noru-
KaeThest oci Ox y Touui 3 abewmcolo x = —¢ (puc. 1.25, 6). Otxe, TpUBiaib-
HUH PO3B’S130K 0COOIMBUIA.

e Meroa p-auckpuMinaHTHO! KpuBoi. [lepepara Lb0ro MeTony Hal iHUIY-
MU IiAXOJaMM IOJIATa€ B TOMY, IO 1Sl IOr0 3aCTOCYBaHHS He NOTPiOHO
iHTerpyBaTH BilnoBigHe HesiBHe avdepeHUiaIbHE PIBHAHHS.

TeepaxenHn 1.12
Hexait F (x, y, p) € C*(G+> R) i Ha MHOXMHI HEperyIAPHUX TOYOK
CMPaBAXYIOTHCS YMOBH

F.+ pF, =0; (1.123)

FLFr 20. C(1.124)

Toni p-IuckpuMiHaHTa € 00’ €AHAHHAM OCODIUBHUX IHTErpajibHUX
kpuBux pisnaHHs (1.104).

doBeneHHA™

Hexait (x,, y,, py) — AOBiIbHA HeperyjsipHa To4ka. B ii okosi MHO-
XMHa HEPEeryJspHUX TOUOK € KPUBOIO, 5IKA OIUCYETHCS PiBHAHHAMMU

y=n(x), p=8(x), xel, (1.125)
Ae | — nesxuit iHTepsal i3 LeHTpoM y Toyui x;. [1pu ubomy F (x, n(x),
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ANDEPEHUIANBHE PIBHAHHA NEPWOro NOPAQKY

€(x)) = 0, n(xp) = y,, E(xy) = py. AidhicHo, ockinbky 3 orasay Ha (1.124
CIIPaBIXYEThCA YMOBA
£ F

" "
]:.VF FPP

=(F'F") =0,

Yo op X=Xg. Y=Vo. P=PDo

X=Xg. ¥:¥o. P=Po

70 cucteMy (1.115) MoXHa pO3B’S13aTH BilHOCHO y T4 p 32 TEOPEMOK

npo HesABHY GyHKUiI0. TaKuM YMHOM, Y JOCUTh MAJIOMY OKOJli TOYKI

(x> ¥p) rpagik GyHKUii y = n(x) € p-AMCKPUMiIHAHTHOIO KPUBOIO.
ITokaxemo, W10 LS KpMBa € iHTerpajibHo0. i iCHO, OCKiibKU

Fx,n(x),2(x) =0, F,(x,n(x),£(x)) =0 vxe I, (1.126

TO AxepeHUIIOBaHHAM IIE€PIUOi i3 IMX PiBHOCTEM Ta 3 ypaxyBaHHSIN
JApyroi Aictaemo

Fi(x, n(x), £(x)) +n'(x) F, (x, n(x), £(x)) =0.
Aue 3rigHo 3 (1.123) maemo

Fi(x, n(x), £(x)) +L(x) Fy (x, n(x), C(x)) =0

Axiuo B3aTH 10 yBaru ymoBy (1.124), To 3 ocraHHiX JIBOX piBHOCTE]
BUILIUBAE, 10 1 (x) = {(x), a ToMy F(x, n(x), n’(x)) = 0, T06TO dyHKIL!
1n(x) € po3B’si3koM piBHAHHSA (1.104)

Tenep noTpibHO noka3atu, wo rpagika GyHKUil y = n(x) y Kox
Hifi AOro TOYLI AOTUKAETLCA JAesiKa iHIIA iHTerpajbHa KpuBa PiBHSAH
Hsa (1.104). 3po3ymino, 110 BiANOBIAHI MipKyBaHHs AOCTaTHLO 3a
CTOCYBATH JIMLLIE 110 TOYKM X, JLKe (Xg> Yp» Py) — AOBUIbHA TOYKA p-IU
ckpuMiHaHTH. CKOPHUCTAEMOCS METOAOM napaMerpu3ainii. Ockiibki
F (xO, Yo» Py) # 0, TO 32 TEOPEMOIO MPO HEABHY (byﬂxuuo B OKOJIi TO4
K Xg, Yg» Py) MOBEepXHs § € rpadikom aeakoi (byHKLm y=f(x, p) ¢
€ C(D — R), ne D — Kpyr i3 ueHTpOM y Touli (xy, py)- IIpu LbOM:
BUKOHYIOTbCSI PiBHOCTi

F(x’f(x#p) =0 V(X,P)G D, f(XO,p0)= Yo,
F(x,8(x)) = n(x) (1.127

s BCiX x € J, e J € I — neskuil iHTepBa i3 UEHTPOM y TOYLI X,
3rigHo 3 METOAOM rapaMeTpU3aLlil 3a JOMOMOrOK OCHOBHOIO augepeH

146



1.10
PiBHRHHA, HE PO3B’R3aHI BiIAHOCHO NOXiAHOI

uianbHOro cniBBinHoWEeHHs dy = p dx y Kpy3i D BUHUMKae nudepeHui-
&JIbHE PiBHSHHA

Y

df(x,p) = pdx & (fy - p)dx + f,dp = 0. (1.128)

flaaH Haux nopanbiiux Ai Takui (puc. 1.26). [Tokaxemo, wo
Lie PiBHAHHS, KPiM PO3B’AA3KY p = {(x), NOPOLXKEHOIO p-AUCKPUMiHAHT-
i - HOIO KPHMBOIO, Ma€ iHIUKI PO3B’SA30K, KM MOXHA NOAATU Yy BULJISA]
p = L(x) + z(x), ne dyHkuisa z(x) He € TOTOXHUM HYJIEM Y XOIHOMY
JOCUTh MaJIOMy OKOJIi TOYKH X, i BogHouac z(xy) = 0. Taxi asa po3-
B’SI3KM BIIIIOBIIHO AO METOAY IapaMeTpu3allii NopoaXyloTh Ilapy po3-
B’a3KiB piBHSAHHsA (1.104)

y=f(x,0x)=n(x), y=f(x,0(x)+z(x)) =y(x), (1.129)

It IKMX, 3 YpaxyBaHHSM Ieplioro pisHsHHS y (1.128), BUKOHYETbCSA
YMOBa JIOTUKY IIPH X = X

yixg) =n(xg), ¥ (xp)=L(xp) + z(xp) = Lxp) =M (xp)-

Hacamxineup Oyse mokasaHo, 11O He iCHYE OKOJy TOYKHM X;, A€
nx) =y ).

IlepeitneMo a0 peatizaliii HamiueHOro IUiaHy i Hacamrepen Jocli-
AMMO BiacTUBOCTI koediuienTis piBHsaHHA (1.128). CnouaTky mokaxe-
MO, 1110 BOHM TIePETBOPIOIOTLCHA B HYJb Y310BX KpUBoi p = {(x), x € J.
HificHo, 3a GopMYJIOI0 NIOXiAHOI HesABHOI GYHKIiI MaEMO

y=f{z, p)

(IO » Po P77

Y

MHoxuHa
HeperynsapHmnx
TO4OK

(%0, to) y=nz)

Puc. 1.26
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OUWOEPEHLIANBHE PIBHAHHA NEPLLIOO NOPAAKY

5 . __F __E+pE
fr=-F » fxmp=-r “pE-—Fp
Yolyafinp) Yy=fix.p ¥ y=f(x,p)

SIkio Tenep B3aTH no yBaru (1.123), (1.126) Ta (1.127), To aictaHem:
f,;(x,g(x)) =0, fi(x,Lx)N-L(x)=0. (1.130
Haui,

. Fafy+ Fy)Fy - Fy(Fafy + Fy)

/P (F;)Z

yv=f(x.p)
3Bigcy, 3saxarouu Ha piBHocti (1.126), (1.127) Ta (1.130), aictaeMo ’

i F
fpp(x, (%)) = —%

0.

y=ntx) p-{(x)

Tenep y piBHsnHi (1.128) 3pobuMo 3amiHy 3MiHHOI p = {(x) + 2
3 ypaxysanHam dopmyi
Fr (x50 +2) = f(x, &x) +2) = f(x, Lx)) =
1 d ’ s - d' _ ] " rd d - -
= J‘Ozfp(x, &(x)+sz)ds = Uof,,,,(x, &(x) +s2) S}- =ydx, 2)z,

felx, Sx) +2) = 3(x) = fu(x, Cx) +2) = fi(x, E(x)) =

1
= UO xp (X5 &(x) +S-‘-')dS}: =@(x, 2)z

AOro MOXHa IoAaTH y BUIJIAA

wix, = :(£+ Q'(x)] +(p(x, 2)-Dz=0.
dx
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1.10
PiBHANKA, HE DO3B'AR3aHI 8igHOCHO noxigHoOl

Biarak mocnimKyBaTUMEMO PiBHSIHHSA

E 2o D) ogx, o) (1.131)
dx y(x, 2)

i3 HenepepBHOIO QYHKIIEIO g(x, Z) B 0OKOJi TOUKH (X, 0). 3a Teopemolo
IleaHo BOHO Ma€ pO3B’SI30K z = z(x), IKMA 3a0BOJIbHSE OYATKOBY
ymoBY z(x,) = 0. [lokaxemo, 10 He iCHY€ iHTepBally, Ha AKOMY z(X) €
TOTOXHMM HyjeM. [Ljisi LbOro 4OCTATHLO NepeBipUTH, 110 g(x, 0) He
NIepeTBOPIOETHCA B HyJlb B OKOJIi TOYKHM X;. 311epeHIII0BaBIUY TIepuly
3 piBHocTei (1.130), 3Haiiaemo

f;:p (X, Q(X))
JIAE eI N

a ockinbku W(x, 0) = f,,(x, C(x) i ¢(x, 0) = f{,(x, £(x)), T0 Maemo
noTpibHy BIacTUBICTL QYHKUII g (x, 2):

£x) = -

____l____ z0
Sop (x, (X))

TakuM YHHOM, YCTAHORIEHO, 110 piBHsAHHA (1.128) Mae nmapy po3-
B’s13KiB, sKi OPOAXYIOTh po3B’sa3Ku (1.129) gocnimkKyBaHOro HesiBHO-
ro piBHsSHHS.

AOU 3aBeplUUTH NOBEAECHHS TBEPIXKEHHs, 3ayBaXUMO, 1O 3 ypaxy-
BaHHsaM (1.129) ta dopmyny Teittopa MaeMo

y(x)-nx) = f(x, 5(x) + z(x)) - f(x, 5(x)) =

g(x,0)=

= 2 F3p 3, 50 BRI (),

Ae GyHkuis 6 (x) BU3HaYeHa B JOCUTh MAIIOMY OKOJIi TOYKM X, i Haby-
Ba€ 3HayeHb Ha iHTepsaii (0, 1). Ockinbxu S (X0, o) %20 1(bym<um
z(X) He € TOTOXHUM HYJIEM Y XKOITHOMY ﬂOCMTb Ma.nomy OKOJ1i TO4KH X,
TO He iCHYE 0KOJy L€l TOYKH, B GKOoMY y (x) = n(x).

QfANpuknap 1.23

3acmocyemo memod p-duckpuminanmuoi kpugoi do piensanns Knepo 3 npuxaady
1.18 3a dodamxoeoi ymosu g”(p) # 0 VpeR.
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ANOEPEHUIANBHE PIBHAHHA MNEPLWIOIrO NOPAOKY

Y uvomy pasi F=y-xp-g(p), F;=~p, F, =1, F,, = -g"(p). Yei YMOE
TBEPLKEHHA 1.12 cnpaBaxyioTbes, a Tomy p- nucxpumﬂaﬂma KpHBa, pil
HAHHA SIKO1 ONEPXYETbCA BUKJIIOYEHHSM 3MIHHOI p i3 cucTeMu

V‘W"ﬂm=
x+g(p) =

€ 0cob6anBOIO iHTErpanbHOIO KPHBOIO.

BMPABM TA 3AJANI

@ 3inverpysaru piBHAHHS:
a) y = 2" - 4(y")’; 6) ¥’ = exp(xy'/y).

@ 3HuailTh KpPUBY 3 TAKOIO BIACTHBICTIO: a) KOOPAMHATHI OCi BIATMHAIOTH BiA HOJ
MaJli, NpoBeeHOI Yepe3 NOBUIbHY TOYKY KPHBOI, BiAPi30K CTa/IOl NOBXHHH
6) KOOpAMHATHI OCi BIATMHAIOTb BiAl JOTMYHOI, NPOBENEHO] Yepe3 AOBLUILHY TO
KY KPMBOI, Bipi30K CTaJiOl AOBXWHY 4.

3HalTH KDHBi, OPTOTOHA/LHI iHTErpaNbHUM KpUBKM piBHsinus ¥ (') +xp” + 1
= 0 (auB. npuknan B.7).

Bu3HauMTH, CKLIBKM iHTErPaJIbHMX KPMBHUX PiBHAHHA Iny’ -y + x+ y =
NPOXOAUTD Yepe3 'rom(y 2, 2).

® Hexan ak(x y) € C SRZ - R) k=1, .., nianm nesaxoi TouKYU (x;, yp) € F

® ©

nojiHom z" + o,z " A€ ak = ak(xo, ¥p)s Mae m NpOCTHX RIACHM
kopeHiB. Iloka3aru, 1o B Aeﬂxomy okoii B(x, y,) 3a3Ha4€HOi TOUKM HesiBk
piBHAHHA

0" +a(x, D160 +..+ay(x,y)=0

exmBaﬂeHTHe CYKyNHOCTi PiBHAHB {y’ = fi(x, y)},‘_1 m A€ J{x, »)
eC (B(xy, yo) — R).
® 3HaitTi 3aranbHi Ta 0COBIMBI PO3B 3K PiBHSHD:

a) 20 (y- 0 =1; 6) y ~xy +e¥ =0.
@ Josecty, 110 piBHAHHSA x2+ y +(y’ )2 =1 He Ma€ 0cODIMBHX i 1H'rerpa.ru>Hu
KPHUBHX.

® TIlokasaru, o ymosa (1.123) Teepaxenns 1.12 o3Hayae, 110 HA MHOXMHI Hepe
IyJASIPHUX TOYOK KOHTAaKTHA ¥ AOTHYHA TLIOLMHY 36iraloThes.



NIHIRHI AUOEPEHUIANDHI

PIBHAHHA
1 2.1 |
OcHoBHi hakTn niHiNHOI Teopii
Cgfrreuypiaﬂﬂﬂb

x,=2a,.j(z)xj+ﬁ(r), i=1 .., n, 2.1
j=1

B AKiH a; ), f;(t) (i,j=1, ..., n) — 3anaHi ckasapHi QyHKUii, BU3HAYEH]
Ha intepBani (Binpisky) I, a x;(¢) (i=1, ..., n) — wykani QpyHkuii, Ha3u-
BAIOTb N-GUMIDHOIO AIHIlIHOI0O cucmeMoio dughepeHyianbHuX pi6HAHb Y HOP-
Mmanvhiti popmi (ckopoueHo — JIC). Cnoyarky, 119 BU3HAYEHOCTi, B poJi
CKaJpiB BUCTYNATUMYTb RiliCHI uncaa. OgHak npy LbOMY CliJl ypaxoBy-
BaTH, 110 BCi OCHOBHI ¢akTHu JiHiHOI Teopii Jerko NomMpPIOIOTHCS Ha
sunanox noius C.
YBiBLIY IO3HaYEHHSA

Xy .X':] fi(f) a“(t) ves al”(’)
x=| 1, x={i, f(=] i |, AD=|...........
Xn xn fn(’)_ anl(t) ann(t)

cucteMy (2.1) MOXHa 3anucaTy y BUIIsli BEKTOPHOIO PiBHSHHSA

x=At)x+ f(t). 2.1)
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NIHIHL QUOEPEHLIANBHI PIBHAHHA

Skuio f(f) £ 0 na /, 1o (2.1’) Ha3UBAETHCS AiHIIHON HEOOHOPIOHOW Cu

memoto (JIHC). Hapnaku, npu f(7) = 0 MaeMo ainiiiny o0uopiony cucmes
(J100)

x = A(t)x. Q2.

BuaineHHs NiHiHHUX CUCTEM B OKpEeMUH 00’€KT HOCTIIKEHHs1 3yMO]
JieHe KiabkoMa npuinHamu. [lo-nepiue, Taki CMCTeMU NPaBAsiTh 32 MaT!
MaTH4Hi Moje/li pi3HOMAaHITHHUX [POLECIB Ta SIBULU i CTAHOBJIATH 3HAYHY
iHTepec i3 norisny 3acTocyBaHb y MeXxaHili, ¢i3uui, 6iosorii, eKOHOMiL
o apyre, niHifHI CUCTEeMU € HEOAMIHHUM aTpHUOYyTOM TaKOFO BaXXJIMBOI
IHCTPYMEHTY aHanizy audepeHuiabHUX PiBHSAHb, IK METO JliHeapu3al
(ausB. n. 1.9); y uiff aKkocTi iX BAKOPUCTOBYIOTH sl ofepXaHHA iHDO]
Mallii npo cucTeMH CKIaaHiwoi crpyktypu. Hapewri, JIC nikasi 3 cy1
MaTeMaTU4YHOro MOorisaly: CydacHa Teopif LMX CUCTEM € SICKPaBUM Ik
KJIaiOM B3aEMOJil TaKMx AMCUMILIIH, K ainrebpa, aHani3, reoMerTpis, 1¢
MOJIOrisl Ta iH.

Y sniniitHii Teopii nopsax i3 cucTeMaMy B HOpManbHii dopmMi aocainxy
10Th CKaIAPHi Ta BEeKTOPHi AucepeHlialbHi PiBHAHHA BULUMX IMOPSUKI
BUIISIRY

ao(t)—:l‘-wl(t) dn;lf et a, (DX = £(1) @

Ta
Ao(t)dm + A (t )dm x +o+ A (x = f(1), (2.4
ae a, (1) (i=0, ..., n) Ta eneMeHTH (n X n)-BUMIPHUX marpuub A,(7) (j=(

m) € canmpHuMM (YHKLISAMH, BU3HAYEHUMH Ha lHTepBaJIl (Binpis
Ky) 1. Huxue Gyne nokasaHo, 1o 3a ymoB ay(f) = 0, € [ Ta det 4y(f) = (
t € [ 6inbiuicTh TeopeTuyHuX GaKTIiB, sKi CTOCYIOTbCS PiBHSAHDL (2.3
i (2.4), € HacaizkaMy BianoBigHUX TBepaxeHb Npo JIC y HOpManbHil

¢dopmi. ToMy criouaTky 30CcepeauMMO yBary Ha BUBYEHHI caMe UM
CUCTEM.
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OcHoBHi pakTh nininHOI Teopii

2.1.1. Teopema icHyBaHHR
Ta eanHocTi po3s’AsKy IOC

BaxnuBa ocobnuBicTb cucTeMU (2.2) MOAsAra€e B TOMY, WO LIS Hel po3-
w530k 3anavi Koluj 3 10BUIBHUMM [TOYAaTKOBUMM AaHUMMU ICHYE ¥ Ma€ Bia-
CTMBICTb €IMHOCTI Ha BCbOMY iHTepBai / HerepepBHOCTI eJieMeHTiB MaT-
pmui A(¢). buibwe Toro, Takuit po3s’s130K MoxHa noOyayBaT SIK IPaHULIO
1HocAinoBHUX HabaMXKeHb, PiIBHOMIPHO 30LKHMX Ha Oyab-1KOMY BiIpi3KYy,
10 Mictutbes B 1. [11s1 o6rpyHTYBaHHSI LIbOTO pe3y/bTaTy HaM 3HaaoOuThCs
KiJIpKa AONIOMIKHUX TBEPAXKEHb.

H’?naﬂi cUMBOJIOM || x| mo3HayaTMMeMO eBKIIiIOBYy HOPMY BeKTOpa
x € R":

1/2

u 2
lxl= 20 xi
kol

3a y3roaxeHy 3 Helo HOpMy MaTpull A4 = {a;}] ;.| Bi3bMeMO

1/2

n n

l4]= Zl ;“}j

3 HepiBHOCTI Kolui—bByHAKOBCHKOro HeraifHO BUILUIMBAE TaKa OLUHKA!

| ax] <] 4f) = |- 2.5)

Nema 2.1
‘Hexait x(1) € C({a, bl > R") i, t e I. INoknagemo

r x(s)ds =U; x{s)ds, ..., j‘; x,(5) a’s). '

|

Toai

<

"ﬁ x(s)ds

fq

Jone e
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NIHINHI AUOEPERLIANBHI PIBHAHHA

HNoBepnerHHA

[l BU3HAYEHOCTI BBAXAEMO, 1LIO f > #;. P03i6’€MO Bipiok iHTerpy
BaHH4 [f;, f] Ha N piBHMX YaCTUH TOMKaMU I, = fy + kA(N), k=1, ..., N
ne A(N) = (1 - t;)/N. Toni, BUKOPUCTOBYIOUH BiIOMi BIaCTMBOCTI €BK
NinoBoi HOpMHM Ta iHTerpasa PimaHa, micraHeMo

|

J‘t x(s)ds
f

N N
=l im > x(f)AN) | < lim > | x(@#) [AN) =
N3 No= 3

= [ |t fas.
fo

Posrnsxemo nocninosHicts BekTop-yHkuin x, : [a, 6] > R", k=0, 1
2, ... PiBHOMipHa 36GiXHicTh L€l NOCAiAOBHOCTI 0 BeKTOp-DYHKLUIH x (7
03Hauae, 110

fim ma | x() - x,()] =0.

BekTop-cdyHkuis x (1) sx rpaHuiis piBHOMipHO 301KHOI NOC/IiIOBHOCTI Bex:
Top-YHKIil cama € HerepepBHOIO Ha [a, b].

JNlema 2.2
SAKilO BUKOHYIOTbCS HEPiBHOCTI

max |0 = x (O] <@ k=12, ..

1 ynucnaosuit psn Zak 30LKHMIM, TO NOCHIIOBHICTD {x, ()}, o 1 2
. . k-1
piBHOMIpHO 30iraeTsca Ha |a, b).
LloBeneHHA
Bexrop-tynxKuis x,(f) € 4aCTKOBOIO CYMOIO (DYHKLIOHA/ILHOTO PSR

xo (1) + D~ (1) ~ X, (1))
i1

OckiibK¥ MOAY/Ib KOXHOI KOMIIOHEHTU BeKTOp-(YHKLUIi He nepeBH-
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OcHOBHI (DaxTw NiniAHOT TeOopIl

mye ii HOpMHU, TO IIOTPIOHMI HaM pe3yJbTaT € NIPOCTUM HACJIIAKOM 03-
Haku Beiiepiutpacca.

Teopema 2.1
Hexaii esnemenT matpuui A (1) € HenepepBHUMH QYHKIIAMY Ha
Binpisky |a, b]. Toni ana noBilbHYX 1, € |a, b] i x, € R" cucrema
(2.2) mae enuHUMN po3B’A30K x (1), BU3HAUYSHUI HA BCLOMY Billpi3Ky
>§la, b}, i rakuii, wo x(f) = x,.

LoBepeHHA

IloBTOpIOIOYM MipKyBaHHS 3 noseneHHst TeopeMu [likapa, jerko
BCTaHOBJIIOEMO, 11O 331a4ya Kol 3 noyaTkoBUMHM faHUMH (f), X,) anst
cucteMH (2.2) exBiBajleHTHA BEKTOPHOMY iHTEIPalbHOMY PiBHAHHIO

x(t) = xo + Ll A(s)x(s)ds 2.6)
0

y Kiaci HenepepBHUX Ha [a, b] R" -3HaYHKUX PYHKIII.

3rifHO 3 MeTOAOM MOCNiAOBHMX HabJIMXKEHb YTBOPIOEMO I1OCJIi-
nosHicTb GyHkui x,(7) € C(la, b] - R"), BU3HAYEHUX PEKYPEHTHUMHU
CITiBBiTHOLUEHHSIMM

xO(t) = Xp,

. Q.7

X, (1) =j A()x,((s)ds, k =1, 2,
‘o

[Toxnagemo L = ,max | A(t)|l. Toai, ckopucraBuincsa nemoio 2.1 Ta
HepiBHicTIO (2.5), NOCNIAOBHO BCTAHORIIOEMO TaKi OLIHKM:

{218 - xo < < Lt~ 10| x|

It A(s)x,y ds
4]

".Xz(’)—xl(f)“ <

J': A(s)(x;(s) — xy)ds
0

2
s=tof| o s | < -] 1= o o
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NIHIAHE QUOEPEHLUIANBHI PIBHAHHA

“xk(t)—xk_l(f)“ <

J.: A (X 1 (8)-x;.y)ds ) <

k
< 2ol t-nl* x|,

Y glsolt ol

3Bincu

Lk
mox 020 < Eofa- ol ap, k=12,

Ockijibku psm Zak 30iXHHMI, TO 3a 1eMOI0 2.2 NOCIiZOBHICT
k-1

{x(1)}x _ 0,1, o, . PiBHOMIDHO 36iraeThcs A0 AesKOl QyHKuUiI x (1)

e C(la, b] > R"). Toai

Jﬂ A(S)x, (s)ds J.’ A(s)x(s)ds npu k — oo,
Iy I

i, nepeM1LOBLIM A0 rpaHuLi B (2.7), nepeKOHYEMOCS B TOMY, IHO x(7) -
PO3B’A30K CUCTeMHU (2.2), SKUH 3a10BOJIbHAE YMOBY X (f)) = X;.

st BCTaHOBIEHHS €AMHOCTI LIbOTO PO3B’A3KY BUKOPUCTAEMO TO.
caMuii cnoci6, wo i npu noseneHHi Teopemu Ilikapa, i noxaxemo, i
s xoxHol dyHxuii x(t) € C(J/ — R"), sxa Ha inpisky [ C la, ¢
3a0BOJIbHSIE PiBHAHHS (2.6), CIpaBIXYETLCS HEPIBHICT

| x() - x, () “ <

|k—1

—fo| " max | x@ ] 2.8

Y Ll

npu 6yab-skomy k=0, 1, 2, ...
AidcHo, npu k = 0 jaHa HepiBHICTh BUKOHYETHCS:

| x() - xo (0| <

jl A(s)x(s)ds | < L|1 - to| max | x(t) |.
1 1l

[NpunycTMBLUY, LLIO0 BOHA CIIPABIXYEThLCS WSl K= i — 1, npu k = i MaTh
MeMO
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2.1
OcHoani haxTv nixinKoil Teopii

x() - x; (|| <

!: A(s)(x(s) - x;_1(5))ds| <

roL ; il
s“’oL-i—!-ls—tol max || x() | ds| < [t—1|"” rlnea;q]x(,)w

(G +1)

Otxe, NOCJiAOBHICTh {xk(t)} k=0, 1,2, 30ITAETHCS 10 KOXHONO Po3-
B 513Ky PiBHAHHA (2.6), 3BiAKY i BUILIMBA€E HOr0O €AMHICTD.
& 3ayBaxeHHn 2.1

OueBuaHUM HACAIAKOM JOBELEHOI TEOPEMM € Pe3YJbTaT Npo iCHyBaHHA H

€AUHICTh po3B’a3Ky 3agayi Kowi s JIOC i3 HenepepBHOIO MaTpHLelo Ha
inteppani / < (-0, o).

¢ 3ayBaxenHn 2.2

Jlas TX, XTO 3HAHOMHMI i3 IPUHUMIIOM BinoGpaxeHb CTUCKY (AMB., HAFIPHUK-
aan, {5]), MoXHa 3anponoHyBaT¥ KOMNaKTHille noBeleHHs Teopemu 2.1.

A came, Ha MHOXHMHI dyHkuil C([a, b] — R") yBeneMo CTpyKTypy IOB-
HOIO METPUYHOIO NPOCTOPY, 33AaBiLlI¥ METPUKY (hopMyJioro

p(x; (1), x,(s5)) = ’gllfxbl(e Lir-sly x,(t)—xl(t)ll).

OuepyaHo, LIO OnepaTop

Qlx() (1) = xo + .[,t A(s)x(s)ds

Bino6paxae ueit npoctip y cebe. Kpim toro,
p(elx @), @lx () =

- o —L“-’ol 4 Lls-loi —LIS- ’Ol _ )
tgn[:)ls] e J“OA(s)e (e (x,(s) xz(S))) dsll <
t
< max e‘“’“’O‘J. Lel1s- %l gg 0 (x, (1), X,(1)) <
":‘[0. b] 1o z

< (1-eMe81) (0, x,(0).
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NIHIRHI QUE@EPEHLIIANBHI PIBHAHHA

3BiICH BUIUIMBAE, 11O ¢ € BinoOpaXkeHHAM CTUCKY i, OTXe, MAE €ANHY HED
xoMy Touky x () € C(la, b} — R"), s1Ka i € po3B’A3KOM piBHsiHHst (2.6).

Y n. 2.4 6yne nokasaHo, 10 3 Teopemu 2.1 BUIUIMBAE iCHYBaHHS po
B’A3KY 3 IOBUIbHMMHM NOYATKOBMMM AaHumu i o JIHC.

2.1.2. ®yHpaMeHTaibHa CUCTEMA PO3B’ASKIB
Ta 3arafbHUK PO3B’A3OK NiHIAHOIT
OAHOPIAHOI CUCTEMU

Hanani 6e3 10AaTKOBUX 3acTepexeHb NPUINYCKAaTUMEMO, 1O KOXE
efeMeHT Matpuui A4 (1) € HenepepBHOIO (DYHKIIEIO Ha Biapi3Ky (iHTepBan
I < (-, oc). 3 JIOC (2.2) nos’sexeMo BinobpaxeHHs

L:C'U> R CU- RY,
siKe KOXHIii (yHkiii x(7) € C'(/+ ") cTaBuTh Y BianoBiaHicTs hyHKui
x(1)-A@)x(t) e C(I— R"). KaxyTs, 110 BinobpaxeHHs L nopomxer
. . d

andepeHUialbHOIO Onepauiclo e A).

Jlerko GauutH, 10 MHoxuHa C' (/> R") Ma€ cTpyKTYpy JiHii{HOT
NPOCTOPY Haj IosieM R: y LbOMY IIPOCTOPI NPUPOAHI onepallii JoAaBaHH
€71eMEHTIB Ta MHOXEHHSsI iX Ha CKaJlsipyu 3a0BOJIbHAIOTH YCi HEOOXiAHI ak

ciomu. (Lle 3ayBaxeHHs cTocyeThesl H Oyab-skoro npocropy C’(/ — K"
Jie 0 < r<co.) BaxguMBOIO BIACTUBICTIO BinoGpaxeHHsl L € ioro jiHifHiCT.

A1 10BUILHOTrO Habopy dyHkuUi# x,(1) € C'U-RY, i=1, .., kim
AOBLIbHOTO HABOPY CKaApiB |, ..., ¢, BAKOHYETbCS PiBHICTb
L(Clxl(t) +...+ L'kxi(’)) = C[Lxl(t) +... +C’kak(t). (2.S

Y 3B's3KYy 3 UMM L HasuBalOTL (BEKTOPHUM) AiHiliHuM OughepenyianvHu.
onepamopom (N1epHIOro NOPAIKY).
CucreMmi (2.2) Bianosijae exBiBajleHTHE OrnepaTopHe piBHAHHS

Lx = 0. 2.1(
3 piBHOCTI (2.9) HeraitHO BUILIMBAE IIPOCTHH, ajle dyXe BAXJIMBUM pe3ynbTa
TeepaxeHun 2.1 :
Axuwo x,(t) € C'(I > R"), i =1, ..., k — nopinbnuit HaGip pos-
B’A3KiB cuctemu (2.2) [pisasivng (2.10)}, To a1 nosinbHOro Habo- -

Py CKaNAPIB ¢, ..., ¢, AiHilHa KOMOGinauis ¢, x (1) + ... + ¢ (7) Tex -
Oyae po3B’s#3KOM Li€l cucteMu [piBHsiHHs (2.10)].
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2.1
OcHoBHi hakTn ninikHOI Teopii

Haranaemo, wo MHOxuHa {x(7) € C'(J > R") : Lx(t) = 0 vt € I} Bcix
poan’s13KiB piBHSIHHA (2.10) HasuBaeThes AapoM oneparopa L i no3Haya€eTb-
¢y uepe3 ker L. TeepaxeHHs 2.1 — pobpe Bmomnﬁ ¢akT Teopii AiHIAHUX
oneparopis: Ker L € niHiAHUM nmnpocmpom y C'(I> R").

Tenep nepex HaMM IOCTAE 3aBAaHHS 3’5ICYBaTH, K YJIalUTOBAHO ITik-
npoctip ker L. [Iis 1b0ro BA3HaYMMO NOHATTA JIiHIAHOI 3aJieXXHOoCTi H He-
MIEXKHOCT] BEKTOP-(PYHKILIH.

© O3HaveHHA 2.1

Cucmemy eexmop-pynxuit x, . 1 — R", i=1, ..., k nas3uearoms ainiiino
3a4eMCHOI0 Ha MHOXCUHI |, aKwo 3Hatidembcs HAbIp ckaaapie ¢y, ..., ¢
makui, wo

leyl+...+1ce |# 0, ane ¢ x () +...+ X, (1) =0 Viel.
Y npomuenomy pasi, mobmo xoau
axpM)+...+ex ) =0 Viel @ c =...=¢;, =0,

dany cucmemy QyHKUil HA3UBGIOMb AIHIGHO HE3AAENCHOIO.
UMpuxknap 2.1

Cucrtema QyHkitii 1, ¢, t" NiHIAHO He3ajleXHa Ha Oyab-sKOMYy iHTepBani
1 < (-0, o). Cnpanm ninifina komGinawis ¢,- 1+ ¢t + ...+ ¢, ¥ € noni-
HOMOM, 5IKMit 32 yMOBM | €| + ... + | ¢, ;| # 0 NepeTBOPIOETLCS B HY/Ib He
6inblie HiX y kK TOukax nmcum oci.

Tenep 3p03yMino, 10 JNiHIHHO He3aleXHO0 € i CHCTeMa BeKTOp-(hyHK-
wiit ¢ e sk, j=1, .., n nee — J-1t 6a3ucuuit opt npocropy R",
T06TO Bex'rop, yc1 KOMHOHeHTM KO0 JOPIBHIOIOTH HYJIO, Kpim j-i, wo
nopistioe 1.

Ofpuknan 22

Cucrema dynkuiit 1, cos?, sin’ £ ninifiHoO 3a1exHa Ha 6ynb-sikoMy iHTepBani
I ¢ (-, ). Joctathbo B3sATU ¢, = 1, ¢ = -1, ¢; = 1.

OnNpuknagp 23
Cucrtema pyHkuin

0, rel-1, 0]. 2 _
A L
01

|, req, ol 1e(0,1]
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maea 2
NIHIKHI ANOEPEHLIIANBHI PIBHAHHA

JinifiHO He3anexHa Ha [-1, 1]. [lificHO, 3 TOTOXHOCTI €,x,(Z) + CX,(¥) = |
te (-1, 1] npu t = -0,5 sunnusae, wo ¢, = 0, a npu ¢ = 0,5 Maemo pisHic:
¢, = 0. Boanoyac us cucrtema yHkuil JiHIHHO 3a/eXHa Ha KOXHOMY
Biapiskis |-1, 0] Ta [0, 1].

He cni,u IUTYTaTH JiHIHHY 3a/1eXHICTh Ta He3IEXHICTh CUCTEMU (DyHK
uigt x;: I+ R" i=1, ..., k i3 NOTOYKOBOIO JIiHIHHOIO 3aJIEXHICTIO 1
He3a.r1excmcno CUCTEMH BeKToplB x(t) e R", i=1, ..., k npu KOXHOM
dikcoBaHoMy ! € [. 3 niHiitHO1 3a/1eXHOCTi CHCTEMA (byuxuiﬁ x> K
i=1, ..., k, oueBUIHO, BUILIMBAE il [I0TOYKOBA JIiHiAHA 3aJIEXHICTh CHUC
TeMH BeKTOpiB x,(t) € R", i = 1, ..., k npu xoxHoMmy ¢ € /. OGepHeH
TBEPIKEHHSI B 3arajlbHOMY BUMNAIKy MOXe BUSIBUTUCS XUOHUM. BoaHc
yac JIiHiHa He3aJIeXHICTh CUCTeMH BeKTopiB x,(f) e R", i=1, ..., k xoua
npy 0JHOMY I € / 3yMOBJIIOE JliHiIliHY He3aleXHiCTh cucTeMM PYHKLI
x: IR i=1, .,k

TTosepHemocs 1o JIOC (2.2) i jaMo Take 03HaUYEHHSs.

2 O3naueHHnA 2.2

Dynoamenmansnoro cucmemoro pose’askie (OCP) JIOC (2.2) nasusc
wmb HabIp i3 n AiHIlHO He3anexcHUX p036 'A3Kie yicl cucmemu. Mampuy,

X(0) = Ix,(1); ...; x,(1)],

cmosnyamu Kol € enemenmu OCP, nazusaiomo hynoamenmasbHoro ma
mpuuero cucmemu (2.2).

Teopema 2.2

Axuwo eneMeHTH MaTpuili A (7) € HeriepepBHUMHM PYHKIIAMMU Ha 1,
10 OCP cucremn (2.2) icHye.

ODoBepeHHA

3a¢)ixcyeMo 1, € 1. 3a Teopemoro 2.1 1 KOXHOrOj =1, ..., n icuy
PO3B’S130K X; (1) CldCTeMM (2.2), aKuii 3a10BOJILHSIE YMOBY X; (to) €, D
e, — j-H 6a3uCHuMit opt npoctopy R”. OcCKinbku Bex'ropu €, .., €
AiniitHo HezanexHi # 1, € 1, To nobynopana cucrema QpyHxuii Gya
JIiHIHO He3a1eXxHolo Ha /.

®yHaaMeHTalbHA MaTpULsL, YTBOpPEHA 3 PO3B’si3KiB, MIPO sKi HaeTbes
JOBEIeHH] TeOpeMU 2.2, NepeTBOPIOETLCA Ha OAMHUYHY NpPH I = k. Tak
dyHaamMeHTalbHA MaTPULL HA3UBAETHCA HOPMOBAHOI B TOUM 1) 3 110BE
JeHHs BUIMBaE HeeauHicts @CP JIOC, anxe 3amicTb OpTiB e AK Habi
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2.1
OcHoeHi (hakTy niHiAHOI Teopii

BeKTOpiB — MOYATKOBUX 3Ha4€Hb PO3B’A3KiB cucTeMu (2.2) — MOXHa 6yio
puGpartu noBibHUM 6asuc npocropy R”.

Jlyxe BaXIMBUM U1 [TOJAIbILKAX MiDKYBaHb € TBEDMKEHHs IIPO Te, 110
3a1exXHICTb 3HaueHb po3B’a3kiB JIOC xo4a 6 npu 0QHOMY #, MAE HAC/LAKOM
JIiHiliHY 3a1eXHICTb LMX PO3B’sA3KiB Ha 1.

TeepaXeHHA 2.2
Habip po3p’si3kiB x,(1), ..., x,(f) cucremn (2.2) NiHIKHO 3aNeXHHUMH,
SIKIUO [UIS IEAKOIO f; € 1 BEKTOPH X,(1y), ..., X, (f;) JiHIAHO 3a1€XHi.

[JoBeneHHRA
3a yMOBOIO 3HAMAYTHCA YHMCIA Cy, ..., C;, CEPEM AKMX € BiAMiHHI Bill
HyJIA, Taki, 140

X (1) + .. + . x, (1) = 0

k
3rigHo 3 TBepaXeHHsIM 2.1 (yHKLUis Zc,x,-(r) € po3B’sizkoM JIOC
e~
(2.2). lei1 po3B’si30K nepeTBOPIOETHCA B HyJb 1Ipy ¢ = #. Taky camy
BAACTUBICTbL Ma€ i TpuBianbHKi po3B’a30K JIOC x = 0. 3 eauHocTi po3-
k

B’s3Ky 3aaaui Kouui (teopema 2.1) BunMBae piBHicTh Zc,x,. (t)=0 nna
i=1
BCiX f € 1, a 3 Helo | JiiHiilHA 3aJIeXHICTh PO3IISIAYBAHOI CHCTEMH PO3-
B’AI3KiB.
O Hacnipok 2.1

Dyndamenmanvna mampuus X (t) ./IOC € Heeupoaxceuo;o (det X)) =0
Yt e l) i, omxce, mae obepreny X ~ (1) y koxcHiti mouyi t e I.

Ternep MOxeMO 3’CyBaTH CTPYKTYPY 3ara/lbHOIO PO3B’A3Ky cucteMu (2.2).

Teopema 2.3
‘Hexafz’l x,(t) "X (t) — OCP cucremu (2 2). Tom st OYAb-KOro
1 po3p’A3Ky x*(f) icHye Habip cTaiux ¢} -y €, TAKHH, 11O
O =ex )+ ropx, (1) Viel. (2.11)
OoBeneHHA

Hexait X(t) — dynaaMeHTalbHa MaTpuLA, CTOBILSAMU AKOI €
po3B’a3ku x,(7), ..., x,(1). 3aikcyeMo NOBUIBHY TOYKY f, i po3ras-
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nasa 2
NIHIRHI QUOEPEHLUIANBH! PIBHAHHA

HeMO JliHiliHy ajirebpuuHy cucremy X (f;) ¢ = x°(#,) BilHOCHO HeBino-
MMX ¢y, ..., €, — KOMIIOHEHT BeKTOD-CTOBIILI C. 3a Hacnuu(om 2.1 BoHe
Mae pOBB’HBOK c=¢"=X" (tO)x (tO) Hexaii ¢}, ..., ¢} — KOMIOHEHTY

Bektopa ¢'. JlinifiHa xomb6iHaLis Zc,-x,- (1)Y= X()c", € po3s’s3kom

. [ .
JIOC (2.2), npuyomy Le# po3B’s30K y TO4Ui {;, HabyBa€e TOIO caMorc
3HAYeHHs, 1O i pO3B’SA30K x"(to). Pisnictb (2.11) BUMIMBAE Tenep i:
BACTUBOCTI €AMHOCTI pO3B’A3KY 3anaui Koui.

) Hacnipok 2.2

Dopmyna
X =ax )+ . +ex,0) = X(rﬂ 2.12
Oe c,, ..., ¢, — Ooginbhi cmani, oxonawe éci po3se ‘asxu J1IOC (2.2).

Tenep y Hac € Bci MiiCTaBM Ha3uBaTU k-flapaMeTPUYHY CiM’10 DYHK-
Li# y npasiit yacTuHi piBHOCTI (2.12) 3gearsnum po3s ‘azxom JOC (2.2)
InTerpyBanus JIOC 3BoAMTLCS, TAKUM YMHOM, 10 BilllyKaHHS n JiHii-
HO He3aleXHUX YaCTUHHUX PO3B’A3KiB Lii€i cucTeMu i 3anucy ¢popmy-
g (2.12).

MoBsolo Teopii AiHi#HKX onepaTopiB TeopeMa 2.3 03HAa4ae, 11O

dim ker L = n.

3ayBaxumo, 1o npocrip C (I > R"), Ha sikomy ai€ oneparop L, — He-
CKiHYeHHOBUMIPHMIA.
Nopsxa i3 JIOC (2.2) po3risiHeMo MarpuyHe piBHAHHA

X = A(HX, (2.13

me X =[x, ..., x,] — (n X n)-BUMipHa MaTpuus, yTBOpPeHa 3 BEKTOD:
CTOBIILIB X, ..., X,. OCKUIbKY X = fx, ...x, ] 1A@X=[4()x,, ..., A(1)x,]
TO MaTpMuHa CUCTEMa € He LIO iHllle, SK KOMIAKTHUI 3alMC TaKol n“~BU-
mipHoi JIOC:

Tenep 3po3ymiso, 10 MaTpuus X (1) i3 HerepepBHO nudepeHUIHOBHUMI
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2.1
OcHOBHI hakTh niHiAKCT Teopil

Ha / eleMeHTaMM 3aI0BOJIbHSIE MaTpyuHe PiBHAHHA (2.13) Toui i auiue
TOli, KOJIM KOXeH CToBmeub Li€i marpuui € po3s’s3kom JIOC (2.2). I3
Hachiaky 2.1 i TeopeMu 2.3 BUILIMBA€E Taka TeOpeMa.

Teopema 2.4
Koxna dynaamenrtanbna Matpuisi JIOC (2.2) € HeBUpOAXEHUM
PO3B’SI3KOM MATPUUHOro piBHsiHHs (2.13). HaBnaku, sikino sHayeHHs
po3p’a3Ky X(t) piBusinHga (2.13) xoya 6 npu oAHOMY I € [ € HEeBU-
POILXEHOIO MAaTpulieio, TO uel po3s’s30K € dyHIaMeHTAIbHOW
marpuueio JJOC (2.2). [Ipu ubOMy MHOXMHA BCiX PO3B’S3KiB piB-
Hanng (2.13) mae sursia X (1)C, ae C — (n x n)-BumipHa Marpm-
1is1, e/IeMEHTaMM K01 € AOBUIbHI CTaji.

2.1.3. ©CP 1a 3aranbHuit pO3B’A30K
CKXaJIAPHOro NiHiNHOro OQHOPiAHOIO
PiBHAHHA N-r0 NOPARAKY

PiBHsinHA (2.3), B sikoMy f(t) = 0, t € I, Ha3UBAECTLCH CKAAAPHUM
Ainiiinum oonopionum pieanuam (JIOP) n-zo nopadky. Ilpunyctumo, Hio Ko-
edinient ay(7) piBHsAHHA (2.3) He NEPETBOPIOETECS B HYJIb Y XOAHIN TOYLi
1€ I. Toni Ge3 o6MexeHHs 3arajbHOCTI MOXHA BBaXarTu, WO ay(f) = L.
Ycionu nuxkye iituMerscs npo JIOP, 8 akomy g, (t) e C(/—> R),i=1, .., n.
Busnauuplum BinobpaxenHst L : C"(/+— R) — C(/— R), ne

n n-1
d x(r)+al(’)d x(t)

Lx(t) =
( ) df" dr" -1

+...+a, () x(1),

3anuiueMo Take PiBHSHHS y BUIIAAI

Lx=0. (2.14)

3aypaxumo, 1o L — JiiHiliHe Binob6paxeHHs: 1na Oyab-akux QyHKIiH
x(1)e C"U—»R)(i=1, .., k)iuucenc,, ..., €, BUKOHYETBCSI PiBHIiCThb

Lleyxy (D + ..+ x5 (1)) = ¢, L) (1) + .+ ¢ Lxg (1),

Lle BizoGpaxeHHs Ha3UBAIOTh AHIUHUM OuepeHuiarbHuM onepamopom n-20
nopadxy. Hacninkom J1iHiHOCTI € Take TBepAXKEHHS.
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nasa 2
NIHIRHI QNOEPEHLIANBHI PIBHAHHA

TeepaxenHa 2.3
Axmo x; (N e C"U-R) (i=1, ..., k) — pO%(B’ﬂBKM JOP, 1o pna

AOBUIBHOIO HAOOPY 4MCEN ¢, ..., ¢; DyHKIIA Z“;-’Ci(’ } — Tex Horo
PO3B H30K. i

Ilokaxemo, 10 piBHAHHIO (2.14) MOXHa IIOCTABUTH Y BiAlIOBIHICTh
€KBiBajleHTHY iiomy n-BuMipHYy JIOC. YBenemMo 1103Ha4€HHSs:

X1 X
X : .
2 X i) i
X=Xy | = p""lx = [()‘C = %] (2.15)
(n-1)
x X

n

Bextop p”~ 'x Ha3BeMo gazosum eexmopom pisnanna (2.14). (Ans Gynn-
sKoi dyHkuii x (1) € C¥(/+s R) BexTop-dyHKUi0 X (1) := p*x (1) HasuBatoTH
TakoXx k-M NpoAOBXeHHAM x (¢).) A5 copolueHHs MO3Ha4YeHb TaM, je 1€ He
NPHU3BOJMTUME 10 HEMOPO3yMiHb, JOMOBMMOCS [MCATH px 3aMicTb p”~ 'x.
R )y | .. (n) .
OueBuaHoO, WO X; = x;,; = x,i=1,...,n-11i X, = x . SIKiio Ha 3MiH-
HY X HaKjajieHo yMoBy (2.14), 1o x, = -a,(1)x; —a, ((H)x; —...—a(H)x,, i
BHMIIMCAHI CHiBBiAHOLLIEHHs HabupaloTb Bursay JIOC

5(1 =x2,
Xy = X3,
xn 1= Xy,
x.n = —an(t)x[ "a,,_l(t)xZ —...-a,(r)x,,
i3 MaTpulielo
0 1 0 0
0 0 1 0
A= o e . (2.16)
0 0 0 1
-a,(t) -a, () —-a, (@) ... —a)
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2.1
OcHoBHi ¢hakTu RiKIAHOT TeOPiT

J10C i3 matpuueio (2.16) Ha3zuBaETLCA exgisareHmHuow PiBHAHHIO (2.14).
IliacTaBolo Uit LILOIO € TaKe TBEPIKEHHS.

TeepaxeHHA 2.4
Axuwo Pyukiis x (1) € C*(I - R) € po3s’g3koM piBHsHHA (2.14),
T0 BekTOp-yHKuin x (1) := px (t) 3an0Boabusae J1OC i3 marpu-
ueio (2.16). HaBnaku, siKio Bektop-dyHKuis x (1) € C'(/ > R™
€ posp’saakom JIOC i3 marpuuelo (2.16), To nepuia KOMIIOHEHTa
x (1) := x,(1) nanexutsb kaacy C"(/ — R) i 32a00B0IbHSAE PIBHAHHSA
(2.14).

[JoBepeHHA

[MpaBuibHicTb Nepilioi YACTMHM JaHOrO TBEPAXEHHS BUILUIMBAE i3
caMoro o3HaueHHs (a3oBoro BekTopa. [loBeaemo apyry yactuHy. Oc-
KUIbKM 7-Ha KOMIIOHENTa X, (1) BeKTOp-(dyHKuii x (1) HellepepBHO aude-
PeHLIiioBHa, a 3 (n — 1)-ro piBusinna JIOC surumsae, wo X, |(f) = x,(f),
T0X, ,(1)€ C*(/ ~ R). AHIOrYHO AOBOIMMO, 1LO X, ;€ Cc'*{(I—R),

i=2,..,n-1 Omxe,x,/(t) e C"(I/ > R). Jani, 3 uMx camux MipKyBaHb
BUIUIMBAE, 1110

ggl)(t) =x,(t) =-a,O)x () —a, (()x,(1)—...—a(Hx,(f) =

. (n-1)
=-a,()x; (1) -a, @O)x () —...— a/(F) ""1 ),
T06TO LX((?) = 0.

3a gonomMoroio TeepaxeHHs 2.4 OCHOBHI pakTi 3arajibHol Teopii piB-
HsHHA (2.14) MoxHa ROCHUTb IIPOCTO AICTATU HA MiJACTaBi pe3yabTaTiB
1. 2.1.2. Ockinbky JIOP puimnx nopsiakis ocob1MBO YaCTO BUHUKAIOTb Y
HPUKAATHUX 33[1a4aX, TO BAPTO OKPEMO HABEeCTH BCi HeoOXiaHi GopMyio-
BaHHg. [1lo MoxuiMBocTi, Oyje N0JaHO TaKOX He3ajieXHi JoBeJdeHHs Bilno-
BiIHUX TBEP/UKEHb.

SIK HaMm yxe BiZOMoO, HaGip MOYaTKOBMX AaHMX (fy, Xo) € X" Ta
1104aTKOBA yMOBa X (#;) = X, OHO3Ha4HO BU3Ha4aloTh po3s’sa3oK JIOC.
3 ypaxyBaHHSM CTpYKTypu (a30Boro Bektopa (2.15) npuposHo npuxo-
UMMO [10 TaKOi IIOCTAaHOBKHU 3adayi Kowi 0as ainiliH020 pieHAHHA nN-20 nNo-
pAOKY: JU1s1 3a1aHOTO 1, € | Ta 3a1aHoro HaGopy uncen X', X3, ..., x" "

3HAlTH pO3B’5i30K x (1) piBHAHHS (2.14), aKuit 64 3a10BOJIbHSB IOYAT-
KOBi yMOBU
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masa 2
NHIWKBI QUOEPEHUIANDHI PIBHAHHA

. (n-1)
x(tg) = x{, X(tg) = xs ey x (1) = x§" . .17)

3 teopeMu 2.1, 3aCTOCOBAHOI A0 CUCTEMH 3 Marpuielo (2.16), Ta 3 TBepa-
XeHHsl 2.4 BUILUIMBAE Taka Teopema.

Teopema 2.5
Hexa#t a, (1) € C(/—> R), i=1, ..., n. Toai m1s aosineHoro ¢ € /
i nosinbHOro HaGopy umucen x3, x§’, ..., xg" ! JIOP (2.14) mae

eauHmnii po3s’sa3oK x (1) € C™({ — R), Kl 3a10BOJbHIE N0YAT-
xoBi ymoBu (2.17).

S OsHaveHnn 2.3

Dyndamenmaavnoro cucmemoro posze’askie JIOP n-20 nopsdxy nazuea-
tomb HAbIp i3 n AIHIUHO He3ANeHCHUX PO36 'A3KI8 Ub020 DIBHAHHA.

Hexait x,(¢), ..., x,(t) — po3g’s3ku JIOP (2.14). Toxi Binnosinni ¢a-
30Bi BEKTOPM px,(t), ..., px,(t) € po3s’askamu JIOC i3 matpuueio (2.16).
AJe, siK HaM yXe BiloMo, yHIaMeHTalbHICTh n po3B’sa3kiB JIOC MoxHa
3’5iCYBaTH 3a JIONIOMOrol0 BU3HAYHMKA MaTpUli, CTOBMNLISIMM SIKOI € Hi po3-
B’si3ku. TaKUM YUHOM, Y HalIMX MipKyBaHHSIX BUHMKAE BU3HAYHUK

x ) x () ... x,(@)

5O B . X0
Wix @), ..., x,(0)] = , (2.18)
X)) B ... 0

(n 1) (tn-1 (n-1)
x(H x(( ... X

CTOBMNUSAMH SIKOTO € (pa30Bi BeKTOp-GyHKUii px, (1), ..., px, (7).
2 O3HaueHHA 2.4

Busnaunux euzasndy (2.18) nasueaiomv eponckianom cucmemu Qynxuii
x(t)e C" U R)(i=1, .., n).

Lleit dyHxuioHanbHMH BU3HAYHMK yleplie 3anpoBaiuB y 1812 p.
10. BpoHcokuii.
Po3riisiHeMO HaiIpocTiili BIaCTUBOCTI BPOHCKiaHa.
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21
OcHoBHi hakTn nininKoT TEOPil

TeepaxeHHr 2.5
sixio cuctema dynkuiit x, (1) € C"~ (/> R) (i = 1, ..., n) niniitvo
3a7exHa Ha /, 10 ii BpOHCKiaH € TOTOXHHUM HYJIEeM.

HDoBepeHHRA

lcnye Habip uncen cy, ..., ¢,, CEPed AKUX € BiMiHHI BiR HYJs, Ta-
Kui, o

ax()+...+¢,x,(t)=0 Vie I.

1o piBHicTs, MOXHA nocninosHo 3audepenuiosaty n — 1 pasis. Sk
HACJIiIOK JiCTaHEMO PiBHICTb

apx () +...+e,px,()=0 Vte I, (2.19)

siKa O3HA4a€ JiHiHNHY 3a1eXHICTh (Pa30BMUX BEKTOPiB — CTOBIILB BPOH-
ckiaHa W [x(1),..., x,(1)].

O Hacnipok 2.3

Axwo eponckian cucmemu @ynxyii x,(t) € C"~ - R) (i=1, .., n)He
nepemeopiocmoca 6 Hyab xoua 6 6 0OHIU mouyi, mo maka cucmema
dyukuii ainiiino HezanexcHa.

Cucmema yniuii x,(t) € C"~ W+ R) (i =1, ..., n) ainitino 3arexcha na
1 modi i auwe modi, koau maxy camy eracmugicms Mae cucmema 6iono-
6ionux gasoeux eexmop-Qynxuit px,(t), ..., px,(1).

CrnpaBILKYETbCSl TAKUIA Kpumepiii hyHOamenmanvHocmi cucmemu n po3-
@ ’s3kie JIOP.

TeepaXeHNR 2.6
Hexait x,(), ..., x,(t) — po3s’si3zku JIOP (2.14). Slxuio icuye f; € [
Take, wo Wix (), ..., x,{t))] = 0, 1O Ui Po3B’A3KY JNiHIHHO 3a-
Jexui. Axwo x W x (#4),..., x,{t5)] # 0 xoua 6 wist oaHoro ¢ € 1,
TO PO3B’AA3KHM X,(¢), ..., x,(t) yTBOPIOIOTh PYHAAMEHTA/IbHY CHCTE-
My, HIPHYOMY iX BPOHCKIZH HE HepeTBOPIOETLCH B HY/b Y XKOAHIN
Toulir e I

LDoBeneHHRA

Axuro ichye £, € I Take, wo Wx (&), ..., x,(t)] = 0, To cTonui
BPOHCKiaHa JIiHIHO 3a1eXHi, TaK 110 BUKOHYETHCS PiBHICTL (2.19) npu
! = 1y 3 1eAKUMH CTAIUMH C|, ..., C,, CEPEll AKMUX € BilMiHHi Bil Hyns.
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Toni dyHkuia X() = Zcixf(f) € po3p’a3kom JIOP (2.14), ans axoro
” il
px(ty) = Zc,px,- (to) = 0, TO6TO
i1
. (n 1)

AJle 3 €AMHOCTI po3B’s3Ky 3aaadi Koiui BUiuBae, 10 TaKy YMOBY 3a-
[IOBOJIbHAE JiMlle TpUBia/ibHUit po3B’a30K. ToMy

x()y=cpx () +...+¢,x,()=0 Vrel,

i OTXe, HOCIiIXYBaHi PO3B’ A3KH JIHIAHO 3aJIeXHi.
Jpyra yacTMHa TBEPIKEHHS BUIUIMBAE 3 HAcAiAKY 2.3 i 3 yxe aose-
JI€HO1 I1epUIOi YaCTUHM.

3ayBaxMMO, WO PiBHICTb HYJII0 BPOHCKiaHa cucTeMu n PyHKLUIH y pasi,
SIKINO L1 PyHKUIl He € po3B’sizkamu JIOP n-ro nopsinky 3 HerepepBHUMH
koediuieHTaMHu, illie He O3HAayae€ iX AiHiAHY 3anexHicTb. Tak, npu n = 2
BPOHCKiaH JIiHiAHO He3anexHoiI rapy GyHKUiM i3 11pukiany 2.3 € TOTOX-
HMM HyJleM Ha KOXHOMY Biapi3ky |-1, 0] Ta [0, 1], a oTxe, Ha |-1, 1}.

Teopema 2.6

Hexait q;(t) e C(I > R), i= 1, ..., n. Toai ®CP pipnsanns (2.14)
ICHYE.

[osepgeHHA

3adikcyitmo t, € 1. 3a Teopemolo 2.5 wis KoxHoro i =1, .., n
JIOP (2.14) mae po3B’A30K X, (?), AKMi 3210BOJILHAE IOYATKOBY YMO-
By px,(ty) = e, de e, — i-i 6asucHuik opT y R". OCKibKM BPOHCKiaH
LIMX PO3B’AA3KIB y TOYL f; I€PETBOPIOETHCS B OAMHMILO, TO BOHY JIi-
HiAHO He3ajexHi.

13 TeopeMu 2.3 i TBepaxeHHs 2.4 BumumBae, wo OCP pisusaHHs (2.14)
y'rnoploe 6a3uc ker L. HaBegeMo npsiMe noBeJeHHS LbOro dakry.

Teopema 2.7
Hexait a,(1) € C(/+> R). fAxwo x,(t), ..., x,{t) — PCP piBuaHus
(2.14), 1O ais KOXHOro #oro po3p’si3Ky x'(1) icHye Habip cTajaux
¢} -y €, TAKMIH, WIO

XYy =i x (@) + ..+ Cpx, (1),
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OcrosHi hbakTu niHinnoi Teopil

JoBeneHHn
Hexait ¢, € I dixcosane. Po3risiHeMo JiHiAHY anreGpuuHy cucremy

BilHOCHO ¢y, ..., C, BUIJISLY
e px (1g) + ...+ ¢, Px,(tg) = px (ty).

Bu3HauHKMKOM Matpuili Li€l cucremu € W [x (1)), ..., x,(t)] = 0. Tomy

n
icHye enMHMit PO3B’A30K ¢, = €}, ..., ¢, = ¢}, Pynxuia x(*) = zc;xi(t )
i1

€ po3s’sizkoM JIOP (2.14), sikuit 3a10BOJBHSE NOYATKOBY YMOBY
px (1)) = px’(,). 3 €AIMHOCTI TAKOTO PO3B’SI3KY BUILIUBAE, WO X (£) = X'(#),
tel

O Hacnipok 2.4
Dopmyaa

[x =) +...+c,x,0),]

de ¢y, ..., ¢, — 008inbHi cmani, 8UHA4AEC 3A2aAbHULI PO36 A30K JIOP
(2.14).

AHANOrYHO MOXHa AiCTaTU OCHOBHI MOJOXEHHA 3arajibHOI Teopii
sextopHoro JIOP surisiny

(m)

m 1
X+ Al(r)("x )+‘..+Am(r)x =0,

ae A(1), ..., A,(1) — (n x n)-BMMipHi MaTPULli 3 HEMEPEPBHUMM eJie-
MeHTaMM Ha [ < (-00, o). 30Kpema, MOXHa AOBECTH, HIO PO3B’SI3KH
LbOrO PiBHAHHS YTBOPIOIOTb Am-BUMIpHMH NiHIAHUA mignpocTip y
npoctopi C™(/+— R"). Kpurepiit dyHaamMeHTanbHOCTI CUCTEMH PO3-
B’A3KiB X, (1), ..., X,(1) 3BOAMTBLCS N0 NEPeBiPKM BIAMIHHOCTI Bil Hy/s
BPOHCKiaHa

() X0 . X,

x] X.'l(’) Xt ... .i'”,"(f)
W s (1), ooy Xpp(0)] =

.‘le(f) fz(f) .‘\;”m(l)
(.II:I; R .(.ﬂ--'l) ....... r‘ o
X (1) X> )y ... .l'"m(f)

(MaTpuLia BPOHCKiaHa B AaHOMY BUMAAKy (nm X nm)-BuMipHa).
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2.1.4. NoG6yaosa JIOP 3a horo ®CP.
®opmyna Octporpaacbkoro—Jliysinan _

Po3srisneMo cucremy dynkuiit x,(t) € C"(/+— R) (i = 1, ..., n), BpOHC-
KiaH $IKOI He NepeTBOPIOETLCSl B HYJb Y XOAHIH Touui f € /. 3Haiinemo
JIOP, wo mae nany cucreMy dyHkiiiit ceoewo OCP.

3anuiuemMo piBHSAHHSA

x @ x,@) ... x,(1) x
@ X0 ... ox,() X
=0. (2.20)
X (1) X,(1) X, (1) X
N @) . o) %

PoskiaBiuy 1€l BU3HAYHUK 32 OCTAHHIM CTOBIILEM, JiCTAHEMO PiBHAHHA

(n) (n-1)
wot) x—wi (1) x +...+(=D"w,(Hx =0, 2.20")

ae, 30Kpema, wy(f) = Wix\(1), ..., x,(1)], a

xl(t) xZ(t) “ee x,,(t)
() %) . %0
MO={5 s |
x @ x @ ... x,()
(n) (n) (n)
x((H  x@) ... x, ()

OCKinbKH 32 NpuNylEeHHSIM wy(f) He NePeTBOPIOETLCS B HYJIb Y XOAHIH
Touui t € I, To (2.20") MOXHA [IeperiucaTy y BUrAsdi

()'?+ a (t)(")_cl)+ ceta,()x=0, (2.21)

ae
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a;(t) = (=1 w(t)/wo(t), i =1, ..., n. (2.22)

Onepxane B Takui cnoci6 JIOP mae 3a ®CP Habip ¢ynkuiit x;(r)
€ C"(I— R) (i=1, .., n). Cnpasai, axwo x;(t) niacraButu y (2.20)
3aMicCTh X, TO BU3HAYHHUK Y JIiBill YyacTMHI MaTMMe ABa OAHAKOBMX CTOBIILY,
a oTXxe, Oyle TOTOXHUM HyJieM.

TeepaxeHHA 2.7
SAxuo piBusHHA (2.21) Ta

i)+ + by (O)x = 0 (2.23)

3 HenepepsHMMU Ha [ xoediuienTamu MawTh cliibny OCP, 10
2,(=b(n,1el

[losepgeHHnA

CninbHH#A po3B’S30K 3a3HaY€HUX PiBHAHB € BOAHOYAC i pO3B’H43-
KOM DiBHSIHHSA

lay (1) - by %+ [ay(r) - by %+ ... +a, (1) - by (D x = 0. (2.24)

INoxaxemo, wo a,(7) = b,(¢). Cpapai, AKUIO NPUITYCTUTH iCHYBaHHA
TOUKHM {; € I, 1na s1xoi a,(fy) = b,(t)), 10 |a,(t) — b,(¢)| > 0 Ha nessxOMy
intepBani 1, < I, t, € /,. Toxi Ha iuTepBani /, piBHaHHA (2.24) Gyne
ekBiBajieHTHUM JIOP (n — 1)-ro nopsaaxky 3 koediiieHToM 1 npu crap-
Wi NOXiAHiMN, i e piBHSIHHA MaTuMe Habip i3 n JiHiHO He3aeXHHUX
pO3B’sA3KiB, kUM € criibHa OCP piBHaHb (2.23) Ta (2.24). Lle He-
MOXJIMBO, OCKiIbKM 6a3uc po3s’sa3kiB JIOP (n — 1)-ro nopsiaxky MicTUTh
n - 1 eneMeHT. [1kepeno cynepeyHOCTi MiCTUTLCS B MPUIYLIEHH], IO
a,(t) He 36iraeTbca 3 by(1).

AHaIOM4HO NOC/OBHO JOBOAMMO, 1O a;(t) = b(t), te 1, i=2, .., n.

OnNpuknan 24

3uaiidemo JIOP dpyzozo nopadky 3 PCP x (1) =1, x,(t) = 12,
O0yuCcAMMO BPOHCKiaH L€l CUCTEMU:

t £
1 2t

=7

Wi, 2] =

POBKJI&BGMO}& OCTaHHIM CTOBIILIEM BM3HAYHUK
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2

ot X
1 2t x|=1%-2m+2x.
0 2 X

Tenep wykaHe piBHAHHA 110AaMO y BUIAsAi

Lo 2.2
X-=—Xx+=5x=0.
! -

Busenemo BaxiuBy GopMyy, sika 110Ka3ye, K BiaOyBa€TbCS €BOJIO-
11is BpoHckiaHa po3B’s3kiB JIOP i3 minHoM yacy.

Teopema 2.8
Hexaii x,(1), ..., x,(t) — pO3B’#3KM piBHAHHS BUDIARY (2.21) i fye [ —
(hikcoBana touxa. Toai cnpasnxyeTbcst Gopmyna OcTporpaacbko-
ro—JliyBuuis

jfai(x)ds
Wx, (1), ..., %, (D) = Wx(t), ..., x,(fg)]e ® vi e I.[(2.25)

HNosegeHHA

Axuio po3s’s3ku x,(f), ..., x,(t) NiHIAHO 3aneXHi, TO iX BPOHCKiaH
€ TOTOXHMM HyJieM i B LlboMy Bunanky ¢dopmyna OcTporpaicbkoro—
JliyBuUuist npaBUiibHA.

Hexaii Tenep ui po3p’saku yreopioiots OCP. Toni 3riano 3 (2.22)
i TBepiKEHHSIM 2.7

ay(t) = —w (1)/wy(1). (2.26)

Hoseznemo, 10 w, (1) = wy(t).

. PosrisineMo marpuio X (f) = {x; (1)} ; | 13 HerepepsHo nudepeH-
LiAOBHMMH ejieMeHTaMM. 3 TOro, 1O BU3HAYHUK € JIiHiiiHOI0 DYHK-
LII€I0 KOXHOI'0 CBOro psiika, BUILIMBA€E popMyna

d
g;dCI X(t) = zldEIX,'(t)s

n
i-
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OcCHOBHi (paKTU NiHiIAHOT TEOPIT

Ae MaTpuud X, (f) Bilpi3HAETLCA Bill MaTPHLL X (¢) nuLue CBOIM i-M psia-
KOM, AKM¥ Ma€ BUIJL (x; (1), ..., X;,(1)).

Hexait X () — ue marpuus, sika dirypye y BpoHcKiani wy(f). 3po-
3ymino, wo Toai KoxHa 3 Matpuub X,(f), i =1, ..., n — 1 Mae napy
OIlHAKOBMX PAIKIB i, oTXe, Tl BU3HAaYHUK € TOTOXHUM HyjeM. (Ha-
NpUKIal, NEpIIMMKU ABOMA DALKamK MaTpuul X (1) € (x,(1), ..., X,(1)),
Tomy det X,(f) = 0.) Bonnouac matpuust X, (1) yTBOpIO€TbCsl Aude-
PEHLIiI0BAaHHSM OCTAHHBOIO PsiKa MaTpPHLli BpOHCKiaHa. TakuM YMHOM,
wo(r) = det X, (t) = wi (), i bopmyna (2.26) HabGupae BUIIALY

W()(’)

wolt) -

3inTerpyeMo o6MBi YaCTHHM L€l PiBHOCTI B MeXax Bi #, 1o 1. MaTn-
MeMo

In|wy ()] - In|wy(2y)|= —J.: a,(s)ds.

3BincH, BpaxyBaBliM, IO BPOHCKiaH He 3MiHIOE 3HaKa Ha I (TBepIXeH-
H#a 2.6), aerko gictaeMo ¢dopmyny (2.25).

Dopmyiy (2 25) 6yno He3asiexHo BuBeneHO M. B. OctporpaacbKum Ta
XK. JliyBiieM, i BoHa 3’aBuiiace B ix nmeKamﬂx, npatoBaHux 1838 p. INpu
n =2y 1827 p. ii 3HailluoB H. Abeb.

2.1.5. Tipo interpysanuf JIOP
y KBagparypax

Janeko He misa xoxHoro JIOP ynaersca Binmykatn ®CP y asBHOMY
Bursgi. BinoMo, Hanpukiaja, 1o po3B’si3KU TaKOro IpoCTOro Ha BUIISA
JIiHiAHOro piBHAHHSA, K X + fx = (), He MOXHa BUpPa3UTH Yepe3 ejieMeH-
TapHi (yHKilii Ta iHTerpanu Big Hux. [Nokaxemo, oaHak, mio dopmyna (2.25)
Ja€ 3Mory 3iHterpyBatd JIOP apyroro nopsiaky

X+pMx+gx=0, p(t), g)e C(] » R), (2.27)

AKLIO BinoMu# Gyab-sKni HOro HeTpUBialbHU PO3B’A30K X, (7).

173



nhasa 2
NIHIKH QUGEPEHUIANBHI PIBHAHHA

3adikcyiimo £ e 1 Tak, w06 x,(1;) # 0. Bynremo 1ykaTi po3p’sa3oK x ()
piBHAHHA (2.27), AKUif 3310BOJIbLHAE YMOBU

X(fo)ZO, X(10)=0,
<
Wix (#), x (1)) =1 x(ty) = 1/x,(t).

IcHyBaHHS # €AMHICTb TAKOTO PO3B’SI3Ky rapaHTOBaHi TeopeMoio 2.5. Po3k-
PHMBLUM BU3HAYHUK W [x,(f), x (1)] y dopmyni Ocrporpaacekoro—Jliysii-
JI51, MATUMEMO

X%, (1) - %, ()x(t) = ¢ JoPrd

Axuio obunsi yacTMHY Hi€l piBHOCTI oaLIMTH Ha x,2 (7). TO Ha iHTepBaii,
SIKMI MICTMTb TOYKY /i B SKOMY X,(f) He NepeTBOPIOETLCSA B HYb, MiCTa-
HEMO

i[ () ) o T PUs)ds
x|(’) '

dt )

3inTerpysaBluy 00MIBi YaCTMHM 1aHOI PIBHOCTI B MeXax Bill £, A0 ¢ i Bpa-
XYBaBIHH, 10 X () = 0, 0/IHO3HAYHO 3HAXOAUMO

- P5)ds

x(t) =x (r)ﬂ) & (2.28)

xi (1)

Le # € ghopmyaa Abens pis BinllyKaHHS OPYroro, JdiHiHHO He3alexHOoro 3
x,(t) po3p’a3sky JIOP (2.27).
3ayBaxumo, Lo Gopmyny

~[ptnrar
X = xl(f)j—x'l—(-;-df,
1

sIKa MIiCTUTb [Bi AOBiIbHI CTaJli iHTErpyBaHHA, MOXHA TIIYMAaYUTH SK 3aILHC
3arajibHoro po3s’ssky JIOP (2.27).
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OcHosHi bakTu nivikHoT Teopil

QNpuknapn 25

Pignanns (t - )X - 1%+ x = 0 Mae ouesudnut po3se asok x,(t) = t. 3naiidemo 3a-
2anbHUl po36 'A30K Yb02O PIBHANHA, Kopucmyiouuca gopmyaoio Abeas.
VY Hawomy Bunazgky p(t) = -t/(t - 1). Bukonaemo HeobxigHi oGuucCIeHH:

‘JP(f)dt= Jt—ildr= t+lney(t-1) = e'“(”d' =, (1 - 1)e’;
J. Ip(t)dl J'(I dL_c e’dt _
xi(n) PERERCS R

e (1 e'dt e
=c2——c2J.ed - —czj S =Cy—+C}.
f t 7~ 4

Tenep 3anMieMo 3araibHHIi PO3B’I30K

—J’p(l)d{
X = xl(t)j dt =ct+ e’

IToeepHeMocs no 3aranbHoro JIOP (2.14). Busirns€erbesi, SKUIO Bigomi
r AOro YaCTUHHUX PO3B’A3KiB, TO MOPSAOK A3GHOTO PiBHSAHHA MOXHA 3HH-
3UTH Ha r ODHHHULb.

TeepaxeHHn 2.8
Hexaii x,(f), ..., x () — niniiiHo He3anexHi po3s’asku JIOP (2.21)
i x,(1) He nepeTBOPIOETLCH B HY/b Ha /. Toul nigcraHoska x = x,(¢) z,
Z =y 3BOAUTH Le piBHsIHHS 1o JIOP (1 — 1)-ro nopsaky BiAHOCHO
HeBinoMol (hyHKIlil y, ke Mae r — 1 JIiHIAHO He3alexHMX PO3B’SI3KiB
i+ (,)

x4

Barasay y;(f) = — [ ] i=1, .,r-1

HosepeHHn
Cxopucrasiuucs popmyiolo JleitbHiua

m
d’ m

nicAd miAcTaBneHHs x = x (1) z y (2.14) picranemo

(m) (m -1} L m-1) (m)
@)= uv+C™ Ty v+ Cla v vuv,
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L(x(f)z) = [gg;(t): Foet X (1)('.:)] +

(n- 1) (n-1)
+a1(1)( x ()z+..+x(t) = )+

vt a, (DEOz+...+ x5 (D) +a, () x,(t)z=0

abo
(n) _  (n-1) ~ .
L@y =(Lxy®)z+x; M) z+a(t) = +...+a,,()==0,
pe a;(t) (i=1, .., n - 1) — nesiki HenepepBHi Ha I ¢yHkuii. 3po-

3yMiJlo, 110 1ie PiIBHAHHA BIIHOCHO z Ma€ PO3B’a3kH z; () = x; (t)/x,(1),
i=1, .., r Ockinbku Lx,(t) = 01ix,(f) # 0 n1a BCix £ € /, TO BIAHOCHO
z=y pictaemo JIOP (n - 1)-ro nopsaky, ake Ma€ po3p’a3ku y,(t) =
=z 4),i=1,.,r-1L :

3anuiuniocs JOBECTH, L0 1i PO3B’I3KH JiHiiHO He3anexHi. [1pu-
NYCTUMO, HaBMAaKM, WO iCHYIOTb CTalli ¢, ..., C,_,, HE BCi PiBHi HYJlI0,

Taxi, 110
d{x,(t d | x,.(1)
—| === et — | S =00V .
q t(xl(t)]+ +¢, g dt(xl(r)} tel

Toni 3HalneThCs CTaNa C, Taka, 1o

xl(f) +... C,._] x](t)

q =c, Vtel.

Jlerko 6ayuTH, 110 1A PiBHICTS MOXJ/IMBA JIKLIEe 32 YMOBH JIiHiliHOI 3a-
nexHocTi GyHKuil x,(2), ..., x,(¢). difuu nporupiyys.

JloBejeHe TBepIKEHHS BiIKPUBAE LUIAX Ui NOCHAIAOBHOIO 3HUXEHHS

nopsiaky JIOP, a orxe, MoXe cTaTy B Harofi npu ioro iHterpyBaHHi. 30K-
peMa, Ko r = n ~ 1, To BianopiaHe piBHAHHS IHTErpOBHE B KBaJpaTypax.

QOfNpuknan 26

Po3zenanemo pieuanna P% =325+ 40 -4x = 0.
Jlerko NOMiTUTH, 1O BOHO MAa€ YaCTMHHHMH pO3B’s30K Xx(f) = £ Sikuio
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OcHoeHi hakTv niHiAHOT Teopil

3po6wm NiICTAHOBKY X = 12, @ TIOTIM MOKJIACTH Z = Y, TO AiCTAHEMO plBHﬂH-

ua 12y - 2 y=0. [na Hboro tex nesaxxo BKa34aTM YACTMHHHUH DO3B’S30K:

»in= 12, Tenep noknagemo y = 12y, v = w. PiBHsiHHA 415 byHKUi w Ma€e

surasia mw+w=0. Horo HeTpusianbHuM po3s H3KOM € w= 1/t. Toni
3

3
r t .
=1In|t], 38inkn yo(1) =*1In|t] i 5(1) = —, -,(r)—?lnltl—j Hapewri,
33 AONOMOrOI0 UMX QYHKLIH yTBOpIOEMO TpM mmmio He3alexHi pO3B’A3KH

BMXiZHOIO PiBHAHHSA X (1) = 1, X,(1) = tt  Xy(t) =t “In|z].

2.1.6. ®opmyna
RiyBinna—Axobi

IoxaxeMo, 110 3aKOH eBOIOLT BU3HAYHMKA Matpull X (1) = {x; (N} ;,

CTOBILSIMHM SKOI € PO3B’A3KM CUCTEMU X = A(f)x, ne A(t) = {a; O} j=ls
ao(t) e Cd- R) (i, j=1, ..., n), Bu3Havaetoca gopmynoro Jiysisna—
SAxobi

tr A(s)ds

dLlX(t)—detX(to)e"’ Vi, tel,

ae r A(t) = Za,-,.(t) — cnin MaTpuui A4 ().
i}

CkopucTtabuincs ¢opMyioo audepeHiiloBaHHA BU3HAYHUKA MaTPHLL,

MaeMo

ae

d 4
EdctX(t) = ZdetX,-(r),

X1 (1) X1,
e : RN

X(H=| xp ... X0
X100 Xi 1. a(0)
X)L X0
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Bi3bMeMo 10 yBary, 11O KOXeH CTOBIeLb MaTpuli X (7) € po3p’sa3kom JIOC,
a OTXe, BUKOHYIOTbCSl PiBHOCTI

X5 (1) =Y agx() Viel, Vi, j=1...n.
k=1

3Bincy BUILIMBAE, IO i-i PAAOK y MaTpuil X, (f) € JiHifiHoI0 KoMGiHaui€lo
pankiB Marpyui X(t), npuyoMy KoedilieHTOM NpHu k-My PSAAKOBI B Lii
koMOinauii 6yae pyHkuis a,(r). OCKiIbKM BU3HAYHHUK € JIiHIAHOIO DyHK-
LIi€}0 KOXHOIO CBOTO pAlKa, TO

x1 (1) X1, (1)

I E G ()
detX;(N =Y au ()| xq@) ... x(0)
! X 10 o X ()
X)L X

AJle BU3HA4YHUK, 10 Girypye nia 3HaKoM cyMM, Npu k = i 36iraetbca 3
det X(¢), a npu BCiX iHIUMX 3HAYEHHNX k JOPiBHIOE HYJIO, 60 Ma€ napy
OAHaKOBHX psnKiB. Takum unHoM, det X,(f) = a,; (¢) det X(¢) i

d H
Edet X0 = a;()det X(1). (2.29)

i=]

3Biacu BuIviMBac, o GyHkuia w(t) = det X(t) € po3p’A3KOM Takoi 3anayi
Kowi nia ckansipHoro JIOP:

W = tr A()w, w|,_,0 =det X(ty).

Po3sp’s3aBuin L0 33/a4y, JiCTAEMO NOTPiOHY dhopmyiy

f: tr A(s)ds

w(t) =det X(r))e™
IIpu n = 3 dopmyna Jliysiia—sAxkobi Mae Npo3opuil reOMETPHYHUMA
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micT. SIK BinoMo, MoayJib BU3HAYHHKA (3 x 3)-BUMipHOi MaTpHlli, CTOB-
HUSIMH SKOI € BEKTODH X,, X,, X3, AOPiBHIOE 06’€My napaieerineaa, Ha-
1HIHYTOro Ha ui Bekropu. Otxe, dopmyaa JliyBiuisa—SKko6i noka3sye, sik
‘IMiHIOETLCS B yaci 06’eM Mapaseseninesa, HaTArHYTOro Ha JIiHIKHO He3a-
JeXHi po3s’sa3ku JIOC.

BMPABK TA 3A0AMI

@

® ® ®e

® 8

®

®& &

3’sicyBaTH, Y4 MOXHa B 3arajibHOMY BUNAAKy CTBEPAXYBATH, 110: a) JiHiiHO
He3anexHi Ha iHTepBani / QyHkuil yTBODIOIOTS JIiHIAHO He3aneXHy cucreMy |
Ha iHTepBani J ¢ /; 6) Bu3HaueHi Ha /i AiHiltHO He3anexHi Ha J ¢ [ PyHKuii
YTBOPIOIOTH JIIHIHO He3aJleXHY CUCTEMY Ha BCbOMY /.

3inTerpysatu piBHAHHS X — (1 +2)x + 2x = 0 3a ponomoroto popmynu Abess,
nonepeAHbO 3HAMLIOBIUMA HOTO YACTUHHMHI PO3B’A30K Yy BMIJBIAI MOJKiHOMA.
3HaiiTH PO3B’A30K, SKMH 3340BONbHAE NOYATKOBI yMoBU x(1) =0, x(1) = 1.

JloBecTs, 110 niacTaHoBKa y = x/x 3poautb JIOP (2.27) no piBHaHHA Pikkari.

Bu3HaynTH, 4¥ MOXYTb NiHIHHO He3aneXHi Po3B’A3KH JiHIHHOIO OAHOPIAHOIO
PiBHSIHHSA 2-TO MOPSAAKY MATH CIIUIbHI HYJIi; JOCSTaTy eKCTPEMYMY NPH CIUIbHO-
My 3HaY€HHi He3aeXHOol 3MiHHOI.

TMosicHuTH, YoMy POSBI3KH X, (1) = 12 Ta X,(1) = #° piBHAHHA 12X - 41% + 6x = 0,
BPOHCKiaH IKMX IE€PeTBOPIOETLCS B HYNb Npy ¢ = 0, NiHIAHO He3anexHi.
I'padiky 4oTHPBLOX Pi3HMX PO3B’A3KIB PiBHAHHA X + X = ) AOTMKAIOTHCS OAMH
OAHOIO B CNibHIN TOYLi. BU3HAUMTH, CKiNbKM Cepel UMX PO3B’Si3KiB JiHIMHO
He3aIeXHUX.

Hosecru, uio nobyaosaHui y Teopemi 2.3 Habip cranux ¢, «wvy €, HE 3WIEXHTD
Bin BubOpY 1,

3anucary aiHiiHe OAHOpiAHe PiBHSHHS HAWHUXYOTO NMOPSAKY 3 byHA_MEH-
TAIBHOIO CHCTEMOIO PO3B’s13Kis {e’, 17!},

3HaiiTH NiHIHY ORHOPiAHY cUCcTeMy, SKLIO BinoMa ii ¢pyHaamMeHTanbHa Ma-
TpULS.

Busectn dopmyny Ocrporpaacskoro—Jliysiis 3a nonomoroio opmyan Jliy-
BuLII—AKO6i.

Hexait yci po3B’si3ky piBHsIHHA (2.27) i3 HenepepBHMMAM Ha [0, 00) xoediLlieH-
Tamy p(t), q(t) npu t — 0O NPAMYIOTH A0 HyJIs Pa3OM 3i CBOIMY MOXi{HUMM.

¢
3HaiTH IimJ‘ pis)ds.
=2 J0

Hexait x(1; x,, X,) — po38’#130K piBHAHHs (2.27), siKMH 3310BOJIbHSAE NOYaT-
koBYy ymMOBY X (0; X,, X;) = X, x(0; X, X)) =X, i@ R R? — BinoOpaxeHHs,
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sIKe KOXHIM Toyui (X, X,) € &2 CTaBUTH y BianoBiaHicTs TOuKy (x(1; Xx;, Xx,).
x (1; x,, x,)). [losectn, 1o ¢ BinoGpaxae napanenorpaMm OAMHUYHOI NIOLL B3a-

1
€MHO OIHO3HAYHO Ha NapaJiesiorpaM, IJIOLLA SKOro NOPIiBHIOE eXp (— L) plr) dl) .

| 2.2 ] ,
NininKi opHOpiaHi PiIBHAHHA N-ro NOPAAKY
3i ctanumm koedpiuieHTamm

Jnst JIOP 3i cranumu koediuieHTamu

n n 1
Lx :=Zf+a,%ﬂ’—f+...+aﬂx=0, (2.30)
4
g, =const, i=1,..,n fer

icHye yiTkuit anroputm nobynsosu ®CP. B itforo ocHOBI Jiexars Taki Miplg-
BanHa. CnpobyeMo 3HaiTH po3B’a30K piBHAHHS (2.30) y BUmmi x = &'
Ockinbky

LeM =Gl vaim v +a,)eM,

10 yHKuis & 6yne po3s’sizkoM JIOP (2.30) Toni i nuiue TOmi, KOAH YUC-
Jio A ©Gyze KOpeHeM IojiHOMAa

PR =N +a\" ! +.. . +a,. (231

<> O3HaveHHn 2.5

Honinom P()) Ha3usaromb xapaxmepucmu4HuM nosiHoMom onepamo-
pa L.

Joci My HesIBHO NMPUITYCKATIH, 1O A € R. OaHaK OCHOBHA Teopema ajl-
reGpy rapaHTye iCHyBaHHSI KOpeHiB NOJIiHOMIB Y I10/1i KOMIUIEKCHMX YMUCeJl
TakuM 4YMHOM, BUHMKAE HEOOXIOHICTb NOWIMPUTH Ail0 onepaTopa L Ha KOM-
TUIEKCHO3HauHi QyHKuii, 30KkpeMa Ha pyHKUii

e = e™ cos Pt +ie* sin Bt, e C,a=Re 2, p=Im 4.
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2.2.1. Komnnexcudikauif nivinHnX
audpepeHuianbHKUX oneparopis

Hexait x : /+— C" — KOMILUIEKCHO3HaYyHa BeKTOp-(YHKILIsA AIACHOro
apryMeHty t € I < R. I3 Helo nop’si3aHa napa AiICHO3HAYHMX BEKTOP-
thyukuiit u(t) = Rex (1), v(t) = Imx(t) — nilicHa Ta ysiBHA YaCTUHH
PyHxnii x (1) — 1aK, wo x (1) = u(t) + iv(t). Iloznaunmo yepes C (/- C")
HUPOCTIP KOMILUIEKCHO3HAYHMX BeKTOp-(DyHKUiA, B AKMX JilicHa ¥ ysiBHa
“WACTUHH r pa3iB HernepepBHO AndepeHUiAOBHI. [lilo oneparopa nudepeH-

d
1iloBaHHA 7 :C'(I> R" > C( ' R") MOXHa NPUPOIHO NEPEHECTHU B
npoctip C' (/+> C"), noKIaBluy 33 O3HAYEHHAM

x(1) = a(r) + iv(t) vx(t) = u(t) +iv(t) e C'(I > CT").

‘Jokpema, 1151 noxiaHoi dyHkuii €, A = o + if € C MaeMo Ty camy dopmy-
Jly, 110 ¥ npu AiiCHOMY A

de™  d(e™ cos Br) , ;e sin pr) _
dt dt da

= (o + iB)(e™ cos Pt +ie* sin Bt) = re™.

Bsarani gilo KoxHoro JiHiiiHOro audepeHuiaibHOro oneparopa m-ro
1OPSAKY

L:C"I P RY>CU > RY 2.32)

MOXHa nepeHectd B C™(/ +— C") 3a dopmy.ioio

£x(t) = Lu(t) +i Lv(t) Vx()=u®)+iv(ye C"(I —» C"). (2.33)

Oneparop, oiepXaHUi YHACHI0K TAKOIo PO3LiMpeHHs 00JacTi BU3HAYEHHS
JificHoro oneparopa £, Ha3MBa€ETbCS HOro komnaexcupixayiero. ns Toro
wo6 po3pi3HaTy ui ABa 06’€kTH, KOMIUIEKcHiKaliio oneparopa £ iHoAi
1103Ha4aloTh yepe3 £~. Mu, ogHak, Lporo He pobUTUMEMO.

Po3rnsaHeMo Tenep piBHSIHHS

Lx =0. (2.34)
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3 (2.33) BunnuBae, o byHkuisa x(¢t) = u(t) + iv(t) e C™I — C") 6yn
#oro po3B’si3KOM TOAi i Juilie ToAi, Koau

Lut)=0 1 Lv()=0

Ilpy uboMmy cripsaxeHa QyHkuis x(7) := u(t) — iv(f) TeX 3aQ0BOJBHATUM
piBHsiHHA (2.34).

TaxuM YMHOM, SIKILO B piBHsIHHI (2.34) onepatop £ € XoMiuiekcupika
ni€lo aificHoro oneparopa (2.32), To KOMIUIEKCHO3HaYHi PO3B’SI3KH LBOI
PiBHSIHHA YTBOPIOIOTb KOMILUIEKCHO-CIIPSIXKEHI IapH, i KOXHa Taka nap
HOPOAXYE Napy AiACHO3HAYHMX PO3B’SI3KiB.

O3HaueHHs JIiHiIHOI 3aJ1eXXHOCTI 1 He3aIeXHOCTI CUCTEMH KOMILUIEKCHO
3HayHKUX BeKTOp-GyHKIi Biipi3HAIOTHCS Bifl AIACHOIO BUIIAMKY JiMLIE TUM
110 KoedilieHTaMy B JiHIHHMX KOMOiHawisnX 1MX GyHKIIH € KOMILIEKCH
yucna.

IMokaxeMo, 1110 B pa3i 3aMiHM B liesAKill cucTeMi BeKTOp-byHKIiii KOX
HO1 KOMILIEKCHO-CIPSKEHOI Napy Napolo AiicHO3HayHUX QyHKIIii Bl1ac
THUBICTb J1iHIHHOI He3aJeXHOoCTi 30epiraeThcs.

TeepaxeHHa 2.9

Hexait x,(¢), ..., x,,(1) — AiHIHHO HE3aNEXHA HAJ JI0/IEM KOMILIEK= -
CHUX qucen cucrema yHKIH H, inTeppai /, B siKilt nepuii 2k <at-
¢hynkuii Hanexars xaacy C{(I'+ C), a peurra (axmo 2k < m) —
knacy C(! > R), npuyomy x;;{8) =xy; (). j = 1. .., k. Toxai.
cucteMa QyHKUid u (1), v/(t), ..., w, (1), vk(r) xm,r l(t) s X, (1),
ne u (1) = Re x,, l(t) v(n)=1Imx, (1),j=1. ..k, ninifino Hesa-
.uexua Hau n(meM mi‘«cm{x qycen.

JloBeneHHRA
Ockinbku
X () +Xxy; () Xy, () =%y 1()
"j(r)= =L ! = : ) vj(t)= = ! . = ! )
2 2i
TO NOTPiOHMI HaM BUCHOBOK MOXHa JIeFKO JiCTaTH MipKyBaHHSIMM Bij
CYNPOTHBHOTO.

3ayBaxuMO, LIO BCS BUKJIaieHa B NOMEPEIHIX ITYHKTAX Teopist JHIAHW
CHUCTEM Ta PiBHSIHb BULLIMX MOPSAKIB JIErKO NIEPEHOCUTLCA Ha BUIANOK, KOJI
ix KoeQilieHTaMM € HellepepBHi KOMILIEKCHO3Ha4yHi dyHKkuii. Harosocu
MO, OfHaK, 1O PO3B’A3KM TaKMX CHCTEM i piBHSAHb yXe He 000B’A3KOB(
MaIOTh YTBOPIOBATH KOMIUIEKCHO-CITPSKEHI MapH.
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2.2.2. Bunapok npoCcTMX KOpeHiB
XapaKTepuCcTM4YHOro nosiHoma

Teepaxenua 2.10
Ao XapaKTepuCTUUHUA OJIHOM oneparopa L Mae i NornapHo
Pi3HMX KOpeHiB A,, ..., A,, TO GQyHxKuil e ., e™ yTBOpIoIOTH
OCP pisusibug (2.30).

DoBepeHHA
s
Ocxinbkn P (A;) =0, To i Le ! = P(n; ye''' =0. 3anuwmnocs
JOBECTH, IO CMCTEMa (byuxum {e i Yia JIIHIMHO He3alexHa. [asa

LbOr0 MOKaXeMo, 1o ii BpoHCKiaH npu f = 0 He NepeTBOPIOETHCS B

HYJb. Cxopucramuuca ¢opmyJolo A BU3HaYHMKa BanaepmoHaa,
JiCTaHEMO

W[e"", s e}‘"']

=l M e 2 = w2 =0,

l<j<k<n

SKIo cepen KOpeHiB 10JiHOMa € KOMITJIEKCHi, TO iM BiIINOBigalOTh
KOMILIEKCHO3HAYHi po3B’a3ky. OCHOBHMI iHTEpeC /U151 3aCTOCYBaHb CTAHO-~
BUTb BUNAJOK, KOJX KoediltieHTd oneparopa L dilicni. [IpuponHo BUMara-
™™, 1106 y usomy pasi # ®CP cknananacg 3 ¢yHkuiil, ski HaGyBalOTh
jikicnux 3HavyeHb. Taky @CP nerko no6Gyayparty, 3aMiHMBUIM. KOXHY Napy
KOMILIEKCHO-CIPSXKEHUX PO3B’SI3KiB NapOi0 AiCHUX PO3B’A3KiB 3rilHO 3
1 BePIXEHHAM 2.9. A came, Hexait A, = o; + if}; — 6ynb SIKUHA KOMILIEKC-
HUH KOpiHb MOJIiHOMA P(K) Toni uucno %, = 1[3 Tex Oyae ioro
KopeHeM. 1lifi napi KOMILIEKCHO- cnpmxeuu_x Kopema BiANOBiNa€ napa
KOMILIEKCHO-CIIPSKEHUX PO3B’A3KiB e/, ™', a oTxe, # napa AiicHMX
PO3B’43KiB BUIIALY

Rt ot rt ol .
Ree™” =e 7 cos B;t, Ime™ =e " sin Bjt.
QNpuknap 2.7
PlBHﬂHH!O X +2x +3x =0 Bianosigae xapakTepucTU4YHUi fojaiHoM P (L) =
= A2+ 2\ + 3, 110 Ma€E Napy KOMILIEKCHO-CIIPSKEHHMX KOPeHin g =-1%2iV2.

Kommnekcnia ®CP mae surasan
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e = e"(cosﬁrﬂsinﬁr). M o=e ’(cos\[z—t—isinﬁt),
a toai aiticny ®CP yrtsopiolots dyhkuii e ! cos J2t, e 'sin2r. Takw

YHHOM, 3arajibHUil PO3B’130K PO3r/ifAAyBaHOr0 PiBHSAHHS MOXHA MOMATI
y BUrasaai

x =ce” cos2t +cye ' siny21,

ae ¢, ¢, — AifCHI AOBUNBbHI CTani.

2.2.3. Bvnanok KpaTHUX KOpeHiB
XapaKTepUCTUYHOro NONiHOMA.
dopmyna 3cyBy

AKIIO XapakTepUCTUYHMI MOJIIHOM Ma€ KpaTHi KopeHi, T0 QyHKILii
BUIJIILY ™' HenocTaTHhO A1 nodynosu PCP pisusaHus (2.30).

AGHu 3po3yMmitH, K Tpeba OifATU B Lii cUTyauii, pO3[JIAHEMO CIIOYaTK!
HalnpocTiliuii BUNaKOK, KOJAK r-KpaTHUM KOpeHeM IosiHoMa P(}) € uuc
10 0, a oTxe, uet nosivom mae Buraa P(A) =A"+a A" '+ . +a,_ N
OueBuaHO, wo TOAI Lx = (;)+ a (”xl)+ .ota,., ()rc) i, otxe, L(t*)=0.
k=0,1,...,r - 1. TakuM YHMHOM, SIKLIO XapaKTepUCTUUHUI IOJiHOM Ma¢
r-KpatHuii Kopiis A = 0, TO LbOMY KOpEHIO BiANOBiAa€ r JiHIHHO He3alex:
HUX PO3B’si3KiB piBHsiHHs (2.30), siki MaloTb BMrsa 1, ¢, ..., 17~ L.

Tenep rnokaxeMo, siK 3arajbHU BMNAJAOK HEHY/LOBOIO r-KPaTHOI(
KOpEHsl MOXHA 3BeCTH [0 LLOHHO pO3r/siHyTOro. [lis 1s0ro BUBeeMO Tat
3BaHy ghopmyay 3cysy

pin l)(p)(,,u]) P("‘z)(p) (n-2)
..+ P .
) y o+ Y Y +...+ Py

L(e].l.ly) - ep[[(;)+

3anpoBaauMo oneparop
L,:C"R> )= CR - 0),
KMl Ha KOXHy ¢yHKuUilo y(f) € C"(R — C) ai€ 32 npaBuioM
Ly(t) =e M LM p(1)). (2.35
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TeepaxenHa 2.1
L, — ninifinwnit andeperuianbHuit onepatop 3i cranumu koediwi-

elitamu it XapaxTEPUCTUUHUM NOAIHOMOM P (K) P + A).
OosepeHHA
Ockinbku Luy(t) MOXHA IOJAATH Y BUIIAAL JiHIAHOI KOMOGIi-

. . .. Q) . ..
nauii dynkuit y(@), (), y(1), ..., y(f) i3 pesxumu koediuieHra-

MM, MOXJIMBO, 3aJ1€XXHHMHM Bifa f, TO £u — ni”ifHuW#i qudepeHui-
anbHuit oneparop. [lopuBUMOCH, AK Lel onepaTop Ai€ Ha NpobHi
dyukuii ¢, A € C. Maemo

Lue“ =e M L(eMeM )= eH L) =

=e P+ = P(uah)e.

Jlerko 3po3yMiTH, 110 B TaKuil croci6 Ha dyukuii € Moxe nisTH nuie
JiHiAHUM audepeHuianbHUA onepaTop 3i CTanuMM KoedilliEHTaMM:
amxe Npy KOXHOMY u ®yHKUist P(u + A) apryMeHTy A € MOJIIHOMOM
cteneHs n i3 KoedilieHTaMM, IO He 3ajexarb Bil 7. 3a O3HaYeHHAM
1ieil MOMIHOM € XapaKTepUCTUYHUM I oIneparopa Lp.

3HaiineMo AIBHMIH BUIJISIA OnepaTopa Lp. 3a dopmynoio Teitnopa

(n-1)
P+r)=PW+PWi+...+ P( _»-S’Pl k":

[ns Toro 11106 3a XapakTepUCTUYHMM I0/1iHOMOM BIZHOBUTHU CaM OIleparop,

. . . d .
1OTPiOHO NnapameTp A 3aMiHUTH OMNepalLi€lo e (a otxe, A 3aminuTH Ha
k

:ﬁ—k ). TakuM uuHOM, MaEMO

(1) P("‘“(u)url)
Ly= — y +...+P ,
W=y ) Wy
i, abu gictatu opMyy 3CyBY, HOCTaTHLO 3ayBAXUTH, 1O
LMy =e" L, (y(1).
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Tenep nokaxeMo, 1O r-KPaTHOMY KOPEHIO || XapaKTEePUCTHUYHOT
noniHoMa BiiNOBinae r-napaMeTpMyHa cim’g po3B’a3kiB JIOP, ska ma:
BUIJISA

x=eM(e +eyt+.. 4" Yy,

ae ¢, ..., ¢, — 10BLIbHI cTani. @yHKuUiO B NpaBii yacTuHi Li€i Gpopmy
Ha3uBAIOTh K6A3iNOAIHOMOM CTEIIEHA r.

TeepaXxeHHR 2.12

Hexait |t — r-xpaTHM# KOPiHb XapaKTepUCTHYHOrO noJiiHoma P (1),
T00TO

Py =P=...=P"Bw=0 POu=0. (2.36)

Toni 1150My KOPEHIO BiUNOBIZAE Cepisi TAKMX 7 PO3B’A3KiB PiBHAH-
Hst (2.30):

eV e Lt e (2.37)

OoBepeHHnA

3 (2.36) 1a 3HalAEHOIO HAMU SIBHOrO BUIJILY oliepatopa LH BH-
IUIMBAE, 110

(n) (r) {r)
Lyy= y+...+£#‘—)y.
r

Tomy Lut" = 0 npu xoxHomy k =0, ..., r— 1. Tenep 3 ypaxyBaHHAM
¢GOpMyIH 3CYBY MAaEMO

L(tret) =e”’£“t" =0 Vk=0,..,r-1.

Otxe, KoxHa (hyHkiIis i3 cepii (2.37) € po3p’si3KoM piBHsAHHSA (2.30).

CdopmynioeMo Teriep MiICYMKOBUI pe3y/bTaT y BULJIAAI TAKOTO np a -
euna nobydoeu PCP piensnna (2.30):

s YTBOPIOEMO XapaKTepUCTUYHMUI NONIiHOM, IKMH BiAMOBigae onepa-
TOpY L;

® 3HAXOUMMO KOpPEHi LIbOro XapaKTepUCTHYHOIO NojiiHoMa i BU3HAYa€E-
MO iX KpaTHiCTh;
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e i1 KOXHOTO KOpeHs l KPaTHOCTI 7, (rJ = | o3Hauae, IO KOleb
NpocTUii) BUNHCYEMO cepuo 37 poas’asma

At P, [ T
Toteth, .t e

i, TAKMM YMHOM, JICTAEMO CUCTEMY 3 1 pO3B’si3KiB piBHsAHHs (2.30),
siKa B 3arajibHOMY BHUIAaAKy MOXe MICTHTH KOMILIEKCHO3HAa4yHi
Gbynkuii;

e Ko KoedilieHTH oneparopa £ NiMCHI, XapaKTepUCTUYHE PiB-
HSIHHA Ma€ KOMIUIEKCHI KOpeHi i BUMaraeTbcs nobyayBaTu mii-
cHy ®CP, 10 102aTKOBO KOXHY Napy KOMIUIEKCHO-CIPsLXEHUX

po3p’saskiB Burnany tke™’, k™' (k=0,..., r; - 1) 3aminsiemo na-
poio dyukiii

.t .
t*e*/ cos 1, t*e™ sin B¢,

Je l =o; + IB ar— KPaTHIiCTb yucna lj SIK KOPEHS XapaKTepUC-
Tuuioro ToniHoma.”

Jia o6rpyHTYBaHHS 1bOro NpaBliia 3alMIIAIOCA TUIbKY TOKA3aTH, 110
yTBOpEHa CUCTeMa po3B’s3KiB € pyHaaMeHTanbHO. [103HaYMMO 1i po3-
B’s3KkM yepe3 x,(f), ..., x,(f) i IPUNYCTUMO, HABNAKM, IO BOHM JHHIAHO
janexHi. Toai IX BpOHCKIaH € TOTOXHUM HyneM. OckKisibky HOro psiiku
JIiHIAHO 3a/1eXXHi NpU KOXHOMY ¢ € R, 30kpeMa npu ¢ = 0, To icHye Habip
CTaUX Cy, €y, ..., € = 1, A€ k < — 1, Takwmif, wo

. (k) .
X (0 +¢x;(0)+...+x,;(0) =0 Vj =1,
Sxio BBecTy NiHiHMHA audepenuianbHui oneparop A : CRH C)
t- C(R — C), noK1aBLIK
. (k)
Ax(@)=cox (1) +ox () +...+¢c, x (1),

TO AicTaHeMo Habip piBHOCTeMH
Al\xj(r)[,_():o vi=1,.., n (2.38)

Hexait I1(A) — xapakTepMCTMYHUI NONIHOM oneparopa A, i — Oyab-sAKuii
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KOpiHb XapakTepUCTUYHOro nojiHoma P (L) onepatopa L, a r — KpaTHIC1
11boro KopeHsi. [lokaxeMo, [0 U € BOAHOUAC i KOPeHeM KpaTHOCTi, He MeH
1101 HiX r, nojgiHoma T1(A).

Ockinbky dyHkuii e, e, ..., 1" e BxoasTb 0O CMCTEMM PO3B’s3
KiB x,(t), ..., x,(1), TO 3 ypaxyBaHHsM (2.38) MaTHMEMO DiBHOCTI

At/ e . =0 Vvj=0,1,..,r-1,
f=

SIKi 3a JONOMOrolo GOpMY/HY 3CYBY MOXHA f0JaTH Y BUTIAML

ot [n"'(m atd nYlgydl

. L+ T () =0,
U dd | G-D ! (“)J

=0

ae j=0,1,..., r—1. 3Biacu NOCAiROBHO AICTAEMO
M =0, M =0,...,07 "w=0.

Ane Toni 4 — KopiHb nosliHoma IT(A) XpaTHOCTi, He MEHLUO] 3a r, TOOTO He
MEHLIO] HDX KPaTHICTbh YMC/a U K KOpeHs nosiHoma P (1).

Lleit BUCHOBOK CTOCYETBLCH KOXHOIO KOopeHsi nojsiHoma P (L). Ane x
creninb noniHoma I(A) He nepesuilye n— 1, a P(A) — 1NOJIIHOM CTerieHs n
JUHIUIM npoTUpiYYs, JXepeaoM KOro € NpUMyileHHs Mpo JiiHiiiHy 3a-
JIeXHICTb PO3B’A3KiB x (1), ..., x, (7).

OnNpuknag 28
3uaiidemo 3azanvHuli po3e a30K pieHAHHA

X'+4x% +14X +20x +25x = 0.

YTBODIOEMO BiANOBiAHUM XapaKTEePUCTUYHUI MOTIHOM
PO =2 403 41427 4200 + 25 = (A% + 24+ 5)2.

Bin mae 2-xkparHuit KopiHb —1 + 2i T2 KOpiHb —1 — 2/ TaKOi CaMOi KpaTHOCTI.
Otxe, komiuiekcHa @CP mae Burasn

e(-l—Zi)t -1+ 2in

= e *(cos 2t +isin 21), tel = fte"!(cos 2t +7isin 27),

12 ol(cos 21 - isin 21), et 2 = ge !(cos 27 —isin 27).
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2.2
JHiHINKI OAHOPIAHI PIBHAHHA /1-r0 NOPAAKY 3i cTanuMu koediuicHTamMu

BinokpeMuBLUM B UMX QYHKUIAX AiACHI Ta ysIBHi YaCTMHM, AiCTaHEMO HifcHY
- ®CP, a Toai 3aranbHuit pO3B'SI30K PO3MAsAyBAHOTO PiBHAHHSA MOXHa Moja-
TH y BAIISA]

x = e (c; cos 2t +¢,1cos 2t +cysin 21 + ¢yt sin 21).

2.2.4. Jlininne ogHOpigHe
piBHAHHA EWnepa

3 AiHiHAM OQHODPIAHUM PiBHAHHSM 3i CTAIMMU KoedilliEHTaMK TiCHO
MOB’si3aHe TaK 3BaHe JiHiliHe onHOpiAHe pisnanns Eiinepa

Lox=7" ‘—:1-7-+b,1 X +bx=0. (2.39)
T

JI. Eitnep noyas Bupyatu #oro y 1740 p. Ilpore 6au3bko 1700 p. piBHAHHS
(2.39) 3ymiB po3p’sa3atd M. BephyJuii.

Sxuio piBHaHHSA Eitnepa nepenucatu B craHIapTHOMY BUIIsii 3 Koedi-
uieHTOM 1 npu cTapuuiii NOXiAHi, TO peluTa HEHYJILOBUX KOe(illIEHTIB NpH
UbOMY MaTUMyTh OcoOMBiCTb y Touli T = 0. 3 ni3HaBajibHOro MOLJIsILY
piBusiHHa (2.39) uikaBe, 30KpeMa, caMe TMM, 110 Ha WOro NnpuMkiaai Mu
MAa€EMO 3MOry CrloCTepiraTu CKJaaHy IoBefiHKY pO3B’si3KiB npu t — 0, 3y-
MORBJIEHY 0CO0MBOCTAMHU Koedilii€eHTIB y Toui T = 0.

CrnoyaTky BUBYMMO piBHsAHHA (2.38) Ha niBoci (0, o). [lokaxemo,
wo aas oneparopa Eisiepa £, MOXHA NPUPOAHO BU3HAYNTH MOHATTA
XapaKTepUCTUYHOrO nojiHoMa. Crnpapi, NojJiEMO MM ONEepaTOpoM Ha
dyHKuio Bursagy 1, A € C. (Ans A € C, 3a 03HaYeHHsM, 1" = e*'"7)
HeBaxko 0b4MCIUTH, 1LIO

Lt =0 =D o=+ D)+ b =)o —n+ 2) + ...+ b, ] ", (2.40)

2 O3HaveHHA 2.6
Toninom

[PE) =AM =D...=n+ D+ HAA-D...L-n+)+...+b,

Ha3ueambs xapaKmepucmusHHum noainomMom onepamopa L E-
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Tnasa 2
NIHIRH ANCEPEHUIANBHI PIBHAHHA

Taxkum unHOM, byHKUiA T* W1 onepaTopa L Binirpae 1y camy poiib
mo # pyHkuis e’\ nasi onepartopa L 3i Uranumn koediuientamu. Oc-
KiJibKy nepiua 3 Ha3BaHUX GbyHKUiN nepexoauTh y APYry Micas miacra-
HOBKM T = €, TO NpUPOAHO NPUNYCTUTH, 110 piBHAHHA Eitnepa nepe-
TBOPIOETHCH HA PiBHAHHA 3i CTaAuMMuU KoediuieHTaMHU, AKILO B HbOM)
3po6uTH 3aMiHy He3asexHol 3MiHHOI 3a ¢opmyomo T = €. Lle npuny-
IeHHS BUABJSIETLCA NpaBUIbHUM. Biakiagemo Horo o6rpyHTyBaHHs He
KiHenb NaHOro MiANYHKTY, a 3apa3, K HacjiiloK, CHOPMYIIOEMO TaKe
npaeuso nobydoseu ®CP pienHanna Elnepa Ha KOXHIH iz
niBoceit (—o0, 0) Ta (0, co):

¢ YTBODIOEMO XapaKTePUCTUYHUI NONiHOM P (1) BianosinHo a0 ¢op-

mynu (2.40) i 3auucyemo #oro B CTAHAAPTHOMY BUIJIsLAL

Pr()= POy =2" +ap" ' +...+a,;

s [OCTABMBIUM Yy BillOBiAHICTh UbLOMY IONIHOMY PiBHSAHHA 3i CTA-
UMY KoedilieHTaMU, B SKOMY He3ajleXXHOIO 3MiHHOIO € £, 3ac-
TOocoByeEMO npasuio 1100yn0Bu ®CP 1akoro piBHsHHSA, BUKJiaae-
He B . 2.2.3;

o B onepxaniii ®CP po6umo 3aMiHy 3MiHHOI f = In | 1| i TaKuM YKHOM
nicraemo OCP pisnsHHs (2.39).

IposieMOHCTPYEMO, SIK Lie NPAaBUJIO 3aCTOCOBYETHCS HA MPAKTHLL.

QONpwuknap 29
3naiidemo 3a2anbHuli po36 A30K PIGHAHHS

X" 10 x" +3312x" + 397 + 25x = 0.
Horo XapaKTePUCTUYHUIT MOJIHOM Ma€ BUTSIA
M =1 = 20 =3) +10%.00 — 1)( = 2) + 330~ 1) +395. + 25 =
=3t + 423 + 1452 +200. 4 25. (2.41)

Womy sinnosinae piBHsinns 3 npukiaay 2.8, ans akoro ®CP yxe 6yno
nobynosano. [licas 3amium f = In|t| micraHeMo myKaHy GpyHaaMEHTadbHY
cucremy

%cos(2ln|r|), ltln]rlcos(ZlnItl), —lt-sin(Zlnlrl), %ln]rlsin(Zln]rl)‘
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2.2
Ninidni opHopiaHi PiBHAHHA N-ro NOPAAKY 3i CTanuMu koediulcHTamu

3aysaxuMo, 1o KoxHa pyHkuis aaHoi @CP Hacnpasai BU3HAYa€ ABa po3-
B’3KW: 0AMH — Ha nisoci (0, o°), a iHwMi — Ha nisoci (-0, 0). 3 wuiei
NPHYKHM Ta 3 ypaxyBaHHSIM TOro, ui0 po3s’a3ok Oyab-skoro JIOP, no-

MHOXeHu#t Ha -1, 3HOBY € po3s’sizkom usoro JIOP, mu nuwemo 1/t
samictb 1/]1].

s obrpyHTyBaHHs ¢hOpPMYIbL0BAHOIO Bullle MpaBuia pPO3B’sSi3aHHA
piBHsinns Eisiepa 1oseaeMo Take TBEPIKEHHS.

TeepaxenHa 2.13
3amiHa He3zaiexHol 3MiHHOI T = ¢’ nepeTBopioe pisnsaHHA Eilepa
Ha PIBHAMHS 31 cTanmMMu KoedilieHTaMU, XapakKTepUCTUUHUM [0~
. JIHOMOM SIKOTO € P, (2).

DoBepeHHA

Hexaii x (1) € C"((0, o©) - C) — nosinbHa ¢yHKuisA. 3aMiHa 3MiHHOL
1 = €' nepeTBopIoE ii Ha dyHKuio x (¢') € C*(R > C). [Ipocaiakyemo,
SIK MePeTBOPIOIOTHCS MPHU LibOMY NOXiAHI dyHkKuUii x (t). Maemo

¢
dx(r) el dx;e ) _ x'(‘t)| el

x() = dt t

3BiIKM 32 IHOYKLi€I0

d d
x'(7) '"drx(t)H
a @t v .

He"’d e"ix(e’)zx‘k’(r) k=23, n

E.-- dt _:Pl

_—

k

Tenep 3po3ymizo, 1o oneparop L, SKnil yTBOPIOETHCA 3 oliepaTopa

Ejllepa BHACi40K 3aMiHM T — e’, XapaKTepu3yeThCsl TAKOIO BJACTU-
BICTIO:

[Lex@]| ., = Lxe. (2.42)

IHaKie Kaxyuu, oneparop £ BU3HAYAETbCS KOMYTaTUBHOIO Aia-
rpamoio
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naea 2
NIHIAHI AWOEPEHUIANBHI PIBHAHHA

CMU0,%) 5 T) —EE 5 C((0,%) > T)

1.e‘¢ i::e'

MR- ) —E 5 R0

[oknaswy B (2.42) x (1) = 7", gicraneMmo
Lyt = P()e = L.
T e
Ane 11 piBHICTb O3Hauae, WO L € OTIEpaToOpoM 3i CTaIMMU Koedi:

uieHTaMy # P (L) € HOro xapakTepuCTUYHUM [01iHOMOM.

JoBeneHe TBepAXeHHSI OOIPYHTOBYE NPABWIO PO3B’A3aHHS PIBHAHHS
Eitnepa Ha misoci (0, 00). [Ins BialuykaHHS pO3B’si3KiB Ha miBoci (—oo, O
MOXHa 6yJi0 6 y 1bOMY piBHSIHHI 3pOoOUTH 3aMiHY He3alleXKHOI 3MiHHO
3a GopmyJ0I10 T = —e’. OHaK NpPOCTilIe CKOPUCTATUCS TAKMM CIIOCTEpe-
XeHHaM: piBusiHHA Einepa He 3MiHI0€ cBoro Burasay (To6To € iHBa-
piaHTHUM) IIpU BiAOMUTTI T > -1 (niepeBipTe). 3 LbOro pakTy BUILIMBAE.
wo Koau dhyHKUiA x (1) € po3B’a3KoM piBHsAHHA Eitnepa Ha nisoci (0, o0).
1O byHKuUiA x(-1) = x(| ), a 3 Helo ¥ —x (=1) = —x (| 1]) 3a20BONBLHATUME
Lie piBHSIHHSA Ha mniBoci (-oc, 0).

BN PIN e I NN AN S EAARET € S S SN R e+ 2B AN AT hereAn ST Yo A ST NS M AN

BNPABH TA 3AJA4I

@ Po3p’a3aTy piBHAHHSM:
4
a) X -8x=0; 6) x+2¥+x=0.
® Po3B’s13aTH PiBHAHHS:
a) ’X+0x-2x =0; 6) P¥+x-x=0.
® CdopmyniosaTi NpaBu;1o 106yA0BH PO3B’A3KIB PiBHAHHS JlarpaHxa

(ox +B)"x™ + byt +B)" 1"V 4 4 b,x=0,

ne T — He3aieXHa 3MiHHa, o, P e R.
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Ninivni opHoOpigHi cucTemu 3i cTanumu koediuieHTamu

| 2.3 |
Nininni opHopipHi cucremn
3i ctanuMum koedpiuicHTamm

OcHoBHIHM 06’€KT A0C/iIKeHHs gaHoro naparpada — JIOC Buriany

% = Ax, (2.43)

Jic A — MaTpyus 3 He3aIeXHUMH Bij yacy ¢ ejeMeHTaMu (ailicHuMu abo
KOMIUIEKCHUMM).

2.3.1. Metop Ennepa

3 nocsiny suBueHHs JIOP 3i cranumu KoedilieHTaMu 1LIYKaTUMEMO
po3B’a30K cucremu (2.43) y Burani

x=e"h,

Je A — 1myKaHuii HeHYJIbOBUI CTa/IMii BeKTOp, A — luyKaHe yucio. [lincra-
BMBLLM Lie¥ NPOEKT PO3B’A3KYy B cucTeMy (2.43) Ta noaliMBlUM 00KABI yac-
TMHM OiepXaHoi piBHOCTI Ha €, MaTHMEMO

Ah=\h
abo
10 ...0
(A-+E)h=0, E :=diag(1,...,1):=|0 1 ... 0. (2.44)
\_W_’ ---------
" 0 0 1

Ile — 3apaua Ha BnacHi uncia i BlIacHi BeKTopH. [ iCHyBaHHs1 pO3B’sI3KY
(A, k) cuctemu (2.44) 1akoro, o h # 0, HeoOXinHO i ZOCTATHLO, abK YKCHO
A 6yJ10 KOpeHeM xapakmepucmu4Ho20 pPiGHAHHA

P(r)=0,
ne P(L) .= det (A - AE) — xapaxmepucmuyunuii noainom Marpuui A. Hexait
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naea 2
NIHIAKI QUOEPEHLIANBbHI PIBHRHHA

A = U — JOBiJIBHMI KOpPiHb XapaKTepUCTUYHOro nojainoma P (1), To6T:
BJacHe 4ucio MaTtpuli A. Ilincrasusiuy ue yucio 8 (2.44) 3amicTb A, dicTa
HeMO JiHifiHy OXHOpPiAHY CUCTEMY [UISl BU3HAYEHHS BilMOBLIHOIO BJIaCHO
ro BekTopa. IKuo gy — npocTtuit KopiHb nojsiHoma P (L), TO BCi BaacH
BEKTOPH, SAKi BillIOBINAIOTh BJIACHOMY YMCIY i, NPOHOpPUiiHI 6ydb-5iKOM
¢ikCcOBaHOMY BJIaCHOMY BeKTOpPOBi (Koedilli€HT NpollopUiiHOCTI B 3araib
HOMY BUIIAKy — KOMILUIEKCHe 4yMcio). Taka cuTyauis Mae micue Tomi i
JiMiue Todi, Koau

rank (A -pE)y=n-1.

Jobpe Binomo [6], 1110 BiacHi BEKTOPH, siKi BiinosiaaioTh pi3HUM Biac
HHUM YHUCIaM, JiHiHO He3anexHi Han C. OTxe, Ko P (1) He Ma€ KpaTHK
KOpEHIB, TO iCHYE n NiHiliHO He3ajleXXHHMX BJIaCHUX BEKXTOpPiB MaTpuui A
sIKi, TAKMM YHMHOM, YTBOpPIOIOTb 6a3uc 1ipoctopy C”. Ba3uc i3 BnacHUX Bek
TOpiB iCHY€E # TOOi, KOJIM KOXHOMY BJIACHOMY YMWCJy BIAMOBIZA€ Tak:
KUIbKICTb JIIHITHO He3aJleXXHMX BlAaCHUX BEKTOPiB, SIKOIO € KPAaTHICTb LibO
rO 4yCJIa SIK KOPeHsi XapakTepUCTUYHOrO 1ojliHoMa. B 060X Lyx BUManka
OITMCAHUM BULIE METOUAOM, KM NOB’A3yi0Th 3 iM’aM J1. Eitnepa, MOXH:
nobyaysatn O®CP cucremu (2.43). ChopmyiioeMo Lieli BACHOBOK Y BU
Il TaKOIl TEOPEMH.

Teopema 2.9

Hexail &, ..., A, — KOpeHi XapaKTepuCTHYHOIC nosinomMa P (1),
BUITMCAHI 3 ypaxyBaHHMM iX KpaTHocTe# (To610, AKLIO Xj € KO-
peHeM KpatHOCTI r;, TO BiH IIOBTOPIOETHCH r pasiB). [1putiyctu-
MO, 11O MaTpUUsi A Ma€ n JiHIKHO He3ajeXHMUX BAAaCHUX BEK-
TOPiB hy, ..., h,, TaK WO BEKTOP h BiANOBiNA€E BJACHOMY YHUCIY k
G=1, . n) (EKBlBaJIEHTHa yMona KPaTHICTh KOXHOrO KOpeHﬂ
kj uopmmoe n - rank (4 - kjE).) Toui BekTop-PyHKuil

ek ..., e h, (2.45)

YTBOPIOIOTh (DYHAAMEHTAAbHY CHCTEMY PO3B’S3KiB CHCTEMHU
(2.43).

HoBepeHHA

OckKintbK¥ KOXHa napa (k h ) crpaB/Kye piBHICTb (2.44), TO KOX
Ha BeKTOp-GyHKLiA ¢” h € po3B ’A3KOM cucTeMH (2.43). JliniitHa He-
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Nininki opHoOpIaHI cuctemMu 31 cTanumun koediuicHTamu

JalleXXHICTh po3B’A3KiB (2.45) € HAC/NiAKOM He3aieXHOCTi iX 3HayeHb
npu t=0.

O Hacnipok 2.5

Pyndamenmansna mampuys cucmemu (2.43) y eunadky, Koau cnpagaxcy-
tombscsa ymoeu meopemu 2.9, mac euzaso

X(r) = Hdiag(e™', ..., e™"),

de H — mampuusa, j-m cmosnuem akoi ¢ e/lacnuu eeKmop h wo eiono-
gidae 61aCHOMY HUCRy k a diag @, ..., ey — Mampuuﬂ, 8 AKoI Ha
20n06HIl Oiazonani 3Hax0(7;1mbc;1 d)ymcun et ..., e™, a pewma ene-
MeHmie — Hyai.

Po3sriisiHeMo Tenep AeTasibHille BUMAINOK, KOJIKW eJIEMEHTH MaTpulli A —
JlilcHi yMcha, ane cepel KOpeHiB XapaKTepUCTUYHOTO I10J1IHOMA € KOM-
1iekcHi. 3anaya noJsrae B nodyuosi aiicuoi @CP.

Hexaft A =yt = o + i} — KOMIUleKCHU# KopiHb noniHoMa P(A). Toni
MATpHULS A Ma€ mapy KOMILIEKCHO-CIPSIKEHMX BIaCHUX uMcen p, 1 i
11apy BiINOBIIHUX KOMILIEKCHO-CIIPSKEHUX BJaCHUX BeKTOpiB h = f+ g,
h =f-ig, nef, ge R" Ockinbku Ah = uh, To Af+ iAg= (o + iB)(f+ ig).
BigoxpeMuBiM B Hiii piBHOCTI QiACHY # ySiBHY YaCTMHH, AiCTaHEMO

Af=of-Pg, Ag=Bf +ag. (2.46)

Cucrema (2.43) Mae mapy KOMILIEKCHO-CIIPSKEHUX PO3B’A3KiB x (1) = e*'h,
¥(1) = e™h. NonaBiuy nepuinii i3 LMX PO3B’sA3KiB Y BUMsA

x(1y = e™(cos Br+isin Br)(f +ig) =

= e“[(cos Bt f —sin prg) +i(sin Brf +cos prg) ],
BILOKPEMMMO NiHCHY 1 yABHY 4acTMHM. MatuMeMo napy BeKTOp-PpyHKuiiH

u(t) = Re;t(t) =e*(cos prf —sin Prg),

(1) = Imx(r) = e¥ (sin Bt f +cos prg),

$IKi 3riIHO 3 BUKJIaIeHUM Y 1. 2.2.1 YTBODIOIOTH f1apy JiHiAHO He3anexXHUX
JiicHMX po3B’sa3KiB cucTeMy (2.43). SIkuio B Takuii crioci6 y Habopi (2.45)
KOXHY I1apy KOMIUIEKCHO-CIIPSLKEHUX PO3B’si3KiB 3aMiHUTHM NApolo AiCHUX,
10 ¥ gictaHeMo wykaHy niicny ®CP.
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asea 2
TIHIRHI AUOEPEHUIANBH! PIBHAHHA

ONpuknanp 210
3naiidemo 3a2anbHuli po3e’a30x cucmemu
X=y+z-X,
y =-X- ys
Z=-3x-z.
Martpuiis CUCTeMH Ma€ BUIIAI
-1 1 1

A= -1 -1 01
-3 0 -1

BnacHi yxcaa 3HaX0AMMO 3 PiBHAHHS

~1-2 1 I
-1 -1-% 0 |=-(»+D)’-40.+D=0.
-3 0 -1-2

Maemo A, , = -1 +2i, A, = 1. Koopaunary (x, y, z) B1aCHOro BeKTopa A, 1o
BiiNMOBiAa€ BAACHOMY YHUCY kl, 3HAXOAMMO 3 CUCTEMHU

-2ix+y+z-=0,
(A-MEYh=0< -x-2iy=0,
-3x-2iz =

MoxeMo noknact x = 2i, y = -1, z = -3. TakuM YHHOM AiCTAEMO CMOYATKy
YACTHHHMM KOMILUIEKCHU# PO3B 30K

2i —2sin 2t 2cos 2t
e'(cos 2t +isin 21)| -1 |=e"'| —cos2t|+ie '| -sin 27|,
-3 —3cos 2t - 3sin 2r
a MoTiM napy AilcHuX
—2sin 2t 2cos 2t
e’ —cos2r|, e’ -sin2t|.
-3cos 2t - 3sin 2r

KoopauHaTti Bi1acHOro BeKTOpa, LU0 BiAMOBIfAE BAACHOMY YHCHY A, = -1,
BU3HAYAEMO i3 CUCTEMHM
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Nininni opHOpipHi cncteMu 3i cTanuMmn KoediuieHTamu

Jy+:= .
(A+E)h=0=] -x=0,
l—3x=0.

MoxHna noknactu x =0, y =1, z=-1. BianosiaHunii po3B’430K Ma€ BUIINA

Tenep BUIUCYEMO 3araibHUi PO3B’SA30K

X —-2sin 2t 2cos 2t 0

yi=ce'l —cos2t|+ce | —sin 2t {+ce’| |

= -3cos 2t ~3sin 2f -1
‘ x=AK

PosrnsiHeMo cucteMy (2.43) i3 3aranbHiiumnx no3uuiin. Buznaua-
oYM 1i, MM BBaXaM, IO X — YMCJIOBUI BeKTOp-cTOBneub i A —
JAesika MaTpuus uncen. Tenep OyaeMo TIyMauMTH LUIO CUCTEMY SIK BeK-
TOpHE PiBHSAAHHSA B a6CTPAKTHOMY /- BUMIDHOMY BEKTOPHOMY NpPOCTOPi
V" (van nonem OificHMX a6o KOMIUIEKCHMX YMCe), BU3HAYEHE N1eB-
HUM NiHifiHuM onepaTopom A : V" - V", 3 ycsikum 6asucom {e)].
npocTopy V" noB’si3aHe KOOPAMHATHE 300paxeHHs PiBHAHHS (2.43).
A came, Hexail {a,}!, | — maTpuus onepatopa A B UboMy Ga3uci:

n
Ae, = Za,,e,, j=1, .., n. Y xoopaunarax (x,, ..., X,) : x = lee!
1=1 Je1
piBHaAHHA (2.43) HaOyae Burnsiny J1IOC;

ld

" n H
. ZJ'c,e,-=ijAe]EZ a;x; e; &
i=1 j=1 =1

[ES AW

"
X, = Zayxj, i=1, .., n.
j-1

Mpupoano cnpobysaty BUbGpaTH Takuit 6asuc npocropy V", B sKoMy
maTtpuus oneparopa A Mana 6 HaWnpocriwui Buraaa. Tak, Hexa#
CMpaBiXylOTLCA YMOBHU TeopeMH 2.9, ToOTO icHye BiacHuit 6Gasuc
{h j};’-_ , oneparopa A. Toai npocrtip V" po3nagaeTbcs Ha NpsaMy cymy
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NIHIRHI QNDEPEHLIANBHI PIBHARHHA

ONHOBUMipHUX iHBapiaHTHUX BiAHOCHO A mianpocropie (aoa. 2). 3an-
POBAAMBIUM KOOPAMHATH (X, ..., X,) PIBHICTIO

x=xihy+.+x,h,,

AicTaHEMO HaiknpocTilie KoopAuHaTHe 300paxXeHHsl BEKTOPHOTO PiB-
HsHHA (2.43):

Xy + .+ Xk, = x Al v+ X AR, = kg + L+ 0,00,

Lisn JJOC € npsimum 100YTKOM CKANNPHUX PIBHSHD X, =% x;, j=
= 1, ..., n i eneMeHTapHO PO3B’A3YETHCH. 30KpEMa, PO3B’SI30K 3a4ayi
Kouui 3 1104aTKOBOIO YMOBOIO xj(to) = Xo; st J-TO PiBHSIHHS M€ BUIJISIL
r AT 1),
xi(n=xye~" "
TakuM unHOM, 3a 3pobJIeHMX NPUMyLIeHb LIOAO ICHYBaHHS BIACHOIO

6a3ucy onepartopa A po3B’si30K BEKTOPHOro PiBHsIHHS (2.43), sikuii 3a-
NOBOJIbHAE MOYATKOBY YMOBY X (£;) = X,,, MOXHa NOAATH Y BUTIAAI

x(1) = xg;e " (2.47)
J-l

ae (Xg;, -y X),) — KOOPAMHATH BEKTOPA X, Y BJaCHOMY 6Ga3uci.

OnHOBUMMIipHUIT ianpocTip Vb, HaTsirHeHUMH Ha BeKTOp A,
NPUPOAHO Ha3MBaTH iHBAPiaHTHMUM MiANPOCTOPOM PiBHSIHHS (2.43‘.
Jns LbOro € Taki MiACTaBM: SIKLIO MOYATKOBE 3HAYEHHS PO3B’SA3KY
x (f) HANEXUTb Vﬂ. T06TO X[ = xojhj, TO 3HAYEHHSI ULOrO PO3B’A3KY
Hanexartume V ', i B Oyab-sikMit iHWKit MomeHT. Lleit ¢akT Gesnoce-
penHb0 BUIAMBAE 3 hopmy.au (2.47), sKiio NOKIACTH Xy = 0, k £,
k=1, .., n

OXpeMo PO3rAstHEMO BUMAAOK, KoK V" — RiCHMIt BEKTOPHUI
NpOCTIP, @ XapaKTEPUCTHHHMIH MO/LIHOM oilepaTopa A MAa€ KOMIUIEKCHHI
KOpiHb A = = ot + iP. | XapakrepucruyHMii nojiHoM oneparopa A —
Lie XapakTepUCTHYHHUM NOJIIHOM MaTPULli LbOrO ONEPaToOpa B AEHKOMY
(a Toni i y 6yab-sikoMy) Gasuci.] B uboMy BMNanky BUKIianeHi Bulle B
RaHOMY MiANYHKTI MipKyBaHHS CTOCOBHO robyaosu ailicuoi ®CP aa-
10Tb 3MOTY 3pO6UTH BUCHOBOK, LU0 ICHYE fapa AiHiiHO He3aNexXHUX
BEKTOPIB f, g, 1A AKUX BUKOHYIOTHCH piBHOCTI (2.46). 3po3ymiio Todi,
10 ABOBMMIPDHHWI nianpocTip Vﬁ , HaTArHeHWit Ha f, g, € iHBapiaHT-
HMM BigHOCHO oneparopa A. Lleit nmngocﬁp Oyne iHBapiaHTHUM i
RIAHOCHO piBHAHHS (2.43). CnpaBai, \/; MOXHa 33/1aTH B apameT-
DHYHOMY BUIJISIAL PiBHSIHHSIM X = uf — vg, u € R, v e R (i3 MmipkyBaHb
CYTO TEXHIYHOTO XapakTepy MH IMILEMO —V 3aMiCThb +Vv). [lapameTpu u,
V MOXHA [1pH LIbOMY PO3[JISAATH sIK BHYTPiliHi KOOpAMHATH B \"fl.
3 ypaxyBsaHHsiM (2.46) piBHsiHHA (2.43) nonyckae 3BYXeHHS Ha nia-
npoctip V;:
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uf -vg =udf -vAg =uaf - Bg) - v(pf +ag).

3sincu mics npupiBHIOBaHHs Koedili€HTIB npy BeKTOpax f, g nicTae-
MO aBosuMipHy JIOC

1= o - Py,
(2.48)

vo=Pu+av.
3ayBaxumo, LU0 il MOXHA nepenucary y BUMIsSAi OAHOIO PiBHsHHS B T
Wo=uw, wi=u+iv (2.49)
(y LbOMY JIETKO TIepeKOHaTUCs!, Binokpemusium B (2.49) aicHy Ta ysiB-
HY YaCTHHM), 3araibHUH pO3B’sI30K SIKOTO Ma€ BUIISA
W, ; al . P s
w=ce" =(c¢; +icy)e™ (cos Bt +isin Pr).

3Biacu

u =e“(c cos Pr-cycos Pry. v =e*(c sin pr+c,cos pr).

Tenep 3po3ymMino, 110 MATPULA
ot o (cos Br -sin [5t)

sinr cosPr

€ dyHAaMeHTaNbHOIO MaTpuuelo cuctemu (2.48). OTXe, y BUNaaKy,
KOJIM MaTpuus oneparopa A B aesikomy (a Toai i y 6yab-sikoMy) 6asuci
3a[J0BOJIbHAE YMOBM Teopemu 2.9, aificHuii npocTip V" MOXHa pO3K-
JIaCTH B NpsiMYy CyMy OOHO- i ABOBMMIipDHMX iHBapiaHTHMX Bi1HOCHO
onepaTtopa A niANPocTopiB, i icHye Taku#i 6a3uC LUbOTO NPOCTOPY, B
SIKOMY KOOpAMHATHe 300paxeHHs pisHaHHsg (2.43) HaOupae surasay
npsiMoro Ao0yTKy ckansipuux JIOP nepuioro nopsiaxy it ABOBUMipHHMX
JIOC Burasay (2.48).

2.3.2. Y3aranbHEeHHA
metopy Eunepa

Po3arasHeMo Teniep BUNANOK, KOJIM XapaKTEPUCTUYHUA [1071i1HOM MAT-
pPHLL A Ma€ KpaTHi KOpeHi, ajle BiANOBiAHMUX NiHIHHO He3aleXHUX BEKTOPIiB
He Bucrayae i nobynord ®CP cuctemu (2.43). CaMe Taka cuTyallisd BU-
HH1Kae Toai, Konu (2.43) € cuctemolo, exBiBaieHTHOW JIOP n-ro nopsiaky
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NIHIBHI QUEEPEHLIANBHI PIBHAHHA

3i ctanumu KoediuieHTaMu. Jlerko nepeBipuTH, 1O XapaKTePUCTUUHHUIA
M0JIIHOM MAaTpyLi TaKOT CUCTEMM 3 TOYHICTIO 10 3HaKa 30iraeTbcs 3 Xapak-
TePUCTHYHHUM NOJJiHOMOM BianosinHoro JIOP. OckiibKy npu r-KpaTHOMY
KOpEHi XapaKrepuCTHYHOIO 10JiHoMa Take audepeHiiiajibHe piBHAHHS Ma€
PO3B’130K Y BUIVIAMi 100YTKY NOKa3HMKOBOI (DyHKIII Ha 110J1iHOM CTelleHs
r— 1, To6to Y BUIIsAi KBa3inojiHoMma (r — 1)-ro creneHs, 10 i cepen
po3B’a3kiB exBiBajeHTHOI JIOC Malots O6yTH BeKTOP-KBa3inoOJiiHOMH.
Kepyrouncsa uMMH MipKyBaHHSIMHM, B 3arajibHOMY BMMAAKy WIYKaTUMEMO
po3B’s130K cucTemu (2.43) y BUIJIAAI BeKTOP-KBa3iloaiHOMa AE€AKOro
creneHs kK — 1

s (k2
x=e [(k—l)!hl+(k—2)!h2+'"+hk , (2.50)

Ae A — Hesiaome uuciao, h, h,, ..., h, — HeBigoMi BekTopu. [lpu ubOMY
BuMaraemo, 1ob h, # 0. HaasHicTb dakTopiaiiB y NpoOeKTi po3p’a3ky 3y-
MOBJeHa 3py4HicTio andepeHuiloBanHg OyHKUiA Burasay +//j!, a came

%tj Jit=t 1/(j = 1)) NiactaBumo (2.50) y (2.43). Nicist cKopoyeHHs Ha

€' picraHemo
el k=2
A (k——l)!h' + (k—2)!h2 +othy |+
’k--l tk—}
+ (k __2)' hl + (k _3)"12 +“‘+hk—l =
s 2
=——w— Ah + ———— Ah .+ Ah
Gy M T gy A T e

HpupiBHAEMO BeKTOP-KOe(DilliEHTH NIpY OAHAKOBUX CTEIMEHSX .

Ahl = ;"hl’
A.hz = )'hl + hl’ (2 51)
Ahk = 7'hk +hk 1
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llepiue 3 piBHsIHB i€l cucTeMH sBAsE cobOo0 3a/auy Ha BJAacHI yucaa i
wiacHi BeKTopY. BiacHi uMcna € KopeHsIMU XapaKTePUCTHUYHOIO NOJiHOMA
MHTPHLI A.

Hexaii A = | — xopinb kpamuocmi r 1poro rioninoma. [lincrasumo A =
y (2.51) i nepenuuieMo ofepxaHy CUCTEMY y BUMJISAI

o

(A=uE)Vh, =0,

A-uEYh, = b

(A-uE)hy = b (2.52)
(A—]J.E)hk :hk 1

Boma ckianaerbes 3 n-BUMIpHUX MigcucTeM. ByaeMo MociiioBHO po3B’si3yBa-
W Ui niacucTeMy. YUCNO JOBUILHUX CTAIMX (11apaMeTpiB), Bill SKUX 3a/eXHUTh
JAIUIbHUI PO3B’A30K MEPLUO]I MiACACTEMH, AOPIBHIOE n — rank (4 — pF) —
MCIY JiHIHO He3alexXHMX BJIaCHUX BEKTOpiB, 110 Bianosigaiors u. Ilio-
CraBUMO LIe# 3araibHUi PO3B’SI30K y ApYry miacucremy. Ymosa Kponeke-
pa-- Kanesuii cyMicHOCTiI 01epXaHoi JIiHiAHOI HEOAHOPIAHOI CUCTEeMU BUpPaA-
AKHCTbCSl PIBHICTIO PaHriB OCHOBHOI M pO3LUMPEHOi MaTpULIb

rank (A — pE) = rank (4 - pE |h))

| Haknanae neBHi 3B’3KY HA MapaMeTpH, Bill AKMX 3a1eXuTh k. Sxuio
HWIIMCaHa yMOBA CYMICHOCTI He Ma€ CBOIM Hac/linkoM piBHicTs A, = 0,
T0, 3HAMALIOBIIU 3arajibHUN PO3B’SA30K APYroi NiCUCTEMH, NIEPEXOIUMO
J0 1TpeTbol i T. A. llei nnpouec 3aBepliyeTbCs Ha AeAKOMY K-My KpoOlli,
| < k < r, ko)1 BHepiie HACJIAKOM CYMICHOCTI cucTeM# 3 MaTpuuelo 4 — uE
| npasoio yactuHoio h, € piBHicts k) = 0. Llg yMOBa BU3HAYA€E Makcu-
MdnbHe 3HAYeHHA Kk = ku, g sikoro cucteMa (2.43) mae po3B’si30K BH-
tasay (2.50) 34 = .
OCKUleM 3 (2.52) BurunBae, wo k, = (4 - pE)"' 'hk, a(A-uE)h =

= (A-uk) h =0, TO yycno k, € Te Hcm6u1bme HaTypaJibHe k. npu SIKOMY
cncrema (A4 - uE) x = 0 Mae po3B’430K Takuii, wo (4 - pE)*~ 'x # 0. Ha
1PAKTHUL MOXHA CKOPUCTATHUCS M TAKMM TBEPILKEHHSIM.

TeeppxeHkwna 2.14
Yucio ku JOPiBHIOE HAAMEHLIOMY HATYPAILHOMY K, ITPU SAKOMY

rank (A4 - pE)* = rank (A - pEY* . (2.53)
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HosepeHHn

Bunucana plBl-llCTb eKBiBaJeHTHA PiBHOCTI Bumpuocmﬁ npocropm PO3B’sI3KiB
cucreM (A - pE)Yox=0Ta (A uEY*'x=0. Ane npocnp PO3B’AI3KiB MepLIol CUCTEMU
HAJIeXUTh NPOCTOPY po3B’sa3kiB aApyroi. Tomy piBHiCTb (2.53) BUKOHYCT bcu Tom
i anwe Toai, KOJIM ui aBa npocropu 36iralotecsi. OTXe, sikuio rank (A uE al
> rank (4 - pE )* i BorHouac BUKOHYETLCS! PiBHICTb (2.53), TO cucrema (A - nE yYox = 0
Ille Ma€ PO3B’S30K TaKuii, 1O (A HEY'x 20, ane 3 (4 - uE) 'x = 0 Bxe
BUIUIMBAE, 1o # (A - pE)*x

13 nopanblIKMx MipKyBaHb 6yne BMIIHO, IO k — L€ MaKCUMaJIbHHUH i3
po3MipiB KiTUH KopaaHa, siKi BianosiaamoTb BJlaCHOMy 4yucay | y HOp-
MaJIbHi# XOpaaHoBi# ¢opmi maTpuli A.

BusiBnserscs, 3HaineHi Bektopu hy, h,, ... hk Y CYKYNHOCTI MICTSTb
piBHO r ﬂOBUleMX cranux i 3a popmyoro (2. 50) nopomxylom r-napamer-
pHuHY cimM’10 po3r’s3kKiB JIOC (2.43). Axiuo onucaHi Bulle Aii BAKOHATU
[LU1S1 BCiX KOPEHiB XapaKTEPUCTUYHOIO PiBHSIHHS ¥ B3ATH CyMY OfepXKaHHUX
PO3B’AA3KiB, TO pe3y/bTaT 3aj1eXaTuMe Bijl n JOBUIbHUX CTa/MX 1 YTBOPIOBa~
TUMe 3arajlbHUH po3B’30K cUCTeMH (2.43).

O6TpyHTYBaHHS TAKOrO BUCHOBKY CIIMPAEThCH Ha AesKi pakTu CTpyK-
TYPHOI Teopil JNiHiiHUX onepaTopiB (AUB., HAMpUKIIAL, foa. 1). Y uiit Teopii
BCTAHORJIEHO, LII0 KOXHOMY r-KPaTHOMY KOPEHIO |l XapaKTePUCTUYHOIO I10-
JliHOMa JiiHiiHoro onepartopa A : C" - C" BinnoBinae r-BUMipHUiA KopeHe-
BMii nianpocTip. et KopeHeBMit nianpocTip € iHBapiaHTHUM BiIHOCHO A |
ab0 camM Ma€ CTPYKTYpY LMKIIYHOro MianpocTopy, abo po3nagacrbcsi Ha
NIpsAIMY CyMY KiIbKOX LMKIIIYHMX nianpocTopiB. KoxeHn uuxniyHuil nia-
MPOCTip BUMIPHOCTi, CKaXiMO, m XapaKTepU3y€ETbCS TUM, 11O B HbOMY €
Gasuc, yTBOpeHHi J1aHUIOXKOM BEKTODIB e, ..., e,, 5Ki 3a10BOJIbHAIOTD
cucremy (2.51) npu X =y, ’5 e.j=1, ., k=m Marpuua obMexeHHst
orneparopa A Ha TaKMi LMKITYHUHA nmnpocnp y Gasuci {e; |3 7.1 Mae BuLAL
{m x m)-BYMipHOI XOpAAaHOBOI KIITUHHU

p 100 ... 00
0O p10..00
Tw@ =\
00 ....... [T
00 ---.... 0 p
Ockinbky s TaHUIOXKA h, = ey, ..., h, = e, piBHOCTI (2.52) BUKOHYIOTHCA

npu k=1, ..., m(hy = 0), TO JlOC (2 43) Mae Habip i3 m po3p’sa3kiB
BUIIALY
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,m-l tm«l

w0 w2y

etle, et(te; +ey), ..., e”‘( e) +...+e,,,}. (2.54)

(OueBHIHO, 1110 3HAYEHHS LMX PO3B’a3KiB npu f = 0 niHiliHO He3alexHi, a
TOMY i caMi pO3B’sI3KM JIIHIHHO He3ajleXHi.

Ao po3p’a3ku Burasay (2.54) nodynysaty 3a 6a3MCHUMY BEKTOpa-
MM KOXHOTO LIMKJAIYHOTrO [MiANpPOCTOpY, 1O € NPAMUM [JOJAHKOM y KOpeHe-
BOMY NiAIIPOCTOPI F-KPAaTHOFO KOPEHsi |1, TO AiCTaHeMO PiBHO r JIiHiHO He-
JWIeXKHUX PO3B’aA3KiB cuctemu (2.43). Ix ninifiHa koM6iHaLis 3 HOBLIBHU-
MK KoedilieHTaMu YTBOPIOE r-napaMeTpUuHy CiM’I0 pO3B’fA3KiB BULJSLY
(2.50), ne k = k, , sika BIlIOBiNA€ r-KPATHOMY KOPEHIO XapaKTePUCTMHHOTO
nosiiHoma. Tenep 3po3yMino, w0, nobyayBaBily 41 oneparopa 4 6asuc, B
SIKOMY HOro MaTpuis Habupae BUIsily HOPMaIbHOI XOpaaHOBOi GopMu,
MK 3MOXEMO JIErKO 3HAWTH CUCTEMY 3 7 KBa3illosiHOMiabHUX PO3B’S3KiB,
JHaueHHs sxkux npu f = 0 gpasaioTh cobolo 6a3ucHi BekTopu npocrtopy C.
Ha6ip Takux po3s’a3kiB yrsopioe ®CP cucremu (2.43).

s nobynou aificHoi @CP cucremu (2.43) y Bunaaky marpuui 4 3
JAWCHUMH ejleMeHTaMH JOCTaTHbO, K i B IT. 2.3.1, cKkOpucTaTucs TBepi-
XKeHHaMm 2.9.

Po3risiHeMO TpY NPUKIIALM 3aCTOCYBaHHS BUKJIaAeHOI METOOMKH PO3-
w's3anus JIOC 3i craniumu xkoedilieHTaMu.

UNpuxknap 2.1
3Haiidemo 3a2anbHuli po36 ‘A30K cucmemu

X=2x-y-2z,
y=x-2z, .
Z=2x-3z ,
Marpuus CHCTEMH Ma€ BHUIJISA
2 -1 -2
A={1 0 -2
2 0 -3
XapaxrepucTuuHe piBHSHHA
2-% -1 -2
1 -x =2 {=23+22-2-1=0
2 0 -3-%

Ma€ KopeHi A , = -1, A; = 1. Panr marpuui
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3 -1 -2
A-ME=11 1 -2
2 0 -2
nopiBHIOE 2. Tomy BAacHOMY 4MCay A, = —] Binnosigae ABOBMMIpHA KiliTHHa

XKopnaHa. 3rinHo 3 y3aranibHeHMM Metoaom Eiinepa aBonapaMeTpuuHy
CiM’10 PO3B’5I3KiB, 1110 BiANOBIAAE 11bOMY BJACHOMY YMCIY, LIYKAEMO Y BU-
rasai x = €' (th, + h,). Bexropu
Xy X,
b=y |1ah=|y
= =F)

MaIOTh 3310BOJLHATH CUCTEMY

(A+E)I'l =0 A (A+£)hz =hl,

To6TO
-3x; -y -2z, =0, -3x, -y =2z, =X,
X+ -251=0, A Xy + Yy —22, =¥,
2Xl - 2:| = O; Zx;; "2:2 =I.

YpaxoBylouM, WO B Mepili nmigcucreMi nepuiMi psoK € HACHAIAKOM ABOX
OCTaHHIX, MAEMO z; = X, ¥| = X, € X, PO3[JIANAETbCA Telep K napaMerp.
ITincTaBuBIlUYM 1ii 3aN€XHOCTI B APYry NiACUCTEMY, 3 ABOX Il OCTAHHIX PiBHAHb
3HAXONMMO 2, = X, — X,/2, y, = X,. [loknagemMo jns 3pyuHOCTi X, = 2¢), X, = c,.
Toai

2¢, e
hl =|2 1| h2 = (&)
2¢, ¢ —q

KoopanHatu BaacHOro BekTopa, WO BilNOBiAA€ BAACHOMY 4MCAY A, = 1,
BHU3HAYA€EMO i3 CUCTEMH

x-y-2-=0,
(A-EYh=0={x-y-2z=0,
2x -4z =0.
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1i onHonapameTpuuHa ciM’s PO3B’#3KiB Ma€ BHINAA

Tenep BunucyeMo 3aranbHuit po3p’s3ok JIOC

X 2(3| C) 2('3
yi=e'|t|2¢|+]| o +e| 0
z 2¢ ¢ -q q

ONpuknap 212
3naidemo 3a2anbHUE pO38 R30K cucmemu

v

X=y+z-2x,
y=y+2z-2x,
Z=x-y-2c.

Marpuiis CHCTEMM Ma€ BUIIAA

-2 1 1
A=|-2 1 2| “
1 -1 -2
XapaxTepucTHyHe piBHAHHS
-2-x» 1 1
-2 1-x 2 |=-(x+1)P=0
1 -1 -2-%

Ma€ TPUKPATHUH KOPiHb A =}, , ;= -1. Panr Matpuui

-1 1 1
A-2E=|-2 2 2
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nopiBHoe 1. ToMy BracHoMy uucay A = -1 BialioBinae npa JiHifiHO He3a-
JIeXHMX BJACHUX BEKTOPM, & OTXe, HOpMaibHa XOpaaHoBa (popMa Mat-
puui A MIiCTUTL ABOBMMIpHY KiitvHy XKopaaHa. 3rigHo 3 y3araibHeHuM
metonom Efinepa TpunapaMeTpryHy CiM’10 PO3B’3KiB LIYKaEMO y BUIIALI
x=¢€"'(th; + hy). BexTopn

MaIOTb 32[I0BOJILHATA CUCTEMY
(A+EYh =0 A (A+E)h, = hy.
INepwa migcucreMa eKBiBaleHTHA OAHOMY PiBHAHHIO
-x;+y +z,=0.

3siacu z, = x, - y, 4e X, ¥, — BuibHi napameTpu. Tenep Apyra niacucrema
Habupae BUraAsAy

—Xp+t Y+ =X,
—2X2 +2y~_, +2:2 = Vi
Xy = Vy—2y =X~}

YmoBa Kponekepa—Kaneani Haknanae 3s’s#30K Ha napaMeTpd X, Ta y;:
2x, = y,. Ilicas uboro Apyra miAcCHcTEMA CT4€ €KBIBANEHTHOIO OJHOMY piB-

HSAHHIO

=Xy +yy I =X

IlepenosnauMBlIK BiNbHi NMapaMeTpy Xx; = C;, ¥, = €y, Z, = €3, AICTAEMO

Y, =2¢, 2, = - €, Xy = €, + €3 — ¢;. Tenep 3anucyemo 3aransHuil po3s’a3ok
JIOC

X € ¢, +¢3 — ¢y

yl=el|t] 2¢, |+ I

ot - C3

ExoHoOMiyHilumi# cnocié po3p’sizaHHsi CUCTEMH AAHOIo npmuuuly nonsrae
B no6ynoBsi xopaaHoBoro 6asucy. Jlerko nepempum wo (A + E)? — nymoBa
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matpuus. OTxe, AKILO BEKTOP e; 8ubparu 1aK, wob (A + E)e; =: e, 20, TO
e, Gyze BracHuM BEKTOpOM MaTpuli 4, a napa e,, e; yTsopioatume 6asuc
uMkiaiyHoro nianpoctopy. Harnpuknan,

Januwnnocs 3HAUTH Lie OIMH BAACHMI BEKTOD, JiHIRHO He3zanexHuit 3 €,.
Sk yxe 6ya0 nokasaHo BMLIE, KOODAMHATH BJIaCHMUX BEKTOPIB 3a10BO/bHSA-
10Tb DiBHICTb z; = x; — y,. 3py4yHo noknactu x; = y, = 1. Toai matumemo
BJAaCHMIA BEKTOP e, B AKOTO fepili B KOMIIOHEHTH — OAMHML, & TPeTs —
uynb. TakuM uMHOM, Ha niacrtasi popmya (2.54) 3naxonumo pyHaaMeHTaIb-
Hy CHCTEMY DO3B’3KiB

0 -1 -t+1

QG Npuknag 2.13
3naiidemo 3azanvruii po3e ’a30k cucmemu

-

XapakTepUuCTUYHHI NONIHOM MaTpuili CUCTEMHU

-4 1 0
A={-3 -1 1
-1 0 -1

Ma€ TpUKpaTHU# KopiHb A = —2. Ockinbky rank (4 + 2E) = 2, To XopaaHosa
HopMasibHa dopMa Marpuiti A cknagaerbes 3 oaHiel KiaiTuHu, OTXe, po3-
B'S130K MOXHa 3HaiTH y Burasni (2.50), ge k = 2, A = —1, BU3HAUMBLUY BEK-
Topu hy, h,, hy i3 cuctemy (2.52) npu p = -2. Ane npocriwe nobynysatu
JIaHUIOXOK BEKTOpiB, L0 YTBOPIOE XxopAaHiB 6a3uc. Jas uboro BUNuLIEMO
marpuui
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-210 1 -1 1
A+2E=|-3 1 1|, (4+2E)P =2 -2 2
-1 01 1 -1 1

Matpuus (4 + 2E) = (A + 2E)(A + 2E)? HYAbOBA. 3BiACH BHUMAMBAE, W10
KoxeH croneub Matpui (4 + 2E)? € p1acHum BekTopoM matpuui 4. Bube-
PEMO BEKTOP e; TaK, 1100 e, = (A4 + 2E)2e3 # 0, i noxnagemo e, = (A+ 2E)e,.
Toni (A4 + 2E)e, = e,, (A + 2E)e, = 0. OTxe, BekTOpH e,, €,, €; YTBOPIOIOTb
LIyKaHU# naHUI0OX0K. MOXHa, HanpukKJiaja, MnoKjaacT

0 0 1
e;=10[= e, =|1}|, =2/
1 1 1

Tenep 3a dopmynamu (2.54) BunucyeMo ¢yHaameHTaibHY CHMCTEMY PO3-
B’sA3KiB

1 t £/2
e 22|, el 241, e 14t
1 t+1 /2 +t+1

2.3.3. Nidindi opHOpigHi
cuctemMn B R

PosrasiHeMo cuctemy (2.43) 3 aificHoio Matpulielo A npu n = 3. KoxeHn
PO3B’A30K TAaKoi CUCTEMM 3a1a€ B NIaPAMETPMUHOMY BULISLII KpHBY B R,
sIKa Ha3UBAaETbCs Paz060t0 kpusorw abo mpackmopicro. YactuHa dasopoi
KpHBOI, fIKa BiAMOBia€ HEBii’€MHUM 3HAYEHHSIM NapaMeTpa f, Ha3UBAETb-
Csl AOAATHOIO niempackmopicio. AHAOTIYHO BUNMAAKY A = 2, siKKil yxe Oyi0
po3risgHyTO B 1. 1.9, 3ailicHuMO kiacudikauilo Takux CUCTEM BiANIOBIAHO
J10 TUMIB HOPMAaJIbHMX XOpAaHOBHX (GOpM MaTpuub IXHiX KoedilieHTiB.
BoaHouac misi cucTeMy KOXHOIO Kjlacy fpoaHanizyeMO OCHOBHI BJIACTH-
BOCTi i (azoux kpusBux. O6MeXMMOCSH BUBYEHHSIM CUCTEM i3 HEBUPOILXE-
HYMM MATPULSIMU A.

Martpuus A mae TpilKy NiHiliHO He3aNeXHHUX AIHCHHUX BJIACHHX BEK-
Topis h,, h,, h;. Hexait A, A,, A; — BilllQBiAHI BAacHI yucna (Cepes HUX
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NiniAni opHopigHi cuctemu 3i ctanumu koeddiuieHTaMun

MOXYTb 6yTU # ogHaKoOBi). BBeneMo KoopauHatu (x, y, z) CNiBBiAHO-
WwenHsm x = xh, + yh, + zh;. Y unux xoopauHarax cucrema (2.43) 3o6pa-
MHCTBCA Y BUMJISAI NPSAMOro A06YTKY TPhOX CKaJISPHUX PiBHSHbD

X =hX, V=0V, Z=—h3Z

Y BUINaAKy, KOJM BCi BnacHi yucia Bit’€MHi (DoaaTHi), KOXHa Tpa€eK-
TOpisi BXOAKUTH Y IOYATOK KOOPAMHAT Ipu f — o¢ (¢ — —00). Tlpoekuii ¢azo-
WMX KpUBHMX HA OyIb-51IKY KOOPAMHATHY TUIOLMHY CTAHOBJATh IUIOCKi (a-
01 KpHMBi i YTBOPIOIOTb KAPTUHY, IO ABIAE COOOIO BY30i1 (B OKpEMOMY
AMIALKY IPUMHAAMHI JBOX PIBHMX KODEHiB By30J MoXe OyTU AMKPUTHY-
num). Ha puc 2.1, @ 3006paxeHo KiibKa NiBTPAEKTOPiil CUCTEMU, MATPULIA
HKOi Ma€ TP HIHCHMX YMCAA A, A, A3, TAKMX, WO Ay < A, < Ay < 0. Bei ui
upum B MOMEHT ! = () cTapTyloTh i3 KOJia, 3a1aHOro plBHaHHﬂMM z=1,x2+
+yi=1

zA z‘r

4
3 1
o) v /OX
X X
a 6

Puc. 2.1

MisTpaexTopii cucteMM y Bunaaky A, < A, < 0, A; > 0 306paxeHo Ha
puc. 2.1, 6. ®azoba kpuBa J 1eXUThb y NTeplIOMY KBaapaHTi. [i npoek-
Wico Ha miownHy x0Oy € da3oBa KpuBa 2. Y Uifl NIOWMHI TpaeKTopii
y11opio10Th By304. [lpoekuissmu kpupoi 7 Ha miowuHu x0z 1a yOz €
Kpuni 3 1a 4 BinnosinHo. B KOXHi# i3 1UX NIOWKH TPAEKTOPIl yTBOPIO-
1L cio.

Cepen Baacanx yncen MaTpuui 4 € napa KoMILIeKCHO-cnipsikenux. [lapi
KOMILIEKCHO-CIIPSLKEHMX BJIACHMX YMCEN A, = O + 1B » = o = if Biaio-
nljue napa BaacHMX BeKTODIB f+ ig, f— ig ( f,geR). Yepes h nosHaunmo
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NIKINKI QUOEPEHUIANBHI PIBHRHHA

BJIACHUY BeKTOp, LIO BiAMOBina€e HiiCHOMY BlacHOMY uuciay L. Beegemo
KOOpAKHATH (X, Y, z) 3a hopMyIol0 x = xf— yg + zh. 3 ypaxyBaHHsM (2.48)
Yy HOBMX KOODAMHATax BUXiiHa cucTeMa 300pa3uTbCs Y BUIISAI IPSIMOFO
[106YTKy ABOBUMIPHOI CUCTEMH Ta CKAJIPHOIO PiBHSIHHSA

X =ax - Py,
V=Ppx+wy,
=

®a30BMM MOPTPETOM ABOBUMIPHOI cucTeMu € doxyc (LeHTp, Ko o = 0),
a PO3B’S13KM CKJISIPHOTO PiBHSIHHS NPSIMYIOTb JO HYJIS1 IIPU ¢ — 00, AKILO
u<0,input— -0, gkuo p > 0.

Curyauii, konu o < 0, p < 0, Bignosinae puc. 2.2, a.

Hopmansha dopma marpuui A MiCTUTL IBOBMMIPHY JKOPAAHOBY KJIiTHHY.
B ubomMy Bunanky icHye 6a3uc e, e,, e; TaKui, 110

Ael = )'l’ Aez = 7»182 +ée, Ae:; = }.383.

YBiBLIM KOOPAMHATH (X, Y, Z) 33 QOPMYJIOIO X = Xe, + ye, + ze;, AiCTa-
HEMO

Xe, + ye, + Zey = xAe; + yAe, + ZAe; =

= (X + y)ey +1.,ye, +1.3e3,

ps
//,7/
T a * 6

Puc. 2.2
210
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NiniAMi opHopipHi cnectemu 3i ctanumu kaediuientamn

X = )le +y,
j) =)"]y’
::.=>v3:-

Lin cucremam sBge coboro npsamMuil 1o6yTOK ABOBUMIPHOI cUCTEMH, Ga3o-
HHM [IOPTPETOM $IKOI € BUPOIKEHMIA By30J1, TA CKAJIAPHOIO PiBHSAHHS.

Curyauii, konu A < 0, A, > 0, Binnosisae puc. 2.2, 6. Ha nuiowuHi
X0y TpaekTopil yTBOpIOI0Tb BUpOoAXeHH# By3on. Ockinbku y(t) = 0, axuo
y{0) = 0, To cucTema Mae TakoX IUIOCKi (a30Bi KpMBI, SKi JieXaTh Ha IUI0-
wnHi x0z i yrBoploloTs cimio. [1pocTopoBi ¢a30Bi KpUBi MalOTh BepTU-
KWILHY aCUMIITOTY — BiCb aIulikar.

Hxwo A, < 0, A3 <0, To BCi pO3B’A3KK NPAMYIOTb 4O HYJIS TIPH £ — 00 |,
M@ BiAMIHY Bill MONEpPeaHbOro BUNANKY, B IUIOLUKHI X0z MaEMO By30:1 (nu-
KPUTHUHMEA By30J1, SKILO A, = A,).

Marpniua A Ma€ €avHuii NiHIHHO He3ANEKHUH BJACHMHA BEKTOP. Y LIbOMY
BUIIAIAKY XapaKTepPUCTHYHMI 110/1iHOM MaTpHulUi A Ma€ TPUKPATHUIA KOPiHb
A pirank(A - pE) = 2. IcHye 6asuc e, e,, e; Takuil, o Ae, = pe,,
Ae, - e, +e,, Ae; = le; + e,. 3rinHo 3 hopmynamu (2.54) MOXEMO BUIIKCA-
TH (hyHaaMeHTaIbHY CUCTEMY PO3B’Si3KiB

2
e, e (te, +ey), 9“{12"91 + e, +e1]. (2.55)

¥ xoopaunarax (x, y, z), yBeAeHHMX PiBHICTIO X = xe, + ye, + ze;, CACTeMa
nabupae ULy

X=px+yp,
j’=p'y+:: *
Z=po.

3a nonomoroio dyHmaMeHTansHoi cuctemu (2.55) Jierko BUIMCATH po3-
A'HI0K .

2
ph
x =e“’(x0 +y0r+zo-2—J,
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y=e"(yy + o),

z=e"zy,

AKHH 3a010BOIbHAE NIOYaTKOBY YMOBY X (0) = X3, y (0) = y;, 2(0) = z,.
Ockinbku z(f) = 0, Ao z, = 0, TO cucTeMa Mae IUIOCKi (a3oBi KPMBI,

SIKi JIexXaTb Ha IUIOLMHI X0y i AKi € TPAaEKTOPIsIMM JBOBMMIPHOiI CUCTEMH

{x =X+,
Y =uy.

3Bigcy BMIUIMBAE, 1O TakKi IUIOCKi (pa30Bi KPUBi YTBOPIOIOTh BUPOMLXKEHUA
By3on. Ha puc. 2.3, a, akuii BianoBigae Bunaaky p < 0, miocky dazoBy
KPUBY no3HayeHo Liudpoto 0. i

Joc1iaMmo npocTopoBi TpaekTopii. Ix npoexuii Ha riomwmHy yOz 3an0-
BOJILHAIOTb CHCTEMY

{ y=puy+z,
Z=us

i, OTXe, TaKOX YTBOPIOIOTh BUPOIKEHHMH By30j. KOoXHa npoekKiiiss Ma€ ofHYy
TOYKY INepeTHHY 3 BiCCIO aIUliKaT i BXOAMTh Y IIOYATOK KOOPAUHAT i3 Ha-

NPsAMOM OCi OpAMHAT. 3BiACH MOXHA 3p0OUTH BUCHOBOK, IO ITIPOCTOPOBA
TPAEKTOPIs JiMule OJUH pa3 repeTUHAE IUIoOWKHY x0z.

Puc. 2.3
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Nininni opHopipHi cuctemn 3i cTanummn koediuicHTamn

CKinbKy pasiB Taka TPAaEKTOPis MepeTUHAE momuuy y0z? OueBuaHO
¢TUIbKK, CKiIbKM HYJiB Ma€ xomnouema x (t) po3B’s13Ky, TOOTO CKLIbKM
uopemn Ma€ KBaapaTHHUM TpHWIEH gt + 2y, +2xo. OBYMCIMBILM AUC-
KPUMiHAHT, JOXOAMMO BHCHOBK;’. ¢yHkuis x(f) Mae ABa Hyjai, SAKLIO

Vi > 2xgZo; ONMH HYJb, SIKWIO yj = 2XqZg; KOMHOIO, SKIUO y§ < 2x¢Z.

JayBaX1MO, 110 PiBHSAHHA y? = 2xz 3ana€e B TpuBuMipHomy npocTopi
Kotyc K, sskuii ,uomxaerbca oci abcuuc Ta 001 arutikar (puc. 2.3, 6). Jlerko
nopesiputy, wo y*(f) = 2x (1) z(1) 3a ymoBu y0 = 2xy=o (abo, Wwo onHe i Te
CAMe, 33 YMOBH, 1O y (10) 2x(t0)z(t0) xo4a 6 npu onHOMy f, € R). 3Biacu
WMILIMBAE: TPAEKTODIS, KA MA€E CNUIbHY TOYKY 3 KOHYCOM K, LiIKOM oMy
HwiexuThb. Lle o3Havae, 1o KoHyc K € iHBapiaHTHOK NOBEPXHEIO LIS J10C-
MKyBaHOI CUCTEMMU.

TakuM YMHOM, IPOCTOPOBI TPAEKTOPIi LOCIIXKYBAHOI CHCTEMH MOXHA
HOJIMTH Ha TpY KJacu. 1o nepuioro Hanexarb Ti 3 HMX, LLO JeXaTb yce-
pesinHi o6aacTi, obMexeHOI KOHycoM K. Yci BOHM He MaloTh CIIUIbHMX TO-
10K i3 TU1owWKHOI0 yOz. Ha puc. 2.3, a Kp4BY 3 NeplUoro Kjiacy rno3HayeHo
ttnporo 1. Bona nepetuHae oy x0Oz y Touui A. Tpaekropii 3 apyro-
10 KJiacy JiexaTb Ha KoHyci K. KoXHa Taka TpaEeKTOpis Ma€ OfHY TOYKY
JMOTHKY 3 [UIoLKMHOI0 yOz. Ha puc. 2.3, a KpMBY 3 ApPYTOro Kjiacy nosHaye-
1o unuodpolo 2. BoHa B Toulli B 10TUKAETHCA TUIOWMHY yOz i Oic/s UbOro
1OpeXoauTh Yy MiBIUIOWMHY y > 0. HapeliiTi, 10 TpeTbOro Kjiacy Hajaexartb .
TpacKTOpii, fKi JiexaTh Ha30BHi KoHyca K. KoXHa TpaekTopis 3 TaKoro Kija-
Cy UBiYi nepeTMHae 1wiowMHY yOz. TpaekTopis 3 TpeTbOro Kijacy, siKy Ha
puc. 2.3, a no3HayeHo uudpolo 3, nepetuHae ruoumHy y0Oz y Toukax C 1a D.

2.3.4. ExcnoHeHTa Matpmui

Hexait a — nificHe abo KoMILieKCHe 4ucia0. SIK nobpe BiioMmo, nokas-
HmukoBa byHKis e” 3MiHHOI f € R Mae ABi TaKi XapaKTepMCTHYHi BJiacC -
TUBOCTI:

o ¢hynkuyia e 3adosonvhac ckanapre dud)epeuutafzbue PDIBHAHHA X = ax
600HO4AC i3 NOHAMKOBOI0 YMOBOIO X | | _ ;

o ynryis e aonycrcae PO3BUHEHHA 6 cmenenesuﬂ pAaod

at  (at)? (at)*
-l—!+ o +...+ X ceey

PisRoMiprO 36incruil Ha 6ydb-aKomy 6idpisky OilicHol npamoi.
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KoxHy 3 1MX B1acTHBOCTEH MOXHA B3SITH 3a O3HAYEHHA NOKa3HUKOBOI
byHKuii.

Kopucrtylouucs: LIMM 3ayBaX€HHSM, MOXHA BU3HAYUTY MAaTPUUHO3HAY-
HY NOKa3HUKOBY QYHKUiIO 3MiHHOI f € R — excnonenmy mampuui t - A, pe
A — (n x n)-BUMipHa MaTpuusd 3 AificHUMH ab0 KOMIUIEKCHUMH eJleMeHTa-
mu. B xypci andepeHuianbHUX piBHAHD [P BU3HAYEHHI €KCIIOHEHTU MaT-
pULUi IPHPOIHO 33 OCHOBY B3SITU lepluy XapaKTepUCTUYHY BJIaCTUBICTb
110Ka3HUKOBOI PYHKIIII.

o O3naveHHn 2.7

Excnonenmoto mampuyi t- A nasuearomo yyHOaMeHmanvHy mampuyio
X () niniiinol 00HOpiOHOT cucmemu X = AX, HOPMOBAHY NOHAMKOGOI YMO-
60i0 X(0) = E, mo6mo po3e azox mampuunoi 3adaui Kowi

X=4ax, x|,  =E. - (2.56)

EXCNOHeHTy MaTpuL ¢ - A o3HayaloTh yepe3 e a6o Exp (Af), npuuoMmy
3a YCTJIEHOIO TPAAMILEIO apryMEHT I1iji 3HAKOM €KCIIOHEHTH MUINYTh Y BU-
rasiai At 3aMicThb 7+ A. TakuM YMHOM, 332 O3HAYEHHSIM

im_ Ar A =
et =, e I_O_E. (2.57)

Onuiemo Tenep OCHOBHi BJaCTHUBOCTI eKCIOHEHTH.
1. Excnonenma mampuui t- A € cymolo mampu4rozo pady

t o, .
E+T!-A+—2!—A +'"+EA +...,

axuli 3bizaemocs pieHomipno wodo t € |a, b, de |a, b) € R — Odoeinb-
Huii 8i0pi30K. .

CnpaBai, MaTpuuHe piBHAHHA X = AX MOXHA PO3[VISAATH K n’-Bu-
mipHy JIOC. Ha nigcTaBi MipkyBaHb, HaBeIeHHX Y 1OBeeHHi TeopeMH 2.1,
po3B’a30K 3a1a4i Kowii (2.56) MoxHa nobyayBaTu siK IPaHMIIC TOC/IiA0B-
HMX HaOJIXeHb

Xo(t) = E, Xk(z):E+J';AXk_,(s)ds, k=12, ...
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Nininni opHopipHi cucTem#u 3i ctanumu koeddiuieHTamm

Jlerxo GauuTy, 10
X](f) = E +fA,
2
Xz(t)=E+tA+-t—2—A2,

' ' X(t)—E+LA+iA2+ +t—k—A"+
SR TR TR 7

I1pn usomy Ha Gyab-sikoMmy Biapi3ky |a, b] € R nocainoBHictb { X, (1)}; .,
pisioMipHo 36iraeTbca 40 MaTpUYHO3Ha4YHOI PyHKUIT X (7), 1O, TAKUM 4H-
HOM, € HenepepBHUM Ha R pO3B’13KOM piBHHHHﬂ’

t
X(t)=E+ IOAX(s)ds,
# orxe, i 3ana4i Kowwi (2.56). 3anuimaetbes 3ayBaXuTH, WO PO3B'SA30K L€l
sauavi Kouni Ma€e B1acTUBICTb €AMHOCTI.

2. s 6yds-sikoeo t € R cnpaedxcyemocs pignicms det e = ¢4,
List BnactuBicTb BuILiMBae 3 ¢popMyiu Akobi.

3. Sxuwo mampuyi A i B xomymyome mixc cobowo, mo euxoryiomves
pigHocmi

BeA' - eA’B, eA'eB' :eB'eA’ =e(A- B)r'

. . d
Cnpabai, OCKiIbKH EBeA‘ = BAe" = ABe”’, TO MaTpUMYHO3HayHa

(yukuia Be? € equnum po3p’askom cucteMu X = AX , axuit ipu £ =0
nubysae 3HayeHHsn B. Ajle TaKy caMy BJAACTHBICTb Ma€ MaTpM4HO3Ha4Ha
thytikuis e’ B. Tomy ui GyHKuIi TOTOXHO piBHi.

Aani,
d
ZeYel = geMe® + eV Be® = (A+ B)ee?,
dt
apinku BurumBae, wo ee® — ne po3s’ssok 3agaui Kouwi X = (A+ B)X,

X|, o = E. Ane 3a 03HaueHHsM TaKuM po3B’si3kom € ‘4" 8.

215




aea 2
TNIHIAHI AUOEPEHLIANBHI PIBHAHHA

4. Mas scix t, s € R cnpasdacyromocs pieHocmi

eA(ns) - eAreAs, (eAt) { = Ar'

Ilepiua 3 Lux piBHOCTEN € NIPAMMM HaCIiAKOM BnacTuBocTi 2. [Uis Toro,
1106 nepexoHaTUcs B MPaBWIbHOCTI ApYroi piBHOCTi, JOCTaTHbLO B HEpilii
IIOKJIACTH § = —I i BpaxyBaTy, 1o e”" = E.

Y n. 2.3.1 yxe Bia3zHayanocs, Wo cuctemy (2.43) MOXHA TIymMadu-
TH SIK BEKTOPHE PiBHsiHHA B aOCTPAKTHOMY /-BUMIDHOMY BEKTOPDHOMY
npocTopi V” (Haa nojem AiCHMX a60 KOMILIEKCHMX YMCe), BU3Haye-
He NiHiliHMM onepatopoM A : V" — V. Po3p’a30k 3asadi Kowi (2.56),
B skift E = Id TpakTyeMO K TOTOXHMHA Oreparop, BU3HAYae CiM’'io
HeBMpOLXeHMX onepatopis {e'} .. 3a1exHy Bia napametpa f. 3po3y-
MUIO, IO BIACTHBOCTI 1—4 3a1MIUAIOTHCH B CHLL, SIKILO B HUX MATpULi
3aMiHUTH JiHiitHMMKU onepaTtopamMu. Ha oco6auBy ysary 3acnyrosye
saacTusicTs 4. Bona o3nauac, 1o MHOXHMHA onepatopis (e},
YTBOPIOE OAHONAPAMETPUUYHY KOMYTATMBHY rpyiy nepeTBopeHb npo-
cropy V”. Jani 6yne noxkasaHo, 110 OAHONApaMETPHYHI Ipyny ne-
peTBOPEHb MOPOAXYIOTh He JiKlue JiHiAHI, a ! HeJniHilHI cucTeMu
andepeHUiabHUX PiBHSAHbD.

5. Sxwo A € xponexepoeom CYMOI0 xeadpamamuux Mampuub A, .., Ap,
mo6mo A = diag (A,, ... ) mo e’*’ diag (™', ..., e™").

JliiicHo, B TOMY, 1LO diag (e At ) s ! ) € po3B’sA3KOM 3ajgaui Kouii

(2.56), ne A = diag (4, ..., 4 ), J1erKo nepexonamca MpAMOIO Nepe-
BipKOIO. N

6. [ dosinbHol Hesupooxcenoi mampuyi H cnpasedauea popmyna
R ‘ASS—I.

. d
Biticwo, —-§ leg = §-1485'e#S. Otxe, S 'e™S € po3s’s13koM MaT-
PUYHOI CUCTEMH X=5" lASX SIKU# O TOTO X T1EPETBOPIOETLCS HA OLMHMY-
Hy MaTpULUO NpH 7 = 0. Taky caMmy BracTUBicTb mae e 4.
Ha niacraBi BcTaHOBJ€HUX BIaCTMBOCTER Marpuqum €KCIIOHEHTH 3’8~
CYEMO CTPYKTYpY MaTpuuHo3HauHoi dyHkuii e”. Hexait H — marpuus re-

peTBOpEeHHS 110AIOHOCTI, AKe 3BOAMTb MAaTPULIO A 10 HOPMAaJIbHOI XOpaa-
HoBoOI (hopMu:

H'AH = J(A) = diag (U, (1)) voes Iy (Rp))y My 4oty = 1.
Toni
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e = H diag (M'T,,, (1), ... e™'T,, (NH ', (2.58)

AY 181 I0BLIbHOTO HATYPAILHOIO /m 4epe3 7, (f) 03Ha4YeHO MATPULIIO BU-
Hway

2 m-1
por Do
2! (m-1)
tm~-2
01 ¢
(m-2)!
00 1 t
0 0 . 0 1

[itticxo, Ha nincrasi BiacTuBocTell 5 Ta 6 MaEMo
. o () T (A )1 _
ed! =Hdlag(e e )H 1

Tenep 3anumaerbcs BUBYUTH GynoBy mMatpuui e’ [ina uporo 306pa-

JUMO KJITUHY JKOpAaHa Y BUMIJIAI CyMH AiarOHajlbHOI Ta HUIbIIOTEHTHOL
MUTPHLL: :

0100
. 0010 ..
JoA)=»-E,+N,, E,=diag(l,....1), N,:=| .......... .
T 0........ 1
0........ 0

Ha niacrasi Rnactusocrti 3 maemo e/ = ™ .e™N+' | [lna obuncneHs ene-

MCHTIB MaTpuli eNn! BUKOPHUCTAEMO BIaCTUBICTb 1. IlpH nigHeceHHi Mart-
puui N, 10 cTenens k < m fiaroHasb 3 OAMHMLL 3CYBa€ThCA Ha (k — 1)
micue B HanpsMi 40 IpaBoro BepXHbOIo KyTa, a N, =0. Tomy
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2 m-l
1 = !
2! (m-1
m-2
o1 ¢ .. 4
2 m 1 (m~2)!
N t
e — E+tN, +—+. . +—— NI = o
2 (m-1!
00 1 1
0 0 . 0 1

& 3ayBaxeHhn 2.3

sixwo XA (1) — nosinbHa pynaaMeHTaibHa MaTpuus cuctemu (2. 43), TO st
Oyib-s1K0i HeBUPOLKeHOI (n X n)-BuMipHOi MaTpuui C MaTprusi X(t)C Tex
6yne dyHaamenTansHop. 3okpema, npu C = X"(O) aictraHemo dyHaameH-
TajlbHYy MATPULIO, HOPMOBAHY OAMHMYHOIO B Touli f = 0. Otxe,

(XX =
OfNpuknap 2.14

Hexaii A — (2 x 2)-mampuys, ors akoi trA=0 idet A = mz, Oe w — Oesxe
diticne uucno. [loxaxcemo, wo 3a yux ymoe

sin ot o

e =cosor- Ey + A.

(0]

Ons obumncnenns creneHis MaTgum A 3ayBaxXuMmo, mo u xapakre-
DUCTHUHMI noninoM Mae surasg A2 — tr AL + det 4 = A2 + o’ Tomy 3a
Teopemolo I'amitsrona— Keitni (aus. noa. 1) maemo pisHicts 4> = — @ E
3siacu

% _ (ko E,, A% =l(_l)km2krlA.
[0]

OckinbKy MaTpuyHMit psill [UIs1 eKCIToHeHTH abcooTHO 36iXHuUit, TO, nepe-
IpyMyBaBUIX HOrO YieHu, JiCTaHEMO

& Qo Tol& ks

3aMLINAOCH CKOPUCTATHCS BIIOMMMM PO3IBMHEHHSMM CHHYCA Td KOCHHYCa
B CTEMEHERBi psiay.
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WNpuknapn 2.15

4 -1 0
uaiidemo e” de A=|3 1 -1|.
1 0 1

Y npuknani 2.13 Oyae 3naitaeno @CP JIOC i3 matpuuelo ~A. Otxe, Taka
JIOC mae dyHaaMeHTaabHY MaTpPHILIO

11 272
XA(I)ze'Z’ 2 2+l 1+t

3

1 r+1 272+t +1

nNpUYOMy
100
X0=[210
111
Ockinbku
1 00 1 -1 172
'o=-2 10| i Xep=ef2 -1 0|
1 -1 1 10 1/2,
TO
7/2 -3/2 1)2
ARk 0= 4 -1 0
3/2 -1/2 12

ONpuxnaga 2.16

3uaiidemo pynoamenmansvry mampuuro 2m-eumiproi cucmemu

{u =J,(a)u-PBr, (2.59)

v =PBu+J, (o)
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NIKIWHI QANOEPEHWIANBHI PIBHAHHA

i, AK Hacaidok, excnonenmy mampuyi
[‘,m(a) -BE,, ]

B, (o, P) =
" BE, Jy(a)

Hacamnepen 3aysaxumo, 1o (2.59) MoxXHa NOJATH y BULASAHAL CUCTEMU B
C” Burnsny
X=J,(x, x=u+iv, p=a+ip (2.60)
Cnpasni, x =+ i
Jo(Wx = (J () +iBE Y +iv) = J (o) - Py + i (Bu+J ,(a)v).

Alkwo B po3s’sa3ky x(f) = e’ (u, +ivy) cucremu (2.60) BuainuTu gificny i

YHBHY YacTMHM, TO B Takuil cnocib byne 3HailaeHO po3s’a3ok (u(t), v(1))
cuctemn (2.59) takuit, wo (u(0), v(0)) = (uy, »j). Ockineku 3a Gpopmynowo
(2.58) &/»W' = T (1), TO

m

x() = e™(cos Pt +isin B T, (1) (uy + ivy) =
=e*|cos Bt - T, (Huy - sin Bt - T, (D vy +
+i(sin Bt - T,,(Hug +cos pt- T™(1)vy)].
3siacu
u(t) = e*(cos Bt - T,, () uy — sin Bt - T,,(H)vy),

v(#) = e (sin Bt - T, () uy +cos Bt - T () vy).

Tenep 3po3ymino, 10 MaTpuus

o cos Bt-T,(t) —sin Br-T, (1)
sin §1-T,,(1) cos Bz-T"(1)
€ ¢dyHaaMeHTanbHOW M cucteMu (2.59). Ockinbky us dyHaameHTanbHa

MaTpuLst npu f = O MEepeTBOPIOETHCS HA ONMHMYHY, TO BOHA 36ira€Tbcs 3
e M 3okpema,

Exp [ut - ﬁr}

Br  wt

- (cos Br -sin BIJ

sin Bt cos Pt
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Ninidni opHopipKi cucTemu 3i ctanumm xoediuieHTamu

2.3.5. ExcnoxexuianbHe Bino6paxeHHn.
Marpuunmni norapucpm*

Jloci npy BMBYEHHI MaTpU4HO3Ha4yHOI hyHKLUIl e My BBaXa1H, WO
A - nesika d)lxconaua MaTpULUs. Tenep po3risiHeMO MaTpUUHY €KCIO-
iewry axk ¢byHKuio 2n? 3MiHHUX. A caMe, Hexail Mat (n; R) — MHOXMHAa
(# = n)-BUMIpHUX MaTpHUlib, JleMEHTAMM SIKUX € AiMcHi yncna. Lis MHOXH-
114 MAE IIPYUPOIIHY CTPYKTYPY n°-BHMIPHOIO JIiHIiiHOIO NPOCTOPY Han NnoJjieM
AlRcHnx yKces. YBeaeMo 40 po3riisly TaKOX MHOXUHY Mat (n; (C) siKa

CKIRUAETBCS 3 MATPULL BUDsAY Z = {Z;}} ; = X +iY, ne X = {x;}] ;_; €
eMat(m; R), Y = )i ;.1 € Mat (m; K). KO)KHm Marpuui Z € Mat (n )
JIOCTABMMO Y BilIOBiIHICTb MATPHLIIO eZ =e? | € Mat (n; C). Takum

HHHOM BUHUKAE eKcnoHenyianste 8idobpaxcenns

Exp : Mat(n; C)—» Mat(n; C): Z > eZ.

Aoro MoxHa TaKOX TPAaKTYBATH K BinOoGpaxeHH 3 2n’-BUMIpHOTO Mpo-
c1opy Mat (n; R) x Mat (n; R) y cebe.

TeepaxeHHA 2.15
- EkcrioneHuiaipHe BigoOpaxeHHs HecKiHyeHHo audepeHUiioBHe B

Mat (n; R) x Mat (n; R).
DosepeHHA
s noBedeHHs NOTPIGHO CKOpUCTATUCS TUM, WO Exp (X +iY) €
CYMOIO psilly Z (X +iY)*/k! Lleit pan piBHOMIpHO 36ira€Tbcs Ha Gyb-
k-1
sIKifl XOMINIaKTHil NiAMHOXMHI npocTopy Mat (n; R) x Mat (n; R),

OCKUIbKM NPH NOBiIbHOMY r> 0 | X + 7Y |:= 4| X ||2 +|Y || <r paA

Zu (X +iY) H/k' MAXODYETHCS 3GLKHMM YUCIOBUM PSIOM Zr"/k'
k=1
3Bmcn HeraifHo BUILUIMBAE HelepepBHICTh eKCIIOHeHlialbHoro Bino6b-
PaXXeHHS.
Tak camMmo MoXxHa ,uonecm 1110 B pa3i NOCAiJIOBHOrO MOYJIEHHOIO

audepeHUilOBaHHA DALy Z(X +iY)/k! 3a 3minHumMu X,
k-1
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JUHIAH! AWOEPEHLIANBHI PIBHAHHAR

(i, j=1, ..., n) KOXHOro pazy yrBOplOBaTUMETbCS pAld, PiBHOMIPHO
30ikHMI Ha Oyab-siKili KOMIOAKTHINA NiAMHOXURI npocTopy Mat (n; R) x
x Mat (n; R). Tomy MatpuuHo3HauHa ¢yHkuis Exp (X + {Y) ailicHux
3Mil.1HP1X Xijp Yegs b J, k, I=1, ..., n Ma€ HeNnepepBHi YACTUHHI HOXiAHI
IOBL1bHOIO NOPAAKY.

3ayBaxuMo, 110, OCKUIbKH €% siBisie co60l0 (pyHIaMEHTaNbHY MaT-
puuio JIOC x = Zx, T0 06/1acTh 3Ha4eHb eKCIOHEHUialbHOro Binobpa-
KEeHHS HanexuTh MHOXUHI GL(n; C) c Mat (n; C) ycix HeBUPOAXEHUX
(n X n)-BUMIpHMX MaTPHUlb i3 KOMILUIEKCHMMM eneMeHTamu. [lpu nubomy
3HauyeHHs Exp (X) npu X € Mat (n; R) Hanexutb MHOXUHI GL(n; R) ycix
OIACHHUX (n X n)-BUMIPHUX HEBUPOMAXeHUX MaTpMlb. BimHocHO onepauii
#00yTKy MaTtpullb MHOXMHA GL(n; C) (GL(n; R)) yrBOpIOE rpyny, sika
Ha3UBAETLCS NOGHOIO 2PYNOK AIHILIHUX nepemeopent npocmopy C" (Binno-
BiaHO R").

BusiensieTecsi, 00pa3 Binobpaxenus Exp : Mat (n; C) ~ GL(n; <) 36i-
ra€TbCs 3 yci€lo MHOXMHOW GL(n; C). [as Toro o6 obrpyHTyBaTH ueii
BaxXJiMBUH (aKT, yBeIeMO IOHATTS MaTpUYHOro jorapudma.

< O3navennn 2.8

Hexaii dns mampuyi W € Mat (n; C) icnye maxa mampuys Z € Mat (n; C),
wo e = W. Todi Mampuuro Z Hasuearomoe aozapupmom mampuui W i
nosxauaroms yepez Ln W.

Teopema 2.10
Jas xoxHoi Matpuui We GL(n; C) icHye 11 noraprudm Ln W.
[JoBefgeHHRA
IpupoaHo crnoyaTKy JOBeCTU iCHYBaHHs Jlorapyudma XopaaHoBOL

kuitany J,, () =%E, + N, = 7.(Em +lN,,,}, ae L #0, m=>2 lla
IS

3ajau4a, CBOEIC 4Yeproio, 3BOAUTHC A0 1obynosu gorapudma MaTpuiti

E +—l—N
n

m m*

CKopuCTaBILKCA BiIOMUM PO3BUHEHHAM

& lx/(

1n(l+x)=zgll-)——-—
Kl

. L,
el
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2.3
Nininni opnopipHi cuctemu 3i ctannMmu koediuieHTamun

YTBOPUMO MAtpHIIO

% lfk tZ ™ Ztm--l m_
Z(t) = z( ) —IN,,,~7N5,+...+-(--);1_~[—N”,1

| nepekoHaeMocs B TOMY, 11O

e“O - E, +IN, VteR (2.61)

‘Toui 6yae aoBeneHo, 14O

2 m 2 m--1
Ln(Em +tN'"):= tNm '_I_Nz + _(._.—_!)—t_

m-1
5 m Tt m—1

. i d o
Ockinbkn Z(NZ(1) = Z(HZ(t), TO EZ" (t=kzZ"' 1z =
=kZ(N)ZF (1) (k=1,2,..), 3Binku %ez“’ = Z(ne?". Kpim Toro,

e?® = E . Orxe, e € po3s’askom Takoi 3anaui Kowi pas Marpuy-

Horo piBHsiHHA: X = Z("HX, X|,_ o = E,,. Ane 110 caMy BJIACTUBICTb

Mae MaTpyyHo3Ha4Ha GyHkuia £+ N, . Cnpanm, — (E +tN,) =
a ockineku N, =0, TO

Z(t)(E)rz +'Nm) =
=(N,, ~tNg +..+ (D) 2" NP YYE, + N, )= N

m
3 envHocTi po3s’s3Ky 3anavi Kowi Bunnusae pisHictsb (2.61), a 3 Helo
U dopmyna mia Ln (E, +¢N,).

3ayBaxuMoO, L0 NpY OOIpyHTYyBaHHi piBHOCTi (2.61) 6yao BU-
KOPHMCTaHO JIMHIe BJIaCTUBICTh HUILIIOTEHTHOCTI MaTpuui N, a came
N,W =0, a KOHKpPeTHMI BUIJISA Lli€l MAaTpMLi HifAKoi posi He Bigirpa-
BaB. Tomy 3amicTh N, y (2.61) MOoXHa nokiacTu i zN,, npu n0oBiIb-
HoMy z € C. lHakle Kaxy4u, 3a3Ha4yeHa piBHICTb CIPABIXYETHCA 1151
Bcix t € C,

Hani, nexait A € C\ {0} poBinbHe. J11a KOXHOro 1ijaoro k su-
KOHYETbCA piBHicTb eMI*I/awi-2imk _ 5 p0a8% _ 5 MMocnigoBHicTb
fin|7.|+iarg 7 + 2ink},_, NPAPOIHO HA3UBATHU JOrapuHPMOM KOMILIEKC-
Horo yucaa A = 0. 3actocoByBaTMeMO 1Sl Hei nno3HayeHHsa Ln A. Te-
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NIHIRHI AUOEPEHUIANBHI PIBHAHHA

Inep yxe JIerko [10Ka3aTy, Lo jorapudmom matpuui J, (1) npu A # 0 €
MHOrO3HayHa MaTpyyHO3Ha4YHa GYHKLLs

InJ,(X)=Lnx-E, +Ln (E,,, +—)l—N,,,).

JificHo, Ha miacTaBi BAacTUBOCTEN 3 1 5 eKCNOHEHTH MAEMO

Exp(Ln r-E, + Ln(E,,, +.1N,,,D = e M EnExp Ln(E,,, +%Nm) =
~

= )*(Em +11_Nrtz) = an(}')'

A

Hexait Tenep W — noBijibHa HeBUPOAXEHA MaTpHLsl. 3BeaeMo ii A0
HOPMaJjIbHOI XOpAaHOBOI (hOpMHU 32 10NIOMOIOI0 060POTHOI MaTpulli S

W = Sdiag(Jy, (1), oo J 0-)NS .

3po3yMino, WO cepen Yucen A, ..., Xp HeMae€ HYyJiB. 3 ypaxyBaHHAM
BJIACTUBOCTEHN 5 1 6 €KCIIOHEHTH OCTAaTOYHO JiCTAEMO

Ln W = Sdiag(Ln J,, (4), .., Ln J,, (=,))S ',

JloBeneHa TeopeMa Ma€ BaX/MBi 3aCTOCYBaHHsl B TeOpil NiHiIHHMUX cUC-

TeM i3 nepionMyHuMu KoebiuieHTaMu (auB. M. 2.6), a TAKOX B aHANITUYHINH
Teopii AudepeHUiabHUX PIBHAHb, LIO BUBYA€E BIACTMBOCTI PO3B’A3KiB 4K
¢yHKLi He3aIeXXHOI KOMIUIEKCHOI 3MiHHOI.

F S N

BIIPABU TA 3A[AUI
@® 3Haiiti 3aranbHuit PO3B’A30K TPUBUMIPHOI CHCTEMM X = AX, MaTpULLt SIKOi Mae
BUIISLA:
-2 1 -2
a) 13 -1 6) I -2 2
-1 2 3 3 -3 5

224



2.4
Nininni HeogMOPinKi PIBHAHHA # CACTEOMN

1 -1 1 1 -1 3
) B N S S U I) 0 1 11
0 -1 2 -1 0 4

i Y KOXHOMY BHMaAKY ONMCATH AKICHI RIACTUBOCTI PO3B’A3KiB.

‘ Y reopii MaTpuub BinoMa Taka teopema Illypa: ans aosiibHOl MaTpui A icHye
yHitapna mMatpuus T T1aka, wo 7°A7 € BepxHbOIO TPUKYTHOWX Marpuueso (T°
103Ha4Ya€ MaTpPMLIIO, epMiToBo cripsukeHy 3 7). [lokaszaTy, sk L0 TeOpeMy MOX-
Ha BUKODMCTAaTH AJIs1 POB’si3aHHs cucTeMu (2.43).

® 3naittn excnOHEHTH MATDHLLb:

(e o)

300
@ 3uaitue? ne 4=12 3 0|
023

® Hexait 4, B1a X, — 3anani (n x n)-BumipHi MaTpHLi. 3HaltTH PO3B’A30K MaT-
PHYHOIO PiBHAAHHSA

X = AX + XB,
siKHit 33/10BOJIbHSE NOYATKOBY ymMoBy X (0) = X,
\/ Hexait A7) = {a,j(r)}ﬁ j=1s aij(t) e C({ » R). JoBecTH, 10 MATPUYHO3HAYHA
dyHKUiA X(r) = exp ( j ' A(s)ds), ae ty € I, € dynnaMeHTanbHOIO MaTpUleio
1 .

cucteMu x= A(?)x Toni ¥ anLue Toui, KON

1 1]
A(t)j' A)ds = sy ds A).
0 0

| 2.4 |

NiHiWHi HeORHOPiAHI PIBHAHHA 1 CUCTEMMN

JliniliHi HeoHOpiAHI PiBHAHHSA (CUCTEMH) MalOTb 4Y10BY BIaCTUBICTb:
PO3B’SI3KM KOXHOIO TaKOTIO PiBHSIHHA (CUCTEMHM) MOXHa 3HAliTH B KBaJpa-
Typax, aKio BinomMa ®CP BianoBiAHOro OAHOPIAHOrO PiIBHAHHS (CUCTEMHU).

8 340 225



naea 2
NMIHIAHI AUOEPEHUIANBHI PIBHAHHA

2.4.1. CTpyKTypa MHOXMHY
pPO3B’A3KIB NiHiAHOrO
HEeOAHOPIAHOIO PiBHAHHA

Po3risHemo 3aranbhe BeKTOpHe JliHiliHe HeoaHOpiaHe AudepeHLialbHe
piBHsHHA (JIHP)

" m-1
£x = Ao(r)ﬁ_ml( )Z,m; bt AL Ox= fO),  (262)

B SIKOMY €JIEMEHTHU (1 X n)-BUMIpHUX MaTPpHULibh Aj(t) (j=0, ..., m) Ta n-Bu-
MipHOI BekTOp-(QYHKUII (/) BU3HAYEHI HA AesiKOMY iHTepBaJi (BiApPi3KY)
I ¢ R. BexTop-(dyHKuiio f(f) HA3UBATUMEMO GL1bHUM UAEHOM NiHILHO20 He-
00HOpiOH020 piensanna (2.62).

TBepaxeHHs 2.16
Hexaii x.(t), t € [ — gesxuit gikcoaunit po3s’ssoxk JIHP (2.62).
Toai ans 6ynb-aKoro po3s’siaky xy(7) sianosinnoro JJOP £x =0
dynkuis xy(7) + x.(f) TeX € po3s’s3Kom piBHsaHHs (2.62). HaBnaxy,
Oynb-sakuil po3p’sa3oK x(f), te [JIHP (2.62) MoxHa nogaru y Bu-
rani x (1) = xp(1) + x.(1), ae x,(1) — nesikuit po3s’s30k JIOP £x = 0.

OoesepeHHA

SAxwo £xy(t) =0, 1€ 1, To Lxy(1) + x.(1)) = L£xy(1) + £x.(2) = f(1).
t € 1, To6TO (byHKuiﬂ x,(t) + x.(t) Tex 3anosonbhse JIHP (2.62). Ha-
Braky, akuwo £x(t) =0, re€ I, 10 xy(1) = x (t) — x.(1) € posp’askom JIOF

Lxp() = £(x(t) - x. () = Lx() - Lx, (1) =0, t e ].

Q) Hacnipok 2.6

3acanvruti po3e 930K AiRiliHO20 HeOOHOPIOHo20 pieHAHHA (2.62) Aease co-
6010 CyMy 4ACMUHH020 PO38 'A3KY Ub020 DIGHAHHA Ma 3020AbHO20 PO386 A3K)
8i0n08iI0HO20 NIHIlIHO20 OOHOPIOHD20 DIBHAHHA.

Lleit akT nonmycka€ Take reoMeTpuyHe TiyMauyeHHsi. MHOXHHA
po3s’s3kis JIOP, ake Bianosinae piBHsiHuio (2.62), yTBOpIOE Ji-
HiliHu# nignpocrip ker £ y npocTopi, ae aie oneparop £. 13 TBepa-
KeHHH 2.6 BunauBac, 10 CYKYynHicTh ycix po3s’sskis JIHP (2.62)
sipiisic cob010 adiHHM#M NiANPOCTIp, 1O yTBOPIOETHCSH 3CYBOM ker £
Ha BeKTOp X.(1).
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2.4
NiHIAKI HeopHOPiAHI PIBHANHAR # CUCTEMKU

ITpu BinwuykaHHi YaCTMHHMX PO3B’SI3KiB JiHIHHMX HEOAHOPIAHMX piB-
HHM UL BaXUINBY POJIb Billirpa€ Tak 3BaHuit npunyun cynepnosuyii. Moro 3a-
€TOCyBaHHS [0JAra€ B TOMY, 11O BUILHMIA wieH f(f) HaMaraloTbCs 10AaTH y
WU CYMM, B [IEBHOMY CeHCi, npocTilnx QYHKUIA f, (7)), ..., £, (f) TaK,
1106 MoXxHa Dyn0 3HAMTH YaCTUHHMIL po3B 130K KoxHoro JIHP i3 sinsHuM
wienom £, (1), k=1, ..., N. lani KOpUCTYIOTbCS TAKMM TBEP/LKEHHSIM.

Taepnxenuna 2.17
qu\}o x, (1), t € I -~ po3p’A30K piBHAHHA £x = f, (1), TO x(f) =

s Zxk (1) — po3B’A30K piBHAHHA (2.62) 3 BUILHMM 4YleHOM
k1o
f=3 .
ko1
[oBepeHHR
Cnpaai,

N N N
£ x (M= L= fi()= Q).
k=1 k-1 k=1

2.4.2, Metop Bapiauii aOBiNbHMX cTANUX
(mertop flarpaHixa) BiaWyKaHHA
PO3B’A3KIB AiHIAHNX
HEOAHOPiAHUX CUCTEM

Lleit MmeTOA Ja€ 3MOTy 3iHTErpyBaTH n-BUMIpHY JiHIHHY HEOAHOPIAHY
eHcTemy

x=A@M)x+ f({t) (2.63)
94 TAKOIO cXxXe Mo jo.
¢ 3naxoaumo OCP BianopinHOI OAHOPIAHOI CUCTEMU
x = A(t)x (2.63)

i yrBOpIOEMO ii DyHIaMeHTaIbHY MATPULIIO X (7). 3aranbHuiil po3s’s-
30k JIOC (2.63') nonaemo y Bursagi X (7)c, e ¢ — BEKTOp, KOMIIO-
HEHTaMU SIKOTO € LOBLIbHI CTalli ¢y, ..., C,,.

227



Mmasa 2
NIHINHI QAUOEPEHUIANBHI PIBHAHHA

¢ Po3p’a3ok JIHC miykaeMo y BUIA]

x = X)), (2.64)

e ¢ (1) — BexTOp-(DyHKILs1 3 HEBIIOMUMHU KOMIIOHEHTaMHU c(8), ...,
wees €,(1).
o KomnoneHTd BeKTOp-PyHKLUII € (1) 3HAX0AMMO i3 cUCTEMH

X(et)y = f(O|e é) =X L(Df@). (2.65)

3aranbHuil po3B’s30k cucTeMu (2.65) Mae BUIIAL

o) = ¢+ J‘" X (s)f(s)ds,

Ae ¢ — BeKTOp, KOMIIOHEHTaMU SIKOTO € AOBUIbHI CTali ¢, ..., C,, @
1, — ¢ikcoBaHa TouKa iHTepBaly BU3HayeHHs KoedilliEHTIB cucTeMu
(2.63).

o IlincraBusium ¢ (t) y (2.64), nictaeMo 3araibHUil pO3B’I30K CHCTEMM
(2.63) y Burnsai

x=X(f)e + j : X)X ' (5)f(s)ds. (2.66)

Ob6rpyHtyeMo Buxnanenunit meton. Iliacrasumo (2.64) y (2.63):

% (X(tHe)) = X(t)c(t) + X(#)e(t)y = ADHX (DHe(t)+ f(1).

3BiLCH 3 ypaxyBaHHAM piBHOCTI X (7) = A(t)X (t) (teopema 2.4) nicraeMo
cucreMy (2.65) nns BusHaveHHs c(f). [Noganbiui aii, AKi NpUBOAATH A0
dopmynu (2.66), 10NaTKOBUX HOSICHEHD HE MOTPeBYIOTD.

ONpuxknap 2.17
Po3e rowcemo cucmemy

x=y+1glr-1,
y=-x+tgt

BignopinHa onHOpiaHA CHCTEMa JerKO PO3B’SA3YEThCHA 3BEAEHHAM ii 10
JiHIRHOrO PiBHSIHHA APYrOro INOPSLKY:
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2.4
NiniAni HeopHOPiAHI PIBHAHHR # CuCTEMA

"
!

¥X+x=0 = x=cjcos t+c,sin .

Toai y=x=-¢sin 7 +c¢, cos t, T06T0
. x cost sint){¢
e )
Otxe, B HauioMy BHNaaKy ¢pyHIaMeHTaibHa MaTpulis Ma€ BHIJIAL
" cos ¢ sin ¢
- [—sin t cos t}'

ﬁoas’awx HEOJHOPIAHOI CHCTEMM LUYKAEMO METONOM Bapialii AOBijib-
HEX grainux: Hesigomi GyHxkuii ¢ (1) Ta ¢ (1) 3HaX0AMMO i3 CUCTEMH

cost sin 1) (c(n) (g2 -1
-sin 1 cos 1)\ &) B tgt '

Maemo: ¢,(f) =—cos t, é(f) = sin® #/ cos? 1. Ilicas inTerpysamHsi JicTaemo:

. 1 A s .
oD =c -sint, ¢;(1) =¢c3 + +cosf. 3arajibHUit pO3B’sA30K HAWOrO piB-
cos/

HAHHSA 3anuvieMo Tenep y BUISAL

X=¢CosT+e,sin f+1g 1, y=—-c¢sint+cycost+2.

Bunuuemo GopMyIly 3aralbHOrO po3s’si3Ky NOYATKOBOI 3a1ayi xy(1y) =
= X, 8, € 1 i cuctemu (2.63). [loknagemo B (2.66) ¢ = {, x = x,. licTane-
MO CHCTeMY [1sl 3HAXO/XEHHS BeKTopa HOBUILHUX CTaluX: X(fy)e = x,.
llhwrasuamn il po3B’s30K ¢ = X ! (t,)x, B (2.66), Maemo LuyKaHy opmy.ty
posB’s3Ky 3anavi Kouwi

x= XX (10)% + | ,' XX (5)f(5)ds. (2.67)

dopmyny (2.67) 3al1UCYIOTH TAKOX Y BUIIIsAL

) x=Qlxy + | ; Q! f(s)ds, (2.67)

e
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NIHIAH! AUOEPEHUIANBH! PIBHAHHA

QL = X(HX (). (2.68)

Llst MaTpuyHO3HaYHa (PyHKLUiA ABOX 3MiHHMX HA3UBAETHCH MAMPUUAH-
mom, abo eeoawoyilinum onepamopom, JiHiI}iHOI OLHOPIAHOI CHCTEMH
(2.63").

besnocepenHbo 3 hopmyau (2.68) BUILIMBAIOTh TaKi BJJACTHBOCTI
MAaTPUUAHTY:

Q=E; QO =0; Q=@ (2.69)

Ipunyctumo, wo Marpuisa cucremu (2.63) Bu3nayeHa Ha BCik
AiicHiit oci. byneMo TayMauMTH po3B’s30k cucteMu (2.63) sik peakiiio
JIOC (2.63") Ha 30BHiHE 30yperns f(1). [puponto BBaxary, o 3a
BiacyrHocti 36ypernst (f(7) = 0) cucrema nepebysac B crokoi (x(¢) = 0).
Hexait 30BHiluHE 36ypeHHsa Ai€, MOYMHAIOMH JM1LE 3 IEBHOTO CKIHYEH-
Horo MomeHTy yacy. Toai 3riano 3 ropmynolo (2.67°) peakilisi cucreMu
OnuUcyBaTHMeEThCst HOpMYJIoI0

x(1) = j' Q! f(s) ds.

Bupas auiBa B Liit hopMysi sease cobolo ainiline inmeepansvie nepe-
meopenns QyHKuii f(2), A0poM IKOTO € MATPULIAHT.

[Tokaxemo, 1110 po38’s130K sz;oxo JIOC (2.63") npu 1 > 1, MOXHa
iHTEpNpeTYBaTH K PeaKLilo CUCTEMH Ha 30BHIlIHE «MHUTTEBE» 30ypeH-
usa surasny 8 (¢ - 4)x, Tyt 8(¢) — ue 3HamenuTa 3-gynkuin Jipaka.
®@i3nku ThyMauaTh il IK MUTTEBMHA IMIMYJILC HECKIHYEHHOT IHTEHCHB-
HOCTi, KOTpHii i€ B MOMeHT yacy 7 = 0 i BUKOHYE OAKHHUYHY poboTy B

0

TOMY CeHCI, Lo J' 3(s)ds = 1. lns CTPOroro mMareMarn4Horo o3HauyeH-
Fal

H$l TAKOrO MHMTTEBOrO iMNYJILCy MaTeMaTHKaM JOBEJOCS BBECTH MO~

HATTA y3azanrvrenol gynkyii. OCHOBHA XapaKTepMCTHYHa BIaCTHBICTDb
S-dyHkuil [ipaka nossira€ B ToMy, 110 Ans Oynb-AKOi HenepepBHOi Ha
R ¢yHkuii ¢ (1) cnpaBaxXy€eTbhCst PiBHICTb

jn d(t-5)p(s)ds = () Vie k.

Xoua dyHKUIT y 38M4aifHOMY PO3yMiHHI 3 TAKOIO BAACTMBICTIO He iCHYE,
oaHaK el 06’exT y NeBHOMY CeHCi MOXHA BBAXATH I'PAHULEIO NO-
CJI10BHOCTI KOPOTKOYACHHX IMITY/1bCiB BEIMKOI iIHTEHCHBHOCTI, KOXEH
3 SIKMX 34iACHIOE OAMHHUHY poboTy. PodrisiHemo, Hallpukian, CiM’io
cxinyactux dyHkuin
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0, t e (-0, —€/2)U(€/2, o),
o ()=
/€, tel-€/2, +€/2].

Kopncrylo-mm TeOpeMoOIO PO CepenHe 3HAYEHHSA, JIerKO NMOKa3aTH,
wo

0 (' d ‘l 1+€/2 (t d= )_
[oce-setds <[ o@)ds— o) =

= J'w't‘)(t - S)p(s)ds, € » 0

nns BCix T € R. Y 1bOMYy ceHCi BBaxaloTh, o 6(¢) — 8(t) npu € — 0.
Po3rasHeMo peakuilo cuctemu (2.63°) Ha 30BHilIHE 30ypeHHs
J(t) = o(t- 1y)xy = o (# — 1)x,. [lpu t > 1, maemo:

t o
lim I L Qiocls —1g)xods = (n_{?oj_wQ.'soe(’o - $)Xods = Q) Xo =

€—+0

= "‘t Q;a(’o - S)XO ds.

Buxoasuu 3 uMx MipkyBaHb, PyHkui0 Qjo Xo 0Npu ¢ > ¢, inTepnpery-
10Tb sk peakuilo JIOC (2.63') na «iMmyancs 3(1 ~ #,)x,.

2.4.3. MeTop Bapiauii A0BinbHUX CTanNX
BifllWyKaHHA PO3B'A3KIB NiHiAKHKX
HEORHOPIRAHUX PiBHAHDB
N-ro NOpAAKY

3acrocyBaHHs MeToay JlarpaHxa 10 CKaJIsipHOrO JIiHiifHOro HeOaHOPi-

HOro piBHSHHSA

() (n-1)
Lx=x+a/(t) x +...+a,()x = f(1)

110JIra€ y BAKOHAHHI Takux O i i.

¢ 3naxoaumo ®CP x,(1), ..., x,(1) BiINOBIIHOIO OAHOPINHOTO PiBHSIHHA.

e Po3p’s3ok JIHP mykaemo y Burnsai
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x(t) = e (Nx (1) +... + ¢, ()x, (1), 2.71)

ae c¢(1), ..., ¢, (1) — GyHKuii, Wo NiandraioTh BA3HaYEHHIO.
o JloxinHi unx ¢pyHKUiA 3HAXOAMMO i3 CUCTEMU

(1) x (0 .. x, (1) ) (&) 0
(@O %0 .. X0 ||é&o :
= . (2.72)
........................ : 0
(n 1) (n-1) (n-1) .
Xy (t) xl (t) Xy (t) C‘,,(f) f(t)
Hexaii 3Biacu Bu3HayeHo ¢, (1) = @, (1), k=1, ..., n. Toai
t
¢ (1) =cy +I ¢ (s, k=1,...,n,
Iy
ae ¢y, ..., ¢, — AOBLIbHI CTaNi, a f; — (ikcoBaHa TOYKA iHTepBany

BU3HauYeHHs xoediuieHTIB piBHAHHA (2.70).

o [lincraBuBiuM 3HaitneHi dyHkuii y (2.71), aAictaeMo 3aranbHuit po3-
B’S130K piBHAHHS (2.70) y BUINAAI CyMH 3araibHOIO PO3B’SI3KY BilIo-
BiAHOrO OJHOPIAHOrO PiBHAHHS Ta AESIKOI0 YAaCTUHHOIO PO3B’A3KYy
JIHP:

x(t) = chxk H+ Zxk (t)j’, o (s)ds. (2.73)
k=1 k=1 0

A6H OOrpyHTYBaTU BUKJIAAEHHI MeTod, AOCTAaTHLO 6yJ10 6 3ayBaXuTH,
wo (2.72) 36iraerbes i3 cuctemoo (2.65) y sunaaky, kouau (2.63) araae
co6oio JIHC, ekBiBaneHTHy piBHAHHIO (2.70), AKa yTBOPIOETLCA BBEAECH-
HsM ¢a3osoro BekTopa (2.15) (auB. m. 2.1.3). Binbuuii ynes takoi JJHC
Ma€ came BMIJISA [PaBoi yaCTUHU cucteMmu (2.72). KopucHo, ogHak, Hage-
CTU He3ajexHe OOIrpyHTyBaHHS.

IundeperuiaibHe piBHsgHHA (2.70) Haknhala€ auile 0JHY YMOBY Ha
wykaHi @yHkuii ¢,(?), ..., ¢,(f). IHWi yMOBM, AKHUX He BUCTaya€ A
OMHO3HA4YHOIO BU3Ha4YeHHA uux QyHkIii, OyaeMo HakiagaTtu B npoueci
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fioeninoBHoro nudeperuiloBaHHa Bupasy (2.71), Tak 106 MaKCUMaIbHO
@RPOCTUTH BiANOBiAHI OO4YKCIEHHs. A came:

(1) =c;(Nx; (1) +... +¢,()x, (D),

X1 = (% (1) + ...+ ¢, (DX, (O + E (DX (1) + ...+ E,(Nx, (1),
il
0

(1-1a ymosa)

() =cyX () + .+ (DX, () + E ()X (1) + ...+ 6, (DX, (),

(2-ra ymoBa)

R I I R R TR IC TR RPN
!

wh tn-1) (n-1) R (n-2) . (n-2)
X (N=c(t) x O+...+c, () x, O+ (1) xp @)+...+6,() x, (),

('; ((n - 1)-w1a ymoBa)

V() = (VX0 + oot e (DX + (D) X1 () + o4 6,0 %),

$iku10 10 oCTaHHBOI 3 UMX PIBHOCTEH AONATH Ilepily, IOMHOXEHY Ha
a,(1), Apyry, NOMHOXeHY Ha a, (?), ..., (n — 1)-11y, NIOMHOXeHY Ha a,(?),
TO pesyibTaT Habepe BUIISAOY

(n-1)

1 Lx(t) = D (M Lx (D + D6 (1) X, (1),
k=1 k1

'} ypaxyBaHHSIM TOrO, IO £x,(t) =0, k=1, ..., n, n-Ha yMOBa, sIKa NOJIATa€
W romy, 1o £x(¢) = f(t), 306pa3uThca TaK:

. (n-1) . (n 1)
(1) X (D) +...+¢,(0) x, (1) = f(2).

QOueBnaHO, 1O BCi n YMOB MOXHA 3anucary y Burisi (2.72). Buznau-
HMK MaTpuui Li€l cucTeMu saBsie cobolo BpoHckiaH PCP. Otxe, BiH He
NEPETBOPIOETHCSE B HYJIb Y XKOMHIN TOYLI iHTepBaly HemepepBHOCTI KO-
ediuienTis piHsiHHA (2.70). [Mogansbiui aii, sKi IPUBOAATH O OCTATOYHOI
thopmynu (2.73), He noTpebyloTh J101aTKOBUX MOSICHEHD.
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& 3ayBaxeHnn 2.4

Haseneni Buiile MipKyBaHHS pa3oM i3 cuctemoio (2.72) AaioTh 3MOry JicTaTH
piBHOCTI

X =Y e Xet izl yn-l, (2.74)
A=1

AKMMH 3pYYHO KOPUCTYBAaTMCA NpH BiawykaHsi po3p’ssky 3agavi Kotui.
A came, 3anMuIeMO NoYaTKOBi yMOBM TaKoOi 3anaui:

. (n-1 R

x(t) = x0, Xtg) = xs oy x (Hg) = x{" Y.

IMincraBnBwn cioau 3araibhuil po3s’s3ok (2.73), MaTHMEMO CUCTEMY s
BH3HaYeHHs1 KOHKPETHMX 3HauyeHb HOBUIbHMX CTAlMX, SIKa 3 ypaxyBaHHSM
dopmyn (2.74) Habupae Burasay

xl(to) xz(to) en x,,(to) Cl _\'(()0)
i'l(fo) .X.‘?_(fo) “es .\""(10) C) .\'(l)
= ° (2.75)
(n-1) (n-1) (n T
xl (fo) xZ (to) e x” (’0) C” xo

OMNpuxnan 2.18

Y pisHOMaHiTHUX 3acTocyBaHHAX (auB. n. 2.4.4) BuHuKae audepeHuUiaibHe
PiBHAHHSA

¥+0ix = f(1), f(1)e C(R > R), o€ R

JouinpHo Maru rotoBi popmynu ans po3s’a3ky 3agadi Kousi 3 novyatkoBu-
MH YMOBaMH 3arajibHOrO BULISLLY

x(fo) = Xg, '\(10) = .xo

Insa toro wo6 aicraty ui dopmynu, 3actocyemo MeToa Bapiauii AOBiIbHMX
CTaUX.

3arajibHuil PO3B’430K BIANOBIAHOrO OAHOPIAHOrO PIBHAHHS MA€E BUTAAA

X = €, COS Of + ¢, sin wf. PO3B’A30K HEONHOPIAHOrO PiBHAHHSA LIYKAEMO Y
BUIISAAI

X =¢(t)cos of +e(/)sin ot (2.76)
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Noxiani dynxuiit ¢/(), c,(¢) Bu3Ha4aeMo i3 cucteMu

cos ot sin ©f é(n 0
~osin o7 o cos of ) ¢ (f) - [ .

Maemo
G = _sin ot 1), 6yt = cos O)tf(t),
(0] (0]
Islaxu
. o =c - f: 2 f(s)ds,

.77

o =c+| L0505 fisyds.

fo [O]

[Hosinbsi crani c;, ¢, 3HaxoanMoO i3 cuctemu Burasay (2.75):
Cos o sin of, q X
-0 sin o1y, ® cos vty ) o Xo

| . 1.
€y = X COS Ofg —— X SIN Wy, €y = X SIN ©fy +— Xo COS Oy
® ®

Maemo

NMiacrasuBim byHKuii (2.77) npy uMx 3Ha4YeHHAX JOBUILHMX cTanux y (2.76),
nican He3HAYHHUX CNPOilEHb NiCTAEMO OCTATOMHMIA Pe3yabTaT y BUIJIALI

X =Xq 08 0(t—1y) +-l—5(0 sin o{t - 1y) +—1-II sin o (2 - s5) f(s)ds.
» ®J1y

2.4.4. MeTon HEBH3HAYEHMX
xoediuieHriB

Po3riaHeMo BaXauBU# 1S 3acTocyBaHb okpeMuit Bunaaok JIHP, B

nkomy BinnosinHe JIOP Mae crani KoedilieHTH, a BUIbHHMIA WieH € KBa3i-
1IJILHOMOM:
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() (n 1
Lx=Xx+a x +..+a,x=e"(bt™ +bt" ' +...+b,). (2.78)

Tyra, (i=1,..,n), bj (=0, ..., m) Ta o — AiiicHi abo KOMILIEKCHI 4ucIa.
3BuyaiiHoO, A0 UbOIO PiBHSHHS MOXHA 3aCTOCYBaTM METO/ Bapiallii JOBLIb-
HUX ctanux. OnHak iCHy€ iHIIMH, pauioHaNbHIlUMEA crnoci6 BiZlyKaHHS
AOro YaCTMHHOIO po3B’sA3Ky. lle Tak 3BaHMU Mmemood HegsusHayenux Ko-

eghiuienmis. BiH € cyTro anreOpuyHUM i la€e 3Mory nobyaysary kpasinosi- .

HOMHUH pO3B’30K piBHAHHA (2.78) 6e3 obuncieHHs iHTerpaia.

YMOBUMOCH HAa3UBaTH YMUCIIO G, sAKe (Pirypye y BUILHOMY Wi€Hi, korm-

poavrum. I1py 3acTocyBaHHi MeToly HEBU3HAYEHMX KoeillieHTiB ciil po3-
Pi3HATH ABa BUIAAKU: HEPe30HAHCHUU, KOJIM KOHTPOJIbHE YMC/IO HE € Kope-
HEM XapaKTepUCTUYHOro noniHoma P(A) oneparopa L, i pesonancruii, Xonu
o € kopeHeM P (\) mesaKoi KpaTHOCTi r.

Hepe3onancuni sunaaok. [lokaxemo, wo konu P (o) # 0, T0 3aBXAM
MOXHa 3HaNTH €NMHUI PO3B’S130K PiBHAHHS (2.78) y BUIJIsAi KBa3inogiHO-
Ma TOrO CaMOro CTeleHs, 1o i BUIbHUMI WIeH:

m e 1

t
_ ,0f
xO=¢ [‘h ey

'+...+qm,1}. (2.79)

Ipu upoMy HesifoMi (HeBU3HaueHi) KoedilieHTH ¢, ¢;, ..., ,,, ; OAHO-
3HaYHO 3HAXOAATbCA 3 JNiHiIiiHOI anreOpUYHO] CUCTEMH 3 HEBUPOILXEHOIO
TPUKYTHOIO MaTpHULIEIO, SIKY MICTAlOTh IiC/s MiACTaBI€HHS NPOEKTY po3-
B’a3Ky (2.79) y piBusiHHaA (2.78) i HACTYMHOrO NPUPIBHIOBaHHA Koedi-
LLEHTIB IPY OQHAKOBUX CTEIEHAX f.

Ilepexoastun 10 o6rpyHTYBaHHA METOALY, BiA3HAYMMO, IHO X0Ya FIKUCATU
dakropianu y ¢opmyiai (2.79) i HeoboB’43K0BO, OJHAK, AK Oyle BUAHO 3
M0AA/bLIONO, IX HAABHICTb Je1lO CIIPOLUY€E BiAnoBiAHI 004YMCIeHHS.

3pobuMo 3aMiHy wykaHoi dyHxuii x = e®y. Ha ocHoBi ¢GopMy/m 3cyBy
(ams. n. 2.2.3) nns HoBoOi HeBimoMol yHKLI y gicTaeMo piBHSHHA 3i cTa-
JIMMU KoedilliEHTaMU Ta MOJIHOMHUM BUIBHHMM WiEHOM

o P""”(c) 1) p(n—Z’(G) (n-2)
= oo .P =
Lyy=y+ -1y * (n-2)! Y+t Plow

=byt" +...+b,. (2.80)
Tenep noTpibHO 3HAHTU NOTIHOMHHUIA PO3B’A30K LLOIO PiBHAHHA.
236
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Hexalt B, — ninifiHu# npocTip noiiHOMIB CTeneHs, He BUILOTO 3a m,
- neluleHTr AKMX HanexaTh TOMY CaMOMy HOJIIO, WO # a,, b, Ta 6. Jlerko
“a4WTH, WO NpocTip B, — iHBapiaHTHUHA BiiHOCHO oneparopa L. 3a 6asuc
f ¥, nisbMEMO MOHOMHM

e =t"/ml, ey =t"/(m-1),...,e,. =1

i 0BuncimMo B HbOMy MaTpuLLo oneparopa L . Lleit oneparop € JiHi#HOIO

rMOlnauicio crenexiB oneparopa avdepeHUilOBaHHS e Ockinbku
—d—e =e,, —e, =¢e ie =e ie =0
dr 1 2 dt 2 35 e dt m m-1s dt m+1 — Ys
. d
19 (m+ 1) x (m + 1)-BuMipHa MaTpuLs oneparopa Z Ma€ BULJISAL,
00 ... ... 0
1 0 0 ... 0
0 ) 0|
0 ..0 10

k
[lywiciun 1 10 k-ro creneHs, 3HaiiIeMO MATPMLIO OnepaTopa 5,(— Ocray-
t

. d . .
MN YTBOPIOETBCS 3 MAaTpHlli oreparopa 7 3CYBOM AjaroHai 3 OLMHMLL Ha

(k - 1) MicLie B HanpsAMi A0 HUXHBOTO JIIBOTO Kyta. Tenep HeBaxko 3po3y-
miTh, wo MaTpuus A oneparopa L Ma€ BULIAL

Pe) O ... .. 0
P(c) P(o) 0 0
P"(G)
A=| 0
(m) ”
. PT@ PO py Py
' m! 2! )
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Ockinbku
bot™ +bt™ ! + ...+ b, = mboe, +(m-1)be, +...+bye,,
TO 3a/aya BilluyKaHHA po3B’sa3Ky piBHsHHA (2.80) y Burasiai
Vo) =g +...+q,,.1¢,

€KBiBaleHTHa JIiHiiHi#l HeoqHOPiHiN anreOpuyHii cuctemi

Agq =20,
e
~ i)
g=| 21, b= (m=Dtb |
9 -1 bm

YmoBa P (o) # 0 rapaHTye HeBHPOIKEHiCTs MaTpuui A, a oTxe, i
€IMHICTb PO3B’A3KY LLEI CUCTEMHM.

Pe3onancauil Bunagok. Hexait KOHTPOJIbHE YKUCIO G € r-KPaTHUM KOpe-
HEM XapaKTepuCTU4HOIO nojiiHoMa P (1), Tak wo
P()= P(c)=...= P" VP(5)=0, P'"(c)=0.

INokaxemo, 10 B LLOMY Pa3i 3aBXAM MOXHA 3HAWTU €XUHUNA PO3B’I30K
piBHsiHHS (2.78) y BMIIs4i KBa3iloJjliHOMa TOro CaMoro CrelneHs, 1o i
BUIBHMH WieH, JOMHOXEHOro Ha ¢t

tm~r m+r-1 I'r
_ Ot r
x.(f)=e (ql ) +4 D) +erit Gt r!)' (2.81)

Ilpu ubomMy HeBU3HAYEHi KOeDiUi€EHTH gy, G, ..., G,,, ; OLHO3HAYHO 3HA-
XOAATbCA 332 TUM CaMUM MPHUHLKIOM, 1O i y Hepe3OHaHCHOMY BUNAA-
KOBi.

Cnpaggi, sIKILO aHAIOTUHO [IONepefHbOMY 3po0UTH 3aMiHy HeBiIOMOI
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dynkuli x = €°'y, To nicraHemo piBHsAHHA BurALy (2.80), B AxOMy Koedi-
e i npu dyHkuil y ta il noxigHux 4o (r— 1)-ro nopsiaky BKJIIOYHO €

. . r) .
Hyhsmu. BBiBluy dyHKui0 - = (y, OJIEPXHMMO PiBHAHHS

tn-r)

P

m
v bof +“'+bﬂhl’

HK® 3 ypaxyBaHHSAM MipKyBaHb, NIPOBEAeHUX Y HEPE3OHAHCHOMY BUMAJKY,
M€ CIIMHUIE PO3B’SI30K Y BUDISIAI NoIiHOMA

m

t
- :.(t)=q,7!+...+q,,,+,.

Yrerpysasiun wio GyHKiwo 7 pasis y Mexax Big 0 1o ¢, mictTaHeMo po3-
#'W90K piBHsHHS (2.80) y BursAai

e tm«r—l r
(1) = + +...+ —
¥ @ (m+r)! © (m+r-1)! Umt 7
@ Npuknan 2.19
Po3e axcemo pieHAHKA

X+4x+4x = (£ +De .

XapakTepUCTHYHHMM TOJIiIHOMOM BilMOBIAHOrO OAHODIAHOrO PiBHAHHS
€ PO =22+4x + 4= () +2)% Orxe, A = -2 — KopiHb KparHocri 2. Kout-
pOJibHE YHUCIO 6 = —2. MaeMO pe30HAHCHUI BUMAAOK, NMPUYOMY r = 2. Yac-
TUHHUH po3B’sa30K JIHP mykaeMo, TakuM 4MHOM, Yy BUIJISAI

o 1 3 P

xdff)=e gty tBay+dasy |
IMpakTuunHa peanizauisa Metoay HeBM3HAYEHMX KoediLi€HTIB MosermyeTs-
¢fl, SK1O i1 3ailicHIOBaTH 3a Takolo cxeMol. Bunnwemo dbyHkuiwo x,(7), ii
nepiuy Ta APYry noxiaHi B cTosmneub i 371iBa npocraBumo KoediuieHTH, 3
SIKMMM BOHH BXOAATh Y PiBHAHHSA. [lna TOoro mwo6 yHUKHYTH 3aiiBUX nepe-
TBOpPEeHb, JOUIABHO NpY OGYMCAeHHi MOXiAHMX BMLIMX NMOPSAIKiIB Bill KO-
6yTky ¢ynkuiit xopucrtypatuca dopmynolo Jleibuina. Takum unHoMm,
MaeMo
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aly o s 4 3 7Y
x=e Qg r gt )

- s 4 3 2
X=—le g+ ptdytdagr |t
3 t4 I I

te "1q 4,+‘17 +4q; 2,"“14
e - I r I 12

1| X=4e 2'[41 R CETR T b

p i 2
- 4e [41 MEEETRE Sy +‘14’]

% 12
+e g —+gy—+qst+q, |.
T ARl FL

IpupiBHioeMo KoedillieHTH NPy OJHAKOBHX CTeneHsX !y fiBifk i npasiit
YacTUHAX PiBHAHHA:

P |49, -8q, +4q, = 0;

1* | 4g, —8¢, +4q, +49, 44, = 0;

| 44, -89; +49, +49; —4q, +4, =3,
1?49, -8g, +44; +44, 44+, = G
I |4q,~49,+q; =0;

1 jqq4=1

3siacn ¢, = 3!, ¢,=0, q3~0 g, =1
OTxe, 3araibHHi PO3B’A30K Ma€ BULISAA

2 2 uf
-21 ~21 -2

X =€ +cyle +e —+— |
! 2 {20 2]

Ak 6aunuMo, B IpoLiECi BilllyKaHHSA LbOr0 Po3s’s3KYy HaM JOBENOCS BU-
XOHATH AOCHTb 3HaYyHMM o6csaAr obuucieHn. PauioHansHiuuit cnocié pos-
B’A3aHHSA PO3IJISAYBAHOTO PIBHAHHA MOJISIrA€ Y BAKOPUCTaHHI dopmynu 3cy-
By. CnpaBai, ockinbku B gaHoMy Bunaiaky P(-2) = P'(-2) = 0(!!!), 1o, 3po-
OuBIUK 3aMiHYy X = e‘z'y, s GyHKuUii y AicraHeMo piBHSIHHA J = 210,
NOJIIHOMHHUHM PO3B’A30K SIKOTO 3HAXOAMUTHCH TPUBIANbHO:
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fipuwknan 220

Poan Rrcemo pisnanna X +3x +2x = 2" +t2e ¥
XapakTtepuctuunmit nonidom P(A) = A2 + 3X + 2 Mae KopeHsaMH Ay=-1,
A, - 2. lna BigluyKaHHS YaCTMHHOIO PO3B’A3KY CKOPUCTAEMOCH NPUHLIM-
4 , A
11om cynepno3uuii. Po3B’A30K nepiioro piBHAHHS
¥43%42x = e'in?
MykacMo y Burnsai ae'™ 2, ockiibKu BiINMOBiAHE KOHTPOBHE YKCIIO In 2 Hee

KopeHeMm xapaxrepucmqnoro noninoma. Jlerko 3unaxoanmo a = 1/(In?2 +
+3in2+2).

Jlns BinlyKaHHS pO3B’SA3KY APYTOrO DiBHSIHHS, siKe MAa€ BUIJISAA

X43%+2x =12 ¥,

¢kopucraemocs dopmynolo 3cysy. Ilokaanemo x = e'z'y. Topni, ockinbku
P(-2) =0, P(-2) = -1, TO PiBHSIHHS IS ¥ MAE BULARL J — Y = 2. 3un3umo

#Oro nopsinoK IMiACTAHOBKOKW y == YaCTHMHHHUE PO3B’S30K OJMEPXAHOro
plansisbs 2 - 2 = 12 ykaemo 3a cxemolo
-1 |z=q7/2+q:t +q5;
1 |Z=qif+¢q,;
1’ -q,=2;
t |—q,+q, =0
l |-¢3+¢,=0
» =q,=-2, q,=-2, g; =-2.

(r)--—t2 ~A-2, y(t)=-13/3- 12 -2 i, Hapewri, x.(f)=
»- 0'2'(13/3+t2 +2f). TakuM YMHOM, 3arajibHUii PO3B’A30K MAa€E BULISA

o 2 P o
x=ce'l +ee b e Y| — 4P 4 2
In®2+3In2+2 3

JaransHe NpaBui0 Ta METOJ KOMIICKCHHX aMIUIiTYd. Y3araibHUMO Me-
T HeBM3HaueHUX KoedillieHTiB Ha BUMIAJOK, KOJM BUIbHUI WIEH MICTUTH
PnroHoMeTpuyHi pyHKuil.
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Hexaii y piBHSIHHI
Lx =¥ (P, (t)cospt + Py, > (t)sin r) (2.82)

B, L () Ta P, e 2 (t) — noninomu crenexs m, Ta m, BIANOBIAHO 3 AIACHUMH
koediuieHTamu, a o Ta p — aidcHi uucaa. IpunycTuMo, wo KoedilieHTH
oneparopa L 1akox niicHi. B uboMy pasi yaCTUHHMI PO3B’A30K 3aBXAM
MOXHA 3HAITH 32 TAKUM Npas uiom.

¢ YTBOPIOEMO KOHTPOJIbHE YMCJIO O = o + i} 1 nmepeBipsieMO, YM € BOHO
KOpeHeM XapaKTepMCTUYHOrO 1nosiiHoMa oneparopa L. Skiuo P(o) 0,
1O 1nokjaagaemo r = 0. ko x P(c) =0, To r BBAXAEMO PiBHUM KpaT-
HOCTi KOHTPOJILHOI'O YMCJIa SIK KOPEHS XapaKTepUCTUYHOIO NOJLHOMA.
o YacTUHHHME PO3B’S30K LIYKAEMO Y BUITISAAL

x.(t) = e¥'t"(Qh, (1) cos Bt + Q2 ()sin 1),

ze Op,(1) a QA (f) — noniHoMu cTeneus m := max (m,, m,) 3 HeBuU-
3HauYeHUMHU KoedillieHTaMMu.

e JligcTaBisieMO JaHUi NIPOEKT PO3B’SA3KY B plBHﬁHHﬂ (2. 82) i npu-
piBHIoeMo KoediuienTu npu byHkuisx e*'t* cos pr, e*'r* sin pt
(k=0,...,m + r) Bobox yacTUHax oaepxaHoi piBHocTi. Takum uu-
HOM YTBOPIOEMO JliHiitHY HeOJHOPINAHY anreSpUyHy CUCTEMY BiiHOC-
HO HeBiZOMUX KOe@illiEHTIB NOJiHOMIB Q,',,(r) Ta Q,f, (t). Po3p’s13aB-
1Y i, 3HaXOAMMO IHYKAHMWY YaCTUHHUI PO3B’SI30K.

Boanouac 3 o6rpyHTyBaHHAM LIbOTO NpaBwia Oyie BUKJIAAEHO Lie OAMH
Pi3HOBUA MeTOJy HeBU3HaYeHUX KOe(illiEHTIB PO3B’S3aHHSA PiBHSHHSA
Bursay (2.82) — Tak 3BaHWH Memod Komnaexchux amnaimyd. BiH
6a3y€eThCsi HA TAKOMY IIPOCTOMY CIIOCTepexeHHi. AAKiuo oneparop L mae
nilicHi KoedilieHTH i KOMIUIeKCHO3Ha4yHa (yHKUis z(f) 3al10BOJibHIAE
piBHAHHA Lz = f(t) i3 KOMIIJIEKCHO3HAYHUM BiJIbHUM WieHOM f(1), To
LRez(t) = Re(Lz(1)) = Ref(t), a Tomy dyHKuin x (1) = Re z(¢) apuse
cobo10 AifiCHMI po3B’430K piBHAHHA LXx = Re f(1).

Jlns 3acTOCYBaHHSI METOAY KOMILUIEXCHMX aMILNiTYll, 3ayBaXMBILH, 110

cos Bt = Re ¢'? sin Br = Re (-ie'™),
nepenuiuemo (2.82) y Burisai
= Re(e"’Pm(t».

aec=o +if, P,(t)= m (1) - iP} (1). Metoaom Hesu3HaueHUX Koedi-
Li€HTIB 3HaiiieMo xomrmexcuoaﬂaqﬂuﬁ PO3B’SI30K PiBHSIHHSA
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TPy ()
¥ RHEARLE
:t(’) = eﬁ’ter(’)a

#e P = KpaTHiCTb KOHTPOJLHOIO YMC/la G K KOPeHs XapaKTepPUCTUYHOIO
iiioma, a Q, (f) — NoiHOM CTeneHs m i3 KOMILIEKCHMMM KoedillieHTa-
MK, Pyukuis

x.(t) = Re(€”'t"Q,, (1)

i + IWYKaHMM PO3B’s13KOM piBHsIHHA (2.82), npuyomy Q,’,,(t) =Re Q,,(1),
ot ImQ, ().
& Jaymaxensn 2.5

Moxe cratucs, 1o piBHAHHA (2.82) 3pyuHille nogaty y BUI/SAL

Lx =1m(e” P, (1)).
‘Jouni 3a fioro yacTHHHUI Po3B’si30K cain 6paTu x.(1) = Im z.(¢).

@Npnknan 2.2

)
Pove ‘socemo pieHsaHHa x - x = tsin t.
Xapamepucmqunﬁ mHorowied P(X) = A% — 1 mae kopeHaMH Ay, =11,
Ay, 4 = ti. Kontponbte uncno o = i. Otxe, r= 1. fkio o64uCIeHHs NpoBo-
AWTK B IONi AIACHUX YKCe, TO YACTMHHUI PO3B’A30K CJIid LIYKAaTH 32 TAKOI0

€XeMoI0: -
—1 | x =(a,f? +bitycost +(ayt* + byf)sint;
(4)
1 | x =-12gq cost+4(2a,t+b,)smt+(a,t +bt)cost -
—12a, sint - 4(a,t + by) cost +(a>t* + by)sint;
2 cost -a +a; =0;
t*sint -ay+a, =0;

tcost | —b +b -8a, =0;
tsint "bz +8al+b2= N

e cost | -12a;-4b, =0;
sin7 4b - 12a, =
=a, =0, aq =-l-; b, =-§, b =0.
- 8 - 8
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Otxe, 3arafibHuit pO3B’A30K MA€ BUIJIAM

2
- . 1 3 .
x =ce' +ce”’ +cyc08 t+cysin t+-—-8 cos t—§tsm 1.

3HaitaemMo Tenep 4aCTHHHHMI PO3B’S30K LIbOTO CAMOIO PiBHAHHS METO-
JIOM KOMILIEKCHMX aMIutityd. Ockinbku sint = Ime”, To monomixHe pis-

) ) .
HSIHHS MaTMMe BUDAAL -z =fe”. Moro 4acTMHHUE pO3B’30K 3HalneMO

33 CXeMOIO
at?
-1 |z=€"=—+br|;
2

1 (.4:) e"[a; +bt] 4ie" (at +b) - 6ae” ;

t- -—a+a=0;
t |-b+b-4ia=1;
1 -4ib-6a =0

i 3
=_;b=___.
=a 2 8

.2 2 3
-l_;-.-% , 3Biaku x.(f) =Im z,(¢) = %cos t—gtsin 1. Ak

6aunMo, Apyruif cnocié NopiBHAHO 3 NMepLIUM € eKOHOMHiILIMM.

Otxe Z.(f) = e

Metoa HeBU3HauyeHUX KoedilieHTIB MOXHA 3aCTOCYBATH A0 BilIIIyKaH-
HS1 YACTMHHOIO PO3B’A3KY JIiHiHHOrO HEOJHOPIAHOTO PiBHSHHSA
Lpx =1*(F, (Int)cos(BIn 1) + P, (In7)sin (BIn 1)),
ae L, — oneparop Eitepa (aus. n. 2. 2. 4), P,ﬁk (f) — nosiHoOM cTerieHs1 m
k=1, 2), o, p — nificHi yncna. Axio 3pobuTn 3aMiHy He3anexHOl
3MiHHOi T = €, T Take piBHAHHA HabGepe Burasay (2.82). [lpu ubomy, Ak
6ya0 nokaszaHo B n. 2.2.4, £ aBasie cobolo oreparop 3i cTanuMu Koedi-
ulemaum 7 XapakKTepUCTUYHUM NOJIIHOMOM P, (), BU3HAYEHMM pmmcno

L= P, (M)1". Tenep notpiGHO JMilie pO3B aaam piBHsiHHs (2.82) i B onep-
xauomy PO3B’13Ky NoK/1acT4 7 = In 1.
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2.4
JliniAHi HeoRHOPIRHI PiBHAHHA A CHCTEMM

2.4.5. Jlininna HeogHOpigHa cucrema
3i cranoto maTpuuero
Ta KBa3iNONiHOMHMM BiNtbHUM
YNEHOM

PoarasseMo cucremy
X =Ax +e” P, (1), (2.83)

9 A — n-BuMipHa marpuus 3 AiACHUMY a60 KOMIUIEKCHUMH €JIEMEHTAMH,
- : . -1

K(:G(bll.lm’l,-l’l‘ld nojiHoma P, (t):=t"p, +1"" p, +...+ Py € BEKTODaMH 3

R" 160 C", KOHTpOJIbHE YHUCIIO G TeX MOXe OYTH AiCHMM abo KOMIUIEKC-

#inM. OnuieMo cnoci6 no6ya0BY 4aCTUHHOTO PO3B’SA3Ky cucTteMH (2.83),

IO I'PYHTYETbCSI Ha METO/li HeBU3HauYeHUX KoedillieHTiB.

Hepe3onancHmii Bunaaok. Hexaii KOHTPOJIbHE YUC/IO G HE € KOpEHEM
NapnkrepucTuyHoro nosiHoma P (L) = det (A — AE). Toai yaCTUHHUI PO3-
#'N30K cucteMH (2.83) 3aBXAM MOXHA 3HANTH Y BULISA

m-1

or| 1"
x.(t):e ’[mql +mq2 +"'+qmd]' (2.84)

I1pn usomy Hesinomi Bextopu ¢; (j = 1, ..., m + 1) 0aHO3HAaYHO BU3HAYa-
OTLeH 3 aIreOGpUYHOI CUCTEMH PIBHAHD, KA YTBOPIOETbCA IIiC/AA MiACTaB-
eNHA TIPoeKTy po3B’a3Ky (2.84) y (2.83), ckopoueHHs 060X 4aCTUH oaep-
AIHOI piBHOCTI Ha e i IPUPiBHIOBaHHS BEKTOP-KOeDiLi€HTIB IIPY OfHAKO-
WHX CTEMEeHsIX L.

JlificHo, BUKOHABLUM Ti caMi Aii, wo i y 1. 2.3.2, gicTaHEMO CHCTEMY

(A—GE)ql = __m!pl’
(A-cE)q, =q, - (m-D!p,,

(A _GE)qu =4~ Pm-1-

Ockineku det (4 — 6E) # 0, a orxke, Matpuusa 4 — o E mae obepHeny, 1o 3
ulci cucteMr MOXHA NOC/IiJOBHO €EIMHUM YHHOM BH3HAYMTH BEKTODH
(Y

Pesonancamit Bunagok. Hexail KOHTpOJbHE YHUCJIO G € KOPEHEM Xapak-
TOPUCTHYHOrO nojiiHoMa P (A) := det (4 — AE). Bu3HauMMo 4KCIIo Kk IK Mak-
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CHMaJIbHMIA i3 po3MipiB KIIiTuH 2KopaaHa B HOpManbHiil ¢popMi MaTpui A4,
110 BiAiNOBiAaloTh BJACHOMY 4ucily ©. SK 3a3Havanocs B IT. 2.3.2, k — 1€
TaxKe MiHiMaJjibHe HaTypajibHe YKCJIO, A1 SKOro

rank (4 - 6 F)¥ = rank (4 - cE)¥*.

TlokaxeMo, 110 YaCTMHHMIA po3B’30K cUcTeMH (2.83) 3aRXKaM MOXHa 3Hai-
TH y BUIISAi

rm -k ’mfk- 1
mt N k- L

x.(1) = em[ +"'+qm+kil)’ (2.85)

Je HeBinOMi BEKTODM ¢; (=1,..,m+k+1) BM3HAYAIOTHCS 32 TUM CAMHUM
NPUHIUAIIOM, 9K i B Hepe30HaHCHOMY BUITaAKOBI.
@ 3ayBaxeHHR 2.6

Y pasi rpy6iworo suGopy uncna k #oro noxki1anaioTh piBHUM KpaTHOCTI YUC-

Jia 0 K KOpEeHsl XapaKTePUCTHYHOro nojiHoMa. Tak ailoTh TOAi, KoK 3 9KU-
XOCb MPUYHH OOYMCIeHHs po3mipiB KIiTUH XKopaaHa HeGaxaxe.

Hexaii .S — Taka HeBMpOIXeHa MaTpuLy, 110 J (4) = S~ AS € HopMaib-
HOIO XO0pAaHoBoIo opmolo wid A. 3pobuMo 3aMiHy 3MiHHUX x = Sy. Toni

Sy = ASy +e” P, (t) = y = J(A)y + e S P, (1).

3po3yMio, 1O HepeTBOpeHa CUCTEMAa PO3NALAEThCA Ha NpMUii A00yTOK
He3alexXHUX NiicHCcTeM BiLITOBIAHO A0 TOro, K MaTpuus J(A4) po3nagaeTb-
cs1 Ha xiitTuny 2KopaaHa. Tenep oGIpPyHTYBaHHS MeTOAY HEBU3HAYEHMX KO-
edilieHTIB 1OCTaTHLO MPOBECTH Yy BUNAAKY /-BUMIPDHOI CMCTEMU BUIJISLAY

a=J,(wu+e” R, (1), (2.86)

ae J,(u) — /-BuMipHa MaTpuLsl, B IKOI BCi €IEeMEHTH [OJIOBHOI AiaroHai
IOPIBHIOIOTb [, HaJ TrOJIOBHOIO AiarOHa/UIO CTOSSTb OJAMHHULI, a pewiTa
eneMeHTiB — Hyii; R (f) — NONiHOM cTeneHsi m i3 BeKTOPHUMHU Koedi-
LieHTaMy.

SIKILO U # G, TO MAEMO Hepe30HAHCHMI BUITaOK, i YaCTUHHUI PO3B’d-
30K MOXHA TOAI 3HAWTU Y BUIVISLAl KBa3irnosliHoma creneHsi m. SKiuo X y =o,
TO, 3pOOMBLUIM 3aMiHy 3MiHHUX ¥ = €°'v, JiCTAHEMO CHCTEMY 3 MATPHULEIO
J,(0) i noAiHOMHMM BUIbHMM YW1€HOM. 3aNy1caHa IIOKOOPAMHATHO TaKd CHUC-
Tema Habupae BUIALy
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ay =uy + Ry, (1),
l]z =Uy + Rl.m(r)’

Uy =u+ Ry, (0,

u = Rl.m(t)'

T
Oc¢14HHe piBHAHHA Mae YaCTUHHUI PO3B’A30K U, (1) = .[0 R; ,(s)ds, axui
€ noninomom crenens deg (u,(1)) < m + 1. [lincraBuswuu u () y (m - 1)-mwe
plmisinHa 3aMicTb u;, 3HailaeMo u, (1) = L:(u,(s) + Ry m(s))ds. Tyt

dog (1, ,(t)) <m + 2. [lponoBxyioun L€ npoLec, ypewri-pewT ainuemMo
plwisiuHa Bumsny 4y = uy () + R (1), B sikomy deg (u,(1)) sm + 11— 1.
Bono mae noniHoMHM#E po3p’a30K u, (1), i npy ubomy deg (u, (1)) <m + I
I nknm unHOM, cucteMa (2.86) NpH | = ¢ 3aBXIM Ma€ PO3B’A30K y BUIALI
K HIH1I10JIiIHOMA CTENEHs], He BUILOro 3a m + /.

3aranpne MpaBmI0 Ta MeToa Kommaexkcuux ammaitya. Copmynioemo
#pd6uao BillyKaHHS YaCTUHHOIO PO3B’SI3KY CUCTEMH

X = Ax -4-e°"(P,},l (t)cos Bt + ,,h(t)sm pt). (2.87)

ne A — marpuus 3 AiCHAMH eaeMeHTaMu, P, ! (t) 1a P, 2 (t) — BexTOp-
HONIHOMM CTeNeHd m, Ta m, BIANIOBINHO 3 AIACHUMH KoednLuemaMu ao
th 3 — nilcHI yucha.
¢ YTBOPIOEMO KOHTPOJIbHE YMCJIO G = O + i} i [epeBipIEMO, Yu € BOHO
KOpEHEM XapaKTepUCTUYHOro nojiHoma P ()) = det (4 — LE). SIxuio
P (o) #0, to noknagaemo k = 0. Slkuo P (o) =0, T0 k BBaXaEMO
piBHMM MaKCUMAaJibHOMY 3 po3MipiB KiTuH 2KopaaHa B HOpMaJIbHii
¢dopMi MaTpuLi A, fIKi BiINOBiNAIOTH BAACHOMY YMCI1Y O, TOOTO Tako-
MY MiHiMaJIbHOMY HATYPaJIbHOMY YUCJIY Kk, IIPH SIKOMY

rank (A - 6E)* = rank (4 - cE)**.

(CtoCOBHO iHILOrO BUOOPY uncia k AMB. 3ayBaxeHHst 2.6.)
e YacTMHHHMI PO3B’SI30K LIYKAEMO Y BUIIISL

x.(1) =™ (Q) ., (D cos Br+ Q) _, (1)sin B1),
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e Q,,_4 (1) 1a Qp_, (1) — noniHOMM cTeneHst m + k := max (m,, m,) 4
+ k 3 HeBU3HAYEHUMH Koe(illicHTaMH.

¢ TligcramnsemMo gaHuii IpoexT ann ’93Ky B (2 87) i npupiBHIOEMO Koe-
diuientu npu dynkuiax e*t* cospr, e*t¥sinpr (k=0, ..., m +k
B 000X yacTuHax oaepxaHoi piBHOCTi. TakuM uMHOM y‘l‘BOpIOGMC
JIiHIAHY HEOOHOPIAHY AIreOpUYHY CUCTEMY BITHOCHO HEBIIOMHX KO-
ediuieHTiB nosinomis Q) (f) Ta Q2 (7). Po3p’s3aBiuu i, 3Haxomumc
LUIyKaHMUH 4aCTUHHUHA PO3B’A30K.

Ilpu obrpyHTyBaHHI LbOro IPaBU/Ia MOXHa CKOPHUCTATUCSH METOAOM
KOMIUIEKCHUX aMILIITYA. ll.rm LbOTO CJIiA NOAATH BUILHMI WIEH Y BULJISIA]
Re (e"’P (7)), BCTAaHOBHUTH lCHYBaHHﬂ KBa3inosiHOMHOro po3B’A3Ky AOMNO-
MiXHOI CHCTEMU Z = Az + €' P, () i BUALUINTH B HOMY JIHCHY YaCTHHY.

QNpuknan 2.22

3naiidemo nepioduunuii po3e 830K cucmemy pi6HAHb
X =y-5cos 1,
y=2x+y
OcCKiIbKM KOHTPOJIbHE YMCJIO G = | HE € KOPEHEM XapaKTepPHUCTHYHOIO

. . o n ..
noaiHoMa Marpuui A = [2 1 H1€l1 CUCTEMHU, TO METOAOM HEBHU3IHAYEHMX

KoedilieHTiB 3HaAEMO YaCTUHHUI PO3B’S30K BHIJISILY
X =asin t+bcosf, y=a,sint+b,cos t.

IMiacrasuBiuy Ui BUpa3y B CUCTeMy i NpupiBHABILIKA KoedilieHTH npu cos 1
Ta sin #, gicTraHeMo:

al—bz = -3, bl +ay =0,
a, —2b1 —bz =0, 2al +b2 +ay =0.

3giacu a, = -2, b, =-1, ay =1, b, = 3 i, oTxe, x,(r)=-2sin 1 -cos 1,
y A1) = sm 1 +'£u)s t

INokaxeMo, K MOXHA L0 caMy 3aJa4yy Po3B’si3aTU METOLOM KOMILIEKC-
HMX aMILIiTya. BiibHMI uneH JONOMDKHOI KOMIUIEKCHOT CUCTEMH MAE BULISA

] . .. .
e"( ol 3rinHo 3 n. 2.4.5 xoediui€eHTH T 4aCTMHHOrO PO3B’SI3KY ¢ %
g,
3HAXOOUMO i3 CUCTEMH
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'!J

-i 1 q 5
. 2 1-i)lgy) o)
Muemo: g, = -1 + 2i, g, = 3 - i. Tenep noTpiGHMit HaM YAaCTMHHUIL PO3B’A30K
JMEXOAMMO BMALIEHHAM OIMCHOI YaCTUHM:

X1 (~1+2i —-cos t—2sin ¢
AL S Doy
Y1) 3-4 3cos t+sin ¢
Hacamkineub 3ayBaXuMoO, WO PO3FAsiAyBaHY CHCTEMY JIEFKO PO3B’Sa-
J4TH TaKOX 3BEJEHHAM [0 PiBHAHHA Apyroro nopsaky. JloctaTHeo Bupa-
SMTH y 3 NeplUOro piBHSAHHS i miAcTaBUTH B Apyre. MaTtumeMo X — X +2x =

~ 8(cos t +sin 7). JIo ubOro piBHsIHHSI MOXHa 3aCTOCYBATH METOA, BUKJale-
unit yn. 2.4.4.

@QNpuknag 2.23

Po36 axncemo cucmemy pisHaHb
Xx=2x+y+2¢, y=x+2y-3e¥.
. . . 21
3Hax0AKMO KOPeHi XapaKTePUCTHUYHOIO NOJiHOMa MaTpuli A = L3 :

IZ_A l =22 -4 +3=0; A =1, 2, =3.

I 2-x

1
Kopenio 1 Bianosigae BiacHUR BEKTOP ( ;] a KOpeHI0 3 — BekTop (l}

Orxe, MaEMO 3araibHUil PO3B’A30K OAHOPIAHOI CUCTEMH:

k] R}
x =ce' +c,e, y=—~cie' +ce”’

ﬂJm BLILIYKAHHA YACTMHHOIO PO3B’A3KY HEONHODIIHOI CHCTEMM KODH-
CTYEMOCSI NpUHUMIOM cynepnosuuii. Ii BilbHMil WieH € cymol0 BeKTOp-

. 2 0 .
byukuin ¢ ( 0 Ta eV 3 KoHrponbne uucno nepuoi — o, = 1 € oano-
KPaTHUM KOPeHeM XapaKTepHCTUYHOro MOJiHOMa, a MpH A = 0, = 4 uei no-
JIIHOM Y HY/Ib HE MepeTBOPIOEThCA. TOMY YaCTHHHHUI PO3B’A30K LIYKAEMO Y
BUrAni
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X = (@ +ad;)e’ +azet | y = (bt +by)e' +bye.

CTaHOAPTHUM CHOCOOOM AiCTAEMO CHUCTEMY U BM3HAYeHHS HEBiIOMHMX

koediuieHTiB:
a+b=0,a -a,-b,=2, -b +a,+b, =0,
2a; -b; =0, 2by-a; =3.
3sincn a; =1, a, =0, a; = -1, b, = -1, b; = -1, by = 2. Orxe, 3aranvuuii

pO3B’ﬂ30K CUCTEeMU Ma€ BUIIAN

x=qe +c2e “ite' - e , y=—qé€ +c2e Lt +1)e - 2e".

Qfpuxknan 224
Poszannemo 3adauy npo pyx 3apaoxHceHol YGCMUHKU 8 0OHOPIOHUX enexmpusHOMy
ma MQzHimHOMY ROAAX.
Hexa#i r — paaiyc-BekTOp YacCTMHKM, ¢ — ii 3apsaa, m — maca, E —
HaNIPYXEeHICTb eNeKTPUYHOrO nosa, B — BekTOp MarHiTHOi iHaykuii. Pis-
HSIHHS PYXY MAalOThb BHMIJIAA

mi = L1, B] +qE. (2.88)
(4

ne |-, - | — onepauis BekTOpHOro n06yTKy, ¢ — WBHAKICTb cBiTAa. Bu-
Gepemo OpTH €, €, €; Tak, o6 |e, e,} = e;, B= Be,, ne B=| B|, i noxnane-
Mo x;:=(r, e), E;:=(E, e), fi=qE,/m, i = 1.3, ®=qB/(mc). Ilincrasusin
r= X + X,e, + X;€; B cucteMy (2.88) i B3sBuiM 10 yBaru, wo [e, e,] = —e,,
le,, e;] = e,, nicTaHemo cuctemy

X, =oxy+fi, Xy =-oX+hH, X3=1;, (2.89)

ne f;=qE;/m, i=1, 3; o = ¢B/(mc). Ilo3Hauumo x, =y, i =1, 3. Toni
M=oy +fi, y=-oy+ =0 (2.90)

[lepwmi aBa piBHAHHA Wi€l CHCTEMW YTBOPIOIOThL He3ajieXHY MiACUCTEMY.
Po3p’sixemMo ii. ¥ 11. 2.3.4 Oya0 nokasaHo, o QyHIAMEHTAIBHOIO MAaTPHLEID
BiANOBIHOI ONHOPINHOI CUCTEMM €

cos of  sin ot
Y@=

—-sin ot cos ot
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2.4

NiviAni HeOAHOPipHI PIBHAMKA # CUCTEMMU

34 MeTOZOM HeBH3HaYyeHHX KOoe(diLliEHTIB WYKAEMO YaCTMHHUII PO3B’si-
JOK HEOAHOPIAHOI CUCTEMH Y BUIIIALI ¥, = a;, ¥, = 4, i JIerKO 3HaX0AUMO

» -fy/w=-cE,/B, a,= fi/w = cE /B. OTxe, 3aranbHui po3p’A30K CUCTEMH
d 90) Ma€ BUISIL

. cE
Y| =€, COS OF + ¢y i 0f — —=,

. cE
¥y = —¢; Sin of + ¢, cos of + —

(2.91)
n=c+ fil.

Ilincragusum cloan y; = x;, i =1, 1. 3 ¥ 3inTerpypaBiun o6uaBi YaCTHHM Ofep-
XEHUX piBHOCTEM, dicTaHeMO

zﬂk

cp . c cE,t
X = —-l-sm of —-2coswf - 2

+c
® ® B b
L _& &) cEy
Xy = —1COS OF + —=sinwr +——-+c5, ;) >
® ® B v
2 x
Nt
X3 = G+ 70—+ G- Puc. 2.4

Noknasiuy B (2.91) 1= 0, 3Haitnemo

. cE cE.
e =c = x1(0)+—T2. ey =cd = =2,

= -’U(O)

ey =Y = x,(0).
Hapewri, noknasiuu ¢ = 0 8 (2.1), MaTumemo
0 0
¢y = .1'1(0)+‘—3, ¢ = x;,(O)—f’—,
(O] 0]

Cy = \3(0)

TpaexTopiio enekTpoHa 306paxeHo Ha puc. 2.4
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Maea 2
NiHIAHI AWOEPEHUIANBHI PIBHRHHA

BNPABMU TA 3A[1AMI
@ 3iuTerpysaT piBHAHHA X + X = sec .
@ 3naitTu po3B’a3ok 3amavi Kouti X +4x = 16rcos2r, x(0) = 0, x(0) = 1.
@ MeroaoM KOMIUIEKCHMX aMIUITYA 3HaiTH 2n-NepioaMyHMi PO3B’A30K PIBHSAH-
H X +2x =sint.
@ BuxopucraBiuu GOpMyNy 3CyBy, PO3B’S3aTH PiBHSHHS
¥ +65+12% +8x = 1'%,
® 3anucatu, B SKOMY BMIJIAAI CHill UYKATH YACTHHHMI PO3B’S30K PiBHSHHS
i-3x+2x=1t'e" +1™e” +1"sint, pe l, m, n e N, METONOM HEBH3HAYEHHMX KO-
ediuieHTis.
3iHTerpyBary piBHAHHSA:
2. 3 2. 2. -
a) 1°X-6x =5 +8¢°; 6) r°X -2y =sinlnz.
@ Posp’s3aTy CHCTEMY
X+5x+y=¢,
y+3y-x=e’.
JloBecTy, 1O po3B’A30K PiBHAHHSA (2.70), AKMI1 3aXOBOJILHSIE HYJILOBI novat-
(n-1)
KoBi yMoBu x(fy) =0, ..., x (13) =0, Bupaxaetscs bopmynolo
1 x (HW,(8)
x(1) = j s f(s)ds,
b ; W(s)
ne W(t) — BpoHCKiaH nesxoi GyHIaMeHTaNIbHOI CUCTEMM PO3B’Si3KiB BiANOBiA-
Hoi oaHOpiaHOI cucTeMy, a W, () — anre6puuHe JONOBHEHHS i-TO €NEMEHTA
n-ro psAAKA BPOHCKiaHa.
® [losectH, 110 MaTPULIAHT € CYMOIO PSIIy
1 ] n
E +j Ay dt, +J’ A(:,)j A(ty) dry diy + ...
K 5 s
! 4 [
+j A(l,)j A(tz)...f At dty .. dty ity +...
s s K
v Bkasigxa. 3actocyBaT MeTOA MOCAINOBHUX HAabAMXEHb 10 MAaTPH4HOI 3amaui

Kowi X = ANX, X|,_ =E.
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AHanis HaWnpocTiwmnx 3anay 1eopil konueaHs

@ FlokasaTu, U0 KOXHY HenepepsHy Ha / x [ MaTpM4yHO3HauYHY DYyHKUiO Q!,
sika € HenepepsHO AudepeHLUiHOBHOIO WOAO0 ¢ € / NPH KOXHOMY (ikCOBRHOMY
s € 1i mac pnactMBocTi (2.69), MoxHa noaatu y Burasai (2.68), ne X (1) —
dyHaamMeHTaIbHA MATPULS AEsKOi JIiHiHOI OAHOPIAHOT CUCTEMMU.

Bxasziexa. X(1) = Q| , A(t) = (gt— Q:O]Q? , lgel.

@D 3uaitTn o6MexeHuit Ha Beilt ailtcHii oci po3B’s30K cucreMu X = A(f)x + f(f) 3a
ymoBH, wo f(1) € C(R = R"), sup, gl f() || < 0 i a1s marpuuasTa sinnosinnoi

JIOC icyiots aonatHi crani o Ta K Taxi, o uQiu < Ke™ yseR, Vt2s.

— 125

AHani3 HannpocCTilKxX 3apay
Teopil KoNnBaHb

Po3risHeMoO 1Bi TUNOBI 3aayi Teopii KOIMBaHb.

3anava 1. [lo Tina Macoo m, 110 MOXe pyXaTUCS JIMlIe B3AOBX ro-
PHIOHTAIBHOL oCi Ox, NIPUKPiTUIEHO ABi IPY>XUHHU TaK, K 1ie 300paxeHo
14 puc. 2.5, a. Hexail nosoxeHHs piBHOBary Tijla 36ira€TbCs 3 TOYKOIO
X = (. BBaxaemo, 110 U1 NPYXWHU BUKOHYEThCA 3aKoH ['yka. Toai npyx-
MB CWJIa, 1O Ji€ Ha TL10, KOJMY BOHO 3HAXOHUTLCS B TOUYLI 3 KOOPAMHATOIO
X, NOPiBHIOE —ax, fe a — nesKui gomaTHUN Koedilui€HT (KOPCTKICThb).
{Ipnuyctumo naiti, w0 piBHoAiHA Ul TePTH i Onopy cepenoBMIla IIpo-
nopuiiHa wBKMAKOCTI pyxy Tina, To6TO HOpiBHIOE —bX, ne b > 0. Hexai,

'

2 — 3
R
=c
i Ls
2
1 @ 4
oo a 6

Puc. 2.5
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hasa 2
NIHIAKI ANOEPEHUIANBbHI PIBHAHHA

HapeluTi, TiL10 3a3Ha€ BIUIMBY JeKOI 30BHilllHbOI CHIM, KA € BiOMOIO
dyHkui€elo yacy F(r). [loTpibHo onucaTy 3ajeXHICTh KOOPAMHATH Tijia
BiI uacy.

OudepeHuianbHe piBHAHHSA PyXy Tijla € HAcliIKOM APYFOro 3aKOHY
HbyloTroHa i Mae Burasia

mx = —ax — bx + F(t).

TlepexoHaeMocs, 1O PiBHAHHA TAKOrO CaMOro THITY BUHHMKAE i y 3a-
J1a4i, 9Ka CTOCYEThCS TEOpil eIeKTPUYHUX KOJAMBAHb.,

3anaua 2. Po3risiHeMo eleKTpUYHe KO0J10, YTBOpeHe IOC/IiIOBHO 3 €A~
HaHUMHU KoHaeHcatopoM C, pe3ucTOpoM R, KOTYLIKOIO iHAYKTUBHOCTI L
Ta JKepesioM Hanpyru, BelM4MHa sikoi € BizoMolo gyHkuielo yacy U(r)
(puc. 2.5, 6). IlorpibHO AOCAIANTH, AK 3MIHIOETHCA 3apsd Ha OOKJIaAuHKaX
KOHAEHCATOopa 3 YacoM.

Hapani nitepu C, R, L BUKOPUCTOBYBaTUMYTbCA TaKOX Jiisl [TO3Ha-
YeHHS BiMOBiAHO €J1€KTPOEMHOCTI KOHIIeHCATOopa, OIopy pe3ucTopa 1a
IHOYKTMBHOCTI KOTywku. Yepes u; (i, j =1, ..., 4, [ #j) nosHa4yumo
Pi3HMIIIO NOTeHUiaNiB y By3aax i Taj (cnaa Hanpyry Ha AIsiHUI xona ij).
39erma, u;, = U(t). 3rinno 3 apyrum npasuiomM Kipxroga maemo pis-
HICTb

Uy +Uyy +uUzg +uy =0

Hexait g () — 3apsaa xoHneHcaropa, a /(f) := §(t) — cuna cIpymy B KOJi B
MoOMeHT uacy . Toai, ik BinoMo, 4y, =¢q/C, uyy; = RI = Rq, uyy = LI = Lg,
uy =-uyy =-U(r). Orxe, aupepeHuianbHe PiBHAHHS, 1O ONMUCYE 3aKOH
3MiHHM 3apsay Ha o6KIaMHKAX KOHAEHCATOpa, Ma€ BUIISAL

L+ Rg+q/C=U().

MeHu TpaauLiHHOIO € 33a4a AOC/iIXEHHS KOJIMBAHb B eEKOHOMIYHMX
cucteMax. [lpunycTMo, 110 B aesikiii Takif cucreMi HalliOHANbHMIA fOXid
(Y) now’ss3anmit 3i cnoxusannsaM ( C), kanitanopkiageHHamMu (1) Ta yps-
JNOBMMM BuaaTkamu (G) piBHiCTIO

Y=C+1+0G.

CxJ1a/1a1044 BIANIOBIHY MaTeMaTUYHY MOj€eJlb, YPaxoByloTh (hbakTop 3ani3-
HEHHS: HA CMIOXUBAHHS B MOMEHT f CIIPSMOBYETLCSI [IEBHA YaCTKa JOXOAY,
OJIepXaHOT0 Ha MOMEHT ¢ — T, T > 0. SIKuio 3ani3HeHHs T BBAXATU AOCUTH
MaJlMM, TO MOXHa FIOKJIaCTH
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Anania nainpocTiwmnx 3apay Teopii KonmeaHs

Ct)=(A-Y(t-1) = (A-s}Y () - tY (),

A9 8 — KoedilliEHT, AKMH XapaKTepU3y€E CXMWIbHICTh 10 OLAIMBOCTI.

IlpunycTtnmo, o Bubip cTpaTerii KaniTajJloBkiajieHb 00yMOBIeHUH
Tk '1BaHMM NPUHLUIIOM «a@KceJjiepaTopa» — HaMaraHHAM JOCSAITH piB-
Hocri 1(f) = aY (1), ne a — NesKui JonaTHM# napaMmeTp. SIKIIO # TyT ypa-
NynTY (paKTOp 3ami3HEHHs, TO B 11epIIOMY HabirkeHHi 3a1eXHicTb / Big Y
FWIOBIBHO MOJENIOEThCA PiBHICTIO [ (f) + 0f )= 4 ), 6>0.

Hexait, HapewrTi, BeJMunHa ypsIOBUX BMAATKIB € AEAKOIO BiAOMOIO
(hynkuielo yacy: G= G(t). Toai 3 ypaxyBaHHSM HaBeJieHHWX BUILIE MipKy-
#HHb L1 BU3HayeHHs [ Ta Y AiCTaEMO CUCTEMY BUIIALY

I =b@y -T1), b:=1/0,
(A =$)tY ==s¥Y + 1 +G(1).

Jundepenuiloemo apyre piBHAHHA 32 3MIHHOIO / i BUKIIOYMMO 3 OfiepXa-
HOi cuctemu [ 1a /. JlicraHeMo JiHiiHe audepeHLialbHe PiBHIHHS APYrO-
10 1HOPAAKY

(L-syY +(s—ab+(1-s)b)Y +sbY = bG(t) + G().

06’enHaEMO AOCTIIKEHHS OlepXKaHUX AU(depeHLiaIbHUX PiBHAHb, 32~
HHUcaBUIM iX B YHiBepcanbHil GQopMi

X +2kx +0’x = f(). . (2.92)
[MapaMeTpy ® Ta 2k Ha3MBaIOTh BiANOBiAHO BNACHOIO YAaCTOTOIO Ta

KoediuieHTom TepTi, a ¢yHkuiio f(f) € C(R > R) — 30BHilIHbOIO CH-
A0l0.

2.5.1. BinbHi KONnBaHHA

Po3rassHeMo crio4yarky BUITaZOK, KOJIU 30BH11L[H51 cuia Bmcymﬂ f@®)=0.
Kopeni XapaKTepUCTUYHOTO noninoma A2 + 2k\ + ®° BiANOBiOHOrO Ji-
HikHOro OAHOPIAHOrO PiBHAHHS MalOTh BUIJISIA

- 2 ]
My =-ktvk® -0,
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asa 2
NHIAHI QUGEPEHUIANBHI PIBHAHHA

MoxuBi Taki BUNaAK HU:

1) k > ® — xniicHi pi3Hi BiO’€MHi KOpeHi;

2) k = ® — ABOKpaTHMI Bii’eMHHI KOPiHb;

3) k < ® — napa KOMILUIEKCHO-CIIPSLKEHUX KOPEHiB i3 Bin’eMHOIO jiiic-
HOI0 YaCTHHOIO.

Onucylouy xapakrep po3B’s3KiB PiBHSAHHA B LIMX BUI1aiKax, BOAHO-
yac 6yaemMo 300paxatu (a3oBUi NOPTPeT eKBiBaJIEeHTHOI OMY ABOBUMIp-

HOI CHCTEeMH, SIKa YTBOPIOETLCS ITiCJIs 3aNpOBalXXeHHS BEKTOpa (’; ) = (’; )
i Mae BurasAn : ’

{x = ' (2,93

y=-0’x - y. ‘

Ilpu ii nocnizkeHHi 6yaeM0 KOPUCTYBATUCS pe3yabTaTaMu 1. 1.9,

Y Bunaaky 1 KoJMBaHb He CIIOCTEPIra€ThCs, OCKUIbKM 3arajibHUi po3-
B’A30K DiBHSHHS Ma€ BUDIL x = ¢’ +c,e™ =eM (¢ + e ™)y |
3pO3yMijio, KOXHA HeTpvBiaibHa PyHKUIs 3 Li€l CiM’I IepeTBOPIOETHCH E
HYJb He Oiblle HiX OfuH pas.

Jlnsa 3006paxeHHs ¢azoporo noprpera cuctemu (2.93) 3Halinemo BIacH:

BEKTOPH (Zf ] ii Marpuui (j = 1, 2). Maewmo:
J

y 1 a; 0 a; |
) ) = |= =c| |, j=L2
_ —2k—/vj bj 0 bj r

Otxe, KyroBuil KoedilieHT npsaMoi BJIacHUX BEKTOPiB, LI0 Bianosiga-
10Tb BJIACHOMY 4YMCJly kj, JIOPiBHIOE kj. Tun dazoBoro noprpera — BY30J.
(puc. 2.6, a). butbiuicTh (a30BUX KPUBMX JOTUKAIOTLCA B I0YATKY KOOD-
auHart npsamoi y = A,x (| A, | <| A, [). Ockinbsku X = y, TO pyx o TpaekTopii
BepxHill MiBIUIOWMHI NPpX 3pOCTaHHi ! BiaOyBaEeTLCA 3N1iBa Hampaso, a
HMXHIH — HaBnaky. SIKIO XOOpAMHATH IIOYATKOBOI TOUKM J1€XATb Y
cexTopi, oOMeXxeHOMY MPIMUMM y = A.x, j= 1, 2, To KOMIIOHeHTa X (7,
BilNOBiAHOrO PO3B’A3Ky CUCTEMU (2.95) NPSMYE OO0 HYNSi IPY  — 00, HeE
3MiHIOIOUM 3HAKA. MaeMO Tak 3BaHMH 8unadok xcopcmkozo demngysants
(B LbOMY pa3i B 3a1a4i | TL10 HeoOMexXeHO HabJIMKAETHCH N0 NOJIOXKEHHS
piBHOBary, nepebypaiouy Becb yac no oauH Oik Bid Hboro). [115 noyarko-
BOIl TOYKM, siKa 3HAXOAMUTLCSI HA30BHI 3a3HAYeHOro ceKTopa, dpyHKLis x (1,
OIMH pa3 3MIHIOE 3HaK — eunadox Hexcopcmkozo demngysanna. (Tino cno-
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Ananis naRnpoctiwmnx 3apnayv Teopil KkonusaHs

y=A,x
a 6

Puc. 2.6

I >

YATKY MHMHAE IOJIOXEHHS PiBHOBAary, a 1noriM HeobMexeHo HabIMXa€ETBCA
B0 uLoro 3 ogHoro 6oky. Taky 0cobaMBICTH pyXy BHMKOPUCTOBYIOTH Y
TeXHiIli, HaNpKKIaj, NIpy po3pobli aMOpTH3aTOpiB.)

Y sunaaky 2 3arajibHui po3B’si30K PiBHSAHHS M€ BUISA X = € kt (c +cyf),
# 11 (Ha30BOro Nnoprpera — BUPOMIKEHUH By30)1 (IMKPUTUYHOTO By3na OyTu
M@ MOXe, OCKLUIbKM MaTpMLA CUCTEMM HeaiaroHanbHa) (puc. 2.6, 6). 06-
Jigc L XopeTKoro aemndyBaHHS 3HMKAE 332 PaXyHOK TOIO, LU0 BJIACHI NPsiMi
winnaioThed. KaxyTs, o B Hil curyanii pyx BiaOyBa€ThCsl B yMOBaxX Kpu-
Muunozo demnghyeanus.

Y Bunanxy 3 3arajibHUA PO3B’SI30K 3aNMILEMO CIIOYATKY B KOMIUIEKCHii

hopwmi:
x=cet ki e Qi=val - k2.

$ikuo noxnactu A = | ¢|, ¢ = arg ¢, Tak o ¢ = Ae™, To gicraHemo AiMCHUR
IUILHUAIA PO3B’A30K Y BUIIAAL

x = Re(Aet KDy = 4o cos (it + ). (2.94)

Mucna 4, ¢ Ta Q Ha3MBaIOThCA BIAIOBIAHO amMnaimydolo, novamxoeoro ga-
3010 Y2 yYMO8HOI0 Yyacmomolo Koaueans. Ockinibku k > 0, To dopmyna (2.94)
OINUCYE KONMBaHHS, IO 3racaloTh NpH f — o« (puc. 2.7, 6). MaeMo TaK
WKl BUNanoK carabkozo demngysanna. Tun daszosoro noprpera — ¢do-
Kkyc (puc. 2.7, a).

] 140
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NHIRHI BUOEPEHLIIANBHI PIBHAHHA

a 6 8
Puc. 2.7

B ineanbHOMy BUINAOKy 3a BiacyTHocTi Tepts (k = 0) BinbyBaloThCs rap-
MOHIiYHi KoauBaHHsA. Tun ¢a3oBoro noprpera — LeHTp (puc. 2.7, 8).

3anexHicTs TUNY (a30BOro noprpera cucreMu (2.93) Bin 3HavyeHb k, o
300paxkaloTh y BUNISAI TakK 3BaHOI Gighypkauitinoi diazpamu. (B Teopii nude-
peHLiaJibHUX PiBHAHb NOHATTA «OichypKaLis» B IUMPOKOMY PO3YMiHHI BXH-
BalOThb [UIsl [TIO3HAYEHHA SIBUILL, T1I0B’S13aHMX i3 nepeOynoBoio (a3oBUX MOPT-
peTiB cucTeM avdepeHliaIbHUX PiBHSHb, 3a1eXXHUX Bif riapametpis. Tepmir
«bidypkaliisi» NOXOAUTH BiA JaTHHCLKOro bifurcus — po3nBoenuii.) I1oGy-
JIOBA L€1 JiarpamMy NoJjsirae B TOMy, 110 061acTh 3MiHM [1apaMeTpiB po30u-
BalOTh Ha 3B’SI3HI NiIAMHOXWHHU, KOXHIN 3 AKMX BiANOBiga€ neBHUN THI
¢azosoro noprperta. Ilicisa 1boro KoXHy Taky 06aacth pasoM i3 Bianosia-
HUM (a30BUM NOPTPETOM 300paKalOTh HA OMHOMY PUCYHKY.

@ / @®
F @

Puc. 2.8
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AHanis Ha®npocTilmnx 3aAay Teopii xonueBaHs

Japaau Gisibluol 3aransHOCTI Ha puc. 2.8 nokasaHo GidypkauifiHy giar-
MY JUISL CUCTEMM, eKBiBaJIeHTHOI ABOIIapaMeTpPUUHiii ciM’i PiBHSIHb

X422k +ololx =0, (k, o) e R2\ {0}
Hpumi 0 = 0, k = 0, ® = +k IpUpOAHO HA3BaTM KPUTHUHMMM: caMe TOAi,

Kovin 1ouka (k, o) ix nepeTuHae, BinbypaeTbcs siKicHa nepebymosa ¢a3oBo-
JO HopTpera Q0C/iIKyBaHOl CUCTEMMU.

et 2.5.2. BumywieHi KONMBaHHA

HocainymMo BUOANOK, KOMM CHJlA 3MIHIOETLCS 3 Y4COM 332 FapMOHIYHUM
mkonoM: f(1) = acosvt, ne |al > 0 — amruiityga, a v > 0 — yacrtoTa
Winboi cuau. IlpunycTuMo Takox, mo k > 0.

JLisi BillLlyKaHHS YaCTMHHOIO PO3B’A3KY piBHAHHA (2.92), 3ayBaxus-
wm, o f(r) = Re ae™’, ckopucTaeMocs METOLOM KOMIUIEKCHMX aMIUIITYIl.
JlonoMixHe KoMIUIeKCHE PIBHAHHS MA€ BUIJISL

F4dki+ ol = ae"V'. (2.95)
o1 o po3p’s30K LIyKaeMo Y, mmmm = = ge™'. IlincTaBMBLLIY Lieii BUpa3 y
(2.95), 3HaxoauMO ¢ = a/(o? —v? +2kvi) a60

2 2 )3
g-a o - v =2kvi e

((x)2 —v?)? 1 4k? ) R

ie
a

) \/(0)2 -V s 4k ,

. arctg[—kv—-z-) mpul<sv<o,
L -
y=1{-7/2 npu v =0, (2.96)
2kv
arclg| ~—s———— |-7n MpH V > .
ve—»”

3Bigcu = = Ae'*"Y’ a mykaHui AiCHMI YacTMHHMM PO3B’SI30K piB-
Hinna (2.92) (f(7) = a cos vt) Mae BUrsan
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NIHIKHI AU@EPEHLUIANBHI PIBHAHHA

x«(1) = Acos(vt +y). 2.97)

Byab-aKui iHIUKMKA PO3B 130K TAKOro PiBHAHHSA € CYMOIO JEAKOI0 pO3B’s3-
Ky BiANOBiIHOIO OJHOPIMHOIO PiBHSHHSA Ta PO3B’A3KY (2.97). Asle OCKiIbKH
npu k > 0 KoXeH pO3B’s130K OHOPIAHOIO PiBHAHHSA NPSIMYE A0 HYJISA, AKLIO
t — 00, TO HaliOilblue npakTHUYHE 3HAYyeHHs Mac caMme po3B’A30K (2.97).
KaxyTb, 110 Lie#l PO3B’30K OIIUCYE yCmaneHi 6umMyuieHi KOAUBaHHs, a BCA-
Kuii iH1UMI pO3B’A30K — nepexionuii npoyec. [lapamertpu | A | Ta yw Hasznsa-
10Th BIANIOBIZHO amMnaimydoro Ta 3cysom (asu eumyuenux Koausans. Kpubi
3anexHocteit A= A(v; k) (mpu a > 0) 1a y = y(v; k) Bia yacToTH v 300paxe-
HO Ha puc. 2.9, @, 6 BinnoBiaHo. KpuBgiii i3 6i1p11MM HOMEPOM BIANOBINAE
6iiblle 3HaYeHHs napameTpa k.

Ockinpky y < 0 1pu v > 0, T0 a3a BUMyLUEHUX KOIMBAHDb BiACTAE Bi
¢a3u 30BHilIHBOI CWIM. AMILIITYZa TAKMX KOJIMBaHb HabyBae HaHbLIbUIOTO

3HAYEHHS NIPU V = V4 = Vol -2k? (3BMuaiiHO, 33 YMOBH, 1O ®° > 2k?).
Axwo xoedilieHT TepTs AOCUTh MaNUii, TO NpX HAOIMXKEeHHi YaCTOTU BH-
MyLHEHUX KOJMBaHb 0 3HaYeHHS V, CIIOCTEPIraEThCs SABULLE PE3OHAHCY : aM-
IUTITyIa BUMYILIEHHX KOJIMBaHb CTa€ iCTOTHO Oi/IblIOI0 32 aMILIITYAY 30B-
HilIHBOI CWIK. 3ayBaXuMo, 110 B rpaHuui npyu k — 0 3aneXHICTb 3CyBY
¢a3u Big yacToTy v HabyBa€ po3pUBHOIO XapaxKTepy:

0 mpul<sv<o,

w(v; 0) =

- TpH V> 0.

,pl

-n/2

-n

Puc. 2.9
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2.5
Anania HannpocTilKx 3aaay Teopii konweaHb

@ Npuxnan 2.25

Jlea oxpemux xona mpancpopmamopa (puc. 2.10, a), nepwe 3 axux ckradacmeo-
¢R 3 docepena sminnoi nanpyzu U(t) = acos v, pesucmopa R, ma xomywxu
indyxmusnocmi L,, a dpyee — 3 pesucmopa R, ma xomywxu indykxmuenocmi L.,
#3acmodiroms 3a paxyHOK 63aemoinOyKyili M. 3uaiidemo amnaimydy ycmanenux
KoaueaHs cmpymy 6 0pyzomy Koai.

2 4 L L

R‘l Rz

o @ T |
2 T
6

‘ 1 3 5

a
Pnc. 2.10

OpienTauilo kit Bubepemo Taxk, sk noxa3aHo Ha puc. 2.10, a. Yepes /; Ta
1, 1103HaYMMO CHY CTPYMY BilNOBIHO B NEpUIOMY Ta APYIOMY KOJax, a
‘tepe3 u; — Cnaj Hanpyr4 Ha AAHUI MDX By3ziamy / 1a j. 3riaHo 3 ApyruMm
npaswioM Kipxroda maemo:

Uy +Uyy + Uz = 0, Ups +Usg + Ugy =0.

BpaxoBylouu cniBsigHOWeHHS Wy = RyI, 1y = Ll + MI,, u3 = -U(1),
g = Loy + M1y, uso = Ry, ugy = 0, mpuxoauMo X0 CUCTEMH JiHIRHUX A4-
thepeHtiabHUX PiBHAHD

I Lii, + Ml + R\ I, =U(),

. . 2.98
M[|+IQ12+R212=0. ( )

Buxniounmo 3 niei cucremu /;. JloMHOXMBIUYM nepile DiBHsHHA Ha M i
BiAHABIUM Bil 04ePXaHOIO pe3y/abTaTy APYre PiBHAHHS, JOMHOXeHe Ha L,,
NerKO 3HaXOAUMO

LR
Mr == g 212+%’l-u(t).

R,
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Tenep 3 ypaxyBaHHaM Apyroro i3 cnissigHomens (2.98) ta HepiBHOCTI
L,L, > M® pictaemo wykaHe AudepeHuiaibHe PiBHsSIHHS, AKe ONUCYE 3a-
JIeXHICTb CUJIM CTPYMY B APYIOMY KOJli Bin yacy:

I’2+L’1R2 +LZI§’ 1'2+ RI'RZ - 12 - vME
LL,-M LL,-M LL,-M

IlopiBHABLIK 1€ piBHAHHSA 3 (2.95), 6auMMO, 110 B JaHOMY BHIALKY

7 COS vi.

LR +LR , RR ___VME
2k = 5y 0° = 5. A= m————
LL,-M LL,-M LL,-M-

AMILTiTYDy YCTalleHUX KOJAMBaHb CTPYMY B APYrOMY KOJli 3HaXOAMMO Ha OC-
Hosi popmynn (2.96):

|A|= VME
VRR, AL L, - M) + (LR, + LR

2.99)

SlxicHuit TpaHCHOpPMATOP XapakTepU3yEThCst THM, o R, <« 1, L L, - M ‘¢
« 1.V rpannui npu R, —» 0, M - JL,L,, R,— R> 0 nicraemo Bupas ans | A|
y BUIIaaKy igeanbHoro TpaHcdopmaropa:

Ha nincragi ui€i dopMyan MoxHa 3poGHUTH TaKuil BUCHOBOK: [Uisl i€asibHO-
ro tpancdopMaropa BiAHOWIEHHSI aMILIITyAM Chaly Hampyr¥ Ha pe3ucropi
APYroro KoJjia A0 aMIUHTYAX Halpyru JXepeja 3MiHHOIO CTpYMY HODIBHIOE

VL/Ly.

Kopucryiouncss NPpUHLMNIOM Cynepno3uLii, MOXHA BUBUMTH 3a-
ranbHilIKii BUNZNOK, KONM 30BHilliHS CUJa € CYMOIO rapMOHiK:

m>0 mz0

S@) =Y, €08 vl + by sin vyt = Rc(z g,,,e"“m']. (2.100)

Tyra,, b, v, — nificHi uncna, g, == a, ~ib ,m=0,1,2, .. Axno
CyMa HeCKiHYeHHa, TO MPUNYCKATUMEMO, 1O CIIPaBAXYETHCS YMOBa

D lgml <=, (2.101)

mz0
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AHanis Ha#dnpocTiwunx 3apa4 Teopii xonusaHs

sika rapaHTye abcomoTHy 36ixHicTb psay (2.100). 3a uiei ymoBu dyHk-
uin f(2) HANEXHUTDb KJaCy TaK 3BAHUX Malixce nepioduyHux QyHkuid.
XapakTepHCTUYHA BIACTHBICTb Maike nepioauyHol GyHKUI] nossirae
OCh y YOMY: [UIl AOBUIbHOrO € > 0 MoxHa Bubpatu uucno /(€) > 0

TaK, Wob y KoXHOMY iHTepBati 10BXHHHU I(€) iCHYBAIO TaKe YHUCIO
T(€), wo

S +T©) - f()|<€ VIeR.

Yucao T(€) HA3UBAETHCS €-Malixce nepiodom dynxuii f(1).

B oxpeMoMy Bunaaxy, Koy icHye yucio v > 0 take, wov,, /v € Z,
dynxuis f(f) € nepioanuHoIo 3 nepioaoM 2r/v. K10 X icHYe CKiH-
4eHHMIt Ha6ip paLiOHATBHO HE3AIEXHHUX YNCEN O, ..., Oy (N 2 2) Ta-
KHMX, 1110 KOXHa v, € niHifHOI0 kombiHaltieo k,(m)s, + ... + ky (m)o, i3
UUTMMH xoe(bn.ueHTaMM k.(m),j=1, ..., N, To byHkuiro f(t) Ha3uBa-
10Th K8a3inepioou4Hoi. (3aram>ue 03Haqeﬂ}m KBa3inepioau4Ho©
HA3MBAETHCH cbyHKum BHUIJsLLY f(t) = F(ot, ..., o0, ne dyukuis
F(o,, ..., 00 C (R" > R) mae nepioa 2x no KO)K.HOMy apryMeHTy,
4 4MCIa Gy, ..., Gy — PALIOHAILHO He3aNeXHi, ToBTO PiBHICTb k|G, +

+ kyoy =03 uinumu k,, ..., ky MOXIMBA B €EAHHOMY BUNAAKY, Ko
ky = .. =ky=0; nabip {5}, HasupaeTncs wacmomnum Gasucom
ynxuii £(1).)

B3siBiun CyMy YaCTMHHHMX PO3B’A3KiB PiBHAHL (2.95) 3a =g,
V =V, AICTAEMO PO3B’A30K, 110 OMHKCYE YCTAIEH] KONMBAHHS B piB-
HsIHHI (2.92) i3 30BHiHBOI cuiolo (2.100):

x() =Re[2-2—gL—_e‘"-’ : (2.102)

Sho? —v2 2k,

CknaaHMM i LHiKaBMM € BUMAAoK, KoM f(1) kBasinepioavuHa i
k = 0. SIxuio cyma (2.100) HeckiHyeHHa, TO HABiTh y pa3i BAKOHAHHS
ymoBu (2.101) psan (2.102) moxe po3biratucsa. Lie o6yMOBA€HO THM,
10, K BUSABISAETHCS, iCHYE MiANOCNIAOBHICTD {Vm, }je12,.. A AKOL
limv, =o. ¥ uiit cuTyauii npu aocitimkeHHi 36ixHocTi paay (2.102)
J >0
BUHHMKAE 3HAMEHMTA npobieMa «Manux 3HAMEHHUKiB», BiAOMA B He-
6ecHiit Mexauiui e 3 XVIII cr. Be3 aoaatkoBux o6MexeHb Ha LBUA-
KiCTb 361XHOCT A0 Hy/Is nocTinoBHOCTeH {02 - Vi, } 1a{ &m, }} roBec-
TH 36LKHICTb 3a3HaYEHOT0 PAAY HEMOXJITUBO.

P

BNPABU TA 3ALANI

(D lneanizaui€clo aMOPTM3aTOPa € Taka MEXaHIYHA CMCTEMA: TL1O MACOIO M IiaTpH-
MYETbCH 3HH3Y BEPTMKAIbHO PO3TAaLIOBAaHOIO NpyxXuHO10. Huxuil kineus npy-
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® 6

XHMHHU NPUKPIILIEHO A0 HEPYXOMoi ocHoBU. Kpim Toro, npyxuHa o6BMBacThCS
HABKOJ10 TIOPLUHS, KM DYXa€ThCs B LIWLIHAPI, 3aII0BHEHOMY piauHo0. BepxHiit
KiHeUb MOpIUHS KPIMKTHCH A0 Tina. 3aBASKM LbOMY Ha TiIO B npoueci Horo
nepeMillleHHs i€ Cuia onopy, NponopiiiHa 3 KoegiliEHTOM O KUIBKOCTI pyxy
Tu1a. 332 YMOBM, WO A5t NIPYXXUHY BUKOHYEThCs 3aKoH I'yka, Bubpars ii xopcr-
KicTb Tak, W06 pyx Tina BiabyBancsi B yMOBaX KPUTHUYHOTO AeMNyBaHHS.

JlocninuTy siBMlLe pe30HAHCY Yy BUNaAKy, Koau k = 0.

Ha puc. 2.10, 6 306paxeHo cxeMy dinbTpa HU3bKKX HacToT. st Bunaaky U(t) =
= Esin vt 3naittn ammutityay | A(E; v) | cnany nanpyry Ha pe3uctopi R 8 ycraine-
HOMY peX#Mi KOJMBaHb i NOKA3aTH, 11O lin(1)|i(§ix)—I =1, lim]-ﬁ(—li;—\l’ =0.

Hosecty, wo cyma psay (2.102) cripaBni € aBivi HenepepBHO AuGepeHLIROB-
Hol0 ¢yHKui€elo, sikuo k > 0.

o ) 3 xJ
waa. B3ATH 10 yBary Toi ¢hakr, o KOXHa 3 ¢w Gj(x) = T
7i=0, 1, 2 obmexeHa 3a MonysieM Ha BCiit AifCHI oci.

Hexai1 y piBHsiHHi (2.92) k=0, a f(t) € ne,piozmquoxo dyHKuieo BUrIsdy
(2.100), sixa 3a10BobHsE yMOBY (2.101), i v, # >, m=0, 1, 2, ... Josecty,
mo cyma psiay (2.102) npu & = 0 € nepionHyHMM pO3B’A3KOM piBHsAHHSA (2.92).

2.6 |

NiviAni cncremn
3 nepiogMyHMMM KoedpilieHTaMmn

Y cknapHiluuX 3aayax Teopil KOJIMBaHb HEPiiKO BUHUKAIOTb CUCTEMU

JNiHiAHUX DudepeHUiAIbHUX PiBHSAHb BUTIIALY

x=ANx + (1), (2.103)

e MaTpM4yHO3HayHa GyHKLUif A () Ta BexTop-(DyHKIilis f(7) HenepepBHi i
nepioguyHi 3 aeaxuM nepiogom 7'

A(t+T)=A(), f¢+T)=f(t) Vte R. (2.104)

Cucremy (2.103) B Lbomy BUnNaaKy 6yneMo HazuBaTu T-nepioduunors. Qns
GinblUo] 3arajJbHOCTi BBaXaTuMeMo, 1o xe C". EneMeHrtamu A (t) 1a f(1)
Te€X MOXYTb OYyTUM KOMIUIEKCHO3HaYHi QyHKLII.
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2.6
NiKiAHI cncTemMwn 3 nepioguuHUMK koediuieHTamu

OCHOBHY BJ1aCTHBICTh PO3B’A3KiB T-nepioguyHOI CUCTEMHU C(POPMYJIIOE-
MO y BUIMISIII TAKOrO TBEPIXEHHS.

TeeppxeHHrn 2.18

ﬂxmo x{t) — po38’a30K T-r1epioMuHOI cucTeMu, T0 GyHKLUis
2x (1 + T) Tex € i po3s’s3KoM. ;

doBepeHHA

LiiicHo, ockinbku x(f) = A()x(t) + f(t), TO X(t +T) = At +T)x(t +
+T)+ f(t +T). Tenep sax Hacnigok (2.104) MaemMo NOTPibHY TOTOXHICTL

x(t+T)= A(W)x(t +T) + f(1).

2.6.1. Nininni ogHopiaHi
T-nepiognyHi cncremu

ba30BMM pe3ynbTaTOM Teopil JiHiAHKMX T-11epionAMYHUX CUCTEM € TEO-

pema ®noke, naroaHa 1883 p. BoHa neMOHCTpye COPioHEHICTh TAKMX CH-
ctem 3 J1OC 3i cTanumu KoediuieHTaMu.

Teopema 2.1t (®noke)

Hopmoaaﬂa B Touui 7 = O pyHaaMedTanbHa Marpuist X(r) T-nepio-
,uwmm J1OC

X = A(f)x . 105)
Jionyckae 306paxeHHs Y BUIIsLA]

R R A R

X(0) = o(ne®, (2.106

‘ : fie () — HenepepBHoO audepeHuitoBHa, T-nepioaMyHa, HeBu
po;:uxeua npy KOXHOMY f € R MaTpu4HO3HauHa QYHKLis,

B=7LnX(T) (amB. 1. 2.3.5).

§

[loBepeHHR

3 omniaay Ha TBepaxeHHs 2.18 croBnui marpuui X(t + T) € po3-
B’s13kaMu cucremu (2.105). 3posymino, wo X (¢ + T) HesuponxeHa. Ta-
KMM YMHOM, BOHa, K i X(¢), € dyHoameHTanbHOIO MaTpuuelo JIOC
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(2.105). Ane Toai 3HalmeTbcs cTaja HeBupoaxeHa Marpuus C Taka,
wo X(t+ T) = X(¢)C. Nloknaswy B Uit piBHOCTi f = 0, MmaeMo X(T) =
= X(0)C= C. Tomy C= X(T). Orxe,

Xt+T)=X1NX(T). (2.107)

Hesuponxenicts X (7) 3a6e3nedye icHyBaHHs MaTpuili B, BU3Haye-
Hoi y (popMy/oBanHi Teopemu. [loxageMo () := X (1)e . OueBun-
HO, o Tomi X (1) = d(t)e?. Tenep 3anuinacThes aullle MepeBipuTH,
o ®(f) — T-nepiopnyna. Ha nigcrasi dopmynu (2.107) maemo:

O + T)= X(t + T)e-B(H T _ X(f)X(T)IeI" .Y(T)l--le~Bt -
=X(t)e ¥ = o@).

& 3ayBaxeHHn 2.7
Y 3aranbHOMY BUNaaky MaTpuui ®(f) Ta B MaloTb KOMILIEKCHI eNeMeHTH.
S OsHayeHHn 2.9

Mampuwo X(0) Hazusearombs mampuuelo mornodpomii, a il énacni wucaa —
myssmunaixamopamu cucmemu (2.105).

HoscHnmo npUpoaHiCTs 3arpoBaKeHHs] TEPMiHa «MYJILTUILLKATOp». 13
HOPMOBAHOCTI B To4Li f = 0 ¢pyHIaMeHTaIbHOI MaTpuLi X (f) BUIUIMBAE, 1O
dopmyia x(r) = X(f)x, Bu3Hayae po3s’a30k JIOC (2.103), saxuil 3a10B0/b-
Hsi€ mo4yaTKoBy yMoBY x (0) = x,,. 3 ypaxysannam (2.107)

x(t+T)=XNX(T)xy. (2.108)

Hexaii Tenep p — MyJ/bTUILLKaTOp. BisabMeMo 3a x; B1aCHUI BEKTOp Mar-
puui MOHOApOMIl, kil Bianosinae pracHomy uuciy p: X(T)x, = px,. Toai
JicraHeMo

x(t+T)=px(t) Vie R. (2.109)

Po3p’s30k i3 BiactusicTio (2.108) Ha3suBaeThCs Hopmanbrum. K 6auUMo,
nepeTBOPEHHA HOPMAJIbLHOrO PO3B 3Ky, 11O IOJAra€ y 3cyBi #ioro apry-
MEHTY Ha iepiofl, eKBiBaJIeHTHE AOMHOXEHHIO TAaKOrO PO3B’A3KY Ha Bilno-
BiIHUH MYJbTHILIIKATOP.

HaBnaku, npMnycTuMo, 110 Aii AeIKOr0 HeTpHBiaJiIbHOrO PO3B’A3KY
x(t), x(0) := x, icHye ynC0 p (MOXIMBO, KOMILIEKCHE) TaKe, IO BUKO-
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NiniAni cuctemun 3 nepiopnuHumn xoediuicHTamu

HYETBCA piBHICTD (2.109), T06TO0 X (7 + T)x) = pX(f)x,. Toni 3 ypaxyBaHHAM
(2.108) i HeBupomKeHOCTI MaTpuLi X (f) MatuMeMo X (T )x; = pxy. Lls piB-
HICTb O3HAYa€, 1O p — MYJILTHILIIKATOP, a X, — BiANOBIAHMHA BIACHUHA
BEKTOD.

Martpuus MOHOAPOMIi Ta MyJILTUILIIKATOPY BA3HA4YalOTh OCHOBHI Bjlac-
tuBocTi T-nepiognyHoi JIOC. PosrnsHeMo, HanpuKial, 3aja4y Nnpo icHy-
BaHHA B cucteMu (2.105) T-nepiognuHux po3p’si3kiB (rmopisHATH 3 1. 1.3.2).

Teopema 2.12
T-nepioanuna JIOC (2.105) Mae Herpusianbuuit 7-nepiognyuui
~"PO3B’A30K TOAI ¥ nuiue TOoAi, KoMK 4Heio 1 € 1T MyIbTHIUIKATOPOM.

HNoBeneHHA

HetpusianbHuii po3B’a30K x (1) Oyne 7-nepionMyHUM TOMI i nuile
TOAi, KOJIX BiH € HOPMAJIbHUM PO3B’SI3KOM, AIKHMH BiINOBiNa€ MyJbTH-
IUiKaTopy, WO A0pPiBHIOE 1.

2.6.2. IcHyBanHA T-nepioguuyHOro
PO3B’A3KY HEOAHOPIAKHOT CHCTEMN

CdopmymoeMo i 1oBeeMO JOCTaTHIO YMOBY iCHyBaHHsA T-nepioguy-
Horo po3B’sa3ky JIHC (2.103).

Teopema 2.13
Axwo T-nepioanuna cucrema (2.105) He Ma€ MYIbTHIUIIKATOPIB,
u1o RopiBHIOWTH | (TO6TO HE Mae HeTpuBiaibHUX T-nepiogHYHKX
PO3B’A3KiB), TO HeoaHOPinHA cucrema (2.103) Mac eaunnii T-nepi-
OIMUHHUI PO3B A30K.

DoBepeHHA

Axuo x (1) — po3p’sa30k cucteMu (2.103), TO 3riiHO 3 TBEpAXEH-
HaM 2.18 ymoBy T-nepioguyHocti x (f + T') = x(¢) MOXHa iHTepIIpeTy-
BaTy sIK 306ir po3p’sa3kiB x(¢) 1a x(t + T). Ockinbku iCHye eaMHMIA
PO3B’A30K i3 HiKCOBAHOIO MOYATKOBOK YMOBOIO, TO

x(t+T)=x(t) VteR < x(T) = x(0). (2.110)

3anumemo aa cucreMu (2.103) dopmyay po3p’s3Ky 3agadi Kowi 3
no4aTrkosoio ymoBolo x (0) = x, [auB. dopmyay (2.67)]:
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x(0) = X()xy + | O'X(r)x-'(s) £(s)ds.

r
AKuio noxnacTy a:= —!0 X)X Y(s)f(s)ds, To 3 ypaxyBaHHsM

(2.110) po3p’sa30K x () 6yae T-nepiogyyHMM TOAI ¥ JiMilie TOMI, KOJIU
#0ro noyaTkope 3HaYeHHs 3aJ0BOJIbHSE PiBHICTh

Xo=X(Txy-a= XT)-1-E)xy=a

Ockinbku 3a ymoBolo det (X(7) -1 F) ¢ 0, To Take x; iCHye # BU3Ha-
YaeTbCA OXHO3HAYHO: Xy = (X(T) - F )la.

BMPABU TA 3AJANI

@® 3naittn MaTpULIIO MOHOAPOMIi T-nepioaAnYHOI TiHIHHOI OAHOPLIHOI CHCTEMH 3
H t
MaTpuuelo A(1), AKa 3aa0BOJIbHSIE YMOBY A(f) Io A(s)ds = .‘o A(s) dsA(t).

@ JlosecTwm, 10 3 iCHyBaHHs MYJBTHIUTIKATOpPA p = €Xp 2‘:‘ .aepeZ,qeN,

BUIUIMBA€E iCHYBaHHA gT-nepioqMyHoro po3p’si3ky 7-nepioauunoi JIOC (2.105).

® [Josecty, wo T-nepioanudy JIOC (2.105) moxna 38ectu ao JIOC 3i cranolo
MaTpULEIO (3, MOX/IUBO, KOMIUIEKCHMMHU eJIEMEHTAMH) 338 A0NMOMOTOI0 3aMiHKu
3MiHHUX X = ®(1)y, ae ©(?) — MaTpuus, IIPO AKY ineThes B TeopeMi Dnoke.

@ [losecty, wo T-nepionuuna cucrema (2.103), B axitt A1) = {a; (O} ;1. a,;(1) =0
T
npuj>ii Io a;(1)dr # 0, mae eauHui T-nepioaMyHUHN po3B’SA30K.

® [Hosecty, wo ana n-suMipHoi T-nepioanuHoi cutemu x = J(0)x + f(1), ne
J(0) — xopaaHoBa KIiTHHA 3 HYASIMM Ha TOJIOBHIN aiaroHani # nia Helo, iCHYE
T-nepioanyHuit po3B’sI30K TOAI i JIMile TOAl, KOJM n-Ha KOMIIOHEHTa BEKTOp-

T
GyHKuUii f(1) Ma€ Hy/1bOBE CepellHE 3a Mnepion: Jo Sa@)dt.



InaBa

NIHIRHI AUOEPEHUIASBHI
PIBHAHHA APYroro noPAAKy

KaHnoHi4Hi hopmu JIOP
APYroro nopapKy

Jliniitni audepeHuianbHi piBHAHHA IPYroro Nnopsioky Ayxe 4yacTo BH-
HMKAIOTb Mig Yac po3B’sA3yBaHHS Pi3HOMAaHITHHAX TEOPETUYHMX i IPaKTH4-
HMX 3324 MexaHiki, ¢i3uku, Giosiorii Ta iHMx HayK. Hanpuknan, Biminy-
KaHHA aMILTITYIUM MaJIMX BiIbHUMX KOJNMBaHb MeMOpaHH 30iliCHIOETBCA 3a
[IONOMOTOI0 PO3B’SA3KiB TaK 3BaHOrO pienanHa beccens

2 2
d it ld—u+[k2 —-n—]u=0,

dr? radr r?

Zle r — He3ajlexHa 3MiHHAa — BiICTaHb 10 BUOPAHOIo NOYaTKy KOOpAUHAT;
k — pificHuit napamMeTp (XBWIbOBe 4MCi0); n € Z. XK. JlarpaHx pociinxy-
BaB lie PiBHAHHSA y 3B’3Ky 3 npobieMamu HebGeCHOI MeXaHiKu.

Y KBaHTOBI} MeXaHilli 1JI OIIMCY PO3CiAHHS JABOX YaCTMHOK y BUINI-
Ky, KOJIM NIOTEH11iaJl B3a€EMO/Ii 3a/1eXXMUTh JIMLLE Bil BIACTaHi 7 MiX 4aCTHH-
KamM, HeoOXiIHO 3HATH PO3B’SI3KM TaK 3BAHOIO padianbhozo pienanus Llpeo-
dinzepa

d3w+ 2mmy€ I +1)  2mm,
darr \nim+my) 2 hE(mp+my)

v (r)J y =0,
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ae h — crana Ilnanka; m,, m, — macu 4yaCTMHOK; U(r) — noteHuian;
& — eHepris cucteMu; l € Z.

Ilepenik noaibuux npuxinanis MoxHa Oyno 6 NpooOBXKyBaTH, i Le €
BaroMMM apryMeHTOM Ha KOPHMCTb JeTajlbHillOro aHaiily JiHikHnx aude-
peHLialbHKUX PiBHSAHb JPYTOro NOPAIKY.

3anuiemo JiHiliHe audepeHUiaibHe PiBHAHHS APYroro nopsiaky 3a-
TaJIbHOIO BUIJIAAY

ag(HX +a (1)X +a,(t)x = F(t). 3.1

Tyt a,(t), F(t) — HenepepBHi Ha AesKoMy inTepBani / € R ¢yHKuii, i =
=0, 1, 2. Axwo ay(t) # 0 pua Beix ¢ € I, To piBHAHHA (3.1) MOXHaA
nepenucaTy Tak:

X+ pt)x +q(t)x = f(1), (3.2)
_a(r) _a ) =F(f) ..
ne P(f)————ao(’), q(t)—————-ao(t), f@ —ao(t)' Anani3s pisusaHus (3.1) a6o

(3.2), AKX npaBWIo, PO3NOYMHAIOTH 3i 3B€AE€HHS iX 40 HA3PYYHIllIOrO BUr-
a4y, 10 AMKTYETHCS TUIIOM PO3B’SI3yBaHOI 3a1aui.

3.1.1. 3BepeHHA NiHIAHOIO PiBHAHKHA
A0 CAaMOCNPAXXEHOTO BUTAARRY

ITokaxeMo, 10 piBHSAHHA (3.2) MOXHA II0JATH B TaK 3BAHOMY CaMoO-
CIIPSDKEHOMY BUIJISAI

57(9(!)56) +Hx = (1), (3.3)

geo(t) e C'U>R), r(t),g(t) e C(I> R).
Cupasai, gkuio ¢yHkuis p (1) HenepepsHo audepeHuiiiosHa, 1o (3.3)
€KBiBaJIEHTHE PiBHSIHHIO

o(DX + o(H)x + r(t)x = g(1), (3.3)

B siIKoMYy kKoedilieHT 6insi X € noxiaHolo koediuieHra npu X. HaBnakm,
piBHsiHHS (3.3°) MoxHa 3anucati y Bunsiai (3.3). Tenep 3po3ymino, 1o
f1icjif JOMHOXeHHs 060X YaCTUH PiBHSAHHA (3.2) Ha TaKy HelepepBHO Au-
depeHuifoBHY QYHKLIIO o (), KA 3a10BOJIbHAE YMOBY
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Kanoniuni opmu SIOP apyroro nopaaky

o(t) = p(t)o(t),
lioro MoxHa 6yne nozaru y dopmi (3.3) it npu oMy
r(t) = o)q(r), g(t) = o(t) f(1).

3a3HaueHa yMoBa Ha ¢yHKuiIO o (f) — ue JIOP nepworo nopsaxy. Moro
PO3B’SI3KOM €, HaIpUKJIIak,

= dr

e 1, — NOBUIbHA TOYKA iHTepBaiy /.

OMNpuxnap 3.1

3sedemo do camocnpacenozo euaandy piensnumus becceas

. 2
5f+i+[l-lz—}x=o. (3.4)
t '

Tyt p(t) = 1/ti, oTxe, MOXHa B3ATH ¢ (1) = e™™ = . JloMHOXMBILK 06MaBi
yacTuHM piBHAHHA beccesis Ha f, pe3yibrar 3anMileMo B NOTPiOHOMY Bu-

s
d vz
— () +{t-—{x=0.
dt( H( t]x

3.1.2. CnpouieHHA NiKIKHOTO piBHAHHA
32MiHOIO HEe3aNeXXHO| 3MiHHOI

3BeneMo piBHAHHSA (3.2) A0 caMmocnpsixeHoro Burisay (3.3) i 3HOBY
JOMHOXHUMO HOro obuiBi 4aCTMHU Ha o (f). B onepxaHoMy piBHsAHHI

g(t)%(g(r)x) + (Nqnx = 2O F (1) G5

nepeiaemMo 10 HOBOI He3aleXHOi 3MIHHO1 § i3 TUM PO3paxyHKOM, 1100 BH-
KOHyBajlacs piBHICTb
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NIHIRHI QAUOEPEHUIANBHI PIBHAHKA OPYrOro nOPAAKY

[ LHBOTO AOCTATHBO NOB’A3ATH § i3 ¢ CHIBBiAHOMEHHAM s = S(f) =

L 4

fo 0('5)
Ae 1, — noBiibHA TOYKa 3 I. OcKilbKM NoxiaHa S(t) = 1/o(f) e nepetso-
PIOETLCS B HyJIb HA BCbOMY umepnam I, T0 §(t) MOHOTOHHA, a OTXe, iCHYE
obepnena yHkuis (s) € C'(J— I), BU3HaYeHA Ha fesKOMY iHTepBai J.
IToxnapwmu tenep y (3.5) t = #(s), AicTaHeMoO piBHAHHS, iK€ He MICTHUTh
YjleHa 3 NepLIO0 MOXiAHOIO WyKaHOoI byHKLIi:

2
‘;Tf +Q(s) = V(s),

ne Q(s) := o> (t())g(t(s)), D(s) = o> (1H())f(t(5)).

3.1.3. IHBapiaHT NiHiKHOro piBHAHKHA
ApYroro nopRaxy

INokaxeMo, 10 KoM B piBHAHHI (3.2) GyHKis p (1) HenlepepBHO AU-
tdepeHuiitoBHa, TO aHya0BaTH KoedilieHT OL1s Mepiuoi NOXinHoI MOXHA
TaKOX JIiHiHHOI0 3aMiHOIO 1yKaHOI GyHKILI.

YBeieMO HOBY 3ajleXHY 3MiHHY y 3a (POpPMYJIOIO

X 7 a(t)y, (3.6)
BBaxXalouu, wo oft) € C(/~ R). Toai
X =a()y+olt)y, X=d(t)y+2a()y+a()y.
IlincraBMBILM BCi Li BUpa3u B piBHSHHA (3.2), gicTaHeMO
o)y + (2a(t) + p(t)al1)y + (6(r) + p(t)out) + g()(1))y = f(¥).

Bubepemo dyHkui0 oftf) Takolo, wob 24a(r) + p(r)a(r) =0. MoxHa, Ha-
NPUKIIaA, NIOKIaCTH

| Y3
-5 _p(s)ds
oft)=e 2I’° ,
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3.1
KaHoriuni copmu fIOP ppyroro nopaaky

ze f, — AoBinbHO BubGpaHa Touka 3 iHTepsaty /. Toai audepeHuianpHe
piBHSIHHS /151 HOBOI wyKaHoi ¢yHkuii y = y(¢) Habupae BULIAAY

y+ (q(r) L0 _l,,z(,)]y = (1),
2 4
ll" p(s)ds

me ¢(t) = f(He?™"
Pyukiiio

1. | B
1(’)—‘1(1‘)—5”’)—21’ (9]

HA3UBAIOTh iHEAPIAHMOM AiRilIHO20 0OHOPIOHO20 DIGHAHHA
X+ p(H)x +qt)x =0.

HeBaxko 3p0o3yMiTH, LIO KOJIM B LIbOMY PiBHSAHHI 3pOOUTH NiHiAHY 3aMiHy
3aJ1eXKHOI 3MiHHOI BUIJISIAY

x - B(H)x, (3.7

ne () e CZ(I - R), B(r) =0 Vtel, i n0oTiM 11 OJ€PXaHOTO PiBHSIHHSA
3HaWTH iHBapiaHT, TO AicraHeMo Ty caMy dyHKkilito /(7). Y3araji piBHICTh
iHBapiaHTiB ABOX JiHIHHMX ONHOPIAHMX PiBHAHD APYTOro NOPSIKY € HEOO-
XiAHO1O # 1OCTAaTHBLOIO YMOBOIO TOTO, 106 OfHe 3 HUX MOXHa OyJI0 3aMi-
HoIO (3.7) nepeTBOPUTH Ha iHiue.

“

ONpuknap 32

Anynroemo xoeghiyienm Gins x 'y pienanni beccensn (3.4).

Ockinbky B 1aHOMY Bunaaky p(¢) = 1/t, To Le AOCAra€ThCs 3aMiHOIO
x = oft)y, B AKii

| 1 1
_.Z.Lp(s)ds - «ilnl _E_

oaf) =e e =t

OG6umncaupiuM iHBapiaHT piBHsAHHA Beccens, moao HOBOI wWyKaHoi QyHK-
uil y MaTMMeMO PiBHSHHSA

2
y+(1-—-.——‘ rZIMJy:O'
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NIKIRHI QUMOEPEHLIANBHI PIBHAKHA OPYrOro NOPAOKY

o

BIMPABK TA 3AQAMI

@ Po3sp’s3aTy piBHsAHHSA, 3BIBIUM X 10 CAMOCIIPSKEHOTO BUIVIsLAY # 3po6GMBILM
BilMOBiAHY 3aMiHy He3aJleXHOi 3MiHHOI:

a) 268 +%-2x = 0; 6) ¥+20i+e X x=0.

t
v Bxasiexa. ¥ Bunanxy 6) BUKOPHCTaTH crielliambHy ¢yHKuilo erf 1 = -LI e d—
TaK 3BaHMM iHTErpai iMOBIpHOCTE. ‘/; 0

@ 3HaiTy iHBapiaHTH it po3B’A3aTh AM(EpeHUiAIbHI PIBHAHHS:

a) 5c'+2t2.»&+(1+2t+r4)x=0; 6) X +2sin X + (cos r+sin?r+1)x =0.

L 3.2 |

KonumeHicTe po3B’A3KiB
niHinnmMx audepeHuianbHUX PiBHAHDb
ApYroro nopaAaxy

PosrnsiHeMo Aesiki SKiCHi BIaCTMBOCTI PO3B’A3KiB NiHIAHUX OAHOPIKHUX
nudepeHIiabHMX PiBHSAHD APYIOro Mopsitky. 3 ypaxyBaHHAM BUKJIaJ€HO-
ro B 1. 3.1, 6e3 obMexeHHs 3arajibHOCTI MipKYBaHb BBaXaTHMMEMO, 110 AOC-
JliKyBaHe PiBHAAHHS BXe€ 3BedeHO A0 BUIMIsIIY

X+q(x =0, gt)eCdI > R), I c k. (3.8)

3.2.1. OcHOBHi TeOpeMm
NPO KOSIMBHICTL

Po3nouHeMo 3 BUNAAKy, Ko ¢ (t) = const, i po3misiHEMO JBa IIPOCTHX
audepeHUIaIEHUX PiBHAHHA 3i cTaiMMK KoedillieHTaMu

2y =0, (3.9)
¥-a’x =0, (3.10)

Iie @ — AojaTHe YMCAO. 3arajibHi po3B’sI3KM LUX PiBHAHD MAIOTDb BiAnoOBia-
HO TaKU# BUIVISA:

X+a
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3.2
KonuexiCTb pO38’A3KIB NiHiKHNX AndEPSHUIanbHIX PiBHAKL APYroro NOpPAAKY

x=c cosat+c,sinat 13 x=ce” +c,e™

OueBuaHo, w0 Ui HYHKILT BUABASIOTL IPUHUMIIOBO Pi3HI TUIM MOBEiH-
KH: KOXEH HeTpUBiaJlbHUH po3B’s130K piBHsAHHs (3.9) Mae 6eatiy HyJ1iB Ha
YUCIIOBIMN oci f € (00, 00), i BincTaHb MiX Oyab-AIKHMH CYCiAHIMM HYJIAMH
JIOPIBHIOE T/a; pa3oM i3 TMM Oyab-sIKHi HeTpMBialbHMM pO3B’A30K piB-
HsiHHA (3.10) Habupa€ HyIbOBOrO 3HaYeHHs He OLibilie HiX B ONHIM TOYL.

S Osnavennn 3.1

Hazueamumemo po3e 3ok x(t) piensnns (3.8) nexosusHum Ha 3a0aHOMY
npomincky J < I, aKuwo 6in nepemeopioemubcs 6 Hyab He Oinvuie Hinc 6
00HIli movyi 3 Yb020 NPOMINCKY; AKUO X Ha J iCHYE NPUHALIMHI 08 moy-
Ku, 8 saKux x (1) nepemeoploemsca 6 HyAb, Mo MaKuil po3e A30K HA3UEA-
mumemMo KOAUBHUM.

TakuM 4MHOM, Oyab-KUIt HeTPUBiAbHMI PO3B 30K piBHsAHHSA (3.9) €
KOJIMBHUM HA KOXHOMY IIPOMiXKY 3aBAOBXKH 21/a, TOMI AK yCAKMI He-
‘TPUBiaIbHKAM PO3B’A30K piBHAHHA (3.10) Ha AOBLILHOMY IPOMIXKY 4YHCJIO-
BOI OCi € HEKOJIMBHUM.

HocniayMo NuTaHHSA KOJAMBHOCTI i HEKOJMBHOCTI HeTPUBialbHUX PO3-
B’3KiB piBHsIHHS (3.8). CriouaTKy 10BeAeMO TAKe TBEPIXKEHHS.

. TeepaxeHus 3.1
Hymi 6y11.b AKOr0 HETPUBIANBLHOrO PO3B’sI3KY X (¢) piBHsaHus (3.8)
' HE MEIOTh I'PAHMYHHUX TOYOK YCepeurHi NpoMixKy /.

foBeneHHRA
[MpunycTtumo, HaBnaku, 110 iCHye Taka MOCJLIOBHICTb HYJiB
{tx}i-1, 2, . po3p’asky x (1), w0 klim fy, = t., IpUYOMY 4, € [. 3po3yMiio,
-

wo x(t.) = 0. 3a Teopemoio Posnga ang koxHoro k = 1, 2, ... y nipo-
MIXKY MiX # i f,, | 3HaimeTsCa TOYKa f;, Ans Kol x(f;) =0. Ane
Tofi # x(1.) = 0. 3 eanHocCTi po3B’A3Ky 3ana4i Kowi BuimBae tenep,
wo x(¢) = 0. diiinmnm cynepeyHoCTi.

- Teopema 3.1 (NpO HEKOANBHICTL)

S0 BUKOHYETHCS HEPIBHICTL ¢ (¢) < 0 mia Beix f € 1, To BCi He-
:E&g?znianbm PO3B’si3KkH piBHAHHH (3.8) HekoausHi Ha 1.

bdoBsepeHHA

CxopHCTaEMOCS METOAOM AOBeAeHHs Bil cynpoTuBHoro. [Ipumnyc-v
TUMO, L0 AesKUH po3B’A30K x (1) piBHAHHA (3.8) Mae npuHaliMHi aBa
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Hyni Ha /1. 3 OIIANY Ha TBEPAXeHH: 3.1 3Haﬁny'rbca TaKuX IBa Hyai
1), I, UbOTO PO3B’A3KY, WO # < #,, i HA IPOMIXKY (1), £,) GyHKuUis x (¢)
He T1IepeTBOPIOEThC B HyJb. OCKUIbKM LA (DYHKLiS HerepepBHa, TO
BOHa 30epirae 3Hak Ha (7, 1,). Moxna BBaxaTu, wo x(¢) > 0 (B npo-
TUBHOMY pa3i nojaibiii MipKyBaHHA cTOCYBaiucs 6 po3B’si3ky —x(1)).
I3 nporo npunyueHHs BUILIMBAE, wo Xx(f;) > 0. Copapai, x(f) #0,
60 x(#) — HeTpMBiaIbHUIA PO3B’SI30K, a BUIIAgokK X(#;) <0 HeMoXin-
BMii 3 ypaxyBaHHsIM A0AATHOCTI x (1) Ha (1), 1,).

Ockinbku 32 yMOBOIO TeopeMH ¢(¢) < 0, To 3 piBHsIHHA (3.8) BH-
IIMBAE, WO X(f) 2 0 mus xoxHOro f € [f), t,]. OTxe, x(¢) He cnajae Ha
BCbOMY IIPOMIXKY |1, 5], i Toai X(¢) = x(f;) ma BCix t € [, 1,]. 3Bincu
Ha IiACcTaBi TEOpeMH IIPO CKiHYEHHI IPUPOCTH MAEMO HEPiBHICTh

x(ty) 2 x (1) + x(t))(t, — 1) = x(t)(¢t, — 1) > 0,

sIKa CynepeyuTh NpUNyLeHHIo, wo x(,) = 0.

JIBi BaX/IMBi TeOpeMU NPO BJIACTUBOCTI KOJIMBHUX PO3B’A3KiB, AKi Ha-
BeaeHo Huxye, Hanexats XK. Iltypmy i gatyiorscs 1836 p.

Teopema 3.2. (LLUtypma)
Axmo £ 1 1, (£, < t,) — 1B NOC/AAOBHUX HYJ pO3B’A3KYy Xx,(f)
piBHsiHu (3.8), TO Oyab-sku# iHKA TiHiAHO He3anexHuH 3 x,(7)
PO3B’430K X,(/) LbOTO PiBHAHHA M€ PiBHO OAMH HY/b HA BUIKPH-
TOMY NPOMIXKY (1;, ).

HdoeeneHHA

[lpuilycTumo, HaBNakH, IO Ha BCbOMY NPOMLKKY (#;, #,) PO3B’SI30K
x,(1) He mae HyxiB. Toai x,(z) # 0, i = 1, 2. Cnpagai, K64, Hanpuknan,
x,(t,) = 0, TO B TOULI f, NepeTBOpPIOBaBCA 6 y Hy/ib i BPOHCKiaH

W‘(t) = W(xl(t), xZ(t)) = Xl(t)x.z(t) —)il(i)xz(t), (3.11)

a ue CynepeuyMuTh BilOMill BAACTUBOCTI LbOro PyHKLiOHAJIIbHOFO BU3-
HayHMKa: BiH 306epirae 3Hak Ha BCbOMY IIPOMiXKy 1.

He oGMmexyioum 3arajibHOCTI MipKyBaHb, BBAXXaTUMEMO, 1110 w(f) > 0
(B NPOTMBHOMY pa3i ciig OyJso 6 3aM1Hmu PO3B’A30K xz(t) Ha -x,(t)).
Moninusiin odbuaei yactuHu (3.11) Ha x2 (t), onepxaHe CIliBBiAHOLIEH-
HS fIepenulieMO Y BULJsIAI

w(t) (xl(t)]
xzz(;) Tdr\ x, ()
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3.2
KonneHiCTb PO3B’A3KIB NiHiAHKMX AWDepeHLianbHUX PIBHAHb APYroro NOPAAKY

3iHTerpyemo L0 PiBHICTb y MeXax Bill #; A0 t,. Toxi, BpaxoByloud, 11O
x,(#)) = x,(t,) = 0, MaTUMeMO

1=l
o< [5 dt:_[x,(t)] 0

0 x3(1) x,(t)

Ha nincrasi onepxaHoi cynepequocﬁ poOHMMO BUCHOBOK, 1[0 MiX JIBO-
Ma NOC/IiIOBHMMH HYJIIMU PO3B ﬂsxy x,(1) € npuHaiMHi ONMH HYIb
PO3B’A3KY X,(7). Konn 6 Takux Hysis 6ys10 ABa, Tak WO # < h<h<t,
X)) = x,(tz) 0, To noMiHABIM MicUAMH X, (f) Ta X,(f) Y HaBeAEHUX
BAlle MIDKYBaHHsIX, MY 10Beay 6 iCHYBaHHs HyIs 13 € (rl, 1) pos-
B’A3KY x,(¢), a 1e cynepeyno 6 NPUIYLIEHHIO PO BiACYTHICTb HYJiB
dynxuii x, (1) Ha DPOMIXKY (7, 1)

JloBeneHy TeopeMy YacTo (OPMYIIOIOTE Le H TaK: Hysi 080X ainiliHO He3a-
nexcrux po3e askie JIOP opyz020 nopaoky 63aEMHO POIMENCOEYIOMb 00UH OCHOZ0.

Iniocrpauicio TBepaxeHHs Teopemu Lltypma MoxyTrs 6ytu dyHxuii
cos? i sin ¢ — aBa JNiHIAHO He3aJeXHUX PO3B’A3KM PiBHAHHA X +x =0.
Mix 6yab-AKMMM ABOMA NOCHIAOBHUMH HYJIAMM OfHi€l 3 uux PyHKUiH €
PiBHO OIMH HYJIb IHLIOI.

O Hacnigok 3.1

Skwo na npomixcky J < I 00un i3 nempusianshux po3e asxie pienanns (3.8)

Mae binbwe Hixc 06a Hyai, mo 6ci po3e A3KuU 14b020 PIGHAHHA KOAUBHI.

JloBeaeMo e OAHY TeopeMy, SIKy MOXHa BUKODUCTOBYBATH AJisl I1O-
PiBHSAHHS XapaKTepy KOJIMBHOCTI PO3B’s3KiB JBOX Pi3HMX JIiHiAHUX PiBHSIHD
surasny (3.8):

Iopsn i3 piBHAHHAM (3.8) po3rasiHEMO Take:

¥y+0)y =0, Q@t)e C({ — R). (3.12)

Teopema 3.3 (nOpiBHAHHKA)
SAxwo @(1) = g (1) Ha NPoMixky [/, TO KOXeH Biapi3oK, KIHLSAMU -
IKOro € HyJi HETPHMBIAILHOIO PO3B’A3KY piBHAHHA (3.8), MICTUTh
NPUHAAMHI OAMH HYJb Oyab-SIKOro po3B’sa3Ky piBHaAHHA (3.12).

HdoeepeHHA

3HOBY CKOPHCTAEMOCS METOIOM AOBEIEHHS Bin cyrporuBHoro. I1pu-
MyCTUMO, LIO Ha BIIPi3Ky MK ABOMa IOC/JiIOBHMMH HYJAMH 1, i 1,
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xoua 6 0AHOro HeTpUBiaIbHOro Po3B’A3KY X (¢) piBHsHHSA (3.8) HeMae
JKOIHOFO HYyJ1s1 A€SKOro po3B’si3Ky y(¢) piBHsiHHA (3.12). He o6mexyio-
Yy 3arajbHOCTI MipKyBaHb, MOXEMO BBaXatH, wo x (1) > 0 nia Bcix
te(t, )iy >0nana Bcix t € [1,, 1,]. 3 HETPUBIANbHOCTI PO3B’A3KY
x(f) BumuBae, wo x(f;) =0, i=1, 2. Tomy x(;) >0, a x(r,) <0.

Ins noganpworo HaM O6yne notpibHa ogHa BaxjuBa ¢opmyia,
sixa noB’s13ye Mix coboio dyHkuii x(¢) i y (f). JOMHOXUMO PiBHICTb
X(1) + g()x(f) = 0 Ha y() i BinHIMEMO BiJ OAEPXaHOro Pe3y/IbTaTy JOM-
HoXeHy Ha x (f) piBHicTb ¥(f) + Q(t)y(t) = 0. Jictanemo

xX()y(t) - y(O)xt) = Q) - qg(DIx(Ny(t) Viel

j";(x(r),vm 3nx() = [00) - g ()W) Viel.

3inTerpyeMo o6uaBi YaCTMHM Ui€i PiBHOCTI B MexXax Bid f, 10 {,.
Maemo

Oy - 3nx@) 2 = [100) - a0 lxte)yto a.

Ockinbku x (1;) = x (1)) = 0, T0 L% PiBHiCTL Habupae BUrIARY

50y - X)) = [ 100 -awixnyndr. (313

3a ymoBoo TeopeMu Q () = q(f), a ToMy npasa yactuHa (3.13) ne-
BilI’€MHa; JliBa X YaCTMHA CTPOro Bill’€MHA, OCKinbku y(£) > 0,i=1, 2,
x(f) > 0, X(t,) < 0. difinuin cynepeyHoCTi.

JOnoBHMMO nonaHi B AOBelJeHHi TeopeMH 3.3 MipKyBaHHA aHali3oM

BUIIA[KY, KOJIM Ha MPOMIXKY [#,, 1,] € xoya 6 oaHa Touka, B sAKi# BUKO-
HYETHCA cTpora HepiBHICTbL Q (1) > g (7). [Toxaxemo, 1o Toii y () Ma€ Hysb
Ha BIIKPUTOMY 1IPOMiXKY (¢, 1,). CripaBii, K10, He 0BMEXYIOuH 3arajib-
HOCTi MipKyBaHb, [IPUNYCTUTU BUKOHAHHA HepiBHOCTI y (7) > 0 s Bcix
te(t, 1), ToToni y(t;) 20, y(t,) 2 0, iHTerpan y npabiit YaCTMHi PiBHOCTI
(3.13) nopatHui, a niBa yacTMHa Hi€l piBHOCTI He nepesuinye 0. Lle He-
MOXJIMBO.

OTXe, MU NePEKOHAIUCS B IIPABUIIBHOCTI TAKOIO TBEPLKEHHS.
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Teopema 3.4 _
" Skio Ha BiIPisKy MiX ABOMA MOCHIAOBHMMHM HYJISIMU 1, t, po3-
B'93KY x (1) piBHsinHA (3.8) BUKORYIOTHCA HepiBHOCTI @(1) 2 ¢(2) i
Q1) > q(1) xoua 6 ripu ouHOMY ! € (1, 1), TO Byab-sAKMH pO3B’a-
30K y (1) piBHaHHSA (3.12) 11ePETBOPIOETHCS B HY/Ib HA BIAKPUTOMY
NPOMiXKYy ({,, 1,). 3okpema, saxuio y(f,) = 0, To po3p’s30K y () KO-
auBHUH Ha [1;, 1,).

‘ 3aysaxenHs 3.1

3a AonoMOrolo TeopeMM MOPIBHAHHS MOXHA Nerko gosectu Teopemu 3.1 ta
3.2. A came, A1 JOBEJEHHS TEOPEMH NMPO HEKOJIMBHICTb JOCTATHLO 3ayBaXU-
TH, WO pisHsiHHA 3 = 0 3 dyHkuieio Q(¢) = 0 = ¢(¢) Mae po3s’si3ok y(t) =1,
SAAIKUH Hige He NepeTBOPIOETLCS B Hyjab. Y BUnaaky teopemu lltypma no-
1pibHo noknactu Q(f) = ¢g(¢) i BpaxyBarH, W0 JiHiifHO He3aieXHi po3B’si3-
KM piBHSAHHA (3.8) He MAaIOTh CHiLILHUX HYJIB.

Teopema NoOpiBHAHHSA 1a€ 3MOrY B JeKHX BUITANKaX YCTAHOBUTH OLiH-
Ky BiICTaHi MiX NMOCJiZOBHUMHU HYJISIMM PO3B’SI3KiB piBHSAHHS (3.8).

Teopema 3.5

Hexait y piBusinHi (3.8) dyHkuia ¢ (1) Habysae anule JoNaTHUX 3Ha
4eHb HAa JesKoMy siapisky J ¢ 1. [loxnagemo

m = min g{t), M = maxg(r).
ted i J

HAKIUO TOUKM 1, I, € J € IIOCHINOBHUMH HYJISAMU HETPUBIANIbLHOTO
po3p’si3Ky piBHAHHSA (3.8), TO BiiCTaHb MIX HUMU 3dA0BOJILHAE
HepiBHICTb

S|t_)—~tlls~7~t~

M m’

DoseneHHA

At Toro 11106 nepekKOHAaTHCA B NPAaBWILHOCTI TBEPIKEHHS T€O-
peMu, JOCTaTHbO 3aCTOCYBaTU TeOpeMy NMOPiBHSHHA 0O ABOX map
PiBHSHbD:

DX+qt)x=01 j+My=0;
DX+mx=01i y+q(t)y=0.
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maea 3
NIHINHT ONOEPEHUIANBHI PIBHRHHA OPYTOrO NOPROKY

Posrisinemo, Hanpukiaj, nepiy napy pisHsHb. Hexaii ¢, i t, — no-
CJILIOBHi HyJli HETPMBIAILHOTrO PO3B’A3KY X (¢) piBHAHHA (3.8) (1, < 1,),
a y(r) — Takuil po3B’A30K PiBHAHHA J + My =0, wo y(#)) = x(t),
X(t;) = y(r,). Bincranp Mix nocaiioBHUMHU HyasMu pyHkuil y(#) cra-
HOBUTH n/\/—ll?. SAxwo q(7) = M na [1,, t,], T0 x(f) = y () Ha ubomy
Biapi3ky, i Tomi f, -1, =7/ M.y NPOTUBHOMY pas3i 3a Teopemolo 3.4
MaeMmo 1, — 1 > n/m.

AHaJI0r4YHO aHali3 ApYrol Napyu piBHsAHb A€ 3MOTY BCTAHOBUTH IO-
TPiGHY OLiHKY 3BepXy s 1, — I;.

QMfpuxknap 3.3

JHocrioumo eidcmans mine deoma nocaidoenumu Hyaamu 3eedenozo piensnns bec-
cenn (Oue. npuxaad 3.2)

2
5E+(l--\————2]—/i]x=0.
t

MopiBHABIIK Le PiBHAHHA 3 piBHsiHHAM ¥+ y =0, mMoxhHa 3pobuty
BMCHOBOK: BIICTAHb MiX JBOMa INOC/lAOBHUMY HYISAMU BYRb-AKOIro po3B’s3-
Ky piBHaHHsa bBeccena 6inbiua Big m, sikiio v2 > 1/4, i MeHwa HiX T, AKILO
0 <v? < 1/4. Ipu n0CKTH BeIMKUX 3HAYeHHsX ¢ byHkuia 1 — (v2 - 1/4)/1? ax
3aBrogHO MaJiO BiApi3HsETbCS BiA 1, TOMY 3BiACH BMILIMBA€E, LIO BiACTAHb
MiX ABOMa MOCTIZOBHUMHU HyAsMu Oyab-sKOro po3s’s3ky piBHsHHa becce-
Jist HabauXaeTbCa A0 N, KOJMU { — 0,

ONpuknanp 34

Jocridumo nosedinky nynie po3s 'a3Kie pieHAHHA X + tx = (), Koau t — oo,

3adikcyemo sk 3aBrogHo mane € > 0. Slkuio > n’/€?, To koediuieHT
6ina x y naHoMy piBHsiHHI nepesuitye n° /€. IlopiBHIOIOYM BMXiaHe piB-
HSIHHA 3 PiBHAHHAM ji+7t2/62 y =0, MoxHa 3pob6UTH BHUCHOBOK, WO AAs
t>n°/€° nocniaoBHi HYJi pO3B’A3KiB BUXiAHOIO PiBHSAHHS 3HAXOAATHCA HA
BiiCTaHi MeHUIil, Hik €. OTXe, npu f — oo BiabyBaeTbca HeoOMexeHe 36/1u-
XKEHHS NMOCNAOBHUX HYJIB PO3B’A3KiB BUXiAHOINO PiBHSHHS.
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3.2
KOonuBHICTb PO3B’A3KIB NiniAHNX andepeHuianbhux PiBHAHL RPYroro NOPAAKY

3.2.2. IcryBannn 6e3nivi Hynis
Ha niBoci

Posrnsuemo piBHsiHHA Eilnepa Burisay

j3+%13+-—y=0. (3.14)

YBeaeHHIM HOBOJ He3aiexHol 3MiHHOI s = In f BOHO 3BOAMTLCA A0 PiBHAH-
Hs1 3i cTaiuMH KoediuieHTaMu

d’y 3.15
'ds_2+8y=0. ( . )

Axuio § > 0, To KoXeH po3B’sa30K piBHAHHA (3.15) Mae Geaniu HyniB Ha

niBoci (0, o0). 3po3ymilo, 1HO TaKy caMy BRJIACTUBICTb Ma€ H KOXe€H po3-

B’s130K piBHAHHA (3.14). D |

Tenep niHilHOIO 3aMiHOI0 y=¢e 2 Tx =1 2x aHymOeMO KoedillieHT
6ina noxinHoi HOBOI 3a/ieXHoi 3MiHHOI x (ZuB. 1. 3.1). O6uncauBlIK LI
(3.14) inBapiant

_8 11144
22t 4t a4

2

KOX€eH pO3B’130K Koro Mae 6e3tiu Hysis Ha niBoci. HacninkoM HaBegne-
HMX MipKyBaHb i TeOpeMH NMOPIBHSAHHSA € TAKUM pe3y/bTarT.

Teopema 3.6 (Knesepa)
Hexait icuyiorth Taxi yucsa 7> 0, € > 0, mo

l+e
3

gHeCT, ) > R) i q) 2 vi>T.

Toai KoxeH po3R’a30K piBHsHHs (3.8) Mac Geaniy HyiB Ha niBoci
(7, ). .
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nasa 3
NIHINHI AWOEPEHLIANBH! PIBHAHHA APYFOro NOPRAKY

Hacnpasai HiMeubkuM MaremMaTukoM A. KHesepom y 1893 p. 6ya0 no-
BelleHO Jeillo 3arajibHilly TeopeMy, copMynbOBaHy HUXYe Y BUIJISA 3a-
Bauvi 4.

B0 GHY SN AnIe gt ARSI e R e by e (ENENET, o LN KRS S I TRRINR A B,

BMNPABM TA 3AJAUI
® Hexait m = im; gtr) > 0. JoBecTy, 1O KOJIM AOBXKHHA Biapiska J © / He MeHLua,
te

Hix 2n/ Jm, 10 6ynb-skuil po3B’ 430K piBHAHHSA (3.8) KoanBHMIL Ha J.

OuiHuTH BiACTaHb MiX NMOCAIAOBHUMM HYJASMH HETPHBIaILHOTO PO3B’S3KYy
PiBHSIHHS X + (2 + cos )X = ().

OUiHNTH KUIbKICTb HYJIIB HETPUBIAILHOTO PO3B’ 3Ky PiBHSIHHS
PR+ (Qn)? +12)x=0
Ha iHTepsani (¢, €°).
@ Hexait q(1) € C((0, ©) —» R). JloBecTH, 10 KOIH

Lim 2g(r) > 1/4,

]

TO KOXEH pO3B’s130K piBHAHHA (3.8) mae 6eantiu HyniB Ha (0, 00). ko x
Jim 2qin < 1/4,

TO Ha niBoci (0, 00) MHOXKHA HYJIiB KOXHOro po3B’a3Ky piBHsHH# (3.8) obme-
XKeHa.

| 3.3 |

InTerpysanHA pucpepeHuianbHUX piBHAHb
3a AONOMOroIO CTeNeHeBUX pAAIB

Po3B’a3ku niHiHHMX AudepeHUiabHUX PiBHSAHbL APYroro MOpsiaky 3i
3MIHHUMH KoediliEHTaMK JAIEKO HE 3aBX/M BUPAXAIOTHCS €IeMEHTapHUMU
(byHKLiAAMH, & iHTeIPYBaHHS TaKMX PiBHSHb PiAKO 3BOAMTHCA NO KBAaApaTyp.

[ns 3a3HauYeHMX PiBHSIHb HAMINOWMPEHIilUWIA MeTO BiAllyKaHHS PO3-
B’SI3KiB CIIMPAETHCA HA MOXJIMBICTh 300paxkeHHs OCTaHHIX Y BUMAI PyH-
KUioHabHUX, 30KpeMa CTerleHeBUX, PSliB.
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3.3
IHTerpyBaHHA AM@EPEeHUIANbHUX PIBHAHL 38 AONOMOrOI0 CTENeHeBUX PARAIS

3.3.1. PiBHAHHA 3 aHANIiTUYHUMHK
xoediniceHTamm

HaranaeMo nesiki noHaTTs ¥ ¢akTy, WO CTOCYIOTLCS CTeNEeHEeBUX PsdiB
Ta ix cyM (auB., Hanpukian, [4]). Pyukuis f(1), BU3HAYEHA HA NPOMiX-
Ky I, Ha3UBAETLCA anarimuunolo 6 mouyi ty € 1, AKIO i MOXHA PO3BUHYTH
B CTeneHeBui pan, 36KHMI y 1esKoMy OKOJi TOUKM £;. Kaxyrs, o dyH-
KUis f(t) aHaniTH4YHA Ha BIOIKPUTOMY HPOMLXKY /, IKLIO BOHA aHAJITUYHA B
KOXHi# ToOYLi LIbOro NPoMixKy. 30kpema, siKLIO psijt

D et -1p) (3.16)
k=0

Mae€ pasiyc 36ixHocTi R, TO #ioro cyma f(#) € aHaliTyHOWX (DYHKIi€I0 Ha

npoMixky (4 — R, 1) + R). Ilpu usomy f(1) € C*((-R, R) + R) i npu
()

KOXHOMY i = 1, 2, ... i-Ta noxiaxa f(f) € cymolo 36ikHOro Ha (4, — R, f,+ R)

pagy

o Zk(k—l)...(k—i+l)ck(t_t0)k—i _
k=i

= 3k + Dk +i =D (k+ Doy, (8- 10). (3.17)
k=0

o

Ockinbky npyu KoxHoMmy r € (0, R) psa Z|Ck | 30iraeTbcs, TO iICHYE
k-0
take uncno K > 0, wo |c, |r* <K, k=0, 1, 2, ..., 70610

le | < K/rv, k=0,1,2, .. (3.18)

Hexait creneHesi psaau

ia,(t—ro)’, ib,.(r—to)"
i=0 i=0

36iraloTbCs Ha CIUILHOMY IIPOMIXKY (#) - R, 1, + R). Toai cymoro # no6yt-
KOM LIMX PsAiB € BiANOBiNHO CTeNeHeBl psAax
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fnasa 3
NIHIAHI AWOEPEHLUIANBH! PIBHAHHA OPYFOrO NOPAQKY

Z(a,- +b)(t - 1y),
i=0
(3.19)

@0 <K

k
D Dab; |t -1)* =D > @by (1 -10),

k=0\irj=k k=0\j-:0

sKi 36iraloTeCsl Ha TOMy CaMOMY MPOMiXKY (#) — R, #, + R).

Hapeiuri, Bin3dHaunMMo, 1110 cyma 301KHOro Ha JesiKOMY IPOMiXKY CTe-
MEeHEBOro PAAY € TOTOXHMM HYJIeM TOZI i Jinilie Toji, Kojid Bci KoedillieH-
TH LbOTO PSLY JOPiBHIOIOTH HYJIO.

PoarisHemo Tenep audepeHuiaibHe PiBHAHHA

X+ pt)x +q(t)x =0, (3.20)

B AKOMY koediuieHTy p (f) i ¢ (1) € aHaITHYHUMHU B OKOJTi AEAKOI TOYKM f;.
Iloxaxemo, 110 TOAI TaKy caMy BJIACTUBICTb MalOTh i ioro po3p’si3ku. O6-
TPYHTOBYIOUM Lieit $akT, BOOHOYAC yKAXeMO eDeKTUBHUI aJITOPUTM BilILy-
KaHHs KoedillieHTiB pO3BMHEHb LIMX PO3B’sA3KiB y creneHesi psaau. He 06-
MEXYIOUH 3aralibHOCTI MipKyBaHb, BBAXaTHMEMO, 11O #, = 0 (Luboro MoxHa
JAOMOITHCS MEPETBOPEHHSAM ! > 1) + 7).

Teopema 3.7.
SIki1o posBuHeHHs KoediuicHTis piBHsiHHs (3.20) y cremeHeni paauv

p(t) = zpktk: g{t) = qufk
k=0 k 0

36iraioTbes Ha nNPoMixkkKy (R, R), TO KOXeH po3B’A30K LbOTO piB-
HSIHHS € CYMOIO CTeNeHeBOro psny

x(r) = ¢k, (3.21)
k=t

36LKHOro Ha TOMY caMoMy HpoMixKky (-R, R).

DoBeneHHA

Sk 3a3Havanocs, JOBEAEHHSA TEOPEMU HOCHTHME KOHCTPYKTHMBHHIA
xapakrep. Po3B’A30K piBHAHHA LIyKaTUMeEMO Y BULsidi (3.21), BBaxa-
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3.3
InTerpyBanHR AndepeHuianbHux PiBHAHL 32 AONOMOrOl0 CTENBHEBUX PARAIB

I04M ¢, k=0, 1, 2, ... HeBU3HaYeHUMM KoediLtieHTamu. [lokaxemo, 1o
B YMOBax TeopeMH Ui KoedillieHTN MOXHAa e(heKTUBHO BM3HAYMUTU H
npu usoMy psia (3.21) 36iraTuMeThcs Ha IPOMiXKY (-R, R).

[ iui nowieHHo 3audepeHuiloBabiin psa (3.21), 3 ypaxyBaHHAM
(3.17) gictaneMo

«x

x@) = Z(’Hl)"k atk,

k-0

X(@) = Z(k +2)(k + e, ot
k0

a Ha nmipcraBi dopmyiu (3.18) Matumemo

o k
P(YX(1) = Z(Zu +1)py _,cj+.Jt",

k=0\j=0

s k
q(Hx () = Z(qu ] ,.c,]zk.
j=0

k=0\j-

IlincraBuBIuUM 11i BUpa3u B piBHAHHA (3.20), micraHeMo

ofs

k
Z((k +2)(k+Deg ) + Z(j +Dpy_jej+
j=0

k
k=0 j

29k |1 =0,
0

J=

[pupiussum xoediuieHTy 6ins ¥ y siBiit yacTuHi A0 Hys, OicTa-
HEMO HeCKiH4YeHHY CUCTEMY alreOpUYHMX PiBHSAHb LI BU3HAYEHHS KO-
ediuientis ¢, k=0, 1, 2, ...

2:1-¢; + pye; + 40y =0,
3:2-e3+2pycy +(py +40)er + 4160 =0,

k
(k+2)(k + Dy, +Z((j+1)pk—jcj+l +qi_j¢;)=0.

Jj=0
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fmasa 3
NIHIAHI ANOEPEHUIANBHI PIBHAHHA OPYTOro roPAAKY

Koediuientu ¢; i ¢, AB1s10Tb 06010 N0BLNBHI CTaNi. 3 iX AonoOMOroio
MOXHa, HanpUKiIal, 3a00BOJIbHUTYU TOYAaTKOBI yMOBHM 3anaui Koni:
x(0) = xy, x(0) = xy. OueBMAHO, 11O ¢; = X, ¢ = X. [licas uvoro ou-
HO3HaYHO BM3HAYEEMO peluTy KoedilieHTIB: i3 11eplUoro piBHAHHS 3Ha~
XOIMMO C,, 3 APYTOr0 — Cs, ...; AKILO KOCQDILIEHTH ¢j, €}, ..., Cp,q YXE
BiloMi, TO 3 piBHAHHA (3.22) 3HaX0AUMO ¢}, 5 i T. A.

Joseaemo 36iKHICTL yTBOpeHoro psay (3.21) npsu | ¢ < R. Hexait
r — posinbHe ynucno 3 (0, R). 3 ypaxyBaHHsM ouiHku (3.18) icHye
unucno M > 0 rake, wo

M M
'pkls""_< quls rk,l

(BAIA8A ApYyroi OUIHKM 3yMOBJAEHMH ii 3pYyYHIiCTIO Ansl NMOJAIbLIMX
mipKyBaHb). Toai Ha niacrasi (3.22) maemo:

k
(k +2)k + Dleg ol < Z((j+l)|pk—_/”cj»1‘+!qk—j”c)‘|) <
j=0

k
S'qk“c0|+z«jlpk~l-j|+|Qk4j|)lc]I+(k+l)|p0“ck+l|S

j=1
Micy| & M(3j+Dle,l
< s +jzl T Ltk +DQMle <
Y+ Dl
_MZ T

4 .
Moxnaswn 4 = | ¢yl, 4, = | ¢||, 3a1aM0 PeXypeHTHY NOCAIAOBHICTH
uucen A,, 4,, ... bopmynamu

G+ D4

J -
(k+2)(k +1D) Ay, = MZ()—’TT—T k=012, ...
J:

3a iHAYKLIEIO JIETKO NepeKoHaTHCs B TOMY, 10 | ¢, | < A4, k=0, 1,2, ...
OueBuaHO, IO

S (j+D4;
U+ Dk 0d =L ST L ykiya,, -
r T -

+ Mk +z)) Ay

___((k + Dk
r
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IHTerpyBaHHA AndeperuianbHnX PiIBHAHD 38 AONOMOrOI0 CTeneHesux pAfis

£
aToMy A, /A, ., > r, k- lle o3nauae, wo pas ZA;J" 36i-

k=0
ractbes npu | 1| < r. Otxe, paa (3.21) Tum 6inblue 36iracThcs npu
| 7] < r. OckinbKu uMCIO r MOXe ByTH BUGpaHe SIK 3aBroOaHO 6/M3bKUM
o R, To psaa (3.21) 36iracTbcs npy | 7] < R.

OfNpuxknap 3.5

Po3ze’axncemo mak 3eane pienanns Epmima
X ~2t+2mx = 0,

de m — dodamuuli napamemp. Ocobaugy ysaey 6yde npudineno sunaoky, Koau
me N,

Po3p’sa3ku wwiykaemo y urasai paay (3.21). ITiacraBuBium iforo y Buxinxe
PiBHSIHHS, MaEMO

Z(k+2)(k +1)e;, o tF - Zchkt" + szckt" =0.
k=0 k=0 k=0

3ibpasuin xoediuieHTH Gins ONHAKOBUX CTENEHIB f, AICTAEMO CUCTEMY DiB-
HSHb [UIs BU3HAYEHHS C,, 3 SIKOi, CBOEIO YEProlo, JiCTAEMO TaKi peKypeHTHi
dopmynn:

2k ~m)
Cpog=——>—0C, k=0,1,2, ...
k27 kv )k+2) ¢
Cnouatky noknagemo ¢, = 0. Toni Bci koediuieHTH 3 HemapHUMHU HOMe-
pamy JOPiBHIOBATUMYTh HYIIO, a4 pexypeHTHi dopMmynu ans KoediuieHTiB i3
MapHUMU HoMepaMH HabGepyTb BUIIsLY

2m _2(2—m)c c _22n-2-m)

RIS v T T 2

abo

2"m(2-m)..2n~2~-m)
Co =
Qn)

€ =

_ H"2"mim-2)...(m-2n-1))
(2n)!
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Maea 3
NIHIRHI ANOEPERUIANBHI PIBHRHHR APYIrOro NOPAAKY

Tak¥M YMHOM, 3HAXOAMMO OAMH i3 PO3B’A3KIB BUXIAHOTO PiBHAHHS:

(1) :coz(~l) 2 m(m—é)n.).'.(m-2(n—l))'2,,.
n-0 )

Lleit po3B’s130K € napHolo QYHKUIEI.

3ayBaxXMMO Tenep, IO KOJA¥ m — [1apHe YUCIO0, m = 2p, TO BCi Koedili-
€HTH BMIMCAHOro psiy 3 HOMEpPaMu N1 > p NepeTBOPIOIOTLCA B HYb i pO3-~
B’A30K X,(f) y ubOMYy pasi € Mo1iHOMOM

=DM p(p-1)...(p-(n=1)) 1
lez%i ) p(p(zr:)' (p-(n-D) o
n=0 :

BusipasieTocsi, BiH JiMilie CTaIMM MHOXHWMKOM BilIDi3HSETbCS BiA nosiHoma
Epmima

) dme—lZ
Hm(r) =(-1 '"e’ — =
(-1 e
= (26" _L’M;'_'ﬁ(zt)m-z + mim ~ 1)(’"2,— )(m - 3) Qnmt ...

1
OcraHHi#k wien y ui#t ¢opmyai npu m = 2p aopisnioe (-1)? (—Zﬁl a ToMy,

. e 2P . ,
SIKUIO y BHpa3i 41 x,(f) noknactu ¢q = (~1) —, TO AiCTaHEeMO PO3B’A30K
y sursai noninoma Epmita x,(1) = Hzp(t).

Jns toro 106 3HaitTH Apyruit po3B’si30K piBHsHHsS Epwmira, giHiliHO
He3aneXHuH 3 x,(7), y PEKYPEHTHIR CHCTeMi Ui BU3HAYEHHS ¢, TIOKJANeMO
¢, = 0. Toni BCi KoedilienTH 3 NapHUMKM HOMEPAMH NOPIBHIOBATUMYTb HYJIO,
a jia KoediuieHTiB i3 HenapHUMM HOMepamKu matumemo dopmynu

22n-1-m)
Conel =Wc2n~]‘ n=12,..
3sincu
2(1-m) 22(1 - m)(3 - m)

_ 2"(1-—m)(3—m)...(2n~1—m)c _
el = Q2n+1) 1=

=D"2"(m-D(m-3)...(m-2n-1))
= y.
2n+1)!
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InTerpysanna gudpepeHuLianbHUX PieHAHL 38 AONOMOTON0 CTONEHEBUX PALIB

Takum YMHOM, MAEMO Llie OAWH, HeMapHUM, PO3B’A30K BHXIIHOTO PiBHAHHSA:

Ii(—l)"‘ 12" Y m-1)(m-3)...(m-(2n-3)) n-t

XN =c 2n-1)!

n=1

Axwo m — HenapHe ucno, m = 2p — 1, TOAi X,(f) NePeTBOPIOETHCA Ha
NOJiHOM

_p\-la2m-2, B
xz(t)=c‘|il( S oy, T

(-2 2Q2p -1
(p-1!
Ockinbku xoediui€eHTH piBHAHHSA — n0JiHOMHM, TO MOGYymOBaHi psau

36iraloTbea s Beix £ € R. Orxe, 3araibHUR po3B’A30K piBHAHHA Epmita
Ma€ BUIIAL

Hoknaswm TyT €| = . micranemo noJjiHom Epmita Hzp_ ().

S (-D)"2"mim=2)...(m-2n-1)) i,
x=qzo (2n)| tz +

S (-1 12" Y m - (m -3)...(m - (2n - 3)) 3.
”221 2n-1! rt

PiBHsiHHs EpMiTa i #I0ro po3s’si3ku MaloTh 3aCTOCYBaHHs B KBAHTOBIH
MexaHiui. Skuo B ubOMy PiBHAHHI 3pOOMTH JliHIAHY 3aMiHy 3MIHHHX
(ame. n. 3.1.3)

“

1t
-] (F29de
x=e zIo v ___e:‘.'zw,

T0, OGUMC/IMBILM OO iHBapiaHT /(1) = 2m + | — 12, DicTaHeMO piBHAH-
ua llpboaiHrepa Ais 0AHOBUMIPHOIO rapMOHIMHOIO OCLUWIATOPA

2
(:1—‘,"+(E—12)\y=0, E =2m+1. (3.23)
%

Takum 4ynHOM, XOXEH poan’nazox x,(t) pisuanna Epmira nopoaxye
PO3B’A30K BUINARY (1) = e /2x,,(r) piBHannua (3.23).
Jlnsi KkBaHTOBOI MeXaHiK¥ OCHOBHHMM iHTepec CTAaHORIATDL PO3B’A3-
0
KMy, (1), A5 AKKX 36iraeThesl iHTerpan j wz(t) dt. Bussaerscs,
0 . - =0 .
TaKi pO3B’A3KH iCHYIOTb JIMILE IS LiNNX 3Ha4eHb NTapaMeTpa M i HUMK
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Masa 3
NIHIAHI AWOEPEHUIANBHI PIBHAHHA OPYrOro NOPAAKY

€ dynkuii e ""/2H,,(1). I3 disnuHoro nornsay el GaxkT o3Hauae,
WO B KBAHTOBi# MexaHilli eHepreTH4HHI CeKTP rapMOHIYHOro OC-
LIMJIATOPa CKJIANAETbCsA 3 AMCKpeTHOro HaGopy 3HayeHb £=2m + 1,
m=0,1,2, ..

Hesaxko nposectu BianosiaHi 06rpyHtyBaHHs. JJOCTaTHBO MOKa-
3aTH, WO U1 HEUUIOro m sik mapHMiM, Tak i HemapHU PO3B’A3KK
piBHsiHHs Epmita npu | f| — 00 3a MoayaeM 3pocTaloTh uBMALLE, HIX
e, 3po6uMo Lie, HaNpUMKJaA, 418 NapHOro po3s’si3Ky. OcKijibku

Cmen _(jomrl) |
Cop n+1)n+l’
TO 3HaiineTbcs Taka crana K > 0, 10 nas BCix ZOCUTH BEJIMKHKX R YCi
- . 2V 1 .
KOe(DiLiEHTH C,, MAIOTb ONHAKOBMH 3HAK i ¢y, |2 K (; —=. Ilopis-
J n.
HIOWYHM Li KoedilieHTH 3 KoedilieHTaMy PO3BUHEHHSA

i 2 (1 n th
811/2 - (_) .,
nzl) 2) n

NoXonuMo NoTpibHOro BUCHOBKY. Tenep 3po3ymisio, 1o Gyab-sika He-
TpuBianbHa JiHiliHa KOMbiHaUis napHoro ! HemapHOro po3B’si3KiB 3a
MOZYJIeM 3pOCTaE WBKALIE, HiX e’ 2 IIPY NpsiMyBaHHi # 10 xo4a 6
OAHi€] HECKIHYEHHO BIANAIEHO] TOYKHU ¢ = +0C abo 1 = —00,

3.3.2. PiBHAHHA 3 perynApsnmn
ocobamBrMmu TOUKaMM

Y pi3sHOMaHITHHX 3aCTOCYBAHHSX JOCUTb 4acTO JOBOIMUTHCS AOCTIIKY-
BaTH JiHilHiI piBHAHHA BUrasay (3.20), koedillieHTH SIKUX MAIOTh PO3PUBH
JApYroro poay B JesiKMX i30/1bOBaHMX TOoukKax. Taki TOYKM Ha3uBalOTLCS
ocobaueumu. Hanpuxnan, pisHsaHHa Beccens Ta paniasibHe piBHsiHHs Lpbo-
AiHrepa, 0po siKi AUUIOCA Ha MOYATKY IJ1. 3, MalOTh OCOOIMBY TOUKY = ().
Lli Ta 6araTo iHwKx BaxauBux JIOP apyroro nopsigky Hajexarb A0 KJacy

PiBHSIHb, SiKi MOXHA 3BECTH 1O BUIALY

Lx =%+ tp(t)x +q(t)x =0,

ne p(t) Ta q(t) — aHaniTuyHi QyHKUii B Touli 7 = 0, a OTXe, JONYCKAIOTE

PO3BHHEHHS B CTeNEHEB] psaon
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P =Y mit*, a) =Y qut*, (3.25)
k=0 k=0

36ixHi B AeskoMy okoii | 7| < R. Y uboMy BunanKy Toyka f = 0 Ha3u-
BAETLCS pezyAapHoI0 0co0auE0I0 moukoro, abo 0cobaue0I0 MOYKO nepuiozo
pody. 3puuaiiHo, abu Touka ¢ = 0 cripasai 0yaa ocob61uBoIO, cjlif BUMara-
™, 106

|P0|+|40|+|ql|¢0-

Y IPOTMBHOMY pa3i MHOXHHK #* y jiBilt yacTuHi piBHsAHHA (3.25) BMHO-
CHTBCS 338 IyXKHU H 0COBJIMBICTb YCYBA€TbCA. K10 0COBAMBOIO TOUKOIO
PiBHAAHHS € = 1,, TO [10NIEPEeAHBO CJlil 3pOOUTHU 3aMiHy 3MIHHOI f 1 £, + 1.
Hapani npunyckatumeMo, 1110 koedilieHTH psaiB (3.25) — gidcHi yucna.

B okoni 0co611BO1 TOUKH piBHAHHA (3.25) MOXe BXe He MaTu po3B’A3-
Ky y BUIJISiAi cTereHeBoro psiay. I10Kka3oBuM i3 LbOro norasiay € piBHsIHHS
Eiinepa

Lox = 12X + potx + gox = 0

(nuB. n. 2.2.4). Y 3araibHOMY BUIIaJKy o6MaBa KOpeHi A,, A, ioro xa-
PaKTepUCTUYHOIO PiBHSAHHSA He € LLUIMMM HeBil’€eMHUMU YMC/IaMHU, i Toni
XOZIeH 13 NiHINHO He3ajeXHUX Po3B’A3KiB 1™, 1™ (abo t*, t*Int y pasi
KPaTHOTO KOPeHsl A = A = A,) He € aHATITUYHOIO QyHKII€EIo B ToYLi 7 = 0.
3 oy Ha ueit NpMKIaz Ta 3 ypaxyBaHHAM TOrO, 1O JliBa 4aCTHHA PiBHAH-
HS € CYMOIO

Lx=Lox+ Lyx, Lixi=1] Y gk k4] Sgtt [x,  (3.26)
k=1 k=1

MIPUPOAHO IIYKATH PO3B’A30K PiBHSHHS 3 Pery/sipHol0 0co6/IMBOIO TOUKOIO
y BUIJISIAI TaK 3BAHOIO y302a1bHEeH020 CMeneHeeozo pady

x= ek, ¢y 0, (3.27)
k-0

Ae Yucna A, ¢y, €, Cy, ... MLIATAIOTE BU3HAYEHHIO,
3 MipKyBaHb, HaBeJleHUX HUX4Ye, BUIUIMBaTUME, LIO, fAK i MOXHa 6yio
CIIOAiBaTUCA, 32 YUCI0 A NOTPiOHO 6paTh OOUH i3 KOPeHiB piBHAHHSA

| Fo0.) =000 = 1) + pok + ¢ =ﬂ (3.28)
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masa 3
NIHIAHI ANOEPEHLANBHI PIBHAHHA OPYIrOro NOPAAKY

ae fo(A) — xapakrepucTHYHMI NojliHom onepatopa Eitnepa L. lle piBHsH-
HS1 Ha3UBAIOTb GUIHAYAALHUM.

Hexaii A, i A, — KOpeHi BU3HaYanbHOro piBHsAHHS. SIKLIO BOHHU AiHCHi,
TO BIIOPSLAKYEMO iX Tak, 1106

Teopema 3.6
Hexayt y pisasinni (3.24) ¢yuxkuii p(t) i g (t) nonyckaiors po3su-
HeHHs B 361kHi Ha poMixKy (—R, R) crenenesi psau (3.25). Toai
1€ PIBHAHHSA 3aBXIM MAE PO3B 30K Y BULJISLII y3aralbHEHOIO CTe-

neHeporo paay (3.27), ae A = A, npuyomy psa Zick 17} s6iracrs-
k-0

canpultl< R

3a goaaTKOBOI YMOBU, WO A, — X, & Z, piBHgHHs (3.24) Mae
dbyHaaMeHTaIbHY CUCTEMY PO3B’I3KiB Y BHIIsiAl 36bxHMX npu | 1] < R
y3arajibHEHMX CTENCHEBUX PALIB

o w0

k+ A k +ha

x(t) = ZC}‘UI M) = ZCI((Z)t N
k=0 k=0

OoBepexHHn

Koediuientn psagy (3.27) wyxalotb cTaHAapTHUM citocobom. Lleit
psi pa3oM i3 HOro fepuiolo Ta APYrolo IOoXiZHUMH MOTPiOGHO MiJiICTaBU-
TH B piBHSAHHA (3.24), ne p(¢) 1a g (1) maloth Burisia (3.25). Ilepemuo-
XKUBLUM panu Ip(1)x(t) i q(t)x(t), cnin y niBiik yacTHHI oaepxaHoi piB-
HOCTI 3ibpaTtn koediuieHTH 6l OQHAKOBUX CTEIEHIB ¢ 1 NPUPIBHATH iX
10 Hyas. B Takuit cnioci6 i gictaHeMo cucreMy A1 BABHAYEHHS 4ucia A
Ta KOeQiLI€EHTIB ¢;.

Axiio Bpaxysatu dopmyny (3.26), To 3a3HayeHy CHCTEMY MOXHA
onepxaru 1ue i Takum yuHoM. Hacamnepen 3aysaxumo, 110 32 BU3HA-
YaJibHOIO BIACTHBICTIO onepaTtopa Eiliepa

Lo(t") = fo(r.
Tomy

Lox(t) = chﬁg(t"”) =D folk+0)e ">,
k=0 k<0
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. Hani,

Lix(®) = pt" Y G+N et/ ™+ gty et/ =
it1 o st j=0

-3 T G egle | <

i+j=k
izl j>0

o (k-1
[lek JU+R) +g, ,10] A
k=1

Axwo noxnactu f;(.) = p;i +g¢q;, TO AicTaHEMO

« k-1 '
Lx(t) = f\)eot + Z[fo(" +M+ D fiyU +x)cj];k+x =0.
k=1 j=0

Tenep wykaHa cucteMa HabMpae BULASALY
SoM) ey =0, (3.29)

k-1
Solk+3) ¢, +Z Jo . jU+0e; =0, k=12,.. (3.30)
j=0

OckifbKy MM LIYKAEMO PO3B’A30K, /s AKOro ¢, # 0, To 3 (3.29) Bua-
HO, 110 3@ YUCJO A NOTPiIOHO B3ATH KOPiHb BU3HAYANBHOIO PiBHAHHSA
(3.28). Sxiuo moknacrtk A = A,, To ceped uucen A, + k, k=1, 2, ..
KOpeHiB UbOro piBHsAHHA He Oyne. OTXe, PY KOXHOMY HaTypajibHOMY k
matumeMo fy(A, + k) # 0. Toni, BBaxalouy c; IOBLIbHOIO CTANO0, i3
cucrems (3.30) nicraemo ¢opmyM A1st BU3HaYEHHsA KOe(DILU€EHTIB c;:

_ 1
' fo(/|+k)

Boxu marots peKypeHTHuﬁ Xapakrtep, OCKUIbKM IIPU KOXHOMY k € N
JliBa 4aCTHHA 3a1eXHUTb Bm 5 J=0, ..., k- 1. TakuM yuHoM, 3anporno-
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lnasa 3
NIHIRKE OUOEPEHLIANBHI PIBHAKHA APYTrOro NOPAQKY

HOBaHMM METOIOM 3aBXIM MOXHa nodyaysary xoya 6 oAuH po3B’I30K
y BUJIsA] y3arajlbHEHOTO CTeIleHeBOro psay.

Hani, saxwo A, - A, £ Z, 10 fi{k + X)) 20, k =1, 2, ... Tomy,
noxknaBiy B (3.29), (3.30) A = A,, aHaNOri4HO NMoONEpeaHbOMY MOXHA
noSyayBaTH i€ OJ¥H PO3B’A30K Y BUIJISA Y3araibHEHOro CTerieHeBOro
pany.

Hoseaemo tenep 36ixHicTh paay (3.27), koediuieHT# sikoro o6-
yucaoloThed i3 cucremu (3.30), ne yucno A 36iraerncs 3 OAHMM i3
KOpDeHiB BM3HAa4aJibHOTO PiBHAHHA. Qs LUbOro HaM AOBEJEThCSH
JMUIE HeiCTOTHO MOAM(IKyBaTH MipKyBaHHS, NOAAHI B A0BEAEHHI
Teopemy 3.7.

Hexait r — noBinbHe !mcno 3 npomxxy (0, R). Toai 3naitgeTh-
cst Take M >0, 1.uo|pkl<M/r gl < M/rk r=0,1, 2, ... Ockinsku
V)] < M(Ml +1)/rfupui=1,2,.., 103 (3.30) Bmmusae, o

k-1
JESIAER! _
|f0(k+x)||ck1ijz=:0 e le;l k=1,2, ...
MNoxnanemo A, = | ¢,| i 3 ypaxyBaHHsAM TOro, 110 3a yMOBOIO TeOpe-

MU fo(k + X} 20, k=1, 2, ..., BU3HAYMMO MOCNIAOBHICTDb Yucen A,,
k =1, 2, ... 32 pexypeHTHUMH (OpMYIaMH

lfo(k'*‘}‘)lAk MZ J+!/~|+l ]'

Jlerko nepekoHaTHcs B TOMY, 110 | ¢ | <A, k=0,1,2,..Omxe, Tenep

HAM 3aIMIUAETHCS TUILKM JOBECTH 36DKHICTL psiny Z At npu ltj<r
k=0
Jia uporo nokaxemo, o klim (A, _,/A4,) = r. Cnipasai,

M A+l Mk }
otk +2)] 4 = 24 “k'l'ﬁ A, MU

Jj=0

[

==l folk =1+ )|+ M(k +|»

Ay

~

3Bincu, B3sBIIM 00 yBaru, 0 fy(k + A) ~ k% nipu k — o0, Jierko AicTaTy
noTpibHy BacTUBICTL ymcen A4, .

& 3aysaxeHsn 3.2
stxmmo nns 4ucna A; (=1, 2) bynkuis 1™ He BM3HAYeHa npu ¢ < 0, TO B CeHCi
RifiCHOrO aHaizy anoamnuifl y3arajlbHeHHUil cTerieHeBH#l pal aBis€ cobolo
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InTerpysanHA andeperuianbHux PiBHAHL 38 AONOMOTOK CTENEHeBUX PRAIB

po3B’a30K piBHAHHA (3.24) Ha npoMixky (0, R). I3 nornsny KoMIUIEKCHOrO
aHai3y Le 3ayBaxeHHs 3aiiBe, OCKLTbKM (MHOro3HauHi) ynkuii Inzi z* =
= e*'"? py3uaveni B C \ {0).

Po3risiieMo Teriep BUNAaAOK, KOJIM Pi3HUYA KOPEHI8 BU3HAYANBHOZ0 Di6-
HAHHA € Yinum yucaom. SIKIIO Lie piBHSAAHHA Ma€ KpaTHU# KOpiHb, TO O4Ye-
BU/IHO, 11O BCi PO3B’A3KM — y3arajibHeHi CTeneHeBi psaiyu — Bilpi3HAIOTh-
Csl OfI¥H Bill ONHOTO JMilie CTAIUM MHOXHMKOM. Hexait A, - A, =ne N,
Cnpo6yemo nobynyBaTi po3B 30K Y BUIJISIAI y3araJbHEHOIO CTelleHeBO~
ro psiay, KM Bionosinae Kopemo Ay CMCTeMa (3.30) npu A = A, nae
3MOry 3HaifTi KoeillieHTH ¢; = c Vj=1,. — 1, BMpa3uBi#K iX ypeluTi-
peulIT Yepe3 AOBLIbLHY CTaly ¢, = c(‘)z’ O)max Ha n-My KpoHi BUHMKAE€
npobsiema 3 BU3HaYeHHAM KoediuienTa c,, anxe fo(h, +n) = fy(h) =0
Has cymichocTi piBHsiHHA (3.30) npu A = A,, k = n HeobXinHO # KoCTaT-
HbO, 1100

n-1

Y S +25)e =0
j-0

Ko ug piBHICTh NIpaBUJIbHA, TO, BBAXAIOYHU C, = cff) 1€ OJIHIi€I0 JOBUIb-
HOIO CTaJ10i0, NPOLEC BU3HAYEHHS KOEQILUEHTIB ¢, MOXHA MPOJOBXHTH Jis
k=n+1,n+2,..Y npoTdBHOMY pa3i yHIaMeHTAIbLHOI CUCTEMH PO3-
B’A13KiB Yy BUIIAi [apy y3arajJibHeHMX CTeleHeBUX PsAAiB He icHye. 3a
UMX YMOB, 3HaHILOBIIM PO3B’30K X,(t), APYruil po3B’A30K, JiHI{HO He-
3aleXHU# 3 x,(f), MOXHA YTBOPMTH, CKOPUCTaBLIKCA GopMyolo Abens
3. 2.1.5.

3aysaxumo, wo 3a3HayeHa ¢hopmyna crocyerkes JIOP apyroro nopsia-

Ky 3 koediuieHtom 1 6i1s X. 3 ypaxyBaHHSM LIbOTO IPYTHif pO3B’s130K
piBHsHHs (3.24) Ma€ BULJIsL

jp(!)d’

(1) = xl(nj 70 dt (3.31)

(TyT CHMBOJ j'-dt o03Havae Oyab-sKy InepBicHy nininterpaibHoi GyHK-
uii).

3’ sacyemo 6ynoBy pyHxilii xz(t) YMOBMMOCS Hajajli CUMBOJIAMH a; )
(j=1, 2, ..) no3HayaTd aHaIiTM4Hi B Touli ¢ = 0 QyHKuii, L1s axux

g, 0)=0. [loxﬂasmu ¢, = 1, maemo
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NIKIRK QUOEPEHLUIANBHI PIBHAHHA OPYFOro NOPAOKY

X, (1) = th (1 + a (1)),

1 1
xf(t) M (I+a, (1) -

=M A-a () + a3 (- a3 +...) = 17 L+ a5 (0);

-If—gﬂdt =—poInt +a,(r);

- Md[ T i
el =t"°e”‘“’=t"°[z—-——a4.(t) ]=t“"°(l+a5(t));
il
i=0
-IL"_)([[
e’ ! T
——— =t (L +ag(1).
xl (’)

3a Teopemolo Biera A, + A, = 1 - p, a Tomy py + 2\,

T+A -2 =1+n
Ortxe,

1770 (L4 gy (1)) = 77" (L + a4 (1))

1 o, o
= +—E =+ ay+toyf+...|,
tl+n " t

Ae yucna oy, j = -n, -n + 1, ... BU3HaYaIOTLCS KOeGilliEeHTaM¥ PO3BUHEHHS
dyHKuil a(f) B creneHesuit paa, i

Ny}
ej,dt

di = - —...—9—-"—2—+a__11nt+aot+...

I xi(t) nt"
Hapeuuri, BpaxyBaBLiy, 1o ™ = 12t", MaeMo
X, (1) = oy x, () Int + 17 (=1/n + 0, (D).
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BHCHOBOK: 2KW40 PI3HUUA KODEHI8 BU3HAHANBHO20 DIBHAHMA € UiNUM
yucaom i yucao o_, # 0, mo pienanns (3.24) mae poss ‘a3ok euznady

X = a_lxl(t)lnt"' Zbktk+}'2.
k=0

Y eunadxy KkpamHoeo KoOpeHs U3Ha4ANbHOZ0 PiGHAHHA yMosa o._, # 0
3a62%c0uU cnpasoIcyemscs.

ONpuknap 3.6
Po3ze ’axcemo pignanna

2025 + 3y - 2% — (1 +1)x = 0.

Touka 7 = 0 € peryasipHOI0 0COGAMBOIO TOYKOWO. Buniinsuu y npasiit
YyaCTHHi piBHsiHHA onepatop Eitnepa, maemo

Q1% + 366 - x) - 2825 -tx = 0.

3anuiieMO BU3HayajlbHe PiBHSAHHS

21,00 =2k~ + -1 =0 7»2+;A

Nl—-

Horo kopeni A, = 1/2, A, =~1.

e
TlincTaBMBIM psiA X = cht“ * 'y piBHaHHS, micTaHemo
Koo

ZZ}{,().«Lk)ck -2 Z(k+l)ckt"'“7‘ —r}?‘cktk+l =0
per Ko £-0

2foMco + Y R2fo(h +K)ep —Qk + 20+ Dey y]1* =0 (3.32)
k=1

Jns sinwykanns Koecbiuieu'rin pO3B’3Ky, W0 BiAnosigae OinbLuiomy Kope-
HIO, nonolaneMo B OCTaHHi#t piBHoCTi A = 1/2. IIpupisnsaBK KoediuieHTH

6ias t* y niBil yacTuRi 4o Hys, mcraeuo PEKYPEHTHY CHCTEMY [Ulsl BU3HA-
YeHHS ¢ IR
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NiHIAHI ANOEPEHUIANBHI PIBHAHHA OPYrOro NOPARAOKY

k(Zk +3)Ck = Zk('k_l, k= l, 2, e
Noxnaswy ¢, = 1, 3Haxo1MMO

21\'
5.7.9....2k+3)° k=

C‘k=

L2, ..

Otxe,

) e Qen
x(n =t l+’;5.7.9._.,.(2k+3)}

JHani, 3ayBaxuBiun, wo A, — A, = 3/2 ¢ Z, 3HailaeMO po3B’A30K BUXiTHOIO
. . . l 2 .

piBHsIHHSA, SIKMH Bianosigae xopeHio A, = -1. [liacrasumo A = -1 y (3.32).
Maemo cucremy piBHAHB U1 BU3HAYEHHs1 Koeili€eHTiB ¢,

K2k =3)e, =k =3, 1, k=12, ...

IoknaBuiy ¢, = 1, picraHemo

1
Cl=l, (5] =r‘2‘, ¢ =

Otxe,

Hape1uri, 3anuiueMo 3arajibHudif po3B’A30K BUXIAHOrO PiBHAHHS

P @nt e
X = )1 —_—
YA [ +kz=05.7-9.....(2k+3) tes

ae ¢, ¢, — AOBiIbHI CTai.

3.3.3. Pisnannn lNaycca 1a flexanapa

P03B’13KM OKPEeMUX THUILB JiHIKHUX AudepeHUiaIbHIX PIBHSAHb TOPO:

XYIOTb TaK 3BaHi cneyianshi gynkyii. OCTaHHI NPUPOIHO AOTIOBHIOIOTH KAl
3arajlbHOBiIOMUX eJieMEHTapHUX DYHKUiH, MAIOTh LNy HU3KY YYAOBU:
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BJIACTMBOCTE! i 1IMPOKO 3aCTOCOBYIOTLCS NPU PO3B’A3YBaHHI TEOPETUYHUX
Ta NPUKIALHMX MAaTEMAaTUYHMX 33]a4.

Ak imocTpaLilo po3rasiHeMO 2inepeeomempuyne pigHaAHHA, aDO pieHAHHA
Taycca,

|7t = DF +1-y + (@ + B+ D1]X +apx = 0, (3.33)

siKe MiCTUTb TpM napaMetpu o, B, v. Toukn t=0it=1¢ ocoGunBmm

B oxorii nep1woi 3 HUX, 3 ypaxyBaHHAM possuHenHs (1 — ) = z t* (Itl< D,
piBHsAHHA (3.33) MOXHa noAaTy y BUIIsAAi k=0

1% +tly—(a+p +l)t](it"}'c —aﬁ{it"}x =0.
k=0 k=1

Ak 6aunuMo, B JaHOMY BUNAOKy Lyx = 12X + yx. OTXe, BU3HAYAIbHE PiB-
HAHHA, 110 Bianogigae Touui f = 0, Ma€ BUIIAL

AMA-D+yA=0.
Moro xopensamu € uncnad =0iA = 1 - y. ko Y He € UMM HeJOAaTHUM

YUCAOM, TO MOXHA 3HAWTH PO3B’A30K, AKMUI BIATIOBiAa€ KopeHio A =0, y
BMIVISI/Ii CTETNIEHEBOIO PSAAY
idl
X = cht" .
k=0

[NincTaBuBiuy neit Bupa3 y pisusHHa (3.33), Mmaemo

21> (k+2)(k + Dy, of* +
k=0

+-y +(a +B+1)t]2(k+l)ck,lt" +0L[320k1" =
k=0 k=0

3BiIKH AICTAEMO PeKYPEHTHY CHCTEMY [Ulsi BU3HAYEHHS KoedillieHTiB:

k(k =D, —(k+D(y+k)ep . +(a+p+ ke +afe, =0 =

(a+k)P+ k)c
k+D(y+ k) ¥
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NIHIAHI AWOEPEHLIIANBHI PIBHAHHA OPYIOroO NOPAAKY

[NoknaBiuy ¢; = 1, NOCIINOBHO 3HAXOAMMO
c =£x£ o = ol +DPE+1)
oy 2y(y+1)

o = oo+ D+ 2)BPE+ DB +2)
} Ay + Dy +2)

ald+D.(a+k-DPE+D...B+k-1)
Kyy+D..(y+k-1 T

Ck=

O1xe, 3HailneHO PO3B’A30K PiBHAHHA 'aycca y BUIIsiAi CTeneHeBOro psay.
OcTtaHHIl HA3UBAIOTb zinepeeomempuxHuM padom. 3aCTOCYBaBLIM O3HAKY
J1’Anambepa, Jierko nepeKoHaTUcs, 1o Lei psan 36iraerves npu | ¢ < 1 (Ta-
KW BUCHOBOK MOXHa 3pobuTh i Ha niacrasi Teopemu 3.8). CyMy rinepreo-
METPUYHOIO psily HA3UBAIOTh 2inepeeomMempu4Holo hyHkyicio i NO3HAYAIOTh
yepe3 F(a, B, v, 1). OTxe,

L ow oo+ Do+ k=DBE+D)..B+k-1) 4
Flo by, "‘“; Ky +D..r+k-D) r

linepreomerpuuHa QyHKIlig 3a/1€XUThb Bi TPLOX NMapameTpis o, P i v.
Hapaloyn uMM napameTpaM neBHMX 3HAayeHb, i3 Hel MOXHA AiCTaTH pi3Hi
cneuianbHi ¢yHKilil, 30KkpeMa i1 nesaki eneMeHTapHi. Hanpukian:

3

FQ, B, 8,1 = 1_17 FULL 2 1) = - ln(lt— 1)

B 113 Zj_arcs'mt
F(a,B,a,)=(1-1) ,F(2,2,2,t —
(Iepiua 3 punucaHux GyHKUINA € CyMOIO WieHiB HECKiHYeHHOI reOMeTpUY-
Hoi nporpecii. Lle# ¢akT nosicHIOE NOXOMXeHHs TepMiHa «rinepreoMeTpuy-
HUHA psax».)
SIKi110 Y He € LIMM YHUCIIOM, TO llie OMH pO3B’s30K piBHsAHHA [aycca
NiHiAHO HezanexHui 3 x,(1) = F(a, B, v, 1), MOXHa noGyaysaTu y BULAL
y3arajlbHeHOrO CTeIleHeBOro psay

xz(t)zt""cht".
k=0
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InTerpyBanin ancepeHuianbHux PiBHAHL 3@ AONOMOrOKD CTENeHesnx pAAie

Haiupuawuit cnoci6 BillyKaHHs TaKxoro po3p’si3Ky IOJArace B 3anpo-
BaJXXeHHi HOBOI WyKaHoi QyHKUii y = y(7) 3a dopmyaoio x = ¢ "’y
Maemo
=1y +(A-t7y,
=171 21- 7y -y .

l'lmcranuuo Bupasu A x, X, X y piBHaHHA ['aycca # pe3ynbTaT CKOpo-
TMMO Ha '~

I -Dy+{-Q-N+N1+@+1-p)+B+1-P]}y+
+{o+1-7)B+1-y)y=0.

3HOBY AicTany rinepreoMeTpyMuHe piBHAHHS, B IKOMY Tenep pojb napa-
MeTpiB «, B, y Bigirpalots BignoBiaHo o+ 1 -y, B+ 1 -y, 2 — y. Take
piBHAHHSA Ma€ PO3B 30K

yt)=Fla+1-y, p+1-v, 29, 1).

Orxe, po3B’s30K piBHAHHA [aycca, sxuit Bianosigae xopeHio 1 -y, Bupa-
XKAETbCA 33 JONOMOIOIO rirnepreoMeTpHuHOI GyHKLi

xZ(t)=fl-7F(CL+l-'Y, B+l_y’ 2—73 t)a

a 3arajibHUil PO3B’A30K 3a3HAYEHOIO PiBHAHHS Y BUNAAKY, KOJIU Y & 7, Ma€
BUIJISIA '

x=cF(, B, v, )+t TF(a+1-y, B+l-y, 2-v, 1),

€ ¢}, ¢, — NOBUIbHI CTai.

3a3HayuMo, IO KoM objacTio BuHaueHHs dyHkuii #'~Y (B ceHci
JliicHoro aHanisy) € miBBich (0, o), BunMcaHa ¢popMysia 3a1a€ PO3B’I3KH
Jiie Ha npoMixky (0, 1).

Jlo okpeMoOro BMNaiKy rirepreoMeTpUMYHOTrO PiBHSIHHS 3BOAMUTHCH TaK
IBaHe piguanua Jexcanopa

(1-12)% -2 +n(n+x =0,

Ae n — HaTypajlbHe YMCJIO.
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THHIMHI QWOEPEHUIAMBHI PIBHRHHA OPYIrOrO NMOPRAKY

Cepen po3B’a3KiB LIOT0O PiBHAHHS € NOMiHOMHU

n
P = o 2ot -1y,
$IKi HA3UBaIOTb nosinomamu Jledxcanopa.
INosichuMo, axi nojgiHomMy JiexaHapa MoXHa AiCTaTy 3 rinepreoMeTpuy-
HOi (pyHKIlil 32 BiANMOBiAHMX 3HAYEHbD ii IapaMeTpiB.
3anpoBaauMo B piBHAHHI JlexaHapa 3aMiHy 3MiHHOI £ = 1 — 21. Toxi

1-t dx  ldx d’x 1d*x

T =

2 dr 2 a4 ad

IlincTarngeMo i BUpa3y B piBHAHHs JlexaHapa:

—(1—(1—2 )7)d—x+(1—2‘c)%x:t—+n(n+l)x =0,

d*x dx
(1 - I)ZZ—H-I + 21)-;1?—1101 +Dhx =0

Jlictanu rinepreoMeTpyuyHe PiBHAHHS 3 napamMeTpaMu o =n+ 1, = -n,
v= 1. OaHuM i3 po3B’s13KiB LHOI0o PiBHSHHSA € rinepreoMeTpuiHa PyHk-
uist F(n+ 1, -n, 1, 1); TOMY OAHYM i3 po3B’A3KiB piBHsAHHS JlexaHapa €
dyHKUinA

x1(7)=F(n+1, , 1, %)

Ilporve, sIK1110 # — HATypaJibHE, TO rinepreOMeTPUYHUIA Psifl i3 NapaMeTpoM
B = —n oOpuBaeTLCs, NePETBOPIOIOYNCS HA MOJIHOM cTeneHsa n. MoxHa
JIOBECTHM, 1110 OCTaHHi# 36iraeTecs 3 P, (7). TakuM 4MHOM, n-# NOAIHOM
Jlexxanapa — lie OKpeMHii BUNAIOK riniepreoMeTpuyHOl ¢GyHKILii npy 3Ha-
yeHHAX ii napameTpiBa=n + 1, p = —-n, y=1 i niHiiiHO nepeTBOpeHOMY

apryMeHTi t l—;’ Tak, i n =1, 2, 3, 4 6e3nocepeAHbO IEPEKOHYEMO-
s, 1o
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3.3
InTerpysaHHA gudepeHuianbHux PiBHAHL 3@ AONOMOrCHD CTeneHesux pPAAIBs

ﬁ(r)=F[2, 1,1, ‘—;—’)ﬂ,
1-¢ 1 2
PB)=F3 -2, 1, — | ==@3r"-1),
(1) ( 2] Lo

P3(t)=F[4, -3, 1, ‘—;’] =%(5:3 _3p),

2

IloniHoMu JlexaHnapa 1LIXPOKO 3aCTOCOBYIOTHCS IPH pO3B’si3aHHI Gara-
THOX 33/1a4 MaTeMaTuyHoi (Qi3MKM, MaIOTh HU3KY LIIKABMX BJIACTUBOCTEM.
3okpema, 1Ii MHOTOWIEHH OPTOrOHA/IbHI Ha NPOMiXky [-1, 1], TobTO

Py(t) = F(s, -4, 1, 1-‘-1) = %(3&4 -30¢% +3).

1
f Ba(DP, ()1 =0, K0 m % .

¢ 3ayBaxeHHn 3.3

VYV dyHkuiodansHoMy npoctopi C([-1, 1] + R) ponb ckansapHoro goGyrky
Bigirpae 6uliHiHa ¢dopMa, KoTpa Oyab-sKHM ABOM ioro enemeHtaM f(f) i
g(t) cTaBuTb Yy BIINMOBIAHICTb YHCAO

2L
(/. &)=3[ fnemar

3.3.4. PisHAHHA beccenn

-

3ynuHuMOCH AeTalbHille Ha piBHAHHI beccens
P2+t +@2 -v)x=0, v20.

Hns Heoro ¢ = 0 € peryasipHOI0 0C0o6/HBOIO TOUKOW. OCKiNbkM JaHe piB-
HSIHHSl He 3MiHMTbCA B pa3i 3aMiHM B HbOMY ! Ha —f, TO MOXHAa BBaXaTH,
10 He3ajlexHa 3MiHHA npobirae niBBich (0, 0).

3ayBaxXuBIIY, WO Lyx = 2% + t¢ - vix, 3amMiIEMO BU3HAYaIbHe DiB-
HSHHS
ML= +21-v?=0 o 22 -v2=0.
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NIHIAHI AWOEPEHLUIANBHI PIBHAHHA APYrOro NOPAQKY . -

Sxmwo v # 0, To BOHO Ma€ 1Ba KOpeHi: A, = v, A, = —-v. [liAcTaBUBILM NPOEKT
PO3B’A3Ky

0
x=Y cpt*h, ¢ #0
k=0

y piBusiHns BecceJist Ta CKOPOTHBILK Ha £*, MaEMO

Z[(k+k)z —v ], t* +ch__2t" =0.
k=0 k=2

o6 1 piBHiCTH BUKOHYBaaca TOTOXHO, KOeQilliEHTH ¢, MalOTh 3a110-
BOJILHATH CHCTEMY PiBHSHb

2 -v¥ey, =0, [(A+1D? -vZ]e =0,

(3.39)
[(M+ k)2 —vPle, +¢ 2 =0, k=2,3, ...

3HalizemMo po3B’si30K, 10 BiANOBiNa€E KOPEHIO BU3HAYAILHOIO PiBHSH-
s A = v. IlincraBusiun B (3.34) A = v, 6a4uMoO, 1O 32 ¢y MOXHA B3ATH
6yab-sxe HeHyNbOBE YnCio, ¢; =0, a wia k = 2, 3, ... Maemo

Ck-2

* = TkQvr by
3sincu ¢, , WA BCix k=0,1,2, ..,a

) . €9
T3 o 4T3 TR
2°.1-(v+1) 2 A (v+D(v+2)

_ - eq
2K pv+ D(v+2). v+ k)

€ =

Crk
Orxe, 3HaliIeHO PO3B’A30K

x,(t) = i Deq 12k,
Bk v+ v +2)...(v+ k)

(3.35)
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{HTerpyeaHHA gucepenuianbHnux piBHAHbL 38 AOMNOMOrOK CTENEHEBUX PRRIB

CkopucTaBiuuch 03Haxolo [1’Anambepa, MOXHA nepeKOHaTHCH, 110 Lei
psij, piBHOMIpHO 36iraeTbcsi Ha Oyab-IKOMY CKiHYEHHOMY MPOMiXKY miBoci
(0, o0) (uei BUCHOBOK BHMILIMBAE TAKOX i3 Teopemu 3.8).

3a ¢ 3pyYHO B3ATH YMCIIO

1

¢y = ————,
O (v +1)

ne I'(v) — ramMa-¢yHKuis:

() = j:t"'le'"'a’t, v >0.

Taxwuit BuGip noscHIoeTses TUM, 1o I'(v + 1) = vI'(v), i Tomi x,(¢) neperso-
PIOETBCS HA BIIOMY CIeLiabHY (DYHKLiIO0

_ @ (—l)k [1_)2k+v
J“(’)'",‘Z;)kzr(wku) 2)

siKa Ha3sMBa€eTbCsl Pynkuicio becceas nepwozo pody 3 inoexcom v.
PosrnsigeMo Tenep nuTaHHA NpPO iCHYBaHHS PO3B’S3KY, AKMil BiAMOBi-
lla€ KOPeHIo A = —v. JIerko nepeKoHaTucst B TOMY, 110 KOJIM v He € UMM

4YUCIIOM, TO KoedillieHTH HBOIro PO3B’A3KY KOPEKTHO BM3HAYaloThCH (op-
MyJIaMH

("l)kco
2Kk (v + I)(~v+2)...(~v+ k)’

cl=0, C2k= Czk,l=0, 'k:1,2,...

Jlobpe BioMoO, 110 raMMa-(yHKILiI0 MOXHA TOBU3HAYMTH LIS BCiX Big’eM-
N
HMX HEUUIMX 3HayeHb apryMeHTy. 3adikcyBaBuM ¢, = —r—(——z——-T) JicraHe-
-V +
MO Apyruii po3B’si3ok piBHsHHS Beccess y Burnani ¢iyuxuyii becceas nepuio-
20 pody 3 8i0 eMHUM iHdeKcom

o (—l)k t 2k -~v
T )= Zok—r(—'TT)(’z“) > veEN.

JlinifiHa HesanexHicTb GyHKuiH J (1) i J_(2) (v € (0, ) \ N) oyeBunna:
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masa 3
NIHIAHI ANOEPEHUIANBHI PIBHAHHA APYFOrO NOPARAKY

nepuia 3 HUX NEPETBOPIOETLCS B HYJib NIPH ¢ = 0, a Apyra NpsaMye [0 He-
CKiHYeHHOCTi, Koy f — oo (puc. 3.1, 3.2). TakuM uMHOM, A AOJATHUX
Heui1MX 3HauyeHb v 3arajbHMil po3B’A30K piBHAHHA Becceiiss mae Burisg

X = clJv(t)+c2J-v(t)’

lie ¢;, ¢, — NOBLIbHI CTai.

Hikago, mio dyHkiiii beccens 3 HaMIBLUIUM iHAEKCOM V € {i% J_r%, }

BUPaxXaloThes yepe3 eseMeHTapHi QyHkuii. Hanpukian, noknasimu B (3.35)

v=1/2, ¢ = ——l—— = Jg, JicTaHeMO
Var3/2) V=

3 (1) ‘ 2k+l
Ji2(0 == i
20 mkz KR )12+ 02K

(-D* (k1 2 .
== sin 1.
\/— 2ok ar

. 2
AHaJIOriyHO BCTAHORIOEMO, 1O J |/, = 1’—7 cos 1.
n

BnactuBocti dyHKUiK beccenst meranbHO nocnimkeHO # ONKCaHO B
JNoBinHMKax Ta MOHorpadisix (auB., Hanpukiaza, 6i6aiorpadiwo B [28]).

-,2“
0,4

0,2

A AWAW WA WA
Vw\/ » \V30/ \AOV '

Puc. 3.1 Puc. 3.2
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3.3
InTerpyeaiHA audeperuianbHux piBHAHL 38 AONOMOrO CTeNeHesnx PAAis

Tam MoxHa 3HaliTH TakoX ¢opmynn wia dyukuii Beccesns apyroro poay
Y(1), fika TeX € pO3B’A3KOM DiBHAHHA Beccens, 10 TOro X jniHifiHO He3a-
NexXHUM 3 J (1). Mu aMuie Bil3HaYMMO, 1O NPy ULIOMY v = n 2 0 pisHuLa
2 t el
Y, () -2J,() ln—z- € y3ara/lkHeHUM CTeTieHEBUM PSIOM BUIIAIY ¢ " Z bt
T
k=0
Takyum YMHOM, 3aralbHUA pO3B’A30K PiBHAHHA becceist npu AOBUILHOMY
v > 0 MOXHa NoJjaTu y BULIAAI

x = J (1) + Y, (1).

BMPABU TA 3ALAMI
® 3uafiTh PO3B’A3KM DIBHSHD y BUIIALI CTENEHEBUX PSAAIB:
a) X-1x=0; 6) ¥x-t6-2x=0, B) X+tx+x=0.

@ Bu3HAYMTH, CKUIBKHM NiHIHHO He3aNeXHMUX PO3B’A3KiB y BUIJIAA y3aralbHEHOro
CTENEHEBOIO Py Ma€ KOXHE 3 PiBHSAHb:

23k

~a) 1*% +5sin X + 4e'x = 0; B) 2% +In(l + )% - 3cos &x = 0;
6) ¥ +sin ti-2¢'x =0; 1) 2% +3te'% +3cos tx = 0.

3HaliTH Ti PO3B’A3KHM PiBHsHHS 12X — 12% + (¢ - 2)x = 0, AKi BUPAXAIOTHCS y3a-
FA/ILHEHUMH CTENEHEBMMM PSIAMA.

TlepexoHarucs, wo nosidom Jlexanapa P (t) € koediujerrom 6ing x* y possu-
. newHi Bupasy (1 -2t +x2)"Y?2 3a crenensimu x. [Josecty, 1o

1P,(t) = B,_1(t) = nP,(1).
® [lobynysaty yaCTHHHUM PO3B’A30K piBHsiHHS Jlareppa
KE+(1-Dx+vx=0, veR
y BUIAsiAl cTeneHeBoro psaay. Jlosectu, uio npu v = n € N et po3as’si30K €

IONIHOMOM cTeneHs n. 3’sCyBaTH, SIKy CTPYKTYPY Ma€ iHwuit niniftHO He3a-
JIEXHUR PO3B’A30K.

JloBecty, wo rinepreomerpuyHa bynxuis F(o, B, v, ) 3a00BOJIbHAE PIBHOCTI:
a) 2F(-n/2, -(n-1)/2, 172, )=A+n" +(1 -1
2"nt Py (1)
_ 3 3 . 2 = (_D" 2n+1 .
6) tF(-n, n+3/2, 3/2, t*)=(-D ——————-——1'3'5.”._(2’””
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aig - NIHIAHL QUEOEPEHLIANBH! PIBHAHHA OPYIrOro NOPAAKY

@ [osectH piBHOCTI:

8) J,(0=J,_,(n -}Jv(n; 6) J, (1) =—J, 41 +§Jv<r>.
v/ Bxaziexa. 3pndepenuiiopatu Bupas J (1)/t".

| 3.4 |

Kpaiosi 3apavi

HaitnomupeHilolo 3aaayelo B Teopii 3BMYaHUX aAudepeHLialbHUX
piBHsAHD € 3ada4a Kouri. JJoaaTKOBi yMOBM L€l 3aaui 3a CBOEIO CYTTIO €
nouamkoeumu. B HUX (irypyiorb 3HaYeHHS HeBimoMoi QyHKUII Ta ii no-
XinHMX (SIKINO NOPSIIOK PiBHSIHHSA NEpeBULYE OJUHULIO) NP (hikcoBaHO-
MY 3Ha4Y€HHi He3aneXHOoi 3MiHHOi. 3po3yMilo, 1O L€ He €AMHUM cnocib
BUIIEHHS TOTO 4M iHILIOro YaCTMHHOIO PO3B’A3KY 3 MHOXHWHM BCiX (PyHK-
1L, AKi 3a00BOJIbHAIOTh AM(depeHiliaibHe PiBHAHHA. YacTo BUHUKAE NO-
Tpeba y BilllyKaHHi TaKoro po3B’a3Ky, U1 SIKOro BUKOHYBajlucsl 6 Tak
3BaHi Kpadoei yMoeu: 3Ha4eHHs WIyKaHol QyHKUIi Ta Ii NOXiAHKUX MalOTh
3a/I0BOJILHATH IeBHi CIiBBiIHOILNEHHSA B KiU1bKOX (hiKCOBaHHUX TOYKaAX IIPO-
MIiXKY, iKu#i rpobirae He3ajexHa 3MiHHa.

Hanpukian, 3agaya npo ¢opmy NpoBUCIOro KaHarta i3 3aKpilUieHUMH
KiHugmu (ii 6yae po3risaHyTO B 1. 4.2.1) 3BOAMTHCS O BillIyKaHHSA TaKOro
pO38’sA3Ky AuepeHiLialbHOro piBHAHHS ApPYroro nopsiaky, rpadik skoro
npoxonuB 64 yepe3 [Bi Hanepea 3ajaHi TOYKHU. |HIMHA NpUKIan: ajiss TOro
o6 3HaiTY T-nepioaMyHuit po3B’ A30K JAiHIHOrO 7-1epioAMYHOrO PiBHAH-
Ha x = a(t)x + b(t) (auB. 1. 1.3.2), noTpi6HO 3 ycix po3B’s13KiB BUOpaTU
TOM, AKUH 3a10BoJIbHAE YMOBY X (0) = x(T).

3anayy BillyKaHHS YaCTMHHOIO PO3B’S3Ky Au(epeHL[iaIbHOIO PiBHAHHS,
SIKMI 3310BOJIbHAE 3ahaHi KpaitoBi YMOBH, Ha3UBAlOTh Kpaiioeolo 3adauero.

JlocnigxyBaTuMeMO KpaitioBy 3aaady, 110 ¢HOPMYJIIOETECS TaK: 3HAUTU
Ha npoMixky [0, /] po3B’430K piBHSAHHS

ay (% + a, ()% + ay(Dx = F(f), (3.36)
SIKMI Ha KiHUAX NPOMIXKY 3aJ0BOJIbHAE YMOBH
oy X(0) + By x(0) = vy, ox(!) +Brx(I) =13, (3.37)
ne o, oy, By, By, ¥y» Y — 3aaHi uncia, npuyomy oyl + Bl 2 0,i=1, 2.
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3.4
Kpavosi sapaui

SAxkuwo B (3.37) B, = B, = 0, TO Taxi KpaKOBi YMOBH Ha3UBAIOTLCHA YMO-
eéamu nepuiozo pody; AKILO oy =0, = 0, — ymosamu Opyz020 pody; AKIIO X
o, B, # 0 xoua 6 a1a ogHoro i = 1, 2, — ymoeamu mpemvozo pody.

% BUNanKy, Kouu abo F(t) = 0 abo Iyl| + |v,| # 0, kpaitosa 3anaya
Ha3MBAETLCS HeoOHOpiOHON, HAa BiOMiHY Bifl 00HOpidHol Kpalioeoi 3adaui,
fIKa XapaKTepU3yEeTbCA THM, 1o F(1)=0,y, =v,=0.

3po3yMiiio, 110 KOXHA OJHOpPiAHA KpaloBa 3aJa4a Ma€ CBOiM PO3B’f3-
koM dyHkiilo x = 0 — TaK 3BaHU mpueiarbHuil pose azox. Moxe ByTHU Tak,

IO iHIIMX PO3B’S13KiB OfHOpiAHA KpaioBa 3aiaya He mae. Ocb npukiag
TaKoi 3ajayi:

X-x=0, 0<t<l,
x(0) = x(1) =

Cnpaam po3B ﬂsxau.n piBHsIHHA X — x = 0 € gBOMapaMeTpuy4Ha CiM’s d)yu-
Kuiii x = ce’ +ce”’ Kpaﬁom YMOBH 33J0BOJILHAE Ta 3 HMX, LIS AKOi
q+c,=01ice+ cze =0, To6TO TOTOXHHUMI Hyab x = 0.

HacrynHuii ripukiian nokasye, 1o 3a nNeBHUX yMOB OAHOpiAHA KpaitoBa
3a1aya MoXe MaTu 6e31iy po3B’si3KiB. A caMe, OYEBHIHO, 10 KOXHA (PyHK-
uist 3 oAHONAPaMETPUYHOI CiM’i x = ¢ sin 7 (¢ — Oylab-sike GiiCHe YKCIIO) €
PO3B’A3KOM TaKOi 3ajayi:

X+x=0, 0<t<m,
x(0)=x(n)=0

3ayBaxXuMo, 110, HE BTPAaTUMBLUM 3arajibHOCTi, MOXHa OOMEXUTHUCS BUB-
YeHHSIM HEOJHOPiAHUX KpalOBMX 3a/1a4 3 OAHOPiIHMMU KpPaHOBMMH YMO-
BaMu, T06T0 ymoBamu (3.37), e v, = ¥, = 0. Cnpasni, y BUNaaKky HeogHo-
piIHMX KpailOBUX YMOB 3aBX/JM MOXHa 3HaMTH ABi4i HernepepBHO aude-
peHuUiioBHY GyHKIiIO ¢(7), KA ix 3aa0BObHSE. I1poTe TOAI BITHOCHO HO-
Boi ¢yHKuil y (1), BBeAeHOI PiBHICTIO

x=0¢()+y,

nicTaHeMO KpaioBy 3aliaqy 3 OAHOPIIHMMM KpalloBUMU yMOBaMH i Biaro-
BiIHMM YMHOM 3MiHEHOIO NpaBol0 yacTuHow0. Hampuxnaa, y Bunagky
KpaitoBux ymMoB nepiuoro pogy x (0) = v,, x (/) = y, MOXHa NOK1aCTH

Y1 Y2
H===(~-t¢ ~af
(" 1( )+1
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NIHIAHI GUOEPEHLIIANBH! PIBHAHHA OAPYrOro NMOPAQKY

Hagani npunyckarumemo, 1o
a;(eC(0,/]->R), i=0,1,2; ay(t) =0 vtel0,/].
Toni, 3aMiHuBIIM no3Ha4yeHHs 1. 3.1.]1 Ha TpapuuiiHi
o) = p(®), r(N - —q(h), g f(),

3anauy (3.36), (3.37) MoXHa 1n04aTH B CAMOCINPSLKEHOMY BUIIAAI
L3 = £ (o) - g = S @), 1€ 0, 1) (3.38)
o x(0) + Bx(0) = 0, a,x(!) +B,x(/) =0. (3.39)

3anucaBiuy piBHAHHS B CAMOCIIPSLKEHOMY BUIJISIAL, MM 3MOXEMO TIPU
Harofli CKOPMCTaTUCs BaXIMBOIO PiBHICTIO

.":2 ly(t)LX(f) ~x(t) Ly(t)]dt = [p(t)[y(t)x(t) - x(t)y(!)]]t:tg

r=4

SIKY Ha3uBaloTb ¢opmyaoro Ipina. BoHa BUKOHYETBCA 1J1A 6ymrmmx TOYOK
t, t, € |0, 1] i pna koxuoi napu ¢yHkuid x (1), y(¢) € Ci(0, I] > R).
Cnpasni,

POLX() - x (1) Ly(r) = y(t)%(p(rmt» . x(t)%(p(ny'(m,

WO LX) - x(H) Ly(t) = ‘—‘f;(ympmx(r) ~ X)),

3anuiuniocs 3iHTerpyBaTy LIO PiBHiCTh y MeXax Bil #, 10 1, i 3acTocyBaTu
dopmyny Hbiotona—Jlefi6Hiua 1o npaBoi YaCTHHH.
®opmyny 'piHa MOXHA NOAATH TAKOX Y BHIJISAAL

tog?

[P £xt) - 20 LyOar = [pew 0y, xe];

ae W(y(1), x(1)) — BpoHckian dynkuiit y (1) Ta x(¢). K10 oCTaHHi 3a-
JOBO/BHAIOTH KpaioBi yMoBH (3.39), To, B3SB1UY 40 YBaru MnpuIylleHHs
loy]+|B;l # 0, i=1,2, gicraemo
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Kpawosi 3apaui

W (¥(0), x(0)) =W (y(/), x(I)) = 0.

ToMy Ha MHOXHHI TakuX PyHKuUi# oneparop L Mae eracmugicms cumem-
puvHocmi

j’(:[ YO Lx(t) - x(t) Ly(H)]dt = 0. (3.40)

3.4.1. HeBupopxernuh BUNAAOK.
Oyukuia lpika

PosrisiHeMO Hegupoodceruli 6unadok, AXUM XapakTepU3yeTbCa TUM, LIO
OIHOpinHA KpaitoBa 3anaya

%(p(f)x) Cax =0, 1€, I); (41

(llx«)) + le.(O) = 0, G.Zx(l) + sz([) =0 (3.42)

He Ma€ po3B’A3KiB, BiAMiHHMX Bil TPHUBiQJIbHOTO.

[To3naumnmo yepes x,(t) Ta x,(1) HeTpuBiaibHi po3p’asku JIOP (3.41),
AKi 3a00BOJILHSIOTH BIATIOBiAHO mepity ¥ Apyry Kpaioei ymosu (3.42).
KoxeH i3 uMX po3B’si3KiB iCHy€ ¥ BU3HAueHMH i3 TOYHICTIO 1O CTanoro
MHOXHMKa. Hanpuxnan, 3a x, (1) MOXHa B35ITH PO3B’A30K piBHsHHA (3.41),
AAIKMH 33710BOJIbHAE N0YATKOBI yMOBU X;((/ — 1)) = -B;, x,(({ -1!) = o,
i=1,2.

TeepaxeHHa 3.2

Opxopinda kpatosa 3asaya (3.41), (3.42) mae HeTpUBIAIbHKHE pPO3-
B’S130K TOAI M JIMille ToAi, KOau po3B’asku x,(f) 14 x,(1) AiHiAHO
3aneXHi.

JoBefeHHA

Hexaii onHopinHa KpaitoBa 3aaya Ma€ HETpUBiaJibHUI PO3B’s130K
E(1). Ockinbky 5K &(f), TaK i x,(f) 3a10BO/BHAIOTH NEPULy KPalOBY
ymoBy (3.42), a| o, | +|B,|# 0, To BpoHCKiaH LMX PO3B’A3KiB AOPiBHIOE
HYJ/IIO, 4 OTXe, BOHHM JIiHIHHO 3aj1exKHi. Tak caM0O MOXHa JOBECTH JIiHIHHY
3a/1eXHICTb po3B’a3KiB §(¢) i x,(¢). 3BiacK BUILIMBAE, 11O X, (f) Ta X (1)
TAaKOX JIiHiHHO 3a/eXHi.
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NIHIAKL JUOEPEHUIANBHI PIBHAHHA OPYTOTO NOPAAKY

Hapnaku, Hexaif 3a3HaueHi po3B’a3KH JiHi#HO 3anexHi. Toai ana
neskoi ctanoi k # 0 MaeMo x,(t) = kx,(¢). Tenep 3po3ymino, o, Ha-
npuknan, GyHkuis §(¢) = x,(¢) € po3s’13KOM OAHOPiAHOI KpaitoBoi
3aiavi.

Teeppxenun 3.3

AX110 B HEBUMPOLXEHOMY BHIIaJKY iCHYE PO3B’S30K Kpaiiogoi 3a-
nayi (3.38), (3.39), 1o BiH eauHMH.

I[loBegeHHnA

JlocTaTHbO 3ayBaXUTH, LIO PI3HMLIS ABOX HETOTOXHMX PO3B’A3KiB
HEOIHOPIOHOI KpaioBo]l 3a/1a4i € HETPHBiaIbLHUM PO3B’SI3KOM BiANOBia-
HOi OJHOPiIHOI KpaitoBoi 3ajau4i.

[lo6yayemo croyaTKy po3B’si30K KpaifoBoi 3azadi (3.38), (3.39) i3 Bu-
KOPUCTaHHSIM MeTOAY Bapiallii noBLIbHUX cTaiux. [isg uboro 3HaigeMo
OIHOMNapaMeTPUYHY CiM’I0 pO3B’A3KiB, SIKi 33[10BOJILHAIOTH NEPIY KpaioBy
YMOBY, IIOTIM — OJHONAapaMeTPHyHy CiM’I0 PO3B’A3KiB, 1O 3a10BOJbHSIIOTH
ApYry KpaiioBy YMOBY, i, HapelTi, BUILUIMMO CIIUIbHUI e/leMeHT LUX JBOX
MHOXWH PO3B’s13KiB. YKa3zaHui crocib He MOXHa BBaXaTH HaipaliioHalb-
HituuMm. OaHak 3a jioro gornomorolo 6yae ofepXaHO BaxJIMBY iHpopMaLiio
TPO CTPYKTYPY PO3B’s3KY HEBUPOIXKEHOI KpaloBOi 3aiayi.

K HaM yXe BiIOMO, IIpH 3aCTOCYBaHHi MeTOAy Bapiailil AOBLIBHUX CTa-
JIMX BUHMKAIOTb TaKi JBi CUCTEMMU:

{él (1), (0 + 6, (x5 () = 0, {x =adu®seOx0, 4 o

GOX (O + 0%, (1) = F@O/p(D); (X = (DX (1) + ¢, (DX, (D)
(TyT ypaxoBaHo, 110 KoediuieHToM 6ing X B onepatopi L € p(f), a ve 1).

Po3p’sixkeMO nepuly 3 HMX BigHOcHO ¢ (1), ¢,(f) 3a npasuioM Kpamepa.
Maemo

0 x,(1)
&y = LLD/PD xm)‘ __ 000 __x0f0)
w(t) w(t)p(t) ®
x; (1) 0
&= LAO_TOBO]_ xf@) _x010)
w(t) w(®)p(t) o
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ae w(t) = W(x (1), x,(t)) — BpoHckiaH, o := w(0)p(0), npuuoMy Bpa-
XOBaHO, 110 HacainkoM dopmynu Octporpagcekoro—JliyBinng € pis-
HoCTi

¢ pis)
w(f) = w0)e ° P9 = w(0)en PO/ _

w(0)p0) _ o
P

Maitouu noxinni GyHkuii c,(¢), c,(¢), Bubepemo ix nepsicHi ABoMa CIOCoO-
6amu. A caMe, NOKIaBLIN

(3.44)

Cl(f) =c¢ - Jl(:ﬁ_(_s_o))f_(slds, cl(j) = J.; xl(s:)f(s) ds,
e ¢; — JOBiIbHa CTaja, AiCTaHeMO CiM’10 QYHKUiA
(1) = ey x (1) - xl(f)_[;fz(—s:)&du xz(’)L: x,(sz)f(s) ds,

KOXHa 3 IKMX € PO3B’SI3KOM piBHAHHA (3.38) i 3a00BOJILHAE Nepilly Kpa-
iioBy ymoBy. [lilicHO, AOCTaTHLO 3ayBaXXMTH, WO 3 OIJLSLLY Ha JPYry CMCTe-
my B (3.43) x(0) = €1x) (0), x(0) = ¢,x,(0). AHaIOriYHO MOXHA JiCTAaTH OfI-
HOMapaMeTPUUHy CiM’10 GyHKLUiH

F(H) = cx, (1) - x,(r)j,'i‘)ofl‘l

ds + x,

(0] L)

KOXHa 3 IKMX € PO3B’43KOM piBHAHHA (3.38) i 3300BOJILHSE APYTY Kpaiio-
By ymoBy. [loGepemo craii ¢, ¢, TaK, w06 x(f) = X(¢), T0610

! 1
C[xl(f) -C'sz(’) = xl(f)J‘o_xZ_(SZ;‘L(flds — xz(f)IO xl(s()of(s) ds.
3Bincu

o= [ g g, - [0 4

(0] ®

®yukuis x(f) npy 3HaiIeHOMY 3Ha4YeHHi ¢, i € pO3B’A3KOM KpaioBoi 3a-
navi (3.38), (3.39), akuii, TAKMM YMHOM, MOXHA NOJATH Yy BUTIAAL
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x(t) = L’%ﬁf(s)dp,j;f}(’r&f@)ds.

Hapemri, skwo BBecTy QyHKLUIIO

L N

G, 5) = 1 jx "x,y(s), 0st<ss<|, (3.45)
o (X)X (s), 0<s<t<,
TO [iCTAHEMO
x0= | (:G(t, 9 f(s)ds. (3.46)

Kaxyrb, 110 pO3B’s30K, 3anucaHuit y surinai (3.46), € iHterpaibHuM ne-
peTBopeHHAM byHKUiT f(7), NPUYOMY SLOIPO LILOIO iHTErPaibHOIO IEePeTBO-

peHHs1 CTaHOBUTb byHKuia G (¢, s). OcTaHHA Ma€ TaKi XapaKTEPUCTUYHI
BAAaCTUBOCTI.

1. @yuxyin G(t, s) nenepepena 6 keadpami K = [0,/]x|0,/], mae nene-

pepem yacmunni noxioni G, (t 5), Gy(t, 5) y KoxwcHomy 3 mpwcymuuxta
={(t,He K:tzs}, K, ={(t,s)e K :t<5s}).

2. ﬂ/m Koxcnoeo gixcosanozo s € 10, 1] gyuxyin x (1) := G(t, s) 3ado-
604bHAE AiniliHe 00HOpidne pignanus (3.41) npu ecix t € {0, ], t # s,
a makodc kpaioei ymosu (3.39).

3. Ha diazonani t = s keadpama K noxiona G,(t, s) mae po3pue nepuiozo
pody 3i cmpubkom 1/p (s)

G,(s+0, 5)-G,(s -0, 5) =1/p(s).
Tlepuii ABi BacTUBOCTI 6e3rocepenHbO BUIIMBAIOTh 3 IBHOIO BUIJISAAY

dyukuii G (4, s). ko Bpaxysatu (3.44), TO NIPOCTO nNepeBipAETLCH # TPe-
I

G;(S+0, S)—G;(S-—O, §) = )EZ(S)XI(S)—J'CI(S)XZ(S) - W(S) — 1 )
® ® p(s)

Kpim Toro, dynkuis G(7, s) cMMeTpHyYHa:
G, 5)=G(s, ).
3abynemMo Ha nessKuit yac npo gopmyay (3.45) i 1aMo Take O3HaYeHHS.
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3.4
Kpanosi 3apavi '™

o O3HaueHHR 3.2
Dynxuyiro G(1, s), aka maec aracmusocmi 1—3, nasusaromo Qynkuicro
Ipina xpaiiosoi 3adayi (3.38), (3.39).

JaHe o3HauYeHHs1 BBOAUTb MOHATTA (yHKUii ['piHa akciomMaTu4HO, Oe3-
Bi,uuocuo 110 ii SBHOTO BUIJISLLY.

5 Teopema 3.9

# Hexait icnye dynkuis I'pina kpa#osoi 3anaui (3.38), (3.39). Toni,

2 X04 61 axomw Oyna dyukuis (1) ¢ C({0, /] » R), ua 3agaya Mae
JIMHMI PO3B’A30K i HOro MOXHa nofatH y Buriasai (3.46).

OoesepeHHA

HoBeaeMo, 1o ¢yHKiis x (1), BU3HayeHa opmynolo (3.46), aiicHo
€ pO3B’SA3KOM KpaioBoi 3anaui (3.38), (3.39). Ha nincrasi BnacTuBoc-
Tefi 1—3 Maemo:

4 /
x(1) = [ G, ) f)ds + [ G, 9/ ()ds;
x() =G, ) f (1) + L:G;(r, $)f(s)ds -G(t, N f(t) + I:G;(t, s)f(s)ds=
- I (:G,’(t, s)f(s)ds + j’ "G,'(t, $)f(s)ds;
—(p(r)x(t)) = —U p(OG(t, 5)[(s)ds +I PG, )1 (s) dS]=
= POGI1+0, NSO+ [ L (pO1G;10, ) f(s)ds -
- PG -0.0S O+ [ L (p(Gitt, )7 (5)ds =
= 10+ [ LGt N f©)ds + [ L (o Gytt, N f(5)ds:
odt e tdt e ’

£x(0) = 1)+ [ (LG, ) f6ds + [ (LG, N6 = £

315



nasa 3
NiHINHI OWPEPEHLIANBHI PIBHRHHA OPYIrOro NOPARAKY

HoseneMo Tenep, 10 iHIUKMX pO3B’sA3KiB Kpaiopa 3agaya (3.38),
(3.39) He mae. CrnipaBai, skio 6 1ie 6yj10 He Tak, TO BiANOBiAHA OOHO-
piaHa kpafioBa 3agaya Mana 6 HeTpuBianbHuUi po3B’a30K £(1). 3adik-
cyemo noBiabHe s € (0, /) i 3actocyemo dopmyiy I'pina Ao napyu pyHK-
uidk x(¢) = &(¢t) Ta y(t) := G(t, s) cnovarky npu £, =0, t,=5-€, a
HOTiM Npu t, = s+ €, 1, = /, e € > 0 — HaCTIbKK Majie, O S— €, 5+ €
Hanexarb (0, /). Ypaxysaswu, 1o LE(1) =0, LG(1,5)=0,1€ (0, )\ {s},
i nepeifloBILIM 10 rpaHMUi ITpu € — 0, MaeMoO

[p)1Get, -2 G, )]/ 75 ° =

[plGe, e -£n G 9] =0.
Jonasiiy i piBHOCTI Ta B3BLIM A0 yBar, o G(s -0, 5) =G(s +0, s) =
= G(s, §), HiCTaHEMO
P()IG(s, )i(s) - E(5)G)(s - 0, 5)] - p(O)G(O, 5)E(0) - £(0)G, (0, 5)] +
+ p(DIGU, s)i() - £(NG;, $)]- p()G(s, $E(s)~E(S)G,(s +0, 5)] = 0.

Jlerko 3po3yMiTH, 110 OCKiNbKH E(F) Ta G (¢, s) 3a00BOILHAIOTh KpaioBi
YMOBH, TO APYruii i TpeTiil 1oAaHKHM 3HMKAIOTh, 4 TOAI HA MiACTaBi Tpe-
ThOI BNacTUBOCTI pyHKUil ['piHa MaTuMeMO

PEBGIG (s +0, 5)-G(s-0, 5)]=0 = E&(s)=0.
TaxuM unHOM, () = 0 i omepxaHa cynepeyHicTh JOBOJUTh EAMHICTD

PO3B’sA3KY KpaiioBoi 3anaui (3.38), (3.39).

OnuiueMo Tenep aaeopumm nobydoeu ¢pynkuii I'pina e
HesupoOdxeHOMY eunadky.

¢ 3HaxoaMMO PO3B’A3KH X, (1) Ta x,(f) Takux ABox 3anay Koi:
{Lx =0, {[x =0,
x(0) = -B;, x(0) =ay; x(l) = -B,, x(I)=a,.

Lli po3B’sa3Kku NiHiliHO He3ayeXHi (TBepAxeHHs 3.2) i 3a10BOJIbHA-
10Th BiANOBiAHO nepluy i Apyry KpaioBi ymoBu (3.39).
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o QDynkuilo I'pia G (7, s) wiyKaeMo y BUDIAA]

o) x @), 0st<s<l,

, o, S)Z{Cz(S)Xz(t), Oss<ts<l.

Taka dyHKIIis aBTOMaTMYHO 330BOJILHSIE YMOBY 2.

e Jins Toro mob 3abe3neynTH 3aificHeHHs yMoB 1, 3, BU3HaYaeEMO
dynkuii ¢,(s), c,(s) i3 cucremu

{czxz(s) = ¢ x(s), - {clxl(s) - ¢x(8) = 0,
%y (s) - %, (s) = 1/p(s) % (s) - 3% (5) = = 1/p(s)-

TyT nepuie piBHsAHHA NoTpibHe A1s HenepepBHocti G(Z, s) y K, a
JApyre — 3abe3neuyye BUKOHaHHS yMOBM 3. B3siBluu 00 yBary, 1o
BU3HAYHHUKOM LHET CUCTEMH € DYHKLUIA — w(s), @ TAKOX Te, 1O BU-
KOHYETBCS piBHIiCTBb (3.44), MaeMo:

x,(s X, (s X (s X (s
P(sIW(s) p(sw(s) o
o OpnepxaBliy TakuM YMHOM dyHkuUilo I'piHa Bursgy (3.45), po3B’sa-
30K KpailoBOi 3ajayi 3anucyeMo y Burasgi (3.46).
QfNpuknap 3.7
Po3e axucemo kpaiiogy 3adauy
X=f@), -l<t<l; x(=1) =x(1) =0.

3araabHUM PO3B’A3KOM DiBHAHHA X =0 € x = ¢+ ¢,f. YMoBY x(~1) = 0
3a/10BOJIbHSAE, HAMPUKJIA, PO3B’A30K X,(#) = 1 + ¢, a iHly KpaioBy yMOBY —
po3B’a30K x(f) =1 -1

®Dysuxutilo I'pina BUXiRHOI KpaitoBoi 3a1a4i WYyKAEMO y BULAsALI

cisyl+1), -1<r<s<l,
ols)l-1), -1<s<r<l,

G, s) = {
ne ¢;(s) i c,(s) BU3HAYaIOTLCS 3 YMOB
()1 ~95) =)l +53), —cr(s)—c(s)=1.
3sincu

s-1 l+s
—-2-—, Cz(S) = —

¢(s) = 3
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Tomy wykaHa ¢yHkuig I'pina Mae Bursig

G(t, s) = 1

{(s-l)(r+1), -lstss<l,
2

(s+D(@r-1, -l<ss<t<l

3 ii AONOMOrOI0 3aNMCYEMO PO3B’$i30K BMXiaHOI KpaioBOi 3agayi:
i
x(n) = [ Gt 5)f(s)ds =

t~1pt o t+lpt )
-—T{ﬁﬂﬂﬂﬁ¢+erulvm¢.

HIETLCA Y BULJSALI

J'OIL Gt s)f(s)ds = f(1).

piBHSIHHS

niaxoay CIMPAETbCA HA TEOPIIO y3aranbHeHUX hyHKUIN.

3.4.2. Bupoaxernni BUNapok.
Y3saransHeHa pyHkuinA Mpina

HacamxkiHenb KOpOTKO 3yNnMHMMOCS Lile Ha OAHOMY Rigxoai Ao
BBeaeHHs ¢yHkuii I'pina. IlHlykatuMemo po3B’s3ok KpaitoBoi 3anayi
(3.38), (3.39) y Burnsaai (3.46), ne G(t, s) — noku 10 HesiagoMa pyH-
kuis. IMToniemo Ha o6uaBi YacTuHU piBHOCTI (3.46) onepatopoMm [ i
¢opmanbHO BHeceMo L mia 3HaK iHTerpana. Toai ymosa Lx = f(¢) 3anu-

Jlnst 11 BUKOHAHHS AOCTaTHbO, o6 QyHKuis G (¢, s) Gyna po3p’si3koM

Lx =31 -5), (3.47)

ne 3(t) — dynkuis dipaka («MHTTEBUH IMITYABC HECKIHYEHHO] iHTEH-
CMBHOCTI»; AUB. . 2.4.2). 3 ypaxyBaHHsAM LUX MipKyBaHb PyHKItiI0
I'pina MoxHa Gys10 6 BU3HAYUTH sIK PO3B’A30K PiBHsIHHA (3.47), sikuit
3an0BOJIbHAE KpaioBi ymoBH (3.39). Ctpore o6rpyHTyBaHHSI TAKOIO

Po3risiHeMO BMIIAAOK, KOJM OAHOPiAHA KpaitoBa 3axaua (3.41), (3.42

Mae xo4a 6 OIMH HeTpuBiaNbHUI po3B’a30K. [lo3Hauynmo ioro yepes &, (1)
Ha niacraBi MipkyBaHb, SIKi MiCTSTECA B 10BeA€HHI TBepAXKeHHs 3.2, MOX:
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Ha 3pobuTH BUCHOBOK, 1110 MHOXMHA BCiX pO3B’d3KiB yKa3aHoi 3a1a4i — e
ciM’sa dyHxuii Burany x = c§,(¢), ae ¢ — nosiibHa ctana. Tomy, He o6Me-
XYIOUH 3arajlbHOCTi BUK/aly, BBaXaTuMeMo, wo & (1) BubpaHo TaK, o6
CrpaBIKyBaJlaCh YMOBa HOPMYBaHHsI

)
jogl (t)dt = 1.

HeobGxinHy yMOBY iCHYBaHHSI PO3B’3Ky HEOIHOPIIHOI KpaifoBOi 3a/1avi BCTa-
HORJIIOE TaKe TBEPIXKEeHHS.

TeepaxeHHn 3.4
Slxiuo 3anaya (3.38), (3.39) mae poss’azox x(¢), To dynkuis f(¢)
OPTOTOHAJILHA 10 HETPUBIAILHOIO PO3B’A3KY §,(f) BiunoBinHOI o1~
HOpiaHOI KpaitoBoi 3anayi (3.41), (3.42), Tobt0

| ;il (0 f(dt =0 (3.48)

© (muB. 3ayBaxenus 3.3)

LoBepneHHA

3acrocyemo dopmyny I'pina mo napu dynxuiit x (¢) 1a ,(t). Oc-
KUIbKK BOHHM 33J0BOJIbHAIOTH KpaltOBi YMOBH, TO 3rifHo 3 (3.40)

[ e OLx0) - xto) £z, @1dr =0

YpaxysaBum, wo f(¢) = Lx(t) i LE,(t) = 0, nicranemo (3.48).

3ayBaXxuMo, IO [IPH JOBLILHOMY ¢ € R GyHkuUis x = x (1) + c&§,(1) Tex
¢ po3B’s3KoM 3aaa4i (3.38), (3.39). AGn yHHKHYTH TaKoi HeOAHO3HAYHOCTI,
ymoBH (3.39) ciin JONOBHUTH 11e ofHieio. HaiinpupoaHiluooo J10JaTKOBOIO
YMOBOIO € BUMOTa OPTOTOHAIbHOCTI

f (:x(t)gl(t)dt - 0. (3.49)
e

TeepaxeHHa 3.5

Sxiio 3apaua (3.38), (3.39), (3.49) mac po3B’a30K x(f), TO BiH
€aViHMA.
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DosepnerHHn

Cnpapai, pisHuus gBoXx po3B’sa3kiB 3axaui (3.38), (3.39), (3.49) €
po3p’a3kom Buraany c&,(¢) BianopinHoi ofHOpPiNHOI 3afay4i. 3 yMOBH
(3.49) Ta HopmoBaHocTi GyHKuii §,(f) ofpa3sy BUILIMBAE, 1O

1
Ioci_l(r)il(t)df =c=0.

Po3B’skeM0 BMpOIXeHy KpallOBy 3a/ayy 3a JONOMOIOI0 MeTo/dy Bapi-
alil AOBiIbHMX CTaJMX, BBaXalOoyu, 10 YMOBa OpTOroHajabHOCTi (3.48)
CIpaBXXy€eThes. BubepeMo JiiHiAHO HesanexHui 3 & (1) po3s’a30k &,(1) ox-
HopigHoro piBHAHHS (3.41) Tak, 100 BUKOHYBaiacs PiBHICTh

POWE(0), £,(0) =1

Hum My geimo cnpoctuMo HopMyid, sKi Oyae omepXaHO HUXYE.
Ilyxaloun po3B’sa30k piBHsHHsA (3.38) y Burnsaai

x(1) = ¢ (D& (1) + ¢, (1)E, (1), (3.50;
gk i B 1. 3.4.1, nictaeMo piBHSIHHS
G(1) = =5, f(1), (1) =E (N (). (351

I1pu ubomy

() = (D%, (1) + ¢ (0E ).
Tomy, abu po3B’s130K x (1) 3a10BOJILHAB KpaioBy yMOBY B Toulli £ = 0, Heob-
XiIHO BUMAraTH BUKOHaHHs PiBHOCTI ¢,(0) = 0. 3Bincu ¢, (f) = L:é;,(s) f(s)d:
i 3 ypaxyBaHHaM (3.48) c,(/) = 0. OcTaHHs DiBHICTb 3a6e3MeYHuTh CIIPaB

JXeHHs1 XpaioBOi YMOBM B NPaBOMY KiHli npoMmixky [0, /].
3arasibHU#A PO3B’S130K nepiuoro 3 piBHAHL (3.51) BizbMeMO y BUISAA

t
a®)=¢ - I li_ 2(8)f(s)ds, me ¢, — nosuibHa cTana. IlincraBuBLIM 3HaieH
¢byHKuii ¢, (1), c)(7) B (3.50), gicTaHeMO oaHONAapaMeTpU4HY CiM’I0 PyHKuI

1
x(0) = ez (0 + 40 267 ds + 5,00 ; 2,()f(s)ds,  (3.52

KOXHa 3 AKHMX € PO3B’13KOM KpaiioBoi 3anauyi (3.38), (3.39). YmoBy opto
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"OHaJIBLHOCTI (3.49) 3aBXAM MOXHA 33J0BOJILHMTH, BilNIOBiIHUM YUHOM
3u6paBLUM JOBUIbHY CTaly C,.
flizcymMKOM HaBeaeHMX BHMilie MipKYBaHb € Taka TeopeMma.

Teopema 3.10
Poss’s30k kpaitosoi 3aaaui (3.38), (3.39) icuye Toni i nmiue tToai,
Koy QyHKI f(f) OpTOroHaibHa 10 KOXHONO PO3B’sI3KY BiIOBiA-
HOi O1HOPiAHOI Kpaitopoil 3anaui.

ONpuxknapn 3.8
Po3e’amcemo Kpaiioey 3adauy
X+x=cost, O<t<m
x(0) = x(rx) =0.

Ha noyartky n. 3.4 Bxe Bia3Hayauocs, 10 BiAfOBiiHA OAHOpiAHA 3aaa4a
Ma€ OfHOMapaMeTPHUHY CiM’I0 PO3B’3KiB X = ¢ sin f, ie ¢ — NOBUIbHA CTaNa.

x
YmoBa teopemn 3.10 BMKOHaHa: Iocos tsin tdt =0. MetogoM HeBM3Hauye-
HHUX xoedilliEHTiB HEBAXKO 3HAWTH YACTUHHHHMIK PO38’A30K AndepeHLianTbHO-

. . t . .
ro piBHSHHSA 3apa4i: x = 5sin t. 3araibHUI PO3B’A30K LBOrO PiBHSAHHS MaE
BMLJIAA

. t .
x =¢sin t +c¢, cos t+-i-sm t.

Ilna Toro wob 3an0BOABHUTH KPaOBi YMOBH, AOCTATHLO MOKNACTH ¢, = 0.

Crany ¢, BubepemMo Tak, 1ol cnpaBixyBalach yMOBa OPTOTOHAJbHOCTI 1uy-
l 3 oer .

KaHoro po3s’sa3ky # ¢yHkuii sin £

n .2 LI S
I ¢ sin tdt+j —sin® tdt =0.
0 02

3sincu ¢, = -n/4. OcTaToyHO MaeMo
LA
X=|—-—|sin t.
(2 4)

Tenep noxaxemo, 1o po3B’a30K (3.52) MOXHA IIOJATH Y BUIJIAA] iHTer-
PAILHOTO NEePeTBOPEHHA
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(1) = J‘O'g(z, ) f(s)ds,

ne yHKuiA G (7, 5) 3a00BONILHAE KPaiiOBi YMOBM ¥ Ipu KOXHOMY s € [0, /]
€ OPTOrOHaILHOIO 110 &,(7).

Hacamnepea, 3anposaauBuiy QyHkuio

Ei(DE(s), Dsrss <,
r@.s) =
EX(NEs), Oss<r<!

3a aHaori€lo 3 (3.45), nepenuiuemo (3.52) y purasni

x(r) = c &) + Jlofr(t, $)f(s)ds. (3.53)
OcCKU1bKH
IO, 5) = £1(0)E,(s), T/(0, ) = £;(0)Ex(s).
[, 5) = £3(0&(s). T, 5) = £5(DE(s),

1O I'(1, 5) 3a10BOJIbHSAE KPAtOBY YMOBY JjiMiii€ B J1iIBOMY KiHLi IPOMiXKY
[0, 1], anxe po3B’a30k &y(#) He 3a0BONBHAE XOAHOI KpailoBOi yMOBH
(3.42). Orxe, dyHkitiio I'(#, 5) noBeNeTHCS BIAMOBIAHUM YMHOM BHITPABH-
1. 115 15OTO 3BepHEMO yBary Ha Takuil QakT: AKIo y (boprgyni (3.53)
3pobutu 3aMminy I'(z, ) > T'(1, 5) — n(NE(8) - ENL(s) = T2, 5), ne
n), Us)eC ([0 I}~ R) — nosinbHi ¢yHKUIl, TO BOHA # Haaati BU3-
HauaTume pO3B’A30K piBHsHHA (3.38): anxe f(f) OpTOroHa/lbHa 10 £(0).
HeBaxxo 3p0o3yMiTH, o nepetsopeHa GyHxuUis T(r, 5) 3AA0BOABHSA-
THMe 00uABi KpaioBi yMOBH, sKiO dyHKUiO 1(7) BUGpaTH TaK, 106
NpU DeAKOMY k € R BUKOHYBAIHCS PiBHOCTI

0) = K£,1(0), 7(0) = k€,(0), n(]) = £,(D), () =&,(D. (3.54)

HaitspyuniwunM € Takuit BuGip:
i
nr) = -[u T(t, 5)E,(s) ds.

Jlerko nepeBipuTy, 10 U8 GYHKLUis He aMile 3a40BOJILHIE YMOBM
(3.54), a 1 € po3B’A3KOM HEOAHOPINHOTO PiBHAHHI Lx = §,(1). Ilpn
LbOMY, $IKILO AOAATKOBO BUMaAratH, abu poss’asok &,(7) Gys oproro-
HanbHUM 10 §(¢) Ha [0, /], To k= 0.

Tenep 3a1U1KI0CSA IOKIACTH

G, 5) =T, 5) —UOIF(I, $)E(s) ds]é,(s) -&1(HL(s)
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Kpanoei 3anaui

i Bubpatn dyukuio {(s) Tak, wob G (¢, s) Gyaa oproroHanbHOX0 AO
&,(#). lna uboro AOMHOXMMO NpaBy 4aCTUHY OCTAHHBOI PIBHOCTI Ha
£,(t), onepxanuit 106YTOK 3iHTErpyEMO 3a 3MiHHOIO ¢ y Mexax Bia 0 10
11 pe3yabTaT NIPUPIBHAEMO 10 Hy/s. 3 0AEPXAHOrO PiBHAHHA JIErKO
3HalaeMo

! Lol
L(s) = Iogl(t)l'(t. sydr —[IOJOI'(I. S)EE(S) dsdt]&,(s).

OcTatoyHO MaEMO

H
G, s) =T, s) - Uo I'(t, $)&,(s) ds]gl(s) -
/
- é.(r)joi.(t)m, s)dt +

1
+ g,(x)[ j . [ ;r(z, $)E,(1)%,(s) ds dt]&_,(s). (3.55)

3 ypaxyBaHHSM BiacTuBOCTei Li€l (pyHKLUIl AaMO Take O3HAYEeHHA.
o O3HaueHHn 3.3

Dynxuino G (1, s) Hazueamumemo y3azasvrenoro Qyuxuyiero Ipina kpatio-

6oi 3a0a4i (3.38), (3.39), akwo 6oHa 3a0080abHAE MaKi ymosu:

1) ¢yukuia G (t, s) nenepepana 6 keadpami K =10, [}x |0, /], mae nene-
pepeHi yacmunki noxioni G, (t, 5), Gy (1, S) y KOWHOMY 3 mpuKym-
nucie K_={(t,s)e K:t2s}, K, ={{(t, s)e K:t<s};

2) ona xoxcrozo ghikcosanoeo s € |0, 1] dynkuia x (1) = G(t, s) 3ado-
B0ALHAE DIGHAHHA

Lx =-£(1)5(s)
npu scix t € [0, ] ], t # s, a maxoxc xpatiosi ymosu (3.39).

3) Ha diazonani t = s keadpama K noxiona G, (1, s) mae po3pus nepwiozo
pooy 3i cmpubkom 1/p (s):

Gi(s+0, 5)-G,(s-0, s)=1/p(s).

4) Ona KoxcHoeo ¢hikcosanozo s € [0, 1} dyukuia G (¢, s) opmozonanvra
0o gynkyii §,(1):

j';(j(t, 5)51(s)ds = 0.

323



naea 3
NIHIAH!I ANOEPEHLIANBHI PIBHAKHA OPYIrOro NOPAOKY

CdopMynioeMo asrzopumm 6i0QwyKaHHA y3azaasbHeHOI
dynkyii I'pina.

¢ 3Haxoaumo TaKy QyHaaMeHTalbHy cucTeMy &,(1), &,(¢) JIOP (3.41),
106 po3p’s30K &, (¢) 3a10BO/IbHAB YMOBH (3.42).

o 3Haxoaumo Oynb-sikuil po3B’a30K g (7, s) HeOAHOPILHOro piBHAHHA

Lx ==5,(1),(s).

e ¥Y3aranbHeHy PyHKuilo I'piHa WyKaEMo y BUT/IAAI

@), 0<st<s<l,

G, s)=g(, s) +c3(s)§,(t)+c4(s)§z(t)+{cz(s)gz(t)’ O<s<t<l

DyHkuii c; (5), i = 1, 2 Bubupaemo Tak, 106 OCTaHHi# J0IaHOK 3a10-
BOJIbHSAB IN. 1 T2 3 03HauYeHHs y3arajbHeHoi GyHKuii 'piHa; GpyHk-
uito ¢,(s) — Tak, wob G (1, s) 3an0BONIbHAIA KPaHOBi YMOBHM 3ajaui;
Hapeiwti, BU6opom yHKUIT c;(s) 3abe3nedyyeMO BUKOHaHHSA YMOBH
OPTOIOHALHOCTI 4.

IlpoaHanizyBaBLUM BUIJISA NpaBoi 4acTUHM dopMyin (3.55), MoxHa 3po-
61TH BUCHOBOK, IO ¢;(s), i = 1, ..., 4 3 NOTPiIOHMMMU BIACTUBOCTAMM iCHYIOT.

QOfNpuknap 3.9
3naiicemo gynxuio Ipina ors xpaiiosoi 3adaui 3 npuxaady 3.8.

3a dyukuilo §,(1) sisememo Jz sin ¢ (koedilieHT Jz BUOHpAETHECH 3
Y9 n

n
ymoBM oproroHanbHocTi ¢’ | sin?#df=1). Po3B’I3KOM OZHOPILHOrO piB-
P 0

HAHHS, AKKH He 3a00BOJIbHAE KPaioBi YMOBH, €, Hanpukial, &,(f) = cos £.
Haui, piBHsHHSA

. 2. .
X +x =-—sin tsin s
i

t .
Ma€ YaCTHHHUI PO3B’SA30K BULAALY g(f, §) = —cos fsin 5. OTxe, y3arajibHe-
Hy yHkuilo I'piHa wykaeMo y BHLAsLI

a(s)sint, 0<t<s<l,

2 . . .
t, §) = —=sin 7sin s +c¢,(s)sin 1 +c (s)cos 1 +
61, ) n 3(5) 4(5) {cz(s)cost,Os.cstsl

(koediuieHt J% BGupalots y cebe byHKuUii ¢,(s), cy(5)).
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3.4
Kpanosi 3apavi

Ockinbky B Hawomy Bunaaky p(f) = 1, To yMOBH HemnepepBHOCTI #
crprbka noxinHoi dyHkuii G (1, s) npyu f = § MAIOTb BHLJIAL

¢ (s)sin 5 = ¢)(s)cos 5, ¢;(5)cos 5 +¢,y(s)sin s = -1.

3siacK ¢,(s) = —cos 5, c)(s) = —sin s.
Hacnizkom kpaitosoi ymoBu B Toulli f = 0 € piBHiCTb ¢ (s) = 0. Toni B
TOYWi = 1 MaeMO: G (w, 5) = sin s — sin s = 0. Otxe, QPyHKUin

—-cosssint, 0<t<s<l,

t . .
t, §) =—cos 7sin § +c3(s)sin 7 + .
G, T 3 —sin scost, 0<s<r<l

3a00BOJIbHAE NIl. 1—3 03HayeHHs y3aranbHeHO! ¢yHxuii ['pina.
Hapewri, ¢pyHkuilo c¢y(s) BU3HAYUMO 3 YMOBM OPTOrOHaJbHOCTI

3 -~ . . 3 . .
jog(t, s)sin tdt = 0. ObuncaAnBILY BIANOBIAHI iHTErpain, 3HAXOAUMO

sCos s sin s
2r

c(s) =
OcCTaTo4HO MAEMO

t . scos s sin s) . cos ssint, 0<tr<s</
G(t,s)=—costsms+(————-——)‘mt——{ ’
n

7 n sin scos t, 0<s<r<l

3.4.3. Kpanosa sapava
Ha BNAacHi 3Ha4YeHHA

Jas Toro wo6 onucaty BIacTUBOCTI J1iRiAHOro oneparopa, siKMi ji€ B

CKiHYeHHOBMMipHOMY IIPOCTOpi, IOTPi6HO HacamIieped Matu iH(pOpPMaLiio
Nnpo HOro BjIaCHi YMCJia Ta RIACHi BeKTOpM. 3a1aya Ha BJAacHi 3HAYEHHS
IPUPOAHO BUHMKAE # NP AOCIiIXKeHHi AiHIAHUX nudepeHLialbHUX Ofe-
paTopiB.

Tak, Hanpuknaa, y unaaky pisuaHHs [Hpeninrepa nia onHoBu-
MipHOIO rapMOHiYHOIO OCUMJISTOPA

2
QY (E-)y=0
ar?
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(aus. n. 3.3.1) norpi6bHo 6yno BU3HAYMTH 3HAYEHHs eHepril E, npu

SIKOMY Lie PiBHAHHSA Ma€ Po3B’A30K y(?) i3 mpocTopy S, yTBOpeHOro

takumu byhkuiamu y(1) e CAR - R), wo Im w2(1)dr < . Koxne
B2

yucao £ 3 yKa3aHOIO BIaCTUBICTIO MPUPOAHO iHTEPIIPETYBATH SK Bilac-

He 3Ha4YeHHs aMbepeHLianlbHOro oneparopa —d 2/dt2 +12, Kuit KOX-

Hilt yHKUiT y(f) € S crasuTs y BIANOBIAHICTL QYHKUIO — (2) + 12y(1).

Y naHOMy NYHKTi MU PO3IJIIHEMO Kpaliogy 3a0auy HA 6AACHI 3HAYEHHS
Uit niHiAHOro AndepeHLiaTbHOIO onepaTopa Apyroro nopsiaxky. Bona no-
JiAra€e B TOMy, 1100 3HaliT 3HaYeHHs napamerpa A, IIpY AKHX iCHYIOTb He-
TpUBiaibHi PO3B’3K#M KpalOBOi 3a1ay4i

Lx+rp)x =0, te (0, D) (3.56)

0y x(0) + B, X(0) = 0, ayx(l) +Py%(/) = 0. (3.57)
Tyr

.4 o
Lx:= — (p()x) - q(f)x,

p(t) e CI([0, 1] > R) Ta p(t) € C({0, I] —» R) — gonatHi byHKuii; (1) e
e C(10, /] » R); o, B, — 3anani uucna, o] + B,/ 20, i=1, 2; A — 12K
3BaHMH CrIeKTPaIbHUHI Nnapamerp.

3ayBaxuMo, 110 3a8a4yy Burnsny (3.56), (3.57) Ha3uBalOTh TaKOX 3a0a-
yeio lllmypma—Jliyeinna. KoxHe 3HaueHHs rapamerpa A, IIpM4 IKOMY BOHa
Ma€ HeTpPUBIAIbHMHA PO3B’SI30K, HA3UBAETHCS 6AACHUM 3HAYEHHAM, & CaM
HETPUBIiaNbHUI PO3B’I30K — 6AACHOI PYHKUiE.

QMfpuknap 3.10

3naiidemo enacni 3navennn U enacui gynxuii xpatiosoi 3adaxi

X+Ax, te(0,10);

. (3.58)
x(0y = x() =0.

CrnioyaTKy NOKaxeMo, 110 HelOJATHUX BAACHMUX 3HA4YeHb JaHa 3ajaya
He Ma€. Axkwo A = 0, To 3araibHUK PO3B’A30K pisHAHHA (3.58) mae Burasa
X = ¢ + €yt i KpaiOBi YMOBY 3a10BONbLHAE NUILE TpYBianbHa GyHKuUiA x = 0,
T06TO A = 0 He € BraCHUM 3HayeHHAM. SIkuio A < 0, TO 3aranbHUM pO3B’A3-
KOM piBHsHHA (3.58) € ciM’a dyHkuilt x = cle‘/?’:’ +ey "M KpaitoBi ymoBu
HaxJIaAaloTh TaKi oOOMeXeHHs1 Ha CTafi ¢, ¢, Ta napamerp A:
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‘ \I—)»Cl—\/—}.c‘z ’—"0,

eV Ve vt Me, =0,

Ockinbky nNpy KOXHOMY A < 0 BU3HauHMK MaTpuui i€l cucTeMH He JOpiB-
HIOE HYJIIO, TO 3HOBY ¢, = ¢, = 0.

PosrianemMo Tenep Bunaaox, koiu A > 0. Tyt po3s’a3ku piBHsiHHs (3.58)
YTBOPIOIOTb CiM’10 yHKLIR

X = ¢ COS ﬁt +¢,sin th.

IiacrasuBiuy uei Bupa3s y KpaioBsi yMOBH, MaeMo ¢, = 0, ¢, cos Jil = 0. Te-
nep 3po3yMuio, IO KpaioBa 3aiaya Ma€ Hemuaianbui PO3B’SI3KH JIMLLE AJis
TMX 3HAY€Hb CMNEKTPaAbLHOIO NapaMeTpa, AKi 3a40BONbHAIOTH PiBHAHHA
cosy il = 0. 3sincu i 3HaxoaMMo BCi BIacHi ymcaa

2 2
’ =[-;-+k) k=012

i BianosigHi BiacHi (by}ll(l.li'l.
@ (1) = cos (1 +kij—1{, k= 0 1 2,.
k 2 I

BaacHi dyukuii 3agaui lltypma—JliyBins Malote 6arato Likasux i
BaXUIMBUX BIACTMBOCTEMH, 3aBISKH SIKMM iX aKTUBHO BUKOPUCTOBYIOTb, PO3-
B’53yI04M KpaifoBi 3a1a4i SK A 3BuYaiiHux audepeHLialbHUX PiBHIAHD,
TaK i 1ns piBHAHb MaTeMaTU4HOI ¢i3KKM; BOHM AiCTAIOTh YMC/IEHHi 3aCTO-
CyBaHHs NIpY BUBYEHHi 6araTbox iHIIMX MaTeMaTUYHUX npobieMm.

He 3ynuHsioyucs Ha aeTajbHUX OOIPDYHTYBaHHSIX, YKaXeMoO AesiKi
BJ1AaCTUBOCTI BAacHMX uYucen i BaracHux byukuiit
sanayi (3.56), (3.57).

1. Icnye neckinuenna nocaidosnicme {A}, _ 1, 2, .. 6aacHux wucen i no-

caidoenicmb 6i0n0gIOHUX IM 6AACHUX ¢ymculu {<pk(t)}k -1, 2, .. 3a0a4i
(3.56), (3.57).

2. Baachi 3nauenns kpaiiosoi 3adaui (3.56), (3.57) npocmi ¢ momy po-
3YMIHHI, WO KOJCHOMY 610CHOMY 3HA4EHHRIO 8iOnogioae 3 movHicmio do
CMan020 MHOJCHUKA NUe 00HA 8AaCHA PYHKYIA.
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JilicHo, sIK1uo [1s AesaKoro A ABa po3B’a3Ku piBHAHHS (3.56) 3amo-
BOJIBHAIOTH I1€pily KpaioBy yMOBY (3.57), TO ix BpoHCKiaH JOPiBHIOE HYJIO
nipu ¢ = 0. ToMy Taki po3B’3KH JIiHilIHO 3aJieXHi.

3ayBaxxuMo, 1110 32 KpaOBKHX YMOB iHuioro tumy, Hix (3.57), BaacHi
3HayYeHHs MOXYTb OyTH Henpoctumu. [1pukiianom Takoi cutyauii € nepio-
JYyYyHa Kpaioga 3ajaya

X+2x=0; x(0) = x(2%), x(0) = x(2x).

KoxHoMy BnacHOMY 3HAYEHHIO A, = k 2 liiei 3anavi BiNOBiJa€ napa JiHiiiHO
He3aJleXXHUX BlacHUX dyHKLIH sin kt, cos kz.

3. Axwo q(t) 20 ona ecix t € |0, 1] i B, = B, = O (kpaiiosi ymoeu

nepwozo pody), mo éci erachi 3nauenns kpaiiosoi 3adaui (3.56), (3.57)
dodamkii.

Y 11paBUIBHOCTI UBOTO TBEPAXKEHHS JIETKO M€PEKOHATHCH, SAKLIO TO-
KJIaCTH B piBHsAHHI (3.56) A = A, x = @,(), onepXaHy TOTOXHICTb JOMHO-
XHTH Ha @ (7) | pe3yabrar 3iHTerpysatu B Mexax Bin 0 ao /. Toni

"4y di - [ qrel at +1, [ oty o2 (1)dr =0
o3 PO o dl [ gy 0i ar + 24 pir) g i =0.

[lepeTBOpuBilM nepiinii noaaHOK 3a GopMYJIO10 iHTErpyBaHHS YaCTHHAMM
Ta BpaxyBasui, O ¢(0) = ¢, (/) = 0, nicraHemo

1 ] I
i [ P00} (Mt = [ o024t + [ ayob @t >0 =57 >0,

o i norTpibHo Oy/10 AOBECTH.
HasBeMo ckanapuum dobymrom i3 eazoio p(t) byHkuUilk x(1), y(t) €
e C(10, 1] — R) uucno

(xt0), y0) = [ px0 0.

Yucno || x() |:= J{x(r), x(1)) npupoaHo Tomi HazuBatu Hopmoro GyHKuil
x(t). Pyukuii x (1), y(t) € C([0, ! ] = R) Ha3MBAIOTLCS OPMO2OHANLHUMU 3
sazoio p(t), axuwo (x(1), y(1)) = 0.

4. Baacni ynkuyii @,(1), ¢,(1) xpaiiosoi 3adaui (3.56), (3.57), sxi eidno-

6i0aiomo pi3HUM 6AACHUM 3HAYEHHAM ), A, NONADHO OPMO2OHAAbHI 3
saeoio p(t), mobmo
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<(pm ®, 9, (f)) =

Lleit dakT nerko BuBectd 3 popmyau I'pina. CnpaBpi, noksjaBuin y
dopmyni (3.40) x (1) = ¢,(f), y(t) = ¢,(t) i B39BIIYM 10 yBarK PiBHOCTI
Lo (1) = A0, (t), k= m, n, nicranemo

1
Gom =) [ PO @D @11 dl = 0

Tenep B1aCTUBICT OPTOTOHAILHOCTI CTA€ HAC/LKOM IIPUIIYLUEHHS A, # A,

Ho6pe BinoMo, 110 Habip Bi1acHMX BeKTopiB oniepatopa 4 : R"” —» R” (abo
A : C" > C"), KUl Mae n pi3HUX BJIACHUX YUCEJI, YTBOPIOE 6a3uc npocropy
R” (BiariosigHo C”). ¥ 3B’3Ky 3 UMM MPUPOLHO TIOCTABUTYU IUTAHHS PO
MOXJIMBICTb 300paxeHHs DyHKUiA, BuU3HaueHux Ha [0, /], y Burnsani He-
CKiHYeHHMX JiHIAHUX KOoMOinauiil BnacHux ¢yHKuii 3agayi Ltypma—
Jliysiuig. Bignosiney Ha 1e NUTaHHA Ja€ TeopeMa, BcTaHoOBJIeHa y 1896 p.
B. A. Ctek10BUM.

o

Teopema 3.11 (Crexknosa)
SAxuo dyuxuin f(¢) npivi HenepepsHo nudepeHuifiorna Ha [0, /]
33[0BOJIbHSE KpaioBi yMoBH Bumsany (3.57), To i MOXHA po3BH
HYTH B abCOJIIOTHO ¥ pisHOMipHO 30DKHUI Ha {0, /] pan 33 BIacHM

mu GyHkuiaMu @ (1), ¢,(r), ... 3apaqi (3.56), (3.57):

HOEDWARG) (3.59)
k|

3aBIISIKN BIACTUBOCTI OPTOrOHAILHOCTI CUCTEMHU PyHKUIA {@(#)}, | 5 .
VABAETLCH MOXJIMBICTb €(eKTUBHO BU3HAYaTH KoedillieHTH f, ¥ y pO3BM-
HeHHi (3.59). A came, K10 00MABI YaCTUHU piBHOCTI (3.59) ZIOMHOXUTH
na p(#)e,(¢) i notim siHTerpypatu B Mexax Bia 0 1o /, To BHac/1izoK Brac-
‘tuBocTi 4 gictaHeMo

(f), 0x®) = fi 2 0],

3BLOKH

@ 0 0)
" @i (1) "z
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3ayBaxXumo, 110 OCKUIbKM KOXHA BilacHa (PyHKLifA BU3HAYEHA 3 TOUHi-
CTIO JIO CTAJIOT0 HEHY/ILOBOIO MHOXHHUKA, TO Mic/1s 3aMiHM

‘Pk(f) and (/[\’k(t) = (Pk(t)/"q)k(f) "

JiCTAHEMO CUCTEMY BIaCHMX PyHKIIiMH {c?)k(t)} k=1,2,.> KOXHa 3 SKUX Ma€
OAMHHMYHY HOpMYy. Taka oproroHajibHa cucreMa (PyHKUiH Ha3UBa€TbCs Op-
MOHOPMOBAHOI0.

HacamkiHeub BigzHauuMo, o 3agauy Ltypma—JliyBiuis MoxHa 3Be-
CTH A0 TaK 3BaHOTO iHTerpajibHOro piBHAHHA ®PpenrojibMa Apyroro poay,
TEOpilo AKOro po3pobieHo 3 BUYEPIIHOIO OBHOTOIO. A came, MOXHa AOBEC-
TH, 1O X04a O ofHe Y € R He € BIaCHUM 3HayeHHsM. Hexail TakuM uuciiom
6yne u = 0 (iHakine noBefeTbCst 3po6UTH 3aMiHY A — W + A i 3aMicTb ¢ (1)
posrasgati GyHkuilo g () — up(?)), i Hexalt G (1, s) — ynkuis I'pina 3a-
aadi (3.38), (3.39). Skuio A, — BaacHe YUCNO, & @y(f) — BiANMOBiAHA BlacHa
dynkuia 3apayi (3.56), (3.57), To PyHKUiA X = @(?) 3an0BObHIE (3.38),
(3.39) mpu f(t) = —hyp(1)p,(t). Ane Toai

1
@0(1) = ~ho [ Glt, (o (r)dlr,
T06TO mapa (g, ¢,(f)) 3a00BOJIbHSAE iHTErPajibHe PiBHAHHS 3 [IAPAMETPOM
x(t) = -1 j ;G(t, s)p(t)x(r) dt.

OcTaHHE HaNeXUTh A0 KJIacy pisHsaHb Ppearosibma ApYroro poay i3 cumer-
prHyHUM gapoM. HeBaxxko mokasaTu, 10 i HaBnaku, napa (A, x(¢)), gxka
3a3JI0BOJIbHSAE LI PIBHAHHA, CKJIANA€ETLCA 3 BJIACHOIO 3HaYeHHs ¥ BJIaCHOI
dbyHxuii 3anayi (3.38), (3.39).

BNPABU TA 3AJAMI
@ 3nHaiTH pO3B’A3KH, L0 3a0BOJILHAIOT KPAHOBi YMOBM:
a) X+x=1 x(0)=0, X(n/2)=1,;
6) 1’% -2 +2x =0, x(t) =o(t) npu t =0, x(1) = 2.
@ Tlo6yaysatu dyHkuii I'pina it 3anucari po3s’a3KM KPai{OBUX 3a/a4:
a) X+x=f(), x(0)=0, x(x) =0;
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34
Kpawosi aapaui

6) £ - x = f1), %(1) =0, x(2) =0;
B) K+ X =2, x(1) = %), ,“molx(’)|<°°;
r) ¥-x=sin ¢, sup|x(n|<x.

teR

3HaitT1 BracHi 3HaueHHs W BnacHi GyHKuil KpaHoBKX 3aaay:
a) X =ix, x(0) = x(/) = 0;
6) X =2x, x(0) = x(/) =0;

B) 2%+ x/4 = 1x, x(1) = x(e) =0.



-

IHTErPYBAHHA HENIHIAHUX
AVNOEPEHUIANBHUX PIBHAHD
| CUCTEM

| 4.1 |

ba3osi NOHATTA
M OCHOBHi 06°cKTK PO3rnAQY

4.1.1. Cncremu gudpepeHiianbHnX PIBHAHD
AOBiNLHOrO NOPAAKY

Hexaii y neskiit obaacti G < Rx R" x...x R" 3a1aHO BeKTOpP-(YyHK-
m-1
uito F(t, x, py, ---, P,,) 31 3HAYEHHAMU B NPOCTOPi R¥. Tyt t — ckansipuuit,
ax,p,, .., P, € R" — BeKTOpHi apryMeHTH: x = (X, ..., x,), p;= By > Py
Jj=1, .., m. [lpunyctumo, 110 ua ¢GyHKLIsA HETPUBIANLHO 3/IEXUTH B p,,
i NOB’s1XeMO 3 Helo cucmemy N OugbeperyiansHux pieHaHb m-20 nopaoKy
GIOHOCHO N WyKaHux Qynxyit

j‘[t, X, % ., ‘3’2’] - 0. @.1)

Haranaemo, 110 TyT (Q — d*x . de; dkxn
s B d’k . dtk 3 eooy dtk .

Ycioam Jaii MM MaTiMeMo CIIpaBy JIMile 3 BUNIanKoM, Koiu n = N. Toni
YUCJIO 1 HA3UBAETLCH gumipricmio cucteMu. CucteMy (4.1) MoxHa iHTep-
MpeTyBaTH TAKOX SIK BeKTOpHe AudepeHLialbHe DiBHAHHS M-T0 IIOPAAKY.
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4.1
Basosi noMATTA B ocHoeHi 06'exTk posrnmay

o OsHaueHHn 4.1

Bexmop-gynxuyiro x(+) : I R", de I — inmepean (8idpizok), nazuearomo
Ppo3e’asxom cucmemu (4.1), axwo ys gpyukyia mae Ha I éci noxioni do
m-20 nopAOKY 6KAIOYHO U 3a0060AbHAE MAKI YMOBU:

(t, x(1), x(0), ..., (;)(f)] eG Vtel;

F{t, x(1), %), ..., ‘2’(:)] =0 viel.

Y pi3HOMaHITHUX 3aCTOCYBAHHSX HAHYaCTillle BAHUKAIOTh CUCTEMM -
depeHuUiabHKX PiBHAHD BUIJIALY

Y -F [1, D ‘”32”), 4.2)

ge F:D-R", DcRxR"x...xR".
~——

m

ITuranHsa nNpo MOXJIMBICTb 300paxeHHs cUcTeMHu (4.1) y BUIIaAAi
(4.2) (npuHaliMHi JIOKaIbHO) CTAHAAPTHHMM CNIOCO6OM BHPIlLIYETHCA 32
[ONOMOroI0 3arajlbHOI TEOpeMH Mo HesiBHY GyHKIilo (a4B. non. 2).

Tenep Mu 30cepelUMO Hallly YBAary Ha TakMx JBOX BMIajgkax: 1) Bu-
MipHICTh JODIBHIOE |, MOPSNOK NOPIiBHIOE 7; 2) BUMIpHICTb JOPIBHIOE A,
MOPANOK JOPiBHIOE 1.

Y neplioMy BUINAIKY MAEMO ckanapHe OugpepeHuianbHe Pi6HAHHA n-20
nopaoky

Y- F[z, X, % . "';c“], (4.3)

a B APYTOMY — HOPMAaJIbHY CUCTEMY
x = f(t, x), (4.4)

npo sky Bxe Huutocs y serymi. Tam xe 6y.10 chopMyIL0BaHO 3adawy Kowi
ana cucremu (4.4). HaranaeMo nocraHosKy ui€i 3agadi.
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Tnaga 4
IHTErPYBAHHA HENIHIRHUX QUOEPEHUIANBHUX PIBHAHb | CUCTEM

Aas 3adanoi mouku (nowamkosux oanux) (4, x,) € D nompibro snaiimu
Ppo38 230k x (1), aKuil 6y6 6u eusHAUEHUI NPUHALIMHI 6 DeaKOMY OKoai movKu
i 3a00601bH56 nowamkosy ymosy x (1) = x,.

llinkom aHaioriyHO JiHiAHOMY BunaakoBi (auMB. n. 2.1.3) piBHsHHIO
(4.3) MOXHa ITOCTaBUTH Y BiNOBIAHICTh €KBiBAJIEHTHY HOpMaJIbHY CUCTE-
My. [las uboro ciaia yBectu ¢a3soBuii BeKTop ((n — 1)-1ue IIPOAOBXEHHS
3MiHHOI X)

. . n-l.. . . {n-1)
x=(x,..,x)=p" " x=|x, %, ..., x |

. . .. (r-1) (n) . .
Tonmi x=|x, X, ..., x, x]. 3a3HayeHa CHCTeMa, €KBiBaJIEHTHA PiBHAHHIO
(4.3), mae BUrISA
_X.:l = X, xz = X3, ey X"Vl =Xy, )'C,, = F(t, Xiyeers x,,).

Y naHoMy BMIagKy

f@, x)=(xy, x3...., x,, F(t, x1, ..., x,,)).

Iocmanosxa 3adaui Kowi ona pienanus (4.3) opmyawemoca mak: oan
nouamxoeux danux (ty, xJ, x4, ..., xi') e D 3natimu poseasox x(t) pie-
HAKKA (4.3), aKuii 6ye 6u eusnauenutl npuHaliMHi 6 OeaKoMy oKoai mouku 1y i
3a0060/bHAE NOYAMKOGI YMOBU

. nl) B
x(t0)=x8, x(t(,):x},, e X (1) = X3 L

AcHo, 110 caMe B Takili nocrtaHoBLi 3aga4ya Kouwi mia pisHsHHA (4.3)
y3roaXxXyeThbcst i3 3aaauyelo Kouwii 11 ekBiBaleHTHOI HloMy CHCTEMH, AKINO
JUIS1 OCTAHHBOI 33 NIOYATKOBI AaHi B3ATH (fg,X,) = (fy, X3, Xb, ..., x81).

YBiBlum mn-BuMipHHuit BexTop {(m — 1)-1lie NpONOBXeHHSA BEK-
TOPHOI 3MIHHOI X |
m-1 . {m 1)
y=Q..y)=0""x={xx .. x |
Ie y; € R", nicTaeMo HOpMaJIbHY CUCTEMY, EKBIBANEHTHY CHCTeMi (4.2):

V=V Y2=V30 s Yt = Vme ¥ = FU 1 s V).
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4.1
Ha30Bi NOMATTA # OCHOBHI 06'€KTM PO3rnApY

3anaya Kouti 4is cucremu (4.2) nossrae B ToMy, o0 ais 3agaHux
TIOYAaTKOBMX ABHMX (fy, X3, Xb,..., X&) e D 3Haittv Bu3HaueHMH
NpUHaiMHI B 1EAKOMY OKOJ1i TOUKM , PO3B’A30K X (f), sIKMit 3210B0J1b-

. . tm-1) _
HSIE TIOYATKOBI YMOBH X(1g) = Xg, X(fy) = X, ..., X () =xg L.
13 HaBeAeHNX BHLIE NOSCHEHb BUIUIMBAE, 1O OCHOBHMM O0’€KTOM NpH

BUBYEHHI TAKMX TEOPETUYHHUX 331a4, SIK iCHYBaHHSA Ta €AMHICTb PO3B’A3KY
3anayi Koui, ¢j1in BBaXaTH HOPMaJibHi CHCTeMH JucepeHUiaIbHHUX PiBHAHbD.

4.1.2. HopmanbHa cucrema
AK reoMeTpnyHumn ob’ext

13 cucreMolo audepeHnianbHUX piBHAHD (4.4), 3agaHol0 B obnacri
D < R"*!, MOXHa NpUPOIHO [1OB’A3aTH 10Je HarpsiMiB. Jis 1boro mo-
TPiGHO KOXHiH Touwi (%), X;) € D NOCTaBUTH Y BiANOBILHICTH NIPAMY

L(fo, XO) X = f(fo, XO)(t - to) + Xy

Hexaii f(7, x) € C(D — R"). [eoOMeTpUUYHMM €KBiBaJIEHTOM PO3B’A3KYy
cuctemu (4.4) € KpuBa, siKa JiexuTb B obnacti D i B KOXHii cBOiit Touli
IIOTHKAETLCH BiANOBiAHOI NPIMOI OIS HanpsaMiB. Taka KpuBa Ha3UBAETh-
csi iHmezpanvHoio Kkpueoio cucteMH (4.4). SIK i y BUIIagKy CKaJIpHOro
PiBHsSIHHS, MOXHA [10Ka3aTH, IO iHTerpajiLHUMU KPUBUMHU cUcteMH (4.4) €
rpaciku il po3B’sA3KiB, i JMlilie BOHH.

3 reoMeTpUYHOro norasay 3aaavya Koui nosnsira€ y BiiuiyKaHHi Takoi
iHTerpanbHOi KpUBOI cucTeMu (4.4), sika npoxonuia 6 yepes Hanepea 3aaa-
Hy TOUYKY ({4, Xp).

4.1.3. ABTOHOMHi CMCTEMM
Ta CUCTEMIU B cuMeTpuunin cpopmi

HopManbHa cucTreMa BUDIsAAY

x = f(x), 4.5)

ze f(x) € C'(D+> R", a D — obnacts y R”, Ha3sUBAETBCH N-BUMIPHOIO
asmoHomMHO0 cucmemoio. Taki cUCTeMH yXe 4acTo IpaB/sTh 3a MareMa-
THYHI MOJlesi IPOLIECiB, AKi € IIPeAMETOM PO3IJIAAY LUHPOKOro Koja Hayk.
Hapani npunyckarumemo, wo fe C(D— R").

335



Maea 4
IHTEMPYBAHHR HENHIMHUX AWDEPEHUIANBHUX PIBHAHL | CUCTEM

Ak i B ABOBUMipHOMY BMIIaaKy (AuB. n. 1.8), 6ynemMo 3 aBTOHOMHOIO
CHUCTEMOIO TIOB’S13yBaTHU éexmophe nose (11016 MUTTEBUX LIBMIKOCTEH), CTaB-
JISIYM Y BiANOBIIHICTL KOXHiM Toulli x € D npukijageHuit 10 Hei BEKTOP
J().

Axwo x(1), t € I — po3p’a30k cuctemu (4.5), 10, SK MM 3HAEMO, KpH-
BY, 3a1aHy B R” piBHSHHAM x = x(¢), f € I, Ha3UBAIOTb Pa306010 KPUBOIO
L€l CUCTEMH.

PosrisiHeMO BUNIaIoOK, KOJIM

f(x)=0 Vxe D. (4.6)

Toni BexTopHe noJie fy KoXHiH Toulli x, € D BU3Ha4ae npsamy L (x;), ska

NPOXO/IMTh Yepe3 X, NapajiejibHO BeKTOPY f(x;). Llio mpsiMy MOXHa 3a1aTu
CHUCTEMOIO piBHSIHb

Xy~ X1 . _ Xp ~ Xon

.fl(xO) o fn(xO) ’

ae x;, f;(x), x;; — i-Ti KOMIIOHEHTH BEKTODIB X, f(x) Ta X, BianosiaHo. Ta-
KUM YHHOM, BeKTOpHe noJse f 33 ymoBH (4.6) nopoaxye B D none Ha-
npsMiB L. 3 octaHHIM DPHPOIHO ITOB’S3aTH CUCTeMY AuMGepeHLiaTbHUX
PiBHSIHb BUIJISAY

dxl dxn

i@ T fey

s1Ka Ha3UBAETbCHA CUCMEMOI0 8 CUMempU4Hil gopmi. IHTerpasbHOIO KPUBOIO
cucremu (4.7) € XpuBa, ika B KOXHiil CBOIH TOULIl JOTUKAETHCH HANpPAMY,
BU3HAY€HOro B il Toylli nojiem L. 3po3ymisio, 110 3aaHa B napamMeTpuy-
HOMY BMIJISIi KpHBa

4.7)

x=£(), ted, 4.8)

oe £'(1) #0, 1 e J, € iHTerpaJbHOIO TOA ¥ JiMile TOMi, KOJIY IIPH KOXHOMY
1 e J HNOTHYHMIA BekTOp £'(1) € KojliHeapHMM BeKTopy f(£(t)), To6TO BU-
KOHYETLCH TOTOXHICTb

£'(1) = M) f(&(n)

3 AesaKolo GQyHKII€Ew A : J+— R. JJIOMHOXHMBIUY CKAISIPHO OOMABI YaCTUHH
uiei piBHOCTI Ha BekTOp f(£(T)), MOXHA 3HAUTU A(T) y BUI/ISAA]
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4.1
Ba30Bi NOHATTA # OCHOBHI 06'exTU posrnApy

_£@, fE@)
| Fean|’

Sk 6aunmo, us GyHKUisA HenepepBHa i He IEPETBOPIOETLCS B HYJb Ha
iHTepBash J.

I3 HaBelseHMX BUllle MipKyBaHb BUILIMBAE, MO (a30Ba KpMBa CUCTEMH
(4.5) € inTerpajbHOIO KPUBOIO cucTeMy (4.7).

Hagnaku, Maiouu iHTerpaibHy KpuBy (4.8) cucremu (4.7), HeBaXKo B
SIBHOMY BUIVISI1i 3HAMTH BiANoOBiaAHMI po3B’a30k cucteMu (4.5). JoctatHpo
UIO KPHBY BiANOBIAHUM YHHOM IleperapaMeTpu3yBaTH. A caMe, LIyKaTume-
MO Taky 3aJleXHIiCTb T = 1(¢), t € /, w06 PyHkuia x(7) := £(x(t)) Oyna po3-
B’SI13KOM cucTeMH (4.5). ExBiBaJIeHTHY yMOBY MOXHA MOJAaTH y BULIAII
PiBHOCTI

(4.9)

x(1) = €' (()i(1) = f(£(x(1))) abo 1(x(t))i(t) =1 Vi e l.

3BiCcY BUILIMBAE, 10 32 T(f) CJil B3STH JOBUIbHUIA PO3B’S30K CKAISIPHOIO
ABTOHOMHOTO DiBHSIHHS

. 1
T = -

Mr)

Ockinbkut A(1) # 0 nna Bcix 1 € 1, TOo 3 ypaxyBaHHAM T€OpeMHM iCHYBaHHA
IUISt CKAISIPHOTO aBTOHOMHOIO PiBHSIHHA (OMB. 1. 1.2) 11eif po3B’sA30K iCHY€E
Ha AesikoMy iHTepBaii / i € MOHOTOHHOIO (YHKIII€IO, IKa B3aEMHO OIHO-
3Ha4yHo Binobpaxae [ Ha J.

.

BNPABU TA 3ALANI

® 3anucaty HopManbHy CHCTEMY, €KBiBAIEHTHY CHCTeMi AvdepeHuianbHUX piB-
HSAHb

ji=j:+z—z'2.
F=yp-F+2.

INocTaBUTH A5 LMX IBOX CUCTEM Y3rokeHi 3anavi Kotui.

@ Tqua Macolo m = 1 pyxaeTbcs no miowuHi xOy nia aicio cuan F(x, y) =
= (-, —y) Y nouyarkoBuit MOMeHT 7= 0 Toyka Mana KOOpIMHATH (1, 0) i BekTOp
wBuakocti (0, 1). [1o6Gyayeatu TpaekTopiio pyxy 4is Bunankis 0 = 1, 2, 3.
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masa 4
IHTErPYBAHHA HENIHIMHUX QUOEPEHUIANBHKX PIBHAHb | CUCTEM

® Hexalt A=1{q,,}} ;., 1 ¢(x) e CR" > R) — Taxa dynxuis, wo ¢le?xy) =  nnst
ResiKoro xy€ R". 3Haliti po3s’s3ok 3azaui Komi x = @(x)Ax, x(0) = xo.

@ 3naitti po3s’si3okK 3anaui Kowi

Iin
n n
X, =Z,vc,2 —[l—[xj] L x(O =L i=1..,n
it j=1

1 4.2 ]

IuTerpysaniA audepeHuianbHMX piBHAHDL
BUUWMX NOPAAKIB

AHani3 KOHKpeTHOro audepeHLiianbHOIo piBHsAHHA (BEKTOPHOIO YH CKa-
JIAPHOI'0) 3a3BM4aii PO3MOYMHAIOTH 3i Cripobu BiAlIyKaHH HOro po3B’sa3KiB
y SIBHOMY BUrsaii. CUucTeMaTH4HY TEOpilo iHTerpoBHOCTI AUdepeH1iaib-
HMX piBHAHDb 6yn0 po3pobieHo B apyrikk noaopuxi X1X CT. HOpBE3bLKUM
marematuxkoM C. Jli. B Tl ocHOBI JieXXUTb NOHATTS cCUMeTPii audepeHLiaib-
HOIO piBHSIHHA (3 HUM MM BXe 3yCTpiyajiucs, KOJiM BUBYATH KBa3iOAHOPiI-
He PIBHSIHHSA NepINoro nopsaky). LluM tepMiHOM MO3HAYalOTh NepeTBOPEH-
HSl, SIKE KOXEH PO3B’A30K Iu(depeH1iiaibHOro piBHsIHHA NIEPEBOAUTD Y HOro
X po3p’s3ok. [lporpaMa JaHOro Kypcy He nepenbaya€ BUKIIaA OCHOB TEOpil
C. JIi. OpHax MM 3aBXIM MAaTMMEMO Ha yBa3i dpyHAaMeHTaIbHUII IIPHHLKMIT
ui€ei Teopii: BIaCTUBICTb iHTErpOBHOCTI AMepeHLiaibHOTO piBHAHHS 6e3-
NOCEepeHbO IOB’A3aHa 3 HAsIBHICTIO B HHOTO JOCTATHBO LUIMPOKOI MHOXWHM
CcUMeTpiil.

Y naHOMY NYHKTi po3rasgaTtuMeMo audepeHiianbHe piBHAHHS n-TO
NOPALKY

F(e,y, ¥, ..., y") =0, (4.10)

B AKOMY X — He3ajleXHa 3MiHHa, a y = y(x) — yKaHa ¢yHKuis. 3apaan
NPOCTOTH BBAXATMMEMO, WO pyHKuis F(X, y, p;, ..., p,) BU3HAYEHA B yChO-

My npocropi R"* 2. 3azanvhum po36’a3kom piBHsiHHS (4.10) Ha3uBaTUMEMO
n-napaMeTpuyHy ciM’10 QyHKILi

y=9(x; ¢, ...hcy) 4.11)
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4.2
IHTerpysasHA audepeHLianbHuX pPiBHAHL BULLUX NOPAAKIB

(napameTp# c;, ..., ¢, L€l CiM’i Ha3MBATUMEMO G0GINbHUMU CMAAUMU), SKILIO
xoxHa ¢yHKuig 3 1i€l ciM’l € po3B’si3KoM piBHAHHA (4.10), i HaBnakuy,
KOXeH PO3B’A30K PiBHSIHHS MOXHa 3a1ati ¢opmy.iolo (4.11), 3adikcyBas-
UM BiANOBIHMM YMHOM 3HayeHHs JOBUIBHMX CTaiux. KO criBBiIHO-
wieHHs d(x, y; ¢, ..., ¢,) = 0 BU3Hayae 3arajibHUM PO3B’A30K piBHSIHHA
(4.10) y HessBHOMY BHIJISIi, TO BOHO Ha3MBAETLCS 3d2aNbHUM iHME2PANOM
piBHsiHHs (4.10). OnuH 3 OCHOBHHUX MiIXOAiB A0 BiAllyKaHHS 3arajlbHOrO
PO3B’A3KY IT0JIAra€ B HOCJIiIOBHOMY 3HMXXEHHI NOPANKY piBHAHHA (4.10).
EranoHoM i3 1bOro oIsay MoXe CJAYyryBaTH PiBHSHHS, AK€ MU PO3LJIIHe-
MO B HACTYITHOMY ILANYHKTi.

4.2.1. PiBHAHHA, WO He MICTUTBL
B ABHOMY BUTAAAI LYKaAHO|

ynkuii

Po3riisitHeMO PiBHSAHHA BUIJISLLY
F(x, y, ¥ ..., ¥ =0. 4.12)
AKuio nokacT z = y’, To AiCTAHEMO PiBHAHHSA (n — 1)-ro nopsaxy
F(x,z, 2, ..., ="M =0.

Hexaii Ham ynanocs 3HaiiTy HOro 3araJbHUHA PO3B'A30K Z = @(X; €}y ..y C,_ p)-
Toni

y' = (pl (x; cl s -'-scn_l )’
i nicJiA iHTerpyBaHHA AiCTaHEMO 3arajibHUH PO3B’I30K BUXiAHOIO PiBHAHHS
(4.12):

y= J.(Pl(X; ¢y s Cp)dx e, ¢

3ayBaxuMmo, 10 TYT CUMBOJI HEBM3HA4€HOTO iHTerpaja BXMBAaETbCA WA
1103Ha4yeHHH deskoi (a He BCiX) NepBiCHOI MiiHTerpajJbHOI HYHKLII.

QNpuknapg 4.1

3uaiidemo popmy, axoi Habyeae nid dicto eaacroi éazu doseuil Kaham, 3axpin-
AeHull c60IMuU Kinyamu e 3a0anux moukax A ma B.
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naea 4
IHTErPYBAHHA HENIHIMHUX OWOEPEHLIANBHUX PIBHAHbL | CUCTEM

B IlpunyckatuMeMo, 110 KaHaT He 3a-

y T(x +Axn 3Hae po3TAry. ;3p03yMiJ10, o, nepedysa-
I0MM B CTaHi pPiBHOBAru, KaHar JiexaTume

@(x + Ax) y pepTMKaubHiil IUIOWMHI, sAKa NPOXO-
) JMTh yepe3 Touku A Ta B. 3anposaavmo B

T(x) b Uil NNOWMHI CTAHAAPTHMM Cnoco6oM
L —»  leKapToBYy cucTeMy KoopauHat xOy. Ily-
xx +Ax x < o
Puc. 4.1 kaHa ¢opma kanara € rpadikom Pynxkuii
nc. 4.

y=y®.

Po3rasineMo many ninsHKy KaHata, KiHUi 8koi MaloTh abcuuCcH x Ta
X + Ax (puc. 4.1). Y crani piBHOBaru piBHOAINHA BCiX CHUJ, NPUKIAJEHHX 1O
uiel ginsiHky, popiBHioe Hyio. Hexalt 7(x) — 3HayeHHA CWIM HATAry KaHa-
Ta B TOYLI 3 abcumcolo X, a @ (X) — KYT MiX 10THYHOIO 1o rpadika dpyHkuii
y{(x) y Touui (x, y(x)) 1a Biccio abcumuc. Ockinbky cuna Harary T(x) cnps-
MOBaHa B310BX 3a3HayeHOi JOTHYHOI, TO 3HA4YeHHs ii BEPTUKAIbHOI CKJa-
JOBOI CTAHOBUTb

T.(x) = T(x)sinp(x) = T(x)lg:p(x) - Ty ,
VI+tg2 o) Y1 +(0)
a rOPHU3OHTAILHOI —

T(x)
JI+((0)?
Bara Ai19HKY KaHaTa nponopuiiHa il JoOBXHUHI i o6uuCIOETbCs 3a opmy-

X+ Ax
J1010 pf \/1 +( y’(t))z dt, ne p — Bara onMHuLi 1OBXMHM KaHara. Tenep
X

AN BEPTHUKAILHOI i TOPU30OHTANbHOI CKJIaA0OBMX PiBHOAIMHOI CW, NMPHUKIa-
IEHMX OO MaJoi AiNSHKMA KaHata, MAaEMO YMOBH

T(x+A0)y(x+ax) TV PI TR0 de=o;
V+a+an)?  Jlepa?

T(x + Ax) B T(x) _0
W+ x+ax)? J1+(3(x))

T, (x) = T(x)cosp(x) =

TMoainuBLLy KOXHY 3 LIMX PiBHOCTEN Ha AX Ta NepeHlLOBLIM 10 IPAHHULI NpH
A — 0, gictanemo

%[——————T(x)y £ } ol () =0,
JL+('(x)?
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i T(x) ] -0
&\ 1+ ()2
I3 npyroi piBHOCTi BMILUIMBAE, 1O FOPU3OHTAIbHA CKJAANOBa CHJIM HATATY —
T(x)

— = H = const. Biarak nepwa piBHicTb Haby-
VI+('(x)
Ba€ BUNIAAY audepeHuialbHOrO PiBHAHHA

Hy" - py1+(y'(x))? =0.

3HHU3MMO HOro nNopsaoK NiAcTaHOBKOIO y’ = 2. Ilicaa BilOKpemJieHHA 3MiH-
HMX Ta iHTerpyBaHHS HiCTaHEMO

CTajia BeJIHYMHA:

3BiaKM

SAxwo (x,, y,) 13 (X,, y,) — KOOpPAMHATH TOUOK A Ta B Bianosiano, / — [os-
XMHA KaHaTta, TO CTaii ¢, ¢,, H C/lii BU3HAYMTH i3 CUCTEMH DiBHAHb

—I—i—ch(ix, +e|+cp=y,i=12

p H
x x:xz
Lz\h*’(}"(x))l dXEi:)I—sh(-;—)]-x +c,) =1
! x=x

(R

& 3ayBaxeHnnn 4.1

Ipyu 3HMXeHHi nopsiaky piBHsIHHSA (4.12) 3anexHO Biy cuTyauii 6yBae 3pyy-
HO KOPMCTYBATHUCS IiACTAHOBKOIO BUIAsidy z = f(y”), ae f(p) — BiANOBIAHMM
YyHHOM aibpaHa dyukuis.

3

341



Tnasa 4
IHTEFPYBAHHA HENIHIAHUX ANOEPEHLIIANBHUX PIBHRAHb | CUCTEM

ONpuknap 42

Po36’azamu pienanna ¥ +xy' + (xy')* = 0.

IaHe piBHSIHHS Ma€ OuE€BMIAHY CiM’10 po3B’a3KiB y = ¢. [ sinulykaH-
Hs iHIWKMX PO3B’A3KiB noainnMo o6uaBi 10ro YaCTUHM HA y’° i NOK/IANEMO
z=-1/y’. [lpnxoaumo 0o AiHIAHOrO HEOAHOPIZAHOIO PiBHAHHA Z2° — Xz + x = 0,
sIKe JIerKo iHTerpyeTses: = = cje” 2 +1. Toai

N
e’ 41

3po3yMilo, 110 PiBHAHHSA BUIISIAY
Fx, y®, ., y™)=0

JIONyCKa€e 3HWKEeHHs NOPAAKY Bipaly Ha k oqMHULb. 3aiicHMBIIN MiCTa-
HoBKy y® =z, gicraemo piBHSHHS

F(x,z, .., 2"%)=0. (4.13)

Akuio Branocs BiLIYKaTH ifgom 3arajibHUil PO3B’sI30K z = <pk(xz Cps wons Gy o
TO 3arajibHU# po3B’A30K PiBHAHHA (4.12) 3HaAXOAMMO NOCHIAOBHUM iH-
TerpyBaHHsIM:

k1) _ ) . ) .
y = j¢k(x’ Clyvoes Cuog YAX gy = Qg1 (X5 €15 ey € g1

...................................................

3ayBaxumo, L0 Ha NpakTHLi MOXe BUHMKHYTH CHTYALlisl, KOAM 3aMiCThb
3arajlbHOro po3B’s3Ky piBHAHHSA (4.13) BOa€ThCs 3HANUTU HOro 3arajibHUi
iHTerpas

D(x,2;¢p5 €, _x) =0,

NPUYOMY BUPA3UTH i3 LbOro CAiBBiAHOLIEHHS B SBHOMY aHaJiTHYHOMY
BAMIAAI z 9K QYHKUiIO 3MiHHHX X, €|, ..., C,_;, HEMOXIMBO. B Takomy
pa3i BUHMKAE 3ajlaya BiAlUyKaHHs PO3B’s3KiB HeA6H020 PiBHAHHA BM-
Ay
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®(x, y¥) =0, (4.14)

[Jie 3apaii CKOPOYEHHS [103HaYyeHb MM He BKa3yeMO 3aieXHicTh dyHKuii ©
Bill JOBUIBHMX ctanux. [IpunycTtuMo, W0 HaM yaanocs napaMeTrpu3yBaTh
MHOXMWHY, 331aHy Ha IU10IMHI xOz yMOBOIO

O(x, 2) = 0.

IHaKie Kaxyyu, BBAKATUMEMO, LLO 110 MHOXUHY BIAJIOCH OIMCATH PiBHAH-
HIMH

x=X, =Y, (1), tel,
ne
X(t), Yi(h e C'( > R); ®X(D), V() =0.
BusirnsieTses, 10 TOAi 3aranbHUM po3B’ 30K pPiBHAHHSA (4.14) MOXHA 3Halk-

TH KBaApaTypaMHi B IlapaMerpyuHoMy Burisiai. Cnpasni, 3anuiuemMo napa-
MeTPHYHE 300paXeHHs LIbOro PiBHAHHSA

x =X, y© =Y,@.

Bukopucraemo cnisinHomenns dy ¢~V = y® dx. Toni dy* =V = Y(r) dX (1),
3BiIKH

YOOy (50 = J'Yk(r)f((t)dt+C,.

TakuM YHHOM, AICTAaEMO NapaMeTpuuHe 300paxeHHs JudepeHiaibHOTO
piBHAHHA (k - 1)-r0 nopaaky

x=X(@®, y*V =Y, @t C).

I1ponoBxylouM npoLec 3HMXKEHHS NOPSAAKY, BPeLUTi-pellT AiICTAaHEMO CIliB-
BIIHOLUEHHSA

X = X(t), y= Y(f; Cl’ veey C’()

BoHo Bu3Hava€ B NapaMeTPUYHOMY BULJISIAI 3araibHUIl PO3B’A30K PiBHSH-
Ha (4.14).
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4.2.2. ABTOHOMHIi PiBHAHHA

Po3rnsiHeMO PiBHAHHS BUIJIILY

F,y,...,y™=0. (4.15)

BoHO Ha3MBAETLCS A6MOHOMHUM, OCKIJIbKM HOrO 11paBa YaCTUHA He MiCTHThb
B ABHOMY BUITISIAI He3ajeXHO] 3MiHHOI. HeBaXxo 3p0o3yMiTH, L0 KOJIH AJIs
po3B’13Ky y = y(x) piBHsiHHA (4.15) icHye obepHeHa QyHKLiA x = x(y), TO
OCTaHHS Ma€ 3a[0BOJIbHATU audepeHlliaibHe PiBHAHHSA, B AKOMY POJjlb He-
3aj1eXXHOI 3MIHHOI Bilirpa€ y i sike He MiCUTb IBHO X. ICHO, 1IIO TaKe piBHSIH-
HA DONYCKa€E 3HUWXeHHs nopsaaky. Came Ha LibOMY CIIOCTEPeXeHH] # Da-
3yEThCS i1esl 3HWXKEHHS NOPSIKY BUXiIHOIO aBTOHOMHOTIO PiBHSIHHS.
flepiu HiX nepexonuTH A0 ii peanisallii, NOTPIOHO 3HANTH CTajli PO3B’A3KU
piBHsiHHA (4.15). OueBUAHO, 1UO BCi BOHM BU3HAYAIOTLCA KOPEHSIMU PIBHAHHSA

F(y,0,..,0=0.

Jani, AKio po3B’sA30K y(x) HETPUBIAIbHO 3a/leXMTb Bill X, TaK 110
y’(x) 2 0, To 1t HHOTO iCHYE OGepHeHa GyHKLUIsA x = x (¥). B ubomy Bunaa-
Ky noxigHa y’(x) TeX Aonyckae 300paxeHHsi y BUIJIsLII AesiKOi GyHKIil
3MiHHOI y: y ()], _, 0= z(y). 3a ponomMorolo piBHAHHA (4.15) MoXHa Te-
nep pictat¥ audepeHlianbHe piBHAHHA 114 z (¥). [ 1boro norTpioHo:

e [IOKJAABLIH

Ta BBaXalouu z cKnanHow GyHKI€e z = z(y (x)), nepepaxyBaTs 11o-
xinni y", ",

4 _d ., _d
Y Ty Ty
wzi[ﬁ)_!__:.J' 'z , (&)
y dx \ dy dy d)’~ dyzﬂ dy -

e OJepXaHi Bupa3H NiACTaBUTH B audepeHuiaibHe piBHAHHsA (4.15).
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Sk pe3yneTar aicraemo audepeHLianbHe piBHAHHS (n — 1)-ro NOpPAAKY,
B SIKOMY He3a/1€KHOI0 3MiHHOIO € y, a 3aeXHO010 — z. SIKo Ald 1boro
DiBHSIHHSA BAACTLCS 3HAMTH 3arajibHUN PO3B’SI30K

= (p(y; c[’ ceey cn—]))
r0, pO3B’A3aBLUHM PDIBHAHHSA 3 BilOKPEMJIIOBAHUMM 3MiHHMMH

Y=o, ...cp ),

licTaHeMO n-IapaMeTpMyHy CiM’I0 po3B’A3KiB piBHAHHS (4.15).

OfNpuknap 43

Po3zensnemo dugbepenyianvhe pieHAHHA

Y Lo (4.16)
1+()? 2y

BoHo BHMHHMKAE Min Yac po3s’sa3yBaHHs 3anayi npo Gpaxicmoxpory (puc. 4.2, a) —
KPMBY HalluBMaiIoro cnycky. Llio 3anauy B 1696 p. nocrasus M. Bepnymi.
BoHa noasirae B ToMy, 106 cepel MIOCKMX KPUBHX, SIKi JieXaTb y BepTH-
KajibHiM nAOMWMKHI i clioay4aloTh TOukKH A Ta B (B po3ralioBaHa HUXYe
Bill A), 3HAITU Ty, pyXalOuMCs B3JOBX AKOI Mil Ai€l0 AMlLe CHIM Baru, MaTe-
pianbHa YacTMHKA AOCSrHE TOYKHM B 3a HaliMeHIUMit yac.

PiBusinns (4.16) astoHomHe. Cranux po3B’s3KiB BoHO He Mae. Otxe,

, " .
NnokKnasuwnu y =2, y = Z-‘—i—-, OICTAEMO
y

- .2
2z | :dln(l+- )=__d1ny

1+22 y dz dy ’

3Binku =’ =¢;/y-1. Tenep norpibHo 3HaiTH PO3B’A3KM HESBHOIO piB-

A y

3

2

1

0

B 246 81012141618 z
a 6
Puc. 4.2
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nanns ()’ =¢,/y-1. Bignoeiana nosepxus S ={(x, y, p) e R>: p2 +1-
~ ¢1/y = 0} monyckae napaMeTpu3aililo BULJIsIAY

X =X, y=clsin2u, p=ctgu, ue(, n/2).

3 ypaxyBaHHSAM OCHOBHOro audepeHUiasbHOro criBsigHouIeHHs dy = p dx,
MaemMo

2¢,sin ucos udx = clg udx = dx =¢;sin’ udu,

3BiaKH
! . . 2
X =¢ u——2-sm2u +¢y, Y=o sinu.

SIK110 BBECTH HOBMM napamerp # = #/2, TO JiCTAEMO [ BOMAPAMETPUUHY CiM’I0
yuxn0io (puc. 4.2, 6)

x:c—zl(t-sin 1) +c¢;y, y=%(1-005 1). .

TlosicHMMO aeTasibHilile, SIKUM YHHOM PiBHsiHHS (4.16) 3 ABISIETH-
cst B 3a1a4i npo GpaxictoxpoHy. BeeaeMo nexapToBy NpsiIMOKYTHY CUC-
TeMy KOODAMHAT i3 noyarkoM y touui A. Bics opaunHar cnpsamyemo
BEPTUKAILHO BHM3, BBaxaemo, WO 1104aTKOBI 3HAYEHHS KiHETUYHOI it
MOTeHUiaIbHOT eHepriif YaCTUHKYU AOPiBHIOWOTh HYMO. KpuBy Haiiul-
BMALLOTO CIIYCKY LIYKAEMO y Burasiai rpagika ¢pyHkuin y = y(x),
y(0) = 0. OckinbKH 3rigHo i3 3aKOHOM 30epexeHHs ITOBHOI eHepril
LUBMAKICTb V Ta OPAMHATA YaCTHHKHK TMOB’A3aHi PiBHICTIO v2/2 ~-gy=0,
TO v = ,/2gy, a ToAai yac, noTpiGHKI Ana NOACAAHHSA eJIeMEHTa AYTU

ds = y1+(y')?, craHOBHTH

ds _ ,'H(y')z
v ‘/Zy_ ’

OTXe, Yac, AKHIl BUTPA4ac YaCTMHKA, CNyCKAIOUMCs B3AOBX rpacdika
¢yHKuil y = y(x) i3 Toukn A B TOUKy B, o6uncaoersea 3a hopmynoio

= X
26 ),

ne b — abcuuca Touku B.
Tenep 3apauy npo 6paxictoxpoHy MOXHa COOPMYNIOBATH TaK:
cepel ycix HenepepBHO audepeHUiioBHUX DyHKUiMH, rpadiku sKux
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IHTerpyBaHHA AudpepeHuianbHux PiBHAKL BULLMX NOPAAKIS

NpoXoasTh uyepe3 TOYKU A Ta B, 3HalTH Ty, 1S AKOi iHTerpan

f n2
1|y = ij(y(x), Y'(x))dx, ne F(y, y) = —-l—m HabyBa€ Hat-
0 Wy

MeHIUOro 3HauyeHHsi. I1po6seMu Takoro Tuity BUBYaE MaTeMaTU4Ha Te-
Opisl, AKY Ha3UBAIOTb 6aPIaUiUHUM HUCAECHHAM.

Akuwo PyHkuia y(x) Minimisye iHterpan /{y], To ans KoxHoi
dyukuii n(x) € C'({0, b] » R) Takoi, wo n(0) = n(b) = 0, byHKuis
@) = Iy + 1m] pocsirae miHiMyMy B Toyui 1= 0. Ane Toai

b
®(O) = [ [Fy. ¥+ Fy(r ymldx = 0.
InTerpyBaHHs yacTMHamMu Ja€

bF' 'd. "n-d F; ) d.
-[0 y(y. }")‘l x-"_[o“l;l‘; ,ﬂ'(J",V) X.

Otxe,
& 4 Fiy, y)ndx =0
J’ol y(yvy')-g.x— _.'(y,y)l"'l = Ve
Jlnsi BUKOHAHH# Ui€l piBHOCTI AOCTaTHBO, 1106

d
’ . Wy ‘:" , G =O.
E3. 3= —=Fy(3, )

Ao d y -0
2’2 dxm .

3Biacu nicas aesKMx CrpollleHb i aicraemo piBHaAHH#A (4.16).

4.23. PiBHAnHA, opHOpiaKe WOA0
wyxanoi pynuxyii ra i noxiganx

PosrisineMo piBHAHHA (4.10), B axomy byHkuia F(x, y, py, ..., p,) €
OIHOPIAHOIO 3 JESKMM CTEfIeHEM V 32 3MiHHUMMU y, p,, ..., P,, TOOTO

F(x, 0, 0py, ooy App) = L F(x, ¥, D1y ooy Py) V2> 0. 4.17)
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Take piBHAHHSA € iHBApiaHTHMM BiIHOCHO PO3TAriB y —> Ay. 3po3yMiiio, WO
3a LIMX NepeTBOpeHb BUpas y’/y 3aiuuiacTbes He3MiHHMM. Lleil inBapianT
MH # BBAXaTMMEMO HOBOIO WIYKaHOIO ¢yHKUicw. OTxe, s 3HUXKEHHS
NOPSAKY PiBHSHHS, JliBa 4aCTMHA SKOI0 Ma€ BIacTUBICTb (4.17), noTpibHO:

e YBiBLUM HOBY 3JIEXHY 3MiHHY z 33 (HOpMYJIOI0

repepaxyBaTH MOXiHi:

=y 4y = (22 +2);
=y +2)+yQzz’ +2") = y(z2 + 3z + 2"

(tyt P, — nesKkuil NOJIiHOM CBOIX 3MiHHMX);

e OliepXaHi BUpa3M MiICTABUTH y BUXilHe PiBHSHHS ¥, BUKOPMCTaBLIN
BiaactuBicTb (4.17), npu y # 0 aictaty cniBBiXHOLIEHHS

F(x, 1, sign y-z, ...,sign y-Py(z, =, ..., 2" 1)) =0. (4.18)

Sk 6aunmo, (4.18) — ue pisuaHHA (1 — 1)-ro nopsiaxy. SAxiuo z = y(x; ¢,
<+y €, _1) — HOro 3arajbHUi PO3B’A30K, TO 3 YpaXyBaHHAM BUIJIAAY 3p06-
JIEHOI NiICTAHOBKHU n-NapaMeTPUYHY CiM’I0 PO3B’A3KiB BUXiZHOIrO PiBHSH-
H$1 3HAXOAUMO TaK:

: wix. ¢y, ..., ¢, VX
Y=y o, ., )y = y___c”ej 1 n dx

Jo 1poro pe3ynbTaty MU NpUiuuiv 3a yMoBH, 10 y # 0. ToMy okpeMo ciia
1nepeBipuTH, Y4 Ma€ PiBHAHHA (4.17) TpuBianbHUM po3B’s130K y = 0, akuit

BilNoBiga€ 3HayeHHIo c, = 0. [lo3uTrBHa BianoBias Oyae B TOMY BUNAIKY,
xonu F(x,0,0, ...,0)=0.

OMNpuxknap 44
3inmezpyemo picHARHA

w =y + f(x)yy +g(x)y? =0,
de f(x), g(x) € C(R > R) — OosinbHi Henepepari ¢pynxuyii.
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IHTerpysaHHA andepeHuianbHnX piBHAHL BULLUX NOPAAKIB

OueBHAHO, IO PiBHAHHS Ma€ TpUBiaabHMil po3B’a3oK y = 0. Jas Biawy-
KaHHS iHIIMX PO3B’43KiB 3po6HMO MiACTaHOBKY ' = )z, y" = y(z2 +z'). Ji-
CTaHeMO JiHiliHe HeoAHOpiAHe PiBHAHHS

'+ f(x)y + g(x) = 0,

U1l IKOTO METOAOM Bapiallii JOBUIBHUX CTAAMX 3HAXOAMMO 3ArajibHHi po3-
B’A30K

z= e‘f“’"d"(q - J‘e“”)“g(x) dx) = y(x; ¢)).

Tenep yxe jerko 3HafTH po3B’A3KM BHUXiAHOTO PiBHAHHSI:
. wx: o )dx
¥ = wx; cl)y:y:czej e

Ak 6auumo, cepea byHkuill uiei ciM’i micTuTbes it po3p’a3ok y = 0.

4.2.4. KsasiopHopiane piBHAHHA

Po3rnsHeMo kiac piBHAHb BUrsdy (4.10), axi 3anuiuaiorscs iHBapiaHT-
HMMM IIpY pO3TArax

XA, ¥y K’y V>0, 4.19)

Jie 0 — Jesike giicHe uyuco. Taki piBHSHHSI Ha3UBaIOTLCS K68A3i00HOpIOHU-
mu. [lpu posrarax surany (4.19) noxinHi QyHKILil y(x) nepeTBOPIOIOTLCH

38 NPaBUJIOM y(k) 50k y(k ). OTxe, 0O K/1acy KBa3iOZHOPiIHHMX Hase-
XaTb piBHsAHHA Buryaay (4.10), B saxkux yHkuis F(x, y, p;, ..., p,) Ma€
BJIACTHUBICTb

FGx, 2%y, 2% 1p, . 25" p, )= AV F(x, ¥, Py, ..., Pn) YA >0, (4.20)
nie y — peske aificHe yucio. Jlig 3HUXeHHs MOPANKY KBa3ioXHOPIAHOTO
piBHSHHA 11pH x > 0 noTpibHoO:

e BBAXAalOYM Vv HOBOIO LIYKAHOIO (PYHKUIEIO HOBOI HE3aleXHOi 3MiHHOL
u 30iIACHMTM MiACTAHOBKHU

x=e", y=ue, w=f'—v—; 4.21)
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e MepepaxyBaTu onepauilo audepeHUIIOBaHHS

i:—-d——:—-l_‘d——e—‘,w'lj_
dx e"dv e'w du du
i noxinHi:
_@___ -V -1:‘_ TV v .-l jov cvjd_‘:)_
dx—e w du(ue )=e "w|e" +oue )=
= "W +ou);
d’ I .
Z;{-:e w‘-‘-i;[e( Wt ou)] =
= e“’"Z)"[(Zo ~Dwl -3 —‘;—‘3 +o(c - l)u:l;
d y __:e(c—n)\P u w—l d_w . d" lw
dxn n A ] k] du b ] £ du” l

(TyT P, — nesaxuit nojiHOM CBOIX 3MiHHMX);

e OJepXaHi BUPA3M MiJICTABUTU y BUXillHe PiBHAHHA i, BUKOPUCTaBIIHX
paacTusBicTs (4.20), aictatu andepeHuiaibHe piBHAHHA (n — 1)-10 no-
pPAIOKY

n-1
F[l, u,wh vou, ..., P,,(u, wt, %, %D =0. (4.22)

QnNipuknapn 45
Po3zenanemo pisHAHHA

y”+ly'+y“=0, acR.
x

Ue piBusinHa 6yno ogepxano P. Emupenom y 1907 p. npu BMBYeHHi yMOB
piBHOBary NoJiTPONHOi rasoBoi KyJi (3ipku). ITokaxeMo, IO BOHO KBa3ioa-
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HopigHe. 3pobumo po3Tar Burdy (4.19) i3 noky W0 HEBIAOMOIO Baroio G.
Hicranemo

}\.°"2y"+7\.°'2%y'+7»“°y“ =0.

Ing inBapianTHOCTi piBHAHHA EMaeHa BiaHocHO neperBopenHs (4.19) He-
06xiaHO # noctaTHbo, o6 6 - 2 = @o. OTxe, npH @ # 1 Ue piBHAHHR KBa3i-

onHopiaHe, npudomy o = 2/(1 - a). IliacraHoekoio (4.21) piBuauHa Emaena
* 3BOAUTLCH JO PiBHAHHA NMEPLIOrO MOPALKY

w"%—(l +200wl —(c+0P)u-u’ =0, o =2/(1-a).

Hpu a = S MaeMo ¢ = -1/2 i piBHsIHHSA 3 BIIOKpEeMJIEHUMH 3MiHHHUMH

.3 dw u
w3zl -2
N du 4
ll2 u6
i3 3aranbHMM iHTerpasom w? =—4—-——1—+cl. OTxe, B LLOMY BHIIAAKY

piBHsiuHa Emuena iHterpoBHe B kBaapatypax. Iloknasum W, (y; ¢)) :=

. -1/2
=t uz u6 +C MaeEMo:
R '

a WAuc) =v =j‘Wz(u; cp)du+cy, =V, (u; cp,6,).
du _

Orxe, npy x > 0 3HaliaeHo 3aranbHU# po3B’a30K piBHAHHA EameHa B napa-
MeTpuuHiit ¢popmi

{y = O}U {x - el«’:(u; Q. c;)’ y= ue—V,(u; . )2 }

3a3HauuMo, 110 nepiui aBa 3i cniBBigHOWeHb (4.21) AalOTh 3MOrY BUKIIO-

YUTH NapameTp u:u = y/J;. Hapeiuri, 3ayBaXxuBiuy, 1o piBHAHHA EM-
NeHa iHBapiaHTHe BiAHOCHO BifOOpaXxeHHs X — —-X, MU OXONUMO ¥ BHU-
nafgok, Kojiu x < 0, KO Npy BUKIIOYEHHI napaMeTpa u noxjiagemo

u=y/yIxl.
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4.2.5. PiBHAHHA Yy hopmi
NOBHOI NOXiAHOI

dudepenuianbHe piBHAHHA (4.10), B sxomy

F(x’ y’ ,v,’ M) y(")) = F‘_‘,(x! y’ A ] y(” l))+F:1;(x, y’ A 1 y(nl))y'+

+E (4 y, O By (6, Ty, (4.23)

ne F (x, ¥, |, .-s Dy.;) — HENEpepBHO aubepeHLiioBHa QYHKLIA, MOXHA
MoAaTH y BUIIAAI

iﬁ('x, Vs ooey y(""l)) = O
dx

Lle # € pienanns y gpopmi noenoi noxionoi. BoHO 0ueBMIHUM YHHOM JOITyC-
KA€ 3HWXEHHS TIOPSIKY:

i':(x! Vs oy y("-l))=c['

JlaHe CHiBBilHOLLIEHHS Ha3UBAETLCS NEPUIUM NPOMINCHUM IHMEZPANOM BU-
xigHoro audepeHUialbHOIO piBHAHHS. 3p0o3yMino, WO JiHiHHICTb byHKLIT
F(g_c, Vs Pys woo p,) U010 p, € HEOBXiAHOIO 03HAKOIO PiBHSIHHA Y opMmi NoB-
HOI NOXiAHOI.

Axkuio BuxigHe piBHAHHA (4.10) He 3a10BOJIbHAE YMOBY (4.23), TO MOX-
Ha cnpoOyBaTu 3HalTH Taky dyHkuUilo pu(x, y, ..., y‘”)) (iHTerpyBajibHUH
MHOXHHMK), 110 [ F yxe Ma€ noTpibHi B1aCTUBOCTI.
ONpuxnap 46

3naiidemo po3e ‘azox nowamioeoi 3adaui

W -y - ¥y =0 w0y =1, y'(©0) =-1/2, y"(0)=1/2.
MoainMMo 06MABI YacTMHM piBHAHHS Ha ). JlicTaHeMo

” 2
WYy o aso XY | 0
[ R

" 2
3siacu %— - %— = ¢;. [ane piBHSIHHA AOMHOXWMO Ha yy’, NonepeaHbo BU3-

HavyvBLIK 3 NOYATKOBHUX YMOB 3Ha4€HHA C; = 0. Marnmemo
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InTerpysanHa andepeHuiansHuX PiBHAHL BUULIWX NOPAAKIB

3. ’2 4

o VY a(y* y
XY 0 afo =22 |-0.

SO a°dx[2 8}

3siacu y? - y'/4 = ¢, i NOYATKOBiI YMOBHM AA10Th 3MOry 3HaWTH ¢, = 0. Ilicna
11bOTO MPUXOAMMO O PiBHSHHS ¥’ = — y*/2 (BHGIp 3HaKa «» MOACHIOETHCA
NOYAaTKOBMMM YMOBaMH), iHTErPYBaHHS SIKOTO He BUKIMKAE XOAHMX TPYA-
HouwiB. OcTaTouHa BiANOBiAL: y = 2/(x + 2).

ONpwknap 4.7
Y Teopii XBWIbOBMX MPOLECIB BUHMKAE PiBHAHHA 3 YACTMHHUMH NOXIAHHMMH
. BUDAAOY

ou u ou
g tu—= 0.
ot  ox ox
BoHo HasuBaeTbes pisHannam Kopmeseea—de Dpiza (Ka®). 3nauHuit inte-
pec CTaHOBAATb PO3B’A3KHM LIbOrO PiBHAHHS THIY «OiXyya XBUNA», siKi Ma-
" 10Tb BULAAA U = y (X — af). A6y Taka QyHKLUis 3an0BoNbHANA piBHAHHA Kad,

HeobXiaHO H AOCTaTHBO, 106 (yHKLUiA OAHi€ET 3MiHHOI y(X) Oyna po3B’A3-
KOM 3BHMYaifHOro nucepeHUiaibHOrO piBHAHHSA

Yy +(y-a)y =0. 4.29)
OcrtanHe Mae GopMy NMOBHOI NOXiAHOI # AOMYCKA€ 3HUXEHHS MOPAAKY:
Yy 2-ay=c.
TMopsa0K LbOro PiBHSHHSA, CBOEIO YEProi0, MOXHA 3HM3WTH, NOMHOXHBLIM

#oro Ha iHTerpyBanbHUA MHOXHHK M = y’. Ilicasa oyeBMOHMX onepauiit
NiCTaEMO pPiBHAHHSA

y2=ay’ /2=y [6+ ey + ey,

sIKe MOXHa 3iHTerpyBaTH, PO3B’fA3aBILM BilHOCHO MOXiAHOI.

3HauyHuit iHTepeC ansi Teopii XBWIb CTAHOB/ATH OOMeXeHi pO3B’A3KH
uboro pisHsiHHA. IIpn ¢, = ¢, = 0 ix MOXHa BMpa3nTH uepe3 ejeMeHTapHi
dyukuii. Cnpasai, B UbOMY BUOALKy MaEMO

¥ =ty (@a-y/3). (4.25) i

Beaxaemo, wo a > 0. 3 ypaxyBaHHsM TOro, 110 y= 0 Ta y = 3a — N0ON0XeHHA
piBHOBarH piBHAHRA (4.25), LIyKaTUMEMO PO3B’A30K, rpadik AKOro JeXHThb
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-4 -202 6 10 14 18 22 26 28 x
Puc. 4.3

y cMy3i 0 < y < 3a. Binokpemusiuy B (4.25) 3miHHi Ta 3iHTerpyBaBluM oaep-
JKaHe piBHAHHS, HiCTaHEeMO

[ osere
yya-y/3
Ockinbky piBHsAHHA (4.25) aBTOHOMHE, TO JOBUIbHY CTaly ¢ MOXHa MoO-

KJIaCTH PiBHOIO HYMIO, ajke, AKWIO y(x) — HOro po3B’si3ok, 1O y(x + ¢) —
TeX po3B’s130K. IHTerpasl y niBifi yaCTUHiI OOGYMCHIOETBHCS NiACTaBASHHAM

z= ,/a - y/3. Maemo
tdax _
J L N Ja(e 1)

,J_ —_ e.‘ ax ’

3BiAKM 3HAXOJMMO YaCTHHHUMI PO3B’A30K BUTAALY

y=3ach’ [\/—x}

Orxe, pisnanna Ka® mae po3r’s3ok tuny «bixyuya XBUIAS»

21:\/;(1( —at)}
=

u=3ach’

lleit po3B’a30k, ypaxosylouu cneuundiuny dopmy ioro rpadika, Ha3uBaoTh
yocobnenoro xsuneto (solitary wave), abo carimonom (puc. 4.3).
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4.2
IHTerpyBanHR andepenuianbHux piBHAHL BALLUX NOPRAKIB

4.2.6. 3aranbhwvii nipxin
AO SHUIXEHHA NOPARKY*

Y nn. 4.2.1—4.2.4 6y0 po3rjsiHyTO YOTHPU TUNHM AndepeHLialbHUX
piBHsHb, fKi JONYCKAIOTb 3HMXEHHS MOPSAAKY. 1 KOXHOro 3 LIMX TUIMiB
3HMXKEHHS NOPALKY JOCATaOCs 3aBAsSKMA BAAIOMY BUOOPY BianoBiaHOI 3a-
MiHM 3MiHHMX. 15 Toro 1io6 3po3yMiTd, Ha MiacTaBl IKOro 3arajbHOro
npuHUMITY BinGysascs Leik BuGip, 3BepHeMO yBary Ha Takuii daxr. PiBHAH-
HS1 KOXHOTO 3i 3rafaHuX YOTUPbOX TUIliB 06’€AHY€E OfHA ClijibHA puca —
iHBapiaHTHICTh BilHOCHO MEBHOI OJHONAPaMeTPUYHOI CiM’1 IlepeTBOPEHbD.

A came, piBHsHHA F(x, ¥, ..., ") =0 He 3MiHIOETbCS BHAC/IIIOK TpPaH-
CAsLif BUMIARY X > X, y > y + 5, e S — JOBiJbHEe AifiCHE YUCIIO; aBTO-
HOMHe piBHAHHA F(y, ¥, ..., y) =0 — BHacnigox TpaHcHsILifl BUMIA-

Iy X X+ S, ¥ y; PiBHsIHHS, OIHOpilHE L1010 y, — NPHU PO3TATaX X > X
y+> Ay, e A — NOBLIbHE AOAATHE YMC/IO; KBAa3i04HOPiHE DiBHAHHSA — IPHU
po3rarax x > Ax, y — A°y. HeBaxko NOMIiTUTH, 110 B KOXHOMY 3 LiMX
BMIIQJIKiB BiAIIOBiHA CiM’S IepeTBOPEHb iHBAPIAHTHOCTI YTBOPIOE IPyIy
BiIHOCHO onepauii cynepno3uuii (nepesipre!). Busipnaerscs, us o6CTaBMHA
He € BUIIaJKOBOIO: AKIO BiloMa oJHOIIapaMeTpuyHa Ipylia reperBopeHb
iHBapiaHTHOCTI JU(epeHUiabHOrO PiBHAHHS, TO MOXHa BKa3aTW 3aMiHy
3MiHHMX, sIKa Ja€ 3MOTY 3HM3UTH HOro nopsyiok.

INepi Hix oOIPYHTYBATH Lie TBEPAXEHHSN, PO3IISHEMO, K NepeTso-
pioeTbes piBHAHHA (4.10) yHacainoK 3aMiHM 3MiHHMX 3arajibHOro BHUIJIALY
i Ha 1l OCHOBI BBeIEMO IIOHATTS CUMeTPil AudepeHUiaNTbHOro PiBHAHHA.

Hexait 3amiHa 3MiHHUX Ma€ BUIsA

K] .{; = X(x, )’), 5’. = Y(x~ y)q . (4'26)

se X:R*> Rta Y: R > R — n pasiB HenepepBHO AudepeHLiiOBHi
¢ynkuii. bynemo Bumarati, o0 YacTHHHI noxiani X (x, y) 13 Y (x, ¥)
e
OIHOYAaCHO He I1epeTBOPIOBANNCA B HY/b. BHpasnMo noxiaui i% 4yepes
X9, 0 y® k=1, .., n. Maemo: ax

dy dYydx Yi+Y)y
= = > = P ) s ' >
& dXjdx X, + X,y 1 5.5
........................................... 4.27)
d*y dP../dx

= =P R b l'ﬁ A (k) ‘ k=273ﬂ E
ok X dx % (X, ¥, ) »e n
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y d'y

IlincTaBuBlUYM HOBI 3MiHHI X, ¥ Ta noxiaHi —, ..., —
dx dxn

piBHsHHA (4.10), micTaHemo:

y JliBYy YaCTHHY

F[f, ¥V, %, Z;f] =FEx, y, 5, ., y™),
ae
F(X, ¥, Py coor By) =
=F(X(x, y), Y(x, ¥), B(x, ¥, ), ..., P(X, ¥, Py, ey PR

TMosHaurmo yepe3 D < R"* 2 ofinacts BusHayeHHs dyHKui F (x, y, Pls s Pu)s
TOOTO

D:{(xa ¥y, pl)e R3 IX' +X'pl ¢0} {(p)’ " p,,)e R("-”}.

< OsHayeHHn 4.2
Ilepemeopenns (4.26) nazuearoms cumempicio PiGHAHHA, AKULO

{x, v, p .. PYED  F(x, y, p, ..., p,) =0} c
c {0, ¥, Pis o P) €D F(x, y, Py, ., p) =0}

HaiiBaxJiuBilia BIaCTUBICTb CUMETPII NIOJISIFA€ B TOMY, mo BOHA KOXEH
pO3B’s130K Y (x), x € lpiBmuum (4.10) 3a ymoBy, wo (X} +Y,y'] . ) * 0.

x e I, Binobpaxae B po3p’sa30K. Cripasii, A1 TAKOIO PO3B’SI3KY CHiBBiIHO-
IEHHs

X=X, yx), y=Y(x, y(x)), xel

BM3Ha4aloTh (yHKUil0 J = J(X) Ha JeskoMmy iHTepBani J, amxe

dX (x, y(x)) . .
— # 0, 1, OTXe, Ieplle 3 LUX CHiBBiHOLLEHb OJHO3HAYHO PO3-

B’S13y€ETHCA BiTHOCHO Xx. [lpn nnapaMeTpuuHOMY AxdepeHUIIOBAHHI 3TiHO 3
dopmynamu (4.27) maemo

aky

3 = Be(x, (x), ..., Y(x)), k=1,2,...,n
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Ockinbku F(x, y(x), ..., ¥ (x)) =0, x e I, To 338 0O3HaYeHHAM CHMETPil

F(x, y(x), ..., ¥ (x)) =
Q=PLH&ya»Jﬂxyunnq&u;ﬂnwwymu»hm,xeL

=0, X e J. Otxe, J(X) — po3B’A30K piB-

3BiIKH F( X, y(x), ..., u—-('—’)QJ

dx
HsiHHA (4.10).

: INMpouec obuncnenHs dynkuii P, axi Qirypyots y dopmynax
(4.27), MOXHa a1TOPUTMi3yBaTH B Takuit cnoci6. Bu3naummo orne-
pauilo D, sixa HenepepBHO AudepeHLifoBHIN QyHKuIi kK + 2 3MiHHUX
(x, ¥, py, ..., Py) CTAaBUTD y BIANOBiNHICTL PyHKUIIO K + 3 3MiHHMX (X, Y,
Dys - Py, 1) 33 IPABUIIOM

o o o
Xy ¥y Dps ooes =——+— ~Pi.1-
Df(x, y, p, i) ax+ayp'+,§=lap, Pi1

Hepaxxo nomituTy, 1o ais onepauii D na dynkuilo f(x, y, p,, ..., p;)
dopmaiizye nosHe aucdepeHUilOBaHHS 32 3MiHHOIO X PYHKLIT
fx. p(x). ¥'(x), ..., ¥*(x)). Tenep cpynxuii P, MoxHa 06umncioBaTH
3a peKypeHTHMMH GopMyiamu

DY , DR
k+1 DX s

p ==L,
> ' px

2 OsnaveHnn 4.3

MoknaneMo Z(x, y) = (X(x, y), Y(x, y)). Bidobpaxcennn P"Z: D > R™*? axe die
30 NPAGUAOM

k=1 ..,n-1 (4.28)

(x’ ¥, pl! Al pn) = (X' Y, [,1’ neey B))'
Ha3zueaiombs n-m npodosxcennsm eidobpancenns Z.

TakuM YyuHOM, GyHKLIs F y npagBiit YaCTUHi PiBHAHHS, OfEepPXa-
Horo 3 (4.10) y pe3ynbrati 3aMiHM 3MiHHUX (4.26), Ma€ BUrasA

F=FoP"Z,

a To# (axT, 110 BinoGpaxeHns Z e cumerpielo piBHsiHHs (4.10), Bupa-
XKA€ETHCH YMOBOIO

VX, ¥y Piseoes PR €D F(X, ¥, Py ooes Dy) =0 = FoP"Z =0.
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3po6uMo Tenep Take npunyieHns S: piBHAHHA (4.10) Mae cim’io cu-
MeTpiii

Z,: (x, y) (X (x, »), Yi(x, »)),

3aIeXHy Bil napamMerpa s € R, i, KpiM Toro, iCHye Take B3aEMHO OJHO3Hay-
He [epeTBOPEHHS

W:. x=U,v), y=V(u, v) 4.29)
3 dbynkuismu U(u, v), V(u, v) xnacy C"(R? - R), wo
WeoT, =Z,0W, (4.30)
e
w, v)> (U, v+s)

— ciM’st TpaHCJsALIN.
IHakue Kaxy4u, MAEMO KOMYTATHBHY AiarpaMy

RZ 7, RZ

Wl lw
R2 2% ,R2

CeHc Li€l BUMOIM 10JSra€ B TOMY, IO BHACHiIOK NePexoay Bia 3MiHHMX
(x, y) A0 HOBUX 3MiHHMX (i, V) 3a dopMmyamu (4.29) cumerpis Z HaGyBae
BurAAy TpaHciuii T,

BusaBnsieTses, siKio B piBHSHHI (4.10) 3po6uTty 3aMiHy 3MiHHMX (4.29),
BBaXalO4Yy v HOBOIO HEBIIOMOIO (DYHKILII€I0 HOBOi He3aj1eXHOI 3MiHHOI u,
TO AiCTAHEMO PiBHSHHS, CUMETDISAMU SKOTO € TpaHC/auii 7. Take piBHAH-
H# JOMNYyCKa€, NPUHANMHI I0KAJIbHO, 3HUXKeHHS ITOPSIKY MMiJCTaBAAHHAM

dv

o = z. (3acTepexeHHs] CTOCOBHO JIOKAJbHOCTiI NOSICHIOETbCS THUM, IO
u

nicns 3aMiHM 3MiHHUX (4.29) dyHKis B npasiil yacTUHI NepeTBOPeHOro
DiBHSIHHS MOXe BXe He 6YTH BM3HAYEHOIO B YChOMY npoctopi R”*2) <Dop—
MajibHO OOIPYHTYBaHHS LbOTO iHTYITUBHO 3pPO3YMLIOrO0 BUCHOBKY MicC-
TUTBCS B TBepAXeHHAX 4.1, 4.2. Ilepiu HiX IX HABOAUTH, IPOAHAII3YEMO
3 NOrNsAAY BUKJAAEHOrO 3arajibHOro NiAXxoAy piBHsSIHHSA, Ki MU PO3FJis-
HyJH4 B 1. 4.2.2—4.2.4,
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CiM’g cuMeTpili aBTOHOMHOIO PiBHSHHS Ma€ BULJIAA
Z: xX>Xx+5, yHy.
Mozt Toro 106 BUKOHYBaack ymosa (4.30), W ciig BUSHAYMTH Tak:
W: x=v, y=u
IIpoTe e o3Hayae, 10 y MOTPiOHO BBAXATH HE3IE€XHOIO 3MIHHOI0, a X —
GYyHKUI€IO Bid y. 3HNXeHHA NOPAAKY AOCATAETHCA IHACTAB/IAHHAM Z—v =z,

u
ab0 y BuximHux 3MiHHUX 1/y’ = z. OaHaK 3pyyHillolo € MiACTaHOBKA y’ =z
(nuB. 3ayBaxeHHs 4.1).

Cim’s cumeTpiit piBHSIHHS, OZHOPIAHOIO LIOAO Yy, Ma€ BUIISA,
Z:xXx, yo ey
Jlns Toro o6 BMKOHYBajiach ymoBa (4.30), W ciain BU3HAYUTH TaK:
W: x=u, y=¢€
Copasai, W o T, = (u, €' °) = (4, e’e") = Z, o W. 3HMXeHHs NOPAAKY JO-
CAra€Tbesl NinCTapISHHAM 2};— = w, 260 y BUXiIHMX 3MIHHHUX y’ = €'z = yz.
CiM’st cuMeTpiit KBa3ioAHOPIAHOIO PiBHSAHHSA MA€E BULIAN
Z . x> ex, y ey,
s Toro 1106 BUKOHYyBanach yMoBa (4.30), W MOXHa BU3HAYMTH TaK:
W: x=¢€" y=e"u '

Cnpasai, WoT,: (""", e°C*u) = (e'e”, e¥e®) = Z, o W. 3HNXKeHHS
MOPAAKY AOCATAETHCS NEPEXOIOM 40 HOBUX 3MiHHMX ¥, v Ta NiACTaB/IAH-
HIM — = W.
{74
Hapewuri, BinzHauuMo, 110 3HUXEHHA MOPSAKY JiHiAHOTO OIHOPIAHOIO

PiBHSIHHS
Ly:=y" 1a(x)y"V + . +a,(x)y=0

y BUIIAJKy, KOJIM BilOMU# HOro HeTpUBiaibHUHA PO3B’30K y,(x) (AMB.
n. 2.1.5), TeX yKJIagaeTbCs B CXeMy 3arajbHoro Meroay. [lpunyiuenss S
IUIS1 TAKOTO PiBHAHHA Oyle BUKOHYBATUCH, SIKILO MTOKJIACTH
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Z,: (x, ) x, y+sy(x)); T, x=u, y=y(x)v

(niepesipre!)

Tenep nepeiiaeMo 10 GopmanbHOro o6IrpyHTYBaHHS ONUCAHOIO
METOAY 3HMXKEHHS NOPAAKY AndepeHLiaibHOro piBHAHHS, IS IKOTO
CNPaBAXYETbCS NpUnyeHHs S. Cnoyartky 3HaiaemMo n-He NnpoaoB-
XEHHS Cyneprio3uLiji BinoOGpaxeHsn.

TeeppxeHHA 4.1
Hexait Z:®? > 8% 1a Z :R? 27 — n pasie nenepepsro andepenvitiositi
Bigobpaxenusn i Z = Z o Z. Toai B 06aacrti BU3HAYEHHS NIPOJOBXEHOrO B’
AobpaxexHss P" 7 BAKOHYETHCH PIBHICTb

P"Z = P'7oP"Z.
dosepeHHn

CeHC LbOro TBEpAXEHHs MPOCTHI: SKIIO MW MAEMO NEPETBOPEHH.

Z: X=X(x, ), y=Y(x, ),

Z: % =)?’(x, y), =Yy,

ae )'(\' = f(x, Y), f = f(X, Y), T0 AasA Toro wo6 BUPA3sMTH KOXHY HOXiaAHY
d* y
A{ yepes X, ¥, ¥', ... ("), k=1, .., n, MOXHa CNOYATKY BMPA3WTH ii yepes

X
~ k~
X, ¥, -3{-, %—;‘} a noTiM ckopucTaTucs dhopmynamu (4.26), (4.27). Joseaemo
X X
ueit daxr.
AHanoriyno (4.28) BU3BHAYMMO NMOCAIAOBHOCTI DyHKLL#:
E"D):’Pk-i»l:%'k_ls ,n—l,
DX DX
PRGN SRR S
DX
3MiHHi, Bia AKMX 3anexath QyHKUil P, NO3HAYATUMEMO 4Yepes X, 7, Pl oos Pi-
Iorpi6Ho aosecTH, 1110
B =P(X,Y,P...P) (4.31)
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s k =1, ..., n. BinnosiaHi MipkyBaHHsi npoBesemMo iHaykui€lo no k. Hacamnepeg
3ayBaXHMO, LIO

XoZ XoZ

DX = o DX + 5 DY = DX|i-x.5-v.5,.5 DX = DX P'Z . DX.
X C

Ipu k£ = 1 Mmaemo

A l ~ ~
R_B_Y__P_Y__PM_ BeP'z=B(X, ¥, P).
DX DX.P'Z.Dx

Ipunycrusiuy Tenep, WO BUKOHYETbCA (4.31), micraHeMo

A 7’\ ° k, P ° k k p, k,
ph, | P2 BB Z by SR PZ b px -
ox 4%

op;
= DP - P**'7. DX,
3BigKu

-

DPx _ DP, o P**'Z.DX

DX DX .-P'Z. DX

=P oP¥'Z =P (X,Y, B, .. P ).

1

3po6umo B piBHsAHHI (4.10) 3amiHy 3MinHMX (4.29). Tloknaswm ¥ = F o P"W, picra-
HEMO piBHSIHHSA

W, v, V', oy V) = 0, w0 --il. (4.32)

du*

TaeppeHHn 4.2 :
Hexa#t sukonyeTsen npunymenns S i (ug, vy, Wy, ..., Wp,) — AOBLIBHA TO4KA ¥
obnacti Bu3znaueHust Gyuxuii ¥. Toai B AOCHTH MQIOMY OKOJAI L€ TOUKH
piBHsHHA (4.32) exBiBaeHTHE PIBHAHHIO e

W, V', ., V) = W, v, Ve, V) = 0.
H

dosepeHHA

Ockinbky BinobpaxenHs W B3a€MHO OQHO3HA4He, TO 3 PiBHOCTI £ o W= W,
sika € HactiakoM (4.30) npu s = 0, BUILIMBAE, 110 Z, — TOTOXHe BinoGpaxenHs. Toni
3 ypaxyBaHHsAM NPHUIyLIEHHs S Y JOCUTb MATOMY OKOJi TOYKH (U, Vg, Wy, ..., Wy,)
NpH BCiX JOCUTb MAJIMX 33 MOAY/IEM S MAEMO

! \FOP"W=0=>F°P"ZSOP”W=0.
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AJie 3rigHO 3 TBepAXeHHAM 4.1

FoP"Z oP'"W =FoP"(Z,oW)=FoP"(WoT,)= FoP"WoP'T,,

10610

FoP'W =0 = FoP'"WoP'T,=0.

Ile o3Hava€, 110 NPUHAHMHI B AOCUTb MATIOMY OKOJIi TOUKH (iy, Vg, Wops s Wy,) TIPH
BCiX JOCHTh MATUX 32 MOAYJIEM § MAEMO
Y, v, Wy, oaw,) =0 = WY(u,v+s, wy,...,w,)=0
a OTXe, JIOKaIbHO PiBHAHHA Y(u, v, w,, ..., w)) =0 1a ¥Y(i, vj, w;, ..., w,) =0
eKBiBaJIeHTHi.
BMPABU TA 3A[AMI

@ TIloka3ary, WO Po3B’a30K y(x) 3anaui Ko

LY (), y0) =0, ., YD) =0

e = Y(Xg s Y 0) =Y,

ze f(x) € C(I > R), x, € 1, mae Buraa y(x) = 1),_" (x-&)" !fEde.

HoBecTy Lie TBepIKeHHs 3a JONOMOro10 GopMyu (2.67 ).

® 3inrerpysary pisnsinna F(y™ ™V, ™) = 0, sikwio Bigoma ioro riapaMerpu3sa-

(n-b

uin y" P =¥, (0, Y =Y, (. rel.

® 3inrerpysatu piBusinns F(y" ¥, y™) = 0, sKiuo BiioMa #Oro mapameTpusa-

uin y"2 =Y, 5, y™ =Y, (0. tel.

@ Po3pB’si3aTH PiBHAHHA:

a) x2y" = (% n 4x’yly = x? -y
6) (»)’ +21" = 0; n) yy"+ 3y =0;
B) x’yy" + () =0; e) yy" =20

® 3uaittn po3s’asku 3agay Kouwi:

a) ay"y =1, y0) =1, YO =-1; 6) »’y"+1=0, y(0)=1/2, y'(0)=2.

® 3HM3UTH NOPAIOK KBa3i0AHOPIAHOro PiBHsAHHS Ha nmisoci x < 0.
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4.3
Po3s’'A3aHHA cucTeM audeperuianbHux piBHAHL. TEOPIA nNepuwux iHTerpanis

- @ 3HM3MTH NMOPSAAOK y PiBHSAHHI, iHBADIaHTHOMY BilTHOCHO NEPETBOPEHD TIOBOPOTY
Z,: (x,y)+> (xcos s—ysin s, xsin s+ ycos 5), se R.

Bxasiexa. Y naHomy Bunanxky W(u, v) = (ucosv, usinv).

4.3 |

Po3s’A3anHA cuctem audepeHLlianbHNX PiBHAHD.
Teopin nepwunx iHTerpanis

Tyt Mu po3rasHeMo HaMIPOCTillli METOAM iHTerpyBaHHA HOPMaJIbHUX
cucteM gudepeHLiaIbHUX PiBHSIHBL Ta CUCTEM Y CUMeTpUYHiil dopmi. Byne
BMKJIAZIEHO TaKOX TeOpilo NMepIUnX iHTerpaliB HOPMaJbHMX CHCTEM i CHCTEM
y CUMeTpUYHil dopmi.

4.3.1. MeTos BUKNIOYEHHA

PoarnsxeMo n-BUMipHY HOpMaJibHY CHCTeMY AucepeHLiIbHUX PiBHAHD
x = f{t, x). (4.33)

Hexait xomnoHeHt fi(t, x), i = 1, ..., n BexTop-@yHKuii f(, x) n pasis
HernepepBHO AudepeHLIHOBHI B aesikilt o6aacti D < R"* |, Buaimmo y Bek-
TOpi X = (X|, ..., X,,) AKYCb KOMIIOHEHTY, HaNpUKJIaj x,. laes merony BuK-
JIIOYEHHs NOJIIra€ B TOMY, 106 NOBTOPHUM AUGEpeHLIIIOBAHHAM IIEPLIOTO
PiBHAHHS CUCTEMU AiCTaTH CUCTEMY CIIBBiIHOLLEHb, 3 IKMX MOXHa OyJio 6
BUKJIIOYMTH 3MiHHi X,, ..., X, i TAKMM Y4HOM ofepXaTu JudepeHlianbHe
PiBHSHHSI n-TO NOPSAKY BiAHOCHO 3MiHHOI x,. OnuuIeMo BianosinHi aii
JAeTajbHilue.

3audepenniloeMo 061ABi YACTMHU NEPLIOTO PiBHAHHA X; = fi (7, X) 3a
3MiHHOIO ¢:

KoxHy noxiaHy x; 3aMiHMMO BillOBIAHOIO KOMIIOHEHTOI f; (¢, X) npaBoi
YaCTMHH CHCTEMH. Tqm MaTHMEMO
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IHTErPYBAHHA HENIHIMHWUX OWOEPEHUIANBHUX PIBHAHL | CUCTEM

. a n a
5 =£+Z£,f" = Fy(t, %),

i=1 i
AHaJIOrT4yHO AicTaEMo

(k) aFk 1 d 8Fk_1
Xy = + = F @ x), k=23, .., n
" 2. o, i @0

i=1 i

MNMoknanemo u1s1 ORHOTHIIHOCTI No3HayeHb Fi(1, x) = £,(1, x) i mpunycTHMO,
1O CUCTEMY

) .
x, = Fi(t, x), x5, ..., %), i=1..,n-1

MOXHa PO3B’43aTH BiIHOCHO X,, ..., X,

) (n-1n) |
x; =(p,-(t, Xy, Ky n X ] i=2,..,n (4.34)

- . .. (n)
MiacTaBuBiM 1i BMpa3sy y CHiBBIIHOWEHHA X, = F, (t, x;, X5, ..., X,),
AicTaHeMo axdepeHUialbHe PIBHAHHSA n-I0 MOPAAKY BilHOCHO 3MiHHOI X,
BULJISIAY

n n-1
w_ cl)(t, X1y s o ’]. (4.35)

Jlo HbOro MOXHA 3aCTOCYBaTH BXe BiIOMi HaM MeTOIU iHTerpyBaHHsI Au-
¢epeHUiaIbHUX PiIBHSIHD N-FO NOPSAKY.
Hexaii x,(t), t € I — po3p’s30K piBHAHHA (4.35) Takuil, WO TO4Ka
. (n-1) .
(t, x;, (1), ..., x; (f)) HanexuTb 061acTi BU3HaYeHHsa PyHKUil @; NpuU
tel, i=2, .., n Toli, BU3HAYUBIIIK 32 JOIIOMOIOIO CIiBBigHOILUEHDL (4.34)
dbynkuii x, (1), i = 2, ..., n, nicTaHeMo Po3B’a30K x(¢) = (x,(f), ..., x,(¢))
cuctemu (4.33).
OfNfpuxknap 48
Po3e ‘aucemo cucmemy
a1 oy _ 1
dt y' odt x-t
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4.3
Po3B’A3aHHA CUCTeM AudepeHuianbHuX PiBHAML. TEOPIA nepwux iHTerpanis

OueBHAHO, WO UA CHCTEMA He Ma€ pO3B’A3KiB, sKi 3a10BOAbHANU 6
. dx . .
piBHicTb —Jt"l= 0. Tomy, po3p’s3aBliK nepiie PiBHAHHA BIIHOCHO ¥y Ta

MiZACTABUBIIM ONEPXaHWUN pe3y/bTaT y Apyre, MaTUMEMO

(éz_l)'zﬁ__'_
dt ) d? x-t

Le piBHAHHS MoXHa 3006pa3sUTy y BUIJSAI

ax  Y'd(dx ), fdx
(5-1) alE)-eo (G

abo
I 9-—1|=iln|x—t|‘
dt | drt dt
3siacu
dx
E——l=c,(x—t), =0
a6o
d(x-1)

7 =ci(x-1).

3iHTerpyBaBili¥ OCTaHHE DiBHSIHHS, AiCTaHEMO x =t+c2e°". Buxopucras-
I nieplue PiBHAHHA CHCTEMM IS BilLUyKaHHS y, MaEMO

1
Y
cce

-1
y=(1-%) =@t --

OcTtaToy4Ha BiAnoBijb:

1
¢ c e

(ats
X=f+ce", y=—



fnasa 4
IHTEFPYBAHHA HENIHIMHUX QUOEPEHLIANBHUX PIBHRHb | CUCTEM

4.3.2. O3HaveHHA, reoOMeTpuYHa
iHTepnpertauif Ta aHaniTMYHKA
KpMTepin nepluoro inrerpana

BaxuiuBy posib py BUBYEHHI HOPMAIbHOI CUCTeMH aubepeHLians-
HUX piBHAHb (4.33) BimirpaloTh GyHKUil, sKi HaGyBalOTb CTAJIMX 3HA-
yeHb y300BX ii po3B’aA3kiB. Y Teopii audeperuiaibHUX PiBHAHL TaKi
dyHkuii Ha3UBaIOTb nepuwumu inmezpasamu. Y BUNAaaKy, KOJM CHUCTEMa
nudepeHUianbHUX PiBHAHbL ONUCYE TOM 4 iHmIME MexaHiyHM#i abo di-
 3MYHMHA npouec, ii nepiui iHTerpaay 4acTo MOXHa iHTepnpeTyBaTu K
neBHi 3aKOHH 30epexeHHs (eHeprii, iMIIy/ibCcy, KiIHETUYHOTO MOMEHTY
TOLLIO).

Iepexoasiun 10 ToUHUX HOPMYIIOBaHb, IPUIYCKATUMEMO, IO B CHUC-
1eMi (4.33) f(1, x) € C(D — R") i KoxeH ii po3B’a30K Ma€ BAaCTHBICTh
€IMHOCTI.

S Osnavenun 4.4

®yniuyiro U(t, x) € C'(D— R) nasusaioms nepwum inmezpasom cucme-
Mu (4.33), akwo ona 6yos-axozo pose’asky x (), t € I uiei cucmemu

d ..
BUKOHYEMbCA pigHicmb @ U(t, x (1)) =0 0asn scix t € 1. Tlepuuii inmez-
pan U(t, x) nasusaiomb negupodxcenum ¢ obaacmi D, akwo

aUu(t, x) ¢Uq, x) oU(t, x)
,.} . y

rad U(t, x) := .
& ( x) ( ot é’xl ox

)#0 v(t, x)e D.

n

YMOBa HeBUPOIXKEHOCTI BUK/IIOYAE 3 PO3IJIALY TPUBiaIbHi Mepiui iHTer-
pPain, SKMMU € TOTOXHO CTali QyHKILii.
Ilepiunii inTerpan Honyckae npo3ope reoMeTpUuYHe TAyMayeHHs.

< O3naveHnnr 4.5

Mruoxcuny M € D nasusaiomb inmeeparvnoro Mrodcunoro cucmemu (4.33),
AKWO 80HA Mae maky eaacmusicmes; 013 Oyob-akoi mouku x € M epaghix
D036 3Ky, W0 npoxooums yepe3s uio MoKy, Uitkom Hasexcums M.

Haitnpocriiuolio iHTerpaibHo0 MHOXHKHOIO € Ipadik po3B 3Ky — inme-
2panbHa Kpued.

13 camoro o3HaueHHs NepLIOro iHTerpana HeraitHoO BUILIMBAE Take TBEp-
JOKEHHS.
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4.3
Po3sB'R3aHHA cucTem aucdepenuianbHnx piBHAHL. TEOPIR Nepwux iHTerpanis

TBepnx(eHnn 4.3
Pyukuis U(( x)e C’ (D > R) € fleplMM iHTerpajoM CUCTEMU
(4 33) Toai # nmuie TOA, KONK MHOXMHA piBHA M, = {(t, x) e D
: U1, x) = ¢} it KOXHOro yucia ¢ 3 06nacti 3HAYeHb U(D) dyu-
: Kuu U(#, x) € IHTeIpUIbHOK MHOXHWHOIO LI€T cCUCTEMU.

BkaxeMo npoctuil cnocib, skuil Ja€ 3MOry nepeBipuMTH, 4y € 3aia-

Ha DYHKUis nepwiuM iHrerpajoM 6e3 BUKOPHUCTAHHS ABHOIO BUIIAAY
PO3B’sA3KiB.

< OsxayerHn 4.6

Hoxionow Gynruii U(t, x) € C'(D > R) y cuay cucmemu (4.33) nasuea-
1omb QyHKUio

. oUul(t, x) al(t, x)
U, x):= = fit, x
s ot ,2:1 ox;

i

de fi(t, x), ..., f,(t, X) — Komnonenmu sexmop-@yrkuii f(1, x).
SAKI0 BBECTU ITO3HAYEHHS

grad U = (6U(t, x) auq, x)]

Ty

xy éx,
TO NOXifIHA B CWJ1y CUCTEeMU Habupae BUIISAY

Uyptr, ) = 2282 4 graa U, 20, 10, 20

Teeppxenun 4.4

Axwo U(t, x) e CH(D R), TO AnsA 6yub AKOro po3B’si3Ky x(t),
t € I cucremu (4.33) BUKOHYETLCS PIBHICTL

%U(r. x(0) = U, x() vieel.

doBepeHHn

CKopucTaBiiuCs ITpaBuioM dudepeHLiOBaHHS CKIaMHOL DyHKHIT,
MAaEMo:
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IHTErPYBAHHR HENIHIAHUX AVOEPEHUIANBHUX PIBHRHb | CUCTEM

d oUu(, x) )
—U(t, x(1)) =—— +(grad U@, x()), %(1)) =
a o x=x(#) ’
= aUgt, X) +(grad U(t, x(1)), £(t, x(1))) = Us(t, x(1)) Vel
’ x=x(1)

Teopema 4.1
(ananiTmyHit kputepin nepuwioro iHrerpana)
Hexait U(t, x) € C1(D > R) | BUKOHYEThCS PIBHICTb

Us(t, x)=0 (., x) e D. (4.36)

Toni dyuxuia U(t, x) € nepuiuM iHterpanoMm cucremu (4.33).
Hagsnaku, axino yepe3 KOXHY Touxy obnacti D npoxoauts rpagik

xo4a 6 oaHOro po3s’sa3ky cucremu (4.33), a dyukuis U, x) e 1i

NEPLUMM IHTerpaiioM, TO Taka (yHKLLst 3a10B0IbHSIE YMOBY (4.36).

HdoBepeHHA

Hexait U(t, x) € C'(D > R) — byHKLis1, M5t AKOI BUKOHYETHCS
piBHicTb (4.36). Toai 3 orany Ha TBepaxeHHs 4.4 1j1s1 JOBUIBHOIO pPO3-
B’A3Ky X (f) MaeMo

d .
U@ XN =Ty, xt) =0 viel.

Otxe, U(t, x) — neplumii iHterpan.
Hasnaku, Hexait U(t, x) — nepwuuit interpan, (f, x,) — AOBUIbHA
To4Ka 3 D, a x(f), t € [ — po3B’A30K, Ans aKoro x (1) = x,. Toxi

0= %U(z‘, x(1)) = Uf(t, x()) vtel.

IoxnaBuiu TyT t = f), OiCTaHEMO Uf(to, xp) =0. Ockinpku TO4Ka
(15, xy) € D — noBinbHa, TO 3BiACH BUILIUBAE (4.36).

& 3aysBaxeHHA 4.2

3 teopemu IleaHo, siky 6yne noseneHo B n. 5.1.1, BUILIMBEE, 11O Y BUNAAKY
HenepepBHOI BekTOp-GyHKLil f: D > R”" uepe3 KoxHy Touky obaacti D
aificHo npoxoauTh rpadik xoya 6 ogHOro po3s’a3ky cucremu (4.33). Tomy B
LbOMY pa3i eKBiBajJleHTHe O3HauyeHHs NepILOro iHTerpaita (QOpPMYAIOETbCS

368



4.3
Po3B’A3aHHA CHMCTEM AudepeHuianbinx piBHAML. TEOpiA nepwmnx iHTerpanie

Tak: gynkyia U(t, x) € C(D > R) Ha3u6aembcs nepuum inmezpanom cucmemu
(4.33), axwo oan nel suxoHyemoca pisnicmb (4.36).

QfNpuknap 49

Hexaii mampuus ainitnoi cucmemu x = A(1)x, x € R", t € I xococumempuuna:
AT(I) = -A(t), t € 1. Iloxaxcemo, wo maka cucmema Mae nepwuii inmeepan
Ux) = | x||2 = (x, x), a omxce, iT pyndamenmanvia Mampuus opmozoHanba.

CKopHCTaEMOCS aHaNiTUYHUM KpUTEPiEM nepworo iHterpaia. B Ha-
oMy BUnanky f(¢, x) = A(t)x i

Uy =(f, x)+(x, f) = (ADx, x)+(AT(O)x, x) =0,

uio # Tpeba Gys0 AOBECTH.

OMNpuxknanp 4.10

Pozznsnemo pyx mamepianbnoi mouxu Macoro m ' y mpueumipHomy npocmopi R® 3a
YMO6U, W0 Ha Hel dic auwe nomenyianbie cunoge nose.

Hexa#t noteHuianbHa eHepris TOYKM € Jeskolo (PyHkuiewo T(x) €
e CYR® > R). 3a 03HaYEHHAM MOTEHLIATLHOIO CHIOBOIO MOAs CHJa, Lo
ni€ Ha TOuKy, Kosu Ta nepebyBae B MoJOXeHHi x, aopiBHioe -grad MN(x).
3rigHo 3 ApyruM 3aKoHOM HblOTOHA PiBHAHHS PyXy MalOTh BHUIJISA

mx = —grad I(x).

Hiit TpuBumipHilt cuctemi audepeHuiaibHUX piBHAHbL APYrOro MOPAAKY
BiANOBiA€ eKBiBa/IeHTHa IIECTUBUMIpHA cUCTEMa

X=y, y= —Lgrad I(x). . (4.37)
m
TMoxaxemo, wo dyHKUis
E(x, y):= %Ilyll2 + [(x)

€ nepwinM interpaioM cucteMu (4.37). [is ubOro CKOPMCTAEMOCH aHai-
THYHUM KpHUTepieM iHTerpana. B HainoMy BHMNaaky

1 Jll(x 1 JIx 1 oTl(x
Sfix, y):[yl, Y yg,———ﬂ(_ ).——- («( ),—— O,\( ))s
m éx m ax, m  éx,

= (,v, - —l— grad l‘l(x)j,
m

a 'romy
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E(x,y) = <6E(a': ») ' y> + <6E(;,’ ») . ~Ti'—grad H(x)> =

= (grad [i(x), y)+ <my, - -’l; grad II(x)> =0,

Otxe, E(x, y) — nepunii interpan cucremu (4.37).

Skuio 3aKoH pxxy maTepianbHOi TOYKM ONMUCYETHCH PIBHAHHAM X = x (1),
ne x(t) e C'(J~ R%), To m|| %(1) |>/2 — ue i kiHeTnuna enepris, a IN(x(¢)) —
noreHuianbHa. Ockiibku E(x, y) — nepwuit interpan cucremu (4.37), To B
npoueci pyxy TOYkM 1i MoBHA eHeprisi He 3MiHIOETLCS.

4.3.3. Nosuun Habip
nepiwmx interpanis

TloHATTa nepuioro iHTerpaja ga€ 3MOry 3 HOBUX NO3MULINM nigiiTh oo
npobaemu iHTerpyBaHHs cucteMu (4.33). Po3msineMo Jisi OiLiblIOl Ha04-
HOCTI BUNanox n = 2. Hexalt HaM BinoMuit HeBUpOIKeHU nepliuit iHTerpan
U,(1, x,, x,) cucteMn. MHOXUHa PiBHS Mrl. ={(t, x;, x,) 1 U (1, X, X3) =
=¢;} W€l PyHKUI] € IOBEPXHEID, Ka CKAANAEThCA 3 IHTEIDAILHUX KPUBUX.
[as Toro 1106 BUOKpEMUTH OHY 3 HUX, TOOTO BUAUIMTA YaCTUHHMI pO3-
B’A30K CHCTEMM, JOCTATHLEO 3HATU 1€ OAMH NepiluMi imer?a.n U,(1, x;, xy),
AKUA MaB OU TaKy BJIACTMBICTb: KOXKHA 10BepXHA piBHA M = {(1, x|, x;):
1 Us(t, x,, x;) =c¢,} neperuHaersca 3 M ,'.l 110 KpuBiii. 3po3ymino, 1o iH-
TerpajlbHa KpMBa 7y, fIKa MICTUTb CIiUIbHY TOYKY 0DOX MOBEpXOHb PiBHA
Mc'l, M, Mae HanexarTy KOXHiil i3 LLMX NOBEPXOHb. A Lie O3Haya€, Lo
i JIiHis NepeTUHy Mr!, 3 M} ieinrer-
pajibHOI0 kpuBolo (puc. 4.4). Orxe,
f1apa «iCTOTHO Pi3HMX» MepIlnX iHTer-
pasliB IBOBUMIpPHOI CUCTEMHU JA€E 3MO-
ry 3HaXOAMTH ii iHTerpanbHi KpMBi.
3BHYaiiHO, HaBeleHi BUilie MipKyBaH-
HS noTpebyoTh AOJATKOBOIO aHaji-
TUYHOIro O6TpyHTYBaHHs. OnHaK yxe
3apa3 MOXHa BUCJOBUTU CIOAiIBAHHA,
10 ¥ y 3aranbHOMY BMIIaAKy 3a Ha-
ABHOCTI B cuctemu (4.33) n nepuuux
Puc. 4.4 interpanis U,, ..., U, ii inTerpaibHi
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4.3
P03B'A38HHA CHCTEM AuchepeHuianbHnx piBHAHL. TEOPIA nepwux inTerpanis

KPUBi MOXHa 6yayBaTH fK JIiHii, 10 AKHX [1epeTUHAIOTHCA NOBEPXHi PiBHIB
(byﬂx{.liﬁ v, .., U, .

Ilicna nux nonepenHix 3ayBaxeHb IepeiiieMo 10 BUKJIALy CTPOrMX pe-
3YJIbTATiB.
o O3HaveHHn 4.7

Dynicyii U e C D> R), i=1, ..., k nasusamumemo (Pynxuionatono)

ne3anexcHumu ¢ obaacmi D, akwo 6 koxcuid ii mouyi eexmopu grad U,

i=1, ..., k sinitino Hezanexci.

IlincTraBoio g LbOro 03HAYE€HHS € TakKui PakT: XKoaHa 3 QyHKLIH UJ
He Moxe OyTH IofaHa y BULIAi HenepepBHo andepeHUiioBHOI QyHKIIT
Bin Gynkui U, i= 1, ..., k, i # j. 3po3ymiNio, 110 AOCTATHLO NIEPEKOHATUCS
B IPaBUJILHOCTI L1bOTO TBEPIXKEHHs ¥ BUIAAKy j = k. byaeMo mipkyBaTu
Bi cynporusHoro. [1punycTumo, HaBriaky, 110 Ha AesKil BioKpuTii MHO-
xuHi G < R* !, 1o mictuts obiacTs 3HayeHsb pinobpaxenus (U, ..., U_):
: D> R¥"!, jcnye dynkuis F(uy, ..., 4, ;) € C'(G R) TaKa, wo U, =
= F(U,, ..., U,_,) y KOXHi# Toyui D. 3BIACH BUILIMBAE PiBHICTh

OF WU, U ) oy OF W o Ui )
1

rad U, =
& k Cuy ouy

grad U, _,,

SIKa CynepeyuTh He3alneXxHocTi Gynkuii U, ..., U,.

¥

TeepaxexHsa 4.5

f HesanexHicts nepumx inrerpaiis Uy(t, x), ..., Uft, x) cucremun -

4.33) expisawienTHa JiHiAHIA He3anexHOCTi BexTopis grad, U,(/, x), :
., grad, U, (4, x) y xoxuit Touui (1, x) € D.

[loBepeHHRA

Hexait A(1, x) — matpuus, pankamu akoi € grad U, (1, x), i=1, ..., k,
a B(1, x) — matpuus, paakamu saxoi € grad, U (1, x), i=1, ..., k. [lo-
Tpi6HO AOBeCTH, 1O i MaTpULli MalOTh OJHAKOBI paHI.

3 aHANTHYHOro KpUTEPilo MEPILOro iHTerpasa BUIUINBAE CUCTEMA
piBHOCTEH

eUu(t, x) U (¢, x) oU,(t, x) 0
ot X, x,
+ fit, x) : +.+ fi,(t, x) =
oUi(t, x) eU, (¢, x) eU,(, x) 0
ot ox; ox,
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Bona o3Hauae, wo nepuwnit croBneup Marpuui A4(7, x) € niHifiHOIO
KoMOiHaui€lo iHIIKX 7 11 CTOBMUIB, AKi BOOHOYAC € CTOBILUSIMK Mart-
puui B(t, x). Orxe, ui ABi MaTpuli MalOTh OAHAKOBI PaHIH.

< O3navennn 4.8

Habip i3 n dhyynxuionanbno Hezanexcnux nepuux inmeepanie cucmemu (4.33)
Ha3ueaoms no6HUM Habopom nepwux inmezpanie yici cucmemu.

INokaxeMo, 110 Yy BUNaAKYy, KOJAY NOBHUHA Habip nepuiMx iHTerpaiis
cucremu (4.33) BimoMui, BiallyKaHHS po3B’A3KY 3agaydi Kouwii 3BoauThCA
0 BA3HA4YEHHs HesABHOI (PYHKIL.

Teopema 4.2
Hexait U(t, x), ..., U, (t, x) — noBHM#H Habip nepuiux iHrerpaiis
cucremy (4.33) i (4, x;) — nosuibHa TouKa obGsacti D. Toxi cucre-
Ma piBHSHb
Uit x)y=¢?, i=1, .., n, (4.38)

ge ¢ = Uity Xq), B HESIBHOMY BUIVBSIII OHO3Ha4HO 3a13€ PO3B’Sl-
30K cuctemu (4.33), rpadik sKOro NPOXOAUTh Yepes TOUKy (1), x,).

fosepneHHn
YBeneMo 10 poO3mIfAAy BeKTOp-(YHKLi0

F(t, x)= U (t, x)-¢0, ..., U,(t, x)-¢cD).

Cucrema (4.38) TNepenuIeTbCs y Burani F(z, x) = 0. Lle piBHSAHHS
BU3HAYa€ HA NEAKOMY inTepBani / 3 f, y HeABHOMY BMIJISII €AMHY
dyHkuio x (1) € C'(/ > R"), sika Ma€ Taki Bi1acTusocTi: 1) x (1)) = x,;
2) F(1, x(8)) = 0 nna Beix 1 € 1. JliicHo, ockineku F(1, x;) =0, F(t X) €
e C'(D+— R" i marpuus M, psanxamu skoi € grad, U, (1, x),
i =1, ..., n HeBUpOXHEHa, TO ICHyBaHH}I X () BUILUIMBAE 3 TEOPEMM [1PO
HBHBH)’ dyHkitio (auB. gon. 2).

Ilokaxemo Tenep, wo x(¢), t € I — po3s’a30K cucremu (4.33).

Cnpasai, 3 onHoro 60ky, ockinbku U, (t, x(1)) =c, te l, i=1, n,
TO, 3aM(epeHLIiIOBaBIIM Li PiBHOCTI, AICTAHEMO
v, x) +(grad, U;(t, x(1)), X(#)) =0 (4.39)
ot x=x(r)

vtel, i=1, .., n
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3 iHworo 60Ky, 3riiHO 3 aHAITHYHKM KPUTEpIEM iHTerpajia MaEMO

eu;(t, x)

o +(grad, U;(t, x(1)), f(t, x(1))) =0 (4.40)

x=x(1)

viel, i=1, ... n

Bigusasuwuy Bin i-i piBHocTi (4.39) i-Ty piBHicTb (4.40), mictanemo

(grad U, (t, x(1)), x(t) = f (¢, x()))=0 Viel, i=1,..,n

abo, 110 oHe ¥ Te caMme,
Mmr) - ft, x1)]=0 Vtel
cxX

oF(t, x)

-~

3 HeBMPpPOIXEHOCTI MaTpuLli BUILIMBAE, 1110

x(t) = f(@t, x(t)) Vtel.

O1xe, x(f) — po3B’sa30k cuctemu (4.33) Ha iHTepBaui /.

Ha nincragi noBeieHOi TeOpeMH MOXHA 3pOOMTH BMCHOBOK, 1LO CIiiB-
BiIHOLLIEHHS

U x)=c;,i=12,..,n,

M€ ¢y, ..., €, — JOBUIbHI CTalli, BU3HAYAIOTb Yy HESIBHOMY BMIVISLAI 3arajibHUM
po3B’sa30K cuctemu (4.33). ToMy LIKOM DIPUMPOAHO Ha3BaTH Ui CIiBBiAHO-
IICHHS 3a2anbHUM iHmezpaiom CUCTEMHU. SIKILO 3 HHOrO BAACTHCS BUPA3UTH
Xy Burisigi x = @(¢; cy, ..., ¢,), TO B Takuii cnoci6 6yae 3HalineHo 3aranb-
HHUit po3B’s30k cucteMu (4.33) i, oTxe, ii 6yne NOBHICTIO 3iHTErPOBAHO.

JlokasnbHa TeopeMa iCHyBaHHS [IOBHOIo Habopy nepiiyx iHTerpaiis go-
BOAMTUMETLCS Mi3Hille.

4.3.4. BunpAMAEHHRA iHTEerpanbHux
KPMBNX HOPMaNIbHOI cucTtemMm™*

[NokaxeMo, 110 3a AONOMOrOI0 MOBHOr0 Habopy nepluMx iHTerpaiis
HOPMaJIbHY CUCTEMY MOXHA 3BECTH JI0 MaKCHMAJIbHO NPOCTOIO BUIJISAY.
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Teopema 4.3
(npo BUNPAMANEHHA)
Hexaht U(1, x), ..., U(t, x) - noBuuit nabip nepuwnx inrerpaniis
cucremu (4.33). Toai 3aMiHa 3aeXHUX 3MIHHUX
u, = U1, x), ..., u,=U( x) (4.41)
3BOJIMTL CUCTEMY (4.33) 1O TPUBIANILHOIO BUINRILY
=0, (4.42)
e u=(uy, ... u,).
doBepneHHA

11106 yrBOpMTH cUCTeMy audepeHLialbHMX PiBHAHD AJI1 HOBHX 3a-
JIEXHMX 3MIHHUX U, ... &,, IOB’SI3aHMX 3i CTADUMH CIiBBIAHOILIEHHAMH
(4.41), BUKOHYEMO TaKki Aii:

1) koxHy piBHiCTb (4.4]1) audepeHLIIOEMO 32 HE3ATEXHOW 3MiH-
HO10, BBAXaI0UH x BeKTOp-(YHKIIEIO, KA 3a10BO/IbHSE cucTeMy (4.33):

. oU( x) NoU i, x) . ,
i =— +k=l ox, X =Upt, x), (4.43)

2) 3 piBHOCTeit (4.41) BMpaxaeMo 3MiHHi x yepe3 3MiHHi (¢, #) : x =
= X(, u); pe3ynsTaT miacrarusaeMo B (4.43) i mictaeMo LIyKaHYy CHCTEMY

i =Ug(t, Xt u)), i=1,...n. (4.44)

Jpyra i3 3a3Ha4eHMX [iii € KOPEKTHOIO, IIpMHAHMHIi JIOKaJIbHOIO,
SIK1I10 CUCTEMA BEKTOpiB

{gradx Ui (t’ x)};'—:l (4°45)

JIiHIHHO He3aJleXHa B KOXHiN Touli obnacti D. CnipaBii, B 11bOMY BU-
NajiKy paHr marpuui Ako6i

6U1(1, x) EUl(t, x)

eut, x) | _O"l. _an
cx ou (¢, x) eu,(t, x)
ox, x
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ne U(t, x) = (U,(t, x), ..., U,(t, x)), hopiBnioe n ycioau B D. Tomy, xou
6u sxolo Oysia Touyka (tO, -"o) € D, 3naiinerscs oxin B(t, uy) < R'*"
TOUKH (1, uy) = (1), U(4, xy)), B ﬂxomy cucreMy U(t, x) = u [BeKTOpHa
¢opma cucremu (4.41)] MmoxHa p033 s13aTU BilHOCHO X. TouHilue, 1cuy€
. TaKe BinobpaxeHus X (¢, u) € C'(B (ty, uy) > R"), wo X (¢, uy) = x; i
U(t, X(t, u)) = u. Y NpaBWILHOCTI 11bOIO BUCHOBKY nerxo [EPEKOHATUCh,
AKILO 10 BigoGpaxenus F(t, x, u) .= U(t, x) —u e C'(D x R" > R")
3aCTOCYBaTH TEOPEMY PO HesIBHY (PyHKUIIO.

Hoci B Hauimx MipKyBaHHsSIX BUKOPHCTOBYBaBCS JiMiue (akT Ji-
HiHOI He3aJleXXHOCTi cucTeMU BeKTOpiB (4.45); B yCbOMY iHILOMY
bynkuii U, ... U, 6yau nosuibnuMu. Hexadt tenep ui yHkuii yrso-
PIOIOTh NOBHUM Habip nepiuunx iHTerpanie cucreMu (4.33). Toni 3 ypa-
XYBaHHSIM aHAJITUYHOrO KpUTEPilO nepiluoro interpana cucrema (4.44)
Habupae Bursay (4.42), aKMi He 3aJ1€XUTh Bill JOKAJIbHO BU3HAYEHO-
ro BinobpaxenHs X(, u).

QO Hacnipok 4.1

byOv-saxuii nepwuii inmezpan U (1, x) cucmemu (4.33) 6 docume masomy
okoni doginvHol mouxu (1, x;) € D moxcna nodamu y euensdi

U, x) = (U1, x), ..., U1, x)), (4.46)

Ode ©(u) — HenepepeHo dugpepenuyitiogna QyHKUia 6 desakomy 0Koal MoYKuU

Cupasni, nobau3sy To4ku (1, x,) 3aMiHa 3MiHHUX (4.41) nepeTBOpIOE
nepumii iHterpan U(7, x) cucremu (4.33) Ha nepuuuii inrerpan U(t, X(t, u))
cucteMy (4.42). 3 aHaJiTUYHOrO KpUTepilo iHTerpaja BUILUIMBAE, 11O

5“;0(:, X(t, w)) = 0, 70610 byHKLis D) = U1, X(t, u)) He 32neXUTb Bi 1.

A uk

(& 2) —(t U(t, X))

W

~Y
\

Puc. 4.5
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Ko Tenep NOBEPHYTUCA A0 CTApMX 3MiHHUX 3a opmynamu (4.41), To
JicraHeMo 3o06paxeHHs (4.46).

HacamkiHellb 1aMO reoMeTpruHe TiymadeHHs TeopeMu 4.3. ['padikamu
po3B’si3KiB cucTeMu (4.42) € npsimi, napaienibHi oci Of. I3 noBeeHOI Teope-
MM BMIUIMBAE€, 110 BinobpaxeHHs (7, x) > (2, U(1, x)) iHTerpajibHi KpuBi
cucreMH (4.33) nepeTBOpPIOE Ha napaesbHi NpsaMi (puc. 4.5).

4.3.5. Nepuwi interpann aBTOHOMHOI
CHCTEMHM Ta CUCTEMM
B CUMETPUUHiNA hopmi

Po3r/19HEMO aBTOHOMHY CHUCTEMY
x = f(x), 4.47)

ne f(x) e C(D— R", D — obnactb y R”. Ii asmonomnum nepuum inme-
PGAOM HA3UBAETHCA TaKUM NeplUMi iHTerpajl, iKMi He 3a/1eXUTb IBHO
BiJi . AHAJIITUYHUIA KpUTEpiii aBTOHOMHOIO [€PLIOro iHTerpaja Ma€ BU-
) 2910

Us(x) = (grad U(x), f(x)) =0. (4.48)

BusiBng€eThCs, iHTerpyBaHHs cucTteMy (4.47) MOXHa 3AIMCHUTY 3a JONOMO-
rolo (PYHKUIOHAILHO HE3aNeXHMX aBTOHOMHUX iHrerpanis U (x), ..., U, _(x).
[Noxaxemo Le.

YTBOpMMO BiAMOBIIHY CUCTEMY B CUMETPUYHIX dopmi

xy o dx
LT S

YpaxoBy10uH 3B’5130K MiX (ha30BMMMU KPUBUMH cUcTeMM (4.47) Ta iHTer-
palbHMMU KPUBUMMU cUcTeMit (4.49) (nuB. 1. 4.1.3), MOXHa CTBEPIXYBATH,
wo ¢yHkuis U(x) € C'(D > R) € aBTOHOMHUM TNEPLUHM iHTETPAIOM CUC-
TeMU (4.47) Toai ¥ AMiLe TOAi, KOJIM BOHA € NEPIIMM IHTErpajioM CUCTEMU B
cuMeTpuy4Hii ¢opMi (4.49). 3ayBaxuMo Tenep, 10 OCTaHHs, IPUHANAMHI
JIOKaNbHO, € €KBiBaJIEHTHOIO (1 — 1)-BUMipHilt HOpManbHii cucteMi. Crnipas-
I, MY MIPUIYCTWIY, 110 BEKTOpHE Nnoe f He Ma€ ocobauBUX TOYOK. Tomy,
AKIUo 3adikcyBaTh AKyCh TOYKY X, € D, TO B AesikoMy ii OKOJi Xoua oaHa
KOMIIOHEHTa BEKTOPHOIO 110714 f He NepeTBOPIOETLCS B Hy/b. [1s Bu3Have-
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HOCTi IIPUIIYCTUMO, 1O TaKy BIaCTUBICTh Ma€ nepiua KoMmnoHeHra. Toai B
3a3Ha4Y€HOMY OKOJIi TOUKH X, CUCTEMY B CUMETPHYHI GopMi MOXHa nepe-
IlIACATH B €KBiBaIGHTHOMY BUIJISIAI:

ax; _ fix)
da  filx)’

[MoBHwuit Habip iHTerpaiiB i€l cucTeMy cknagaeTsea 3 # — 1 dyHKuii.

OCTaToyHO J0XOAMMO 10 TAKOIO BUCHOBKY: JUIS TOIO 100 3iHTerpyna-
TU aBTOHOMHY CUCTeMY, JOCTaTHbO 3HaiTH NOBHUI Habip neplumx iHTer-
paiiB BiANOBIAHOI CUCTEMU B CUMETpUUHi (opmi (Habip LuX iHTerpanis
CcKJIanaTUMeThCa 3 n — 1 yHKuii); 6yab-sKy iHTerpaibHy KpUBY OCTaHHbOI
MOXHA TOAi 3HAaWTH, KOPUCTYIOUMCS TeOpeMOIO 4.2; MHOXHMHA BCIX IHUX
iHTErpajbHMUX KPUBUX YTBODIOE (n — 1)-napaMeTpuyHy CiM’I0, 3aJieXHYy Bil
MOBUIBHMX CTAIMX C), ..., C,_; 3a4aBiuM ii y BUraaai x = &(t; ¢, ..., ¢,_})
(TeopeTHYHO Lie 3aBXI¥ MOXHa 3p0OUTH, IPMHAWMHI JIOKAJIbLHO), MO-
TPiGHO 3HANTH 3arajibHUiM PO3B’SI30K T = T(1 + C,5 €}, ..., C,_ ;) ABTOHOMHOIO
PiBHAHHSA

i=2,3..,n

. |re e, e | _
@0 sy, fE@ O ey D)

1iCJIs UbOTO 3arajibHui po3B’s130K aBTOHOMHOI CUCTEMH MOXHA NOJATH Y
BUIISAAL

X=L(T(t+Cpy €1y oes € 1) €1y vens €y y)-

4.3.6. InterpoBHi kombinauii

Y nesikmx Bumagkax nepui iHterpanu cucrtem (4.47), (4.49) MoxHa
3HAWTH, YTBOPIOIOYHM TaK 3BaHi inmeeposHi kombinayii. [Ipy LbOMY BUKO-
PUCTOBYIOTb Takui GaKT: AKINO Kk (X), ..., k,(X) — 10BLIbHI HenepepBHi B D
(byHKuUii, TO HacainkoM cucteMu (4.47) € piBHSIHHS

D k()% = k() f;(x). (4.50)
i1 i=1

Moro AicTaloTh, CKaLAPHO JOMHOXMBIIM OGMABI YyacTUHU cucTemu (4.47)
Ha sekrop k(x) = (k,(x), ..., k,(x)). 3po3ymiio, o TOIlinfl cuctemy (4.49)
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MOXHa NPOJOBXUTH lle OAHico PiBHICTIO, f1Ka € Hacninkom none-
penHix:

n
> ki(x)dx,
dx dx, i1

fx T L0 > ki(x) £(x)
i=1

DOynxuii k;(x) Hamaralorbca AibpaTy Tak, W06 y BCix Toukax obaacti D
BUKOHYBAIUCA PiBHOCTI

cU(x)

-~

Cx;

ki(x) = p(x)

s i=1h ., n o kx)= u(x)grad U(x);

2 K0S =0 = kix), £(x)) =0
i=1

3 neskuMn GyHkuiamu p(x) € C(D - R \{0}), U(x) e C(D > R). Axmo
Takuii BUGip MOXMBMIA, TO dyHkuis U(x) Gyge NEepUInM IHTerpajJoM Cuc-
TeM (4.47) 1a (4.49). CrpaBai, ockiibku

(k(x), f(x)) = u(x)(grad Ux),f(x))=0 vxe D,
T0 U(x) 3a10B01bHSsIE YMOBY (4.48)
QOfNpuxknapg 4.1

Ho knacuunux sagay mexanixm HaJIEXUTDb 3a1a4a npo oGepraiibs TBepaoro
Tina HaBKOJIO CBOro LeHTpa iHepuii O. Baxinsoio XapaKTepUCTHKOIO pyxy

TAKOTO THUIly € BEKTOD MHMTTEBOI KYTOBO wBuakocti. Bigomo, wo icuyiors
€3

K(xz) = ¢

Mz =c

Puc. 4.6
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XKOPCTKO NOB’A3aHi 3 TUIOM OPTH e, e,, e, (pKc. 4.6, a) Taki, Lo Horo KiHe-
THYHA €HEprif Ma€ BUILA

_ lelz +12X22 +]3X§

2 .
ne I, — momenT inepuii Tina BiaHocHo oci, sika npoxonuts uepes O napa-
NIEJIBHO €;; X; — MPOEKLliA BEKTOpa KyTOBOI LUBMAKOCTi w HA OPT €;, i =1, 3.
J1. EitnepoM OyJio nokasaHo, 1O 32 YMOBH BiACYTHOCTi 30BHILUHIX CHJI €BO-

Jlouis B 4aci BeKTOpa X = (X, X,, X;) ONKUCYETHCH CUCTEMOIO AndepeHUianb-
HUX PiBHSAHb BUIJISIY

K

% =1, x}. (4.51)

Tyr I=diag (1, I,, I), | -, - ]| — cuMBOA BeKTOpHOro A06YTKY B R3. Cucremy
Eilnepa noxoopAHHAaTHO MOXHa 3alucary Tak:

Il)'(l =(]2 —13)X2X3, 12)2'2 =(13 _Il)x.?xl* 13.*'3 = (1] —Iz)xle.
BianosigHa cucteMa B cumeTpuuHiil hopmi Mae Burnsg

Ldx,  Ldqo Ly
(- L)xyxs (I -Ixxy (0 - 1)xx,

(4.52)

Jnaa BimwiykaHHs iHTerpoBHMX XKoMOiHauiit y HeTpuBiajibHOMY BUINAAKY,
KOM He CNpaBIXYEThes ymosa I, = I, = I, 3aysaxumo, wo Bektop [Ix, x]
OpPTOrOHAJIbHMI K 1O BEKTOpa X, TaK i 4O BekTOopa IX. A TOi

U x, x), Ixy = (Ux, x], x) =0 i (I7'[Ix, x], 1%) = ({Ix, x], Ix) = 0.

1 .
Lle o3Hauae, wo 3a k(x) MOXHa B3ATHU 9K Ix = —Z—grad Ux, x), Tak i I’x =

= % grad (Ix, Ix). B o6ox sunankax u(x) = 1. Takum unHoM, cucrema Eitnepa

Ma€ JIBa Nnepliux iHTerpamm

Uy(x) = K(x) = %(lx, x), Uyx) = M(x) = (Ix, Fo).

IMepuwnit i3 HUX NoB’A3aHME i3 3aKOHOM 30epeXeHHs KiHeTHYHOI eHeprii
TBEpAOro Tina, a Apyruil — 3i 36epeXxeHHIM KiHETMYHOro MOMeHTy. Tenep
MOXHa 3pOoOMTH BUCHOBOK, IO KOXHa iHTerpaibHa KpuBa cuctemu (4.52) €
NiHIEI0 NepeTMHY ABOX eincoinis

Kx)=c;, M(x) = ¢, (4.53)

3a sianosianoro Bubopy cranux ¢;, ¢,. g JiHis € 3aMKHEHOI0 KPHBOIO
(puc. 4.6, 6).
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IcHye ii napaMerpu3auisa x = £(t), Ae BekTop-QyHKUiA § : R - R
nepionnyHa 3 nepiogom 1. DyHkuis A(t), BU3Ha4eHa 3riiHO 3 hopMy-
saoto (4.9), Tex 6yae 1-nepioanuHolo (3BMuaiiHO, La QyHKLis 3a1e-
XUTb TAKOX i Bill ¢;, ¢y).

Tenep po3p’sLkeMO piBHSAHHA T = 1/A(7). [licas BimoxpeMeHHs

3MiHHMX Ta iHTErpyBaHHs AiCTAEMO CMiBBIAHOLUEHH: j J).(s) ds =1 +c,
sike BU3HAYa€ B HessBHOMY BUIsiAi QyHKUilo T = 1(f + ¢). [loknage-
MO 7 = Iolk(s) ds i moxaxemo, wo ¢yHkuilo 1(#) MoXHa nozaTu y
BUIIs1AI
T(1) = =+ g(0),
T
ae g(t) — T-nepiommuna ¢yHkuis. ditcHo, nokuanemo g(t) :=tw(t) - /T

i 3ayBaXumo, 1o

I; ' l7»(s) ds = J.Ol}.(s) ds + L“ l?.(s) ds =

"isyds+ [ s+ Dds =T + [ Ms)d
=_(0A(s) s+Io».(s+ )ds = +Ioh(s) s.

Tomy

j‘ N+ g+ T) - gt)

(1+T)
t+T=KI Ms)ds = | MS)ds + T,

3BiAKU

j!(l)+g(l+7')—g(l)

(1)
aMs)ds =t = I A(s)ds.
0 0
Ockinbku A(T) He MepeTBOPIOETLCA B HYJIb HAR, TO g(1+ T) = g(1).
Takum 4uHOM, po3B’a30Kk cucremu Eitnepa, sikuif 3ag0BonbHs€
npy Gikcosanux ¢, ¢, pieHocTi (4.53), € T-nepioaryHoIo BeKTOP-(yH-
xui€lo surnaay x = £(t+ ¢/ T+ g(t + ¢)).

IHoai 3a JonoMorolo iHTerpoBHUX KOMOiHAUIM K HAC/HiAOK BUXiAHOI
CUCTEMHM MOXHA JiCTaTH CUCTEMY MEHLLUOI BUMIDHOCTi, 30KpeMa OJHe piB-
HSHHSA BiAHOCHO napH GyHKUiA BeKTOPHOI 3MiHHOI x. Hexaii, Hanpuknaa,
yAanocs 3HaiTH Taki Gynkuii k;(x), /,(x), i= 1, ..., n, wo
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D ki(x)dx; = py (X)F (7 (x), y,(x))dy, (%),
il
D L) dx; = p(O)F(31(%), y2(x))dyy(x),
D k() fi(x) = 1y () F(y(x), y,(x)),
i1

Z [ (%) = iy () Fy (v (x), (),

ne 0 D> R\{0}, y,: Do R, i=1,2, F: R R, j=1, 4 — nesxi
cbyHKuu Toai HaciainkoM cucteMu (4.49) € piBHAHHSA

FE(, ») F,(y1, »2)

SIKuo BAACThCA 3HAMTU #oro mepwuii interpan U(y,, y,), T0 byHKuUis
U(x) = U(y,(x), y,(x)) Oyzse nepiunm iHTerpaioM cucTeMu f 4.49).
QfOpuknap 412

3inmezpyemo cucmemy

O, »n) dy, _Fz()’hJ’z)d

d  dy 4
x(y-z) yz-x) z(x-))
O6nacTs ii Bu3HayeHHs — npoctip R> 6e3 npsimoi x = y = z. IToknagemo
ky=k,=1,k;=0,1, =1 =0, ;= 1. licranemo inTerposHy kombiHaLilo

d(x+y)= d-
Z(y-x) z(x-y

= dx+y)=-dz, =0, x 2 ).

3sincy 3HaxoaMMo nepliuit interpan Uy =x+y + 2.
- MNoknanemo Tenep k, =y, k, = x, k; =0, [, = ,= 0, I, = 1. Matumemo

ydx +xdy __ & :dxy=_£’ Xy 20, x %y, z 0.
XYy -=)+xpz-x) z=(x-Y) xy fo

‘3BiACK 3HAX0AMMO L€ OAMH nepwni interpan U, = xyz. OcKinbku
grad U, =(1, 1, 1), grad U, = (yz, xz, xy),
381
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TO 3HaigeHi nepuwi iHTerpanu GyHKUIOHANbHO He3asleXHi B o6aacTi BM3Ha-
yeHHs CUcTeMU. JIBonapamMeTpuuHa CiM’'s iHTerpaibHUX KpUBMX BU3HAYAETh-
C CUCTEMOIO

X+y+z=¢, XJZ=c,
ONpuknap 413
3naiidemo po3s ’azox 3ada4i Kowi 3 nowamxosumu ymosamu x(0) =0, y(0) = 1,
z(0) = 2 das cucmemu
X=x(y-z2), y=y(z-Xx), Z==z(x~)).

Lii cucreMi Binnosinae cucrema B cuMeTpuuHii (OpMi 3 nonepeaHbOro
npuxaany, nepiui iHrerpanu sikoi Bxe BinoMi. BpaxoByioun nouarkosi aaHi,
3HaXONMMO 3Ha4Y€HHA J0BLTbHUX cTanmx ¢, = U(0, 1, 2) =3, ¢, = 1,(0, 1,2) = 0.
TakuM 4MHOM, iHTErpaibHa KpUBa, 5IKa MPOXOAUTH Yepe3 NOYATKOBY TOUKY
(0, 1, 2), nexutb Ha NepeTHHi NMOBEPXOHb

x+y+z=3, xyz=0.

3Biacu x =0, z= 3 - y. 3anulunIOCs BU3HAYUTHU 3ANEXHICTb Y Bill 1. Y3R0BX
3HalIeHOol iHTerpaJibHOI KpMBOI Apyre PiBHAHHS BUXiAHOI cHCTeMHW Habupae
surasigy y = y(3 - y). NouarkoBy ymoBy y(0) = 1 3a10BOJIbHSE PO3B’H30K
y =3e>/(2 +¢*). OcraToyna BiaNOBiIL:

x=0, y=3*Q2+¢e%), z=6/2+¢c).

ik e - W ane SR e v o BAh 0 e oS a shaww aensst e % Aw

BMPABU TA 3ABANI

@ [loBecti, 110 6yab-AKa KOMNOHEHTA PO3B’S13KY JiHiAHOI OfHOPIAHOT CUCTEMM
x = Ax 3i cTanuMu KoedilieHTaMK 3310BOJILHSIE JNiHilHe orHopiaHe audepeH-
uianbHe piBHSAHHS P(-fll—)x =0, ae P(}) := det (A~ AE ) — xapaKTepucTM4Huit

dt
NoJiHOM MaTpuui A.

v Bxasiexa. Buxopuctary pisHicTh (4 - LE ).(A-LE,) = P(V)E,, ne (A - \E). —
MarpuLs, npueaHana 10 (A — AE,). IlepekoHarucs, o B L pIBHOCTI napametp
A MOXHa 3aMiHATH oliepauiclo audepeHuioBaHHs d/dt.

© Bukopucrasium dopmyty Sxobi, aosecty, wo dyHkuis [/(r, X) = ¢ fotr sy det X

€ NeplUUM iHTErpaioM JiHIHHOI MAaTPpMYHOI CUCTEMU X = ANDX. ne A(r) —
MaTpUL PO3MipOM 71 X 1 i3 HerepepBHUMY Ha AiUCHIN npsiMiit eleMeHTaMK.

@ [Hosecty, wo dyHxuii f(x), g(x) e C Y(D > R) i3 MiHIAHO He3AIEXHUMMU B KOXHIN
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4.3

PosB'r3anHA cucteMm pudepeHuianbHux pisHAHL. TeopiR nepwux iHterpanie

toyui obnacri D € R® rpagieHTaMH YTBOPIOIOTH NOBHMH Habip aBTOHOMHHMX
iHTerpaiiB cucremu

X =|grad f(x), gradg(x)].

3anucaru iHTerpan noBHoi exeprii B 3anayi » Tin (auB. npukian B.6).

Hexait H(x) e C'(R" > R) i J — KOcOCUMMETPHYHA (1 X n)-BUMiIpHA MaTPUus.
Cucrema sursay x = J grad H(x) Ha3MBaETLCH 2aMinbmoHo60i0, SIKILO J HeBU-
poAXeHa, i nyaccoHo6olo y BUNAIKY BMPOAXeHOCTI J; npu uboMy dyHKuUia H (x)
HA3UBAETLCS eaminbmonianom. [loBecTH, WO raminbTOHIaH € nepliuM iHTerpa-
JIOM raMi1bTOHOBOI (11yacCOHOBOI) cucTemu. [loBeCTH, IO NMEPLUMM IHTErpaJoM
nyaccoHOBOI cuctemu € ¢pyHKuin (h, x), ne h — BracHuii BexTOp Marpuui J,
SIKKU# Bianosinae i Hy1bOBOMY BJIACHOMY YHCAY.

3HailTh po3B’si30k 3aaa4i Kouwui
X=x(y~-2). x0) =0,
y=yz-x), y0) =0,
z=2z{(x-y), 2(0) = 1.
3uaitti po3s’sa30K 3anayi Kowi

X = —e"z"'ly, x(0) =0,
)'7 - ("Xl"‘lzx, y(o) - l.
2=(x2+yDz, z(0) = 2.

PosmisiHyTH MOZA€e/b NMOLLIMPEHHS enifemil 3aXBOPIOBAHHS, SIKe XapaKTEPU3YETb-
Cst KOPOTKMM iHKYbauitHM nepionom, y aesikiit 3aMkHeHii nonyasiuii. B ko-
XeH MOMEHT 4acy  us nonysisiuis posbusaetsea Ha Tpu rpynu: (S), (/) Ta (R).
J1o nepuioi Hanexarb 0COOMHH, CNPURHSITIAMBI 10 3a3HAYEHOINO 3aXBOPIOBAHHS,
ane 380poBi. KisbkicTb 0cOOMH L€l rpynu HA MOMEHT f NO3HaYMMO yepes S(1).
I'pyny (/) uncenshictio /(1) yTBOpIOIOTb XBOPi OCOOMHH, sIKi € AXKepesOM
nowrpeHHs indexuii. Ocobunun rpynu (R) uncenbHicTio R(1) 300posi it Ma-
J0Tb IMYHITET 10 JAHOTO 3axBoploBaHHs. [1puiiMaloTses Taki rinotesu: 1) Ha
KOHTPOJIbHOMY [1POMiXKY Yacy BeJyMuMHa BCi€l nonysiuii He 3MiHIOETbCA:
S(t) + I{(t) + R(t) = N = const; 2) 1IBUAKICTb 3aXBOPIOBAHHs OCOOMH rpyfu (S)
|a orxe, WBMAKICTb MONOBHeHHs rpyny (/)] B MOMEHT ¢ nponopuiiida 3 koe-
diuientoM npouopuiiiHocTi a > 0 sk $(¢), Tak i /(¢); WBUAKICTb ORYXKAHHS
ocobun rpynu (/) [a oTxe, WBKAKICTD Iepexoay ix ao rpynu (R)] y MomeHT ¢
nponopuiitaa /(t) i3 koediuienrom nponopuiitrocti b > 0. [Nokasaty, wo Taii
Mojei BiAnoBiaae cucrema

S=-aSI, I =aSI -bI, R=bl1. (4.54)

3inTerpysaTu BilNOBiAHY CHCTEMY B CHMeTpPUUHIll dopMmi i onucaTy NOBEAIHKY
dasoBux xpusnx cucremu (4.54).
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OCHOBHI BNIACTUBOCTI PO3B’'A3KIB
CUCTEM OAMO®EPEHUIAJIbHUX PIBHAHD

| 5.1 |

IcHyBaHHA PO3B’A3Ky 3apavi Kowi

5.1.1. Teopema MNeano

IcHyBaHHSs xo4a 6 oaHOro po3B’A3Ky 3a1a4i Kolui 151 HopMaibHOI CUC-
TEMM 3 HellepepBHOI0 NPaBOI0 YACTUHOIO rapaHTyeE Taka Teopema.

Teopema 5.1 (leano)
Hexait fe C(I1 > R"), ne

M={(r, xye 3" 't -ty]<a | x-x| < b
Toai po3s’s3ok 3anaui Koini
x = f(t, x), x‘l~t‘,:x0 (N

icHye npuHatMHi Ha BiIpisKy /, = |f, - h, 1, + A, fe h= min(a, b/M),
M= {rn}é)‘}li" . 0l

Y iloBepeHHi Wi€l TeEOPEMHU iICTOTHO BUKOPMCTOBYIOThCS JIBA 1ONIOMiX-
HUX pe3yJIbTaTH.

Nema 5.1

Hexaif D — ofnacts y R™*', (1,, x,) — (hixcosana Touka 3 D, [ —

inTepBai (BiApi3oK), AKUH MICTUTH TOUKY /. [lpunyctumo, wio
f(t,x)e C(D—R").

384



5.1
lcHyBaHHR PO3B’A3KY 3apadi Kowi

®yuxuig x (1) € C(I — R"), rpadik axol Haexurs D, Toni #
Jinle Todi € po3B’a3koM 3aaaui Kowii (5.1), Kosin BOHa 3a10BOJIb-
HSIE JHTErpajibHe PiBHAHHMA

x(t) = x5 + L’ f(s, x(5)) ds. (5.2)

HosepeHHnA

Hexaii x(t) — po3p’sizok 3anmauyi (5.1), Bu3nauenuit Ha 1. Top
x(t) = f(t, x(1)), t e I. 3inTerpyBasiiy oOMABI YaCTHHHM L€l piBHOC
B MeXax Bill # A0 f i BpaxyBaBilK NOYaTKOBY yMOBY 3ana4i Kouui, 6:
4yMoO, WO x () 3a10BoJIbHAE Ha [ piBHSAHHS (5.2).

HaBnaxu, Hexaih x(t) — HenepepBHUH Ha / PO3B’30K PiBHSIHI
(5.2), To6T1O0 BekTOp-(hyHKUis, WA K01 (5.2) NepeTBOPIOETLCH 1
TOTOXHICTb Ha /. [1paBa yacTuHa Ui€l TOTOXHOCTI 3 OIJIAAY Ha Hele-
pepBHIicTh MiAiHTerpajibHOi BeKTOp-(YHKUII € BekTOp-GYHKUIEID
HenepepBHO AvdepeHUiHOBHOIO, Ka 10 TOro X II€peTBOPIOETHCS B
X, 0pu ¢ = f,. 3audepeHiioBasluy oO6MABI YaCTHHHU (5.2), AiCTaHEMO
x(t) = f(t, x(1)), tel. Orxe, BekTop-dyHKuia x (1), t € I 3a10B0/b-
Hsi€ piBHAHHA (5.1).

Jlema 5.2
(npo icHyBaHnA 36ixHOI nignocainoBHOCTI)
;‘(Hexaﬁ {x, (1)} 1, 5, . — MOCALNOBHICTL BUIHAYEHMX HA BiAPi3KY

» o, Bl Bexrop-dyHkiii, aki HabyBaloTh 3HayeHs Yy R”. [lpunyc-
¢ TUMO, 10 iCHYE Taka cTana M > 0, 1wo Ans A0BLIbHOI Napu TO-
fyok t’, t” € |a, B] i mns xoxHoro k = 1, 2, ... BAKOHYETbCS
¢ HepiBHICTDb

k
: fxe ey = x ey | < M|t = 17]. (5.3)

- SAK1o 3HalaeThCA TOUKA 1) € {a, B], s AKOI YuEaoBa NOCHIIOB-
nicts {Jx, (1) |} o6mexena, To 3 nocainoBHoCTi {x,(7) } MOXHa BU-
6paTu piBHOMipHO 36ixHY Ha [, B] HIANOCAILOBHICTD.

doBepeHHA
3a yMOBOIO iCHYIOTb 4ncia 4 € [ot, B] Ta r > 0 Taki, wo lx ()< r
wis Beix k=1, 2, ... Toni mwis koxHoro f € {a, B] BMKOHYETbCA

HEepIiBHICTb

13 = 385



nasa 5
OCHOBH! BNACTUBOCT! PO3B'A3KIB CUCTEM ANOEPEHUIANTBHMX PIBHAKHDb

EAGIE EAGEEAUY] B EAUITE
< Mll‘~f0|+r$ M@B-o)+r=R

Y uboMy pasi KaxyTb, IO TIOCAIIOBHICTb {x,(f)} piBHOMIpHO OOMexXeHa.

HocninosHicts {x,(f)} Ma€ TakoX i BNaCTUBICTb OAHOCTaRHOI He-
nepepsHocTi. Lle o3Hauae, 1o ans noBinbHoOro € > 0 3HaiineTsca Take
5 > 0, 1o HepiBHicTb

"xk(l")—x,‘(t")” <€

BUKOHYBaTMMeThLCS Biapaly Aisl BCix TOWOK 7', t” € |a, B], BiactaHb Mix
SAKMMU MeH1la Hix 6, i aag Bcix k=1, 2, ... OyeBHOHO, B HAlLIOMY BM-
NaAKy 3 ODisSiAy Ha BUKOHAHHsS yMOBH (5.3) MoxHa noxiacTty & = €/M.

Teriep TBepIXeHHS JIEMMU CTa€ HACIAKOM BilOMOI TeopeMyu ACKOMi—
Apuena (4MB., Hartpukiaz, [3]).

3apanu NOBHOTH BUKJIany onuuieMo nobynoBy WykaHo mia-
nocjiaoBHoOCTi. HacaMnepen 3ayBaXumo, 10 KOXHY MOCIA0BHICTb
HaTypalbHUX YHUCEN {k }J_ 1,2,., MOXHa PO3rANATH K ¢yHkUiO
k(') . N> N, Buauaqeny piBHicTIO k(j) = k;. Ipu vbomy, sikuio
{k;};_ 1,2, .. CTPOTO MOHOTOHHO 3pOCTa€, TO k(j) 2j, j=1,2,
Hanani Mu Gyaemo onepyBaty Jiyile TAKMMH OCAIAOBHOCTSMU HaA-
TypajJbHUX YMCeNl.

Hexaii {g,, ¢,, ...} — pauionajibHi TO4Ky Biapiska [o, f], 3aHyme-
poBaHi B eBHOMY ropsiaky. OCKiJibk1 BCi eJleMeHTH AOCHiA0BHOCTI
{x,(g,)} nexars y xyni paniycom R, T0 iCHYE CTPOIO MOHOTOHHA (PYHK-
uisi k,( j) Taka, WO nocaiA0BHICTb P olat 36ixHa. 3 Tici camoi
MPUUMHK CTPOTO MOHOTOHHY (yHKUIIO k,(j) MOXHa BUGpaTH Tak, 1106
36irasacsi MOCAiAOBHICTh {xkl ,(IU)(qg)}. Ae, Haranaemo, k; o ky(j) =
= k,(ky( j)). 3po3ymiio, wo nocainoBHicTb {x,, ku/:(ql)} Tex 36iraTu-
MeTbcsi. [1pOnOBXKYI0UM LII0 KOHCTPYKLIIO, MOOYAYEMO MOCiIOBHICTL
CTPOT0 MOHOTOHHMX yHKUIR &, () . N N, i=1,2, ... Tak, wob ms
KOXHOI'0 HaTypaibHOrO | iCHyBana rpaHusl

]l“."; xk. k,(j)(ql) = él'

INokianemo tenep k(j) =k o...0 k (J) i nokaxemo, o nianoc-
JILNOBHICTD {xk( ,(t)} € LLIyKdHO]O CnoanKy NOBEAEMO, 110 BoHa 30i-
racrbCs Ha MHORHMHI {q,, Gps .}. [L1st L1bOro KOCTATHLO 3ayBAXUTH, 1O
JU1 KOXHOrO i € N i j > i MaeMo piBHicTb

Nephd) = X kk e ko))

a ocKinbkN K.y e...ok () 2 j, TOo lim x;y (¢;) = &,
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5.1
IcHyBanHA poO3B'A3KY 3apauvi Kowi

Hapeuuri, 10BeeMO, WO NOC1A0BHICTb {X; | j)(t)} piBHOMIpHO 36i-
raeTbest Ha o, ). Posi6’emo Biapisok |o, B] Ha N piBHMX yacTHH i B
KOXHIM i3 HMX BubepeMo 110 pauioHaibHii Touui. [To3rayumo Ui Tou-
KM 1y, ..., ty. Toni ana seix te |a, Bl, /=1, .., NyieNTtajeN
MaTHMEMO

ﬁxuu(’) =X (D “ < ll X (1) = Xk iy (1) ll + “ Xy (1) = X (1) ll +
+nxk(“(r1) —ka(r)" <S2M|1-1) +‘]xk“,(r,) _x"(i)(")“‘

Hexait € > 0 — 3anaHe yucio. Cnovarky subepemo N = N(€) Tak, w06
2M|a - BI/N < €/2. [loTim 3HaitaeMo Take J = J(€), w06

/ ~11mx/v“ X () =Xy i) | < €72 Vi j>J.
Lie MOXHa 3poOMTH 3 OrIsiay HA HYHAAMEHTANbHICTL KOXHOI NOCIAOB-
HocTi {x;, u)(’l)}’ I=1, ..., N. Hapewuri, 3ayBaXXuMo, 10 415 KOXHOTO

te |, B] cepen umcen ¢, ..., t, 3HANETLCS TaKe f, Wist sKOro |1 — ¢ <
<lo - |/ N. Toai

nlmxl" Xy (1) = X4 (1) ll <€/2+€/2=€ Vi j2J.
1o fol B

OTxXe, CnpasLKyIOTbCH YMOBY KpuTepilo Kowui piBHOMipHOI 36iXHOCT
10C1A0BHOCT BeKTOP-BYHKUIRA {x, ; (1)}.

JoBepenHA Teopemn leaHo
INokianeMo

B:={xe X" flx-xyll<bh}. .

IlokaxeMo, o icHye Bektop-dyHkuis x (1) € C(/, — B), sika nepe-
TBOPIOE iHTerpajibHe PiBHsiHHA (5.2) Ha TOTOXHIicTh. 13 siemu 5.1 Bun-
JIMBaTMMeE TOMI, 110 Taka BeKTOp-(yHKList Oyne liyKaHUM PO3B’A3KOM
3apaui Kowi (5.1).

CriouaTKy AOBeeMO iCHYBaHHS PO3B’A3KY PiBHAHHA (5.2) Ha Bia-
pisky |y, t, + hl. [1nan nopeneHHa Oyue Takuit:

1) 6yayeMo NnocCIiIOBHICTb BEKTOP-(ByHKUIM {x,(7)} 32 npaBraoM

[xk (,) = xo, AKIIO t e IIU - /1, f())

.lxk () =xg + J’l S, x, (s=h/k)ds, sxmo telty, ty +4h];
0

387



naea 5
OCHOBHI BNACTUBOCT!I PO3B'A3KIB CUCTEM ONOGEPEHLIIANBHUX PIBHRHb

2) nepesipsiEMO, 10 BOHA 3a10BOJIbHIE YMOBH JiEMH 5.2;
3) Buainsemo 3 Hei piBHOMIPHO 30LKHY Ha |1, £, + A} nianocrinos-
HICTb;

4) moka3yeMo, WO I'PaHUYHA BEeKTOP-(YHKLisl € PO3B’3KOM piB-
HAHHA (5.2).

IlepexoanMo oo peaitizaulii HamiveHoro maHy. [lepekoHaemoca, o
KOXHa BeKTOp-GyHKLUist x,(f) KOPEKTHO BM3HayeHa i HelepepBHa Ha
/,. BUKOpHUCTAEMO METOA KPOKiB: OyaeMO NOCHiOBHO NMOWKUPIOBATH
obsiacTb BU3HAa4YeHHA X, (1) Ha Binpi3ku [ty ~ h, £y + jh/k], j=1, .., K,
CTexXayH 3a TUM, o0 3HaueHHs Li€i BeKTOp-PyHKLII 3aiMiuanucsa B
Kynai B.

Orxe, Hexall x, (1) = x, f € |, - h, 1)]. PiBHicTb

X (1) = x5 + I: f(s, x, (s —h/k))ds (5.4)

BU3HA4a€ TOni xk(t) Ha BiApi3Ky |1, 1, + h/k]. [lpn upomy x,(#, - 0) =
= x, (1, + 0) = x;, 1, BpaXOBYIOUH O3HAYEHHSH A,

|| X, (1) — xoﬂ = “ I’l [, x, (s - h/k))ds

sM|r-r0|sMh/ksb/ksb (5.5)

118 BCiX 1 € |4, 1, + h/k]. Takum unnoM, x,(t) € C(lt, - h, 1, + h/kl —
- B).

[Npouec nociiaoBHOro 10BU3HAYEHHS BeKTOP-(PyHKUIi x, (f) MOXxHa
Ternep NPOLOBXUTU. MipKylouM 3a iHAYKUI€I0, NPUITYyCTUMO, 11O Ha
J-My kpodi (1 <j < k) nobynosano BekTop-¢dyHkuiio x, (1) € C(|1, - A,
ty+ jh/k] — B). Togi 3a AonoMOroo piBHOCTI (5.4) MOXEMO BU3HA4M-
™ Xx,(f) 9K HeNnepepBHy BeKTop.-(byHKui}O Ha BiApi3Ky [#, - A, 1, +
+ (j + 1)h/k]. DonaTkoBo, aHanoriuyHo (5.5), 110Ka3yeMo, 11O Ha LbOMY
Bipi3Ky BUKOHYETbLCS HEPiBHICTb

[ % 0y = xol| < M|t —1o| < M(j +Dh/k < b(j +1)/k <b.
Orxe, x,(t) € C(lt, - h, t, + h] — B). Kpim Toro,
X (1) = f(t, X, (U= H/K)), telty, g+ hl = | X (D] s M
Aas BCiX 1 € 4, 4 + hl.
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5.1
IcHyBaHHRA po3s’A3ky 3apayi Kowi

Tenep mokaxemo, 110 KOXHa BeKTOp-dyHKuia x, (1), k=1, 2, ...
3a00BOAbHAE YyMOBY Jlimuina 3 KoHcraHTolo Jlinusina M. Po3rasHemo
TPH MOXUIMBHX BUNAAKM PO3TallyBaHHsA TOYOK t’, t” Biapiska /,. Buna-
HOK, KOJIM BOHM HajleXxatb BIlPi3Ky [, — A, #;], O4eBUAHMIA: HA HBOMY
BeKTOP-QyHKUA x,(f) cTana. SAkwio t” € |1, - h, 1)), at’ € |4, {, + h], TO
x,(1") = x, = x,(1), 1 TOMY

Hapeiwuri, sikio o6uaBi Touky Hanexartb [fy, #, + h], TO

J” X, (s)ds
o

SM|t-to|sM|r -1

.
" X, (1) = x L_ X, (s)ds

<M|r-r

Tenep MoXHa CTBepAXYBaTH, 110 NOCHiAOBHICTh BEKTOP-DYHKLIH
{x, ()}, ) ,, . 330OBOJNBLHSE YMOBM JieMHU 5.2, a OTXe, iCHyE mianocni-
[IOBHICTh {xkj(t)}j -1, 2, .» K& NIpU j — 0O PiBHOMIPHO Ha BiAPi3KY /,
36iraeTscs 10 Aesikoi BekTop-byHkuii x, (1) € C(I,— B). A6u no-
Ka3aTH, 10 OCTaHHS 33J0BOJIbHAE iHTerpanbHe piBHAHHA (5.2) npu
1€ (1, 1;+ h|, 3anmmunnocs TUIbKM OOIPYHTYBAaTH rPaHMYHUH nepexia
nia 3HakoM iHTerpana B piBHocTi (5.4) npu k = ki, j— .

Hacamnepes 3ayBaxXuMo, 1O MOCJIiIOBHICTb {xk(t h/k )} -1
TaKOX PiBHOMipHO 30iraeThcs Ha |4, f) + k] 10 BEKTOp- d)yHKuu x (t)
Cnpagpi,

l‘xk,(t—lz/kj) —x_(r)" < “ Xy, (t —h/kj) —xkl(t)“+
+” X (1) - x,(t)u < Mh/k; +“ X, @ -x, () “ -0, j—>x,
i Uyt rpaHMLA € PIBHOMIPHOIO MO0 ! € |4, £, + h]. Ase Toai, BpaxoByIO-

Yy piBHOMIDHY HelepepBHiCTb BEKTOD- -yHkuii f(z, x) Ha xomnakri I1,
MOXHa CTBEPIKYBaTH, IO NOCAIAOBHICTb f(1, x, (7 - h/k )) npu j — ©

PiBHOMIPHO 306iraerbcs Ha |1y, 1, + h] no f(1, x (t‘)) OCTaTO'-lHO MaEMO
6axaHy piBHICTb

x ()= lim x; (f) = lim ’f(s, Xy (s—ll/kj))ds = I’ S(s, x_(s))ds.
i ! J 7 J I

Konu t € |1y, 1, + hj.
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masa 5
OCHOBH! BITACTUBOCTI PO3B'A3KIB CUCTEM OUOEPEHUIANBHUX PIBHAHL

Tak cam0 BCTaHOBIIOEMO iCHYBaHHsA Po3B’aA3Ky x_(#) € C (|4, -
1) = B) piBHsaHHA (5.2), As sKoro x () = x (f;) = X,. A TOAi BeKTOp-
dyHk1in
" = x (1), sxmo feltg-h,ty),
Clx (0, sxmo  telty, ty + Al

€ HEeMnepepBHUM PO3B’A3KOM PiBHsAHHA (5.2) Ha BCbOMY Bilpisky /, (ne-
peBipre!).

AHanoroM teopemu IleaHo il CKAISIPHOTO PiBHAHHS N1-TO HOPSAKY €
Takuii pe3ynbrar.
Teopema 5.2
Hexait F(1, x) € C(I1 > R), e MHOXHUHY [1 BU3HAUEHO B TEOpeMi
Teano, npuyoMy xo = (xg. X4, .... x¢ ). Tomi 3anaua Komi

() . (n-1)
x = F{t, x, %, ..., x),

x(ty) = x;, .t(fo)zx(‘),..., 3 ( ) = xf!

Ma€ po3B’30K, BU3HAYeHnii ripuHalMHi Ha BiAPI3KY |4, — A, 1, + A,
ae

h=min(a, b/M), M := max Zx,? + F2(t, x).
j.2

{7, x)¢

JL1a noBeneHHsA 10CTaTHBO 3aCTOCYBAaTH Teopemy IleaHo mo cucremu
)i'l =X, .X.:Z = X3, ees, .X.‘" 1 = X .X"n = F(T, Xy eees x"),

€KBiBaJIEHTHOI PiBHSIHHIO N-TO TIOPAIKY.

5.1.2. IcHyBaHHA
HENPOAOBXYBaHOTO PO3B'A3KY

Teopema [leaHo — e JJ0KabHA TeOpeMa iCHYBaHHS PO3B’A3KY HOp-
MaJibHOI cUcTeMM. 3 i JOMOMOrol0 MOXHA JOBECTU iCHYBaHHS HEMPOLOB-
XyBaHOro (raobanbHOro) po3s’sa3ky 3amadi (5.1) y Bunanxy, Kojiu BeKTop-
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5.1
IcHyBaHHA pO3B’A3Ky 3apa4i Kowi

dbyHKUis f(2, x) BU3HaYeHa #i HemepepBHa B JOBUIbHIN obiacti D < R"* la
(fp» X;) — Oyab-sika TouKa Ui€i obaacti. Bianosiani o3HayeHHs, 1106y10BH
1 oOrpyHTYBaHHS, BUKJIA4eHi B 1. 1, Jierko rnepeHecTH 3i CKaJsAPHOIo BU-
1IAJKY Ha BEKTODHMH.

Teopema 5.3
Hexait f(1, x) € C(D R"). lns nosinbHol T0MKM (£, X,) € D
i nopinpnoro xomnaxkty K c D iCHYIOTb Yncna t <o, 1, > I
i po3p’a3ok x(¢) 3apauyi (5.1), Bu3HaveHu# Ha [¢, ¢ ], Taki, WO
(t,, x(1)) e K.

< O3Hayensn 5.1

Pose’azok 3adaui (5.1), eusnauenuii na inmepeani I, nasuearoms nenpo-
doexcysanum, AKWO He icHye maxozo pose ’asky x(t), t € I uiei 3adaui,
wo I I, I\I#@, i x(t)=x(1) dan ecix te I.

Teopema 5.4
Axuwo f(1, x) € C(D +> R"), T0 119 nOBUILHOI TOUKH (I, X)) € D
iCHY€E HENpOJOBXYBaHMHA Po3B’A30K 3agaui (5.1).

3ayBaxXMMo, 1UO ML AOBiILHOFO HEMPOAOBXYBAHOI0 PO3B’si3KY
x(1),1e 1= (T, T,) ne icHye XOMIAKTHOI NiAMHOXUHHK obnaacTi D,
gaKa uiikom mictuna 6 y cobi jitoro rpadik. Cnpasai, npunycramo,
110, HABNAKM, 3HaaeTsest komnakT K < D takuit, wo (2, x(¢)) € K ans
seix te 1. Toai T, ckinuenni. Ockineku Xx(f) = f(1, x(4)) i icHye
max | £ 0| =M, o | x(n] < M. ssiaku

N

| xte7y = xte7)

=Nﬂﬂr)dt“s M|r-r) vr el

Tomy iCHyIOTH rpaHMui lin} x(t) = x(T.), li]‘lT'l x(t)y = f(T., x(T.))
-1, t—-1I,

(06rpyHTyitTe!). OTXe, PO3B’SI30K X () MOXHA NPOAOBXMTUA Ha Biapizok
|7, T.}. 3acrocysasiun Teopemy 5.3 amt (4, X)) = (T, x(T,)) 1a (4, X)) =
= (T, x(T)), M1 3MOXEMO NPOJOBXHUTU PO3B’A30K X (7) Ha BiAPi30K
lt,t.),net < T, ¢ > T,. lle cynepednTh 03Ha4E€HHIO HENPOAOBXYBa-
HOrO PO3B’A3KY.
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5.1.3. IcHyBaHHA
€AVHOrO PO3B’'A3KY

S OsHayeHHA 5.2

Kaxcymo, wo (1), x)) € D € mouxow edunocmi pose’asxy 3adaui Kowi
(5.1), akwo ora 6ydb—;ncux deox po3e askis x; (1), t e L,j=1, 2 yiei
3adayi ichye maxui inmepean I c I, N 1, mo t,eli x,(t) = xz(t) npu
ecix t € 1. B npomusnomy pasi xaxcymb wo 6 mouui (1;, x;) nopywyemo-
ca €dunicmo po3e’nsky 3ada4i Kowi ((ty, x;) — mouxa needunocmi pos-
e’asky 3adani Kowi).

< OsHaveHHn 5.3

Kaxcyms, wio pose’nzox zadani. Kowi cdunuii (mac eracmueicms €du-
Hocmi), AKWO KOX¥cHa mouka iozo epagika € moukoio edunocmi po3e 3Ky
3adayi Kowi.

Teopema 5.5 (Mikapa)
Hexap exTop-dyHkuis f(f, x) € C(IT+> R") (MHOXuHY I1 Bu3Ha-
yeHo B Teopemi [leano) 3anoBonbHse ymoBy Jliniiiua om0 3MiHHOI
x, Tobro icHye nonarHe uvcao L {(crana Jlimwiua) take, o pis
JIIOBLABHOT HAapy TOUYOK (£, x*), (7, x”) i3 MHOXMHH 1 BUKOHYETHCS
HEPIBHICTb

| £, xy- fa.

Toni na siapisky 1, = [, - h, t,+ h}, ne

h:=min(a, b/M), M = max | f(, x)|.
{7, xy 1

icHye enuHuMiE po3p’s3ok x(z7) 3amaui (5.1). Lle#t po3p’a3ok €
rpaHuie0 piBHOMIpHO 361XHOI NOCAILOBHOCTI BeXTOp-PYHKUIN
{xk(t)}k 12, , BU3HAayeHOI peKypeHTHUMM hopMyraMu MeToay
NOC/I0OBHUX HaGJm;KeHb

xo(1) = xg, fG],,.
t

x (1) = xy +j S, x (s)ds, tel,, k=12, ..
o

[TponoHyeMO caMOCTIiHO LOBECTH LIJO TEOpeMy 3d Ti€I0 CaMOIO CXEMOIO,
10 ¥ Y CKaNAPHOMY BUIIAIAKY.
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Tonkii ymoBy ennnocn pO3B’A3KYy HOpMaJILHOl CUCTEMH, 331aHO]l B
l0BiNbHIl 06nacTi D c R™ ! , MOXHa JiCTaTH, BBiBLLM TaKe MOHATTS.

D O3naveHnn 5.4

Dynuryi f: D - R” na3ueaoms 10KAAbHO Ainwiyeeoro wodo x, AKu0
01 KOMCHOI mo4Ku (’w xy) € D 3naiddymoca wucaa r =r(ty,xy) >0 i
L= L(to,xo)>() maki, wo

|re.

XO) [t D,
de B (1, x,) — (n + 1)-eumipna kyas padiycom r, yenmp Kol sHaxooumo-
ca 6 mouui (1, x,).

Busipnsaerbes, abu BekTop-dyHkuis f(1, x) € C(D i R") 6yna nokanb-
HO JiMLUiieBOJO 100 X, JOCTAaTHLO, 1100 BOHA Majla HerepepBHi YaCTUHHI

N L 9f(, x) o
10XiAHI BIAIHOCHO X, ..., X, : ——— € C(D > R"). Lei dakrt Bumiusae
3 TAKOYO TBEPAXEHHS. i

Nema 5.3 (Apamapa)

Hexait £(1, x) e C(B> " i LX) ¢ g s k%), 2e B — xyna
BR"*'. YBeneMo MHOXHHY i

B={(t x,y)e & L.t x)e B, (t, y)e B).

Toai icHye (n x n)-BuMipHa MaTpuus G (¢, x, y) 3 HENEPEPBHUMH Ha
MHOXWHI B ejieMeHTaMU Taxa, Lo

S x)-f@t, y)=Gt, x, yx-y) V(t,x, y)eB

G(t, x, x) = af e, x) - {5}}(1, x)} ‘
ax i

oxj

OoBepneHHRA

Ockinbku Kyjisi B — MHOXMKHA OIyKJja, TO pa3oM i3 Toukamu (7, x)
Ta (7, y) BOHa MiCTuTb i Biapizok {(1, sx + (1 - s)y)}, . (0. 1) A TOAi MOXHA
3aIUCATH
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1
£ =109 = [ s+ Q-s)prds =

. ) .
_ J‘ I, 2) Asx + U= 4o Gt x. py(x- p),
0 T z=sx~(l-5)y ds
ae
G, x, = [ LD ds
T 0 ez z=sx-(l-5)y .

Takum 4MHOM, €JIeMEeHT g, j (t, x, y) matpuui G(t, x, y) Ma€ BULJIAA

Lefi(t, 2)
8t x, y) =j.0% ds

~J

z-sx - (l s)y

i, 3po3yMiJio, € HenepepBHOWO (pyHKili€EIO B obnacTi B.

Axino Tenep BekTop-QyHKLs f(2, x) Ma€ HenepepBHi YaCTMHHI NOXiaAH
of(t, x) . . ..
L(——l, i=1..,n Bobnacti D, To nus Oyab-skoi TO4KH (#), xy) € L

ox; R
icHye umncno r = r(f), x,) Take, WO 3aMKHeHa Ky B, (), x,) Hanexutb D

Y TakoMy pa3i eeMeHTU MaTpuui G (1, x, y) 3 1emu AaMapa GyayTb Hene-
PEPBHUMMU, a OTXKe, OOMexXeHUMN PYHKUIAAMU Ha MHOXMHI

B(fo, xo) =
= {(t, x,peR¥ @t x)e B.(1y, xy), (t, y) e B.(t, xo)}.

BpaxoBylouH ix IBHUI BUIJISAA, MOXHA IIOKJIACTH

of(t, x)
Cx

L(ty, x) = max
(r, x)» B, t1g. xg)

Teopema 5.6 ,
Sxino f(1, x) € C(D > R™ ') € noKaapHO MiMuileBoo WOA0 X
BeKTOp-(yHKii€l0, TO po3B’A30K 3anaui Kowi (5.1) Mae BiaacTu- -
BICTb €AMHOCTI A1 KOXHOI TOUKH (#y, X;) € D.
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JoBEeQeHHRA

IpunycTumo, 10 ToYKa (£, X,) € TOYKOIO HEEANHOCTi PO3B’A3KY
3anayi Kouti. Toai 3HainyThes po3p’si3ku x,(1), 1€ I, Tax,(1), te [,
sapaui Kowi (5.1), ana skux t; € I, N 1,, a TaKOX NOCHIAOBHICTb
TOUOK {fi }, 1 5 . < 1, N 1y, Ans siKo1 B, := |t, -t > O0npuk - i
x,(1,) = x,(4), k=1, 2, ... Toni, 3 ypaxyBaHHsM Jemu 5.1, 11s Beix
tely =lty- 8, ty +8;] MaTumemo

<

| %) - x, (0] = u J,I [f (s, x,()) = £(s, x5(5))]ds

<

Lr L) x,(s) - x5(s) | ds

<L - fol}'f}?x [ x,)-x,(0) | =
el
= max | x; (1) - x, ()| < L3, max|x;(t) - x,() | = 1< L3,
te Iy, rely

CrnpsimyBaBlIu k 10 HeCKiHYEHHOCTI, AiiaeMo cynepeyHocTi: 1 < 0.

OueBuHO, 110 TBEpAXEHHS TeopeMM [likapa € HacniakoM Teopem 5.1
1a 5.6.

A <

BNPABU TA 3AJJAYI
® Hexait .
0 ‘ mpi £ <0, xeR;
2 npu 1 €(0, 1], x e (~o0, 0);
f(t: x) = 2.
2t - 4x/t npu 1€ (0,1}, xel0,1°];
-2 npu 1€ (0, 1], x e (?, o).

JloBecTy, 110 MOCAIAOBHI HAaGNMXeHHS A0 po3B’A3KYy 3anayi Kowi x = f(1,x),
x(0) = 0 He 36iraloTbhcsl Ha XoaHOMY NpoMixky [0, €], € € (0, 1].

@ Hexait 1 = [a, B] x R" i dynxuia f(1, x), 3anosoasHse B 11 ymosy Jlimmina
woao x i3 aesikoio cranowo L > 0. JJoBecTu 36iKHICTb NOCNiZOBHKUX HabnuxeHb
10 po3B’si3Ky 3anaydi Kowi (5.1) Ha BcboMy Binpisky |a, b].

® Hexait f(1,x)e CR'" " > R") i|of@, x)/ex| < L(1), ne L(r) e C(R - (0, 20)).
JloBecTH, 110 Oyab-sSIKHA PO3B’A30K CHCTEMH X = f(#, X) MOXHA NPOAOBXUTH Ha
BCIO AiACHY BiCb.
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@ Hexaii 1 = {#, {,+ a] x |xy - b, x + b] i dyskuisi (2, x) € C([1 - R) He 3pocTae
11010 X Ip¥ KOXHOMY (ikcoBaHomy t. [loBectH, wwo 3anaua Kowi x = f(1, x),

x (1)) = x, Ha Gyab-siomy Binpisky [#,, #, + €], € € (0, a] Mae He Ginbine HiX oaMH
PO3B’A30K.

v Bxasziexa. Mlszyloqu Bill CYIIPOTUBHOTO, nocninwm 3HAK MOXiAHO} (byl-u(ui'i
(x,(1) = x,(1))°, me x,(¢) Ta x,(t) — pi3nHi po3p’s3kn gocnixysaHoi 3anayui Kowi.

5.2

KopekTtHictb 3apaui Kowi

PeanbHi nmpouecy i ABMLIA JOCUTH YaCTO BUBYAIOTHCS 3acobaMu Mate-
MaTHYHOIO MOJE/IIOBAHHS 33 TaKOI0 cxeMoo. I1ic/is nocTaHOBKM 334avi Ha
fepLIOMY eTasli BUILIAIOTh OCHOBHI, BU3HAYa/IbHi XapaKTePUCTUKKM NOCHIA-
XXyBaHOro 06’€kTa Ta HAMCYTTEBIiIUi (PaKTOPH BILJIMBY Ha HbOTO, a APYro-
PSAAHMMM YMHHMKAMU HEXTYIOTb. Bilitak npeiMeToM Mojaisiioi yBary Crac
AesiKui ifeanizopaHui 00’€XT, KMt caMe 3aBIsIKM CBOi# BinHOCHI npo-
CTOTi MOXe OyTH anexBaTHO ONMUCAHUIA 332 JONIOMOrOI0 [IEBHOI MaTeMaTHy-
HOi Mogeli (Hanpukiaa, nesxoro audepeHUiaIbHOTO PiBHAHHS).

Ha apyri#t cranii us Moaesib ningaerbes AeTalbHOMY aHajli3zy MaTeMa-
TUMHUMHU METOJIAMM IS BUSIBTIEHHS IIPUTAMaHHMX i BJIACTUBOCTEl Ta 3a-
KOHOMipHOCTeH.

Hapeiuri, Hactae cTanisa iHTepiipeTaulii ojiepXXaHUX pe3y/bTaTiB, iX «iie-
pekJiag» i3 MOBM MaTeMaTUYHUX [IOHATb i TEPMiHiB MOBOIO Ti€l AMCUMILII-
HM, LISl IKOI CTAHOBMUTD iHTepec HOCHioxXyBaHui 06’exT. [Lisi Toro o6
BUCHOBKM, 3po6JieHi HA OCHOBI TaKOI iHTepIpeTaLii, Biinosigany AiRCHOCTI,
MaTeMaTUyHa MoJeNb MA€ OYTU KOpeKmHolo.

He Bpaiouuncs 10 TOUHOrO BU3HAYEHHS 11bOr0O IIOHATTS B 3arajibHiit cn-
Tyallii, HOACHUMO, SKMH Y HbOTO BKJIQJIAEThCS 3MICT Y TOMY BUNAAKY, KOJAX
MaTeMaTHYHOIO MOAEJUIIO JAeSIKOrO MPOLECY BUCTYNAE HOpMaJlea cucrema
nudepeHLiaIbHUX PIBHAHD i3 npaBolo yacTuHoW f: R"*! 5 D> R”. Llio
cucTeMy Ha3uMBaTUMeMO ideanbroro, ab0 He36ypenoro. BoHa Mae 3a10BOsIb-
HHUTHU TaKi JiBi OCHOBHI BUMOT M.

[Mo-nepue, wst Gyab-AKoi Touku (4, x;) € D He30ypeHa 3anaya Kowui

X=f,x), x|, =x (5.6)
TNOBMHHA MaTH HeNpoLOBXYBaHUI po3B’A30K x (1), € I 3 BIACTUBICTIO €11~
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HocTi. Ham yxe BinoMo, 10 118 BUKOHAHHA lIi€l BUMOrH, fika € MaTeMa-
THYHMUM €KBiBaJlEeHTOM 1€TePMiHOBAaHOCTI B Yyaci MOEJILOBAHOIO MPOLECY,
HOCTaTHBO, 11100 BekTOp-(yHKUis f(7, X) B 061aCTi CBOrO BU3HayeHHS OyJia
HeNepepBHOIO i JIOKAJIbHO JIiNIUilleBOIO o4O X.

Ilo-gpyre, npu CTBOPeHHI iieanizoBaHoi MaTeMaTU4YHOI Mojeli He
Opanucs 0o yBaru Aesiki ApyropsiaHi ¢axkropu (30ypeHHs), siki, Ipote, B
peanpHii cuTyalii Bce X BIUIMBAIOTH HAa nepebir gocaizXxyBaHOro mpo-
uecy. KpiM TOro, B peajibHiii CuTyauii 1104aTKOBi AaHi npolecy HEMOX-
JINBO BU3HAYMTU aOCOMIOTHO TOYHO. OTXe, MU MaeEMO OyTH BIIeBHEHI B
TOMY, 110 B pa3i 3aMiHM 3anayi Kowi (5.6) 6ynb-skolo 36ypeHol0 11010
Hei 3ajayelo

i=f¢ %), ¥() = % 6.7

MoxHa Oyne, NnpuHalMHi Ha CKiHYeHHOMY NPOMLXKY J c [/, 3abe3neyuntu
Halepen 3ajaHy MaJlu3Hy BiaxujleHHs 30ypeHOro po3B’si3Ky X(f) Bia He-
10ypeHoro x(f) 3a paxyHOK 10CTATHbOI 6JIM3bKOCTI N0YAaTKOBUX AaHUX
(1), xp) 1 (fy, Xp) T4 npaBux 4acTUH fi f. Taky BIACTHBICTb €TAIOHHO]
CUCTEMM HA3UBAIOTb cmitiicmio wo0o 30yperb novamxosux danux ma npaeoi
YACMURY HA CKIHYEHHOMY NPOMINCKY 4acy.

ITicnst uMx BCTYNHUX 3ayBaXKeHb [ePeXOJMMO 10 BUKIaly TOYHHX pe-
‘JyJIbTATIB.

5.2.1. O6GrpyHTyBaHHA KOPEKTHOCTi
3apayi Kowi pnA HopmansHOi
cucremmn*

Hexaii J — poBiIbHUI Bigpi3ok 3 06sacTti BU3HAYEHHS PO3B A3KY x(f)
sanaui (5.6). HazpeMo €-mpy6koro ybozo po3e’azky Ha Biipi3Ky J MHO-
XKHHY

T, ={(t,x)eR" ! :ted, |x-x(@®)|<el. (5.8)
Muoxuny THX To4oK (¢, x) € T, ans sxux || x —x(7) | = €, Ha3BeMo 6biunorw
nosepxxero €-mpybxu (auB. puc. 5.1).
@ O3HayeHHA 5.5

Kaxcyme, wo na siopisky J c 1 poss’azok x(t), t € 1 3adayi Kowi (5.6) €
cmitikum w000 36ypens nowamxosux oanux (1y, X,) ma npaeoi yacmunu
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S, x), akwo daa Koxcrnoeo € > 0 icnye make & > 0, wo das 6yde-akoi
mouxu (fy, Xo) € D i dosinbroi pyniuii f (t, x) € C(D+— R"), axi 3ado-
B0AbHAIOMb YMOBU

ltg — 701 <3, "xo - X ll <8,
“f(t, x)—f(r, x)" <d V(t, x)eT,ND,

po3e’azok X(t) 36ypenoi 3a0aui Kowi (5.7) icuye Ha eidpisky J i 3ado-
80AbHACE HepieHicmb

||x(r) —55(1)“ <€ Vtel.
ChopMyIHOEMO i1 JOBEIEMO OCHOBHMIA pe3y/iLTaT JaHOro IIYHKTY.

Teopema 5.7
Hexail f(t, x) € C(D+— R"). Hpunycmmo 10 po3B’a30K x (1), 1 € /
3agayui Kouii (5.6) mac snactusicts eaunocti. Toai Ha 6yab-aKkomy
Biapi3ky J c 1 el po3s’d430k € CTIiKKUM 11040 30ypeHHs 10YaTKOo-
BUX JaHuX (fy, X,) Ta npaBoi YacTuHu f(1, x).

HoBepneHHRA

IIpunycTumo, HaBnaku, 1O TBepAXeHHs TeopeMu xubne. Toni ic-
HYIOTb Biipi3ok J € 11 uuciio € > 0 Taki, 1110 4151 KOXHOr0 HaTypajbHO-
ro k MOXHa BKa3aTH TOYKY (fy,, X;,) € D i BekTop-yHKuiio f, (1, x) €
e C(D— R" i3TakuMy1 B1ACTUBOCTA M H:

1) BUKOHYIOTbCS HepiBHOCTI |1, — 1y, | < 1/k, | xy - xy, [ < 1/k,

|fa. x) - fi . x)| < Vk v(t, x)e T, N D;

2) AN HeMpOJOBXYBaHOIo Po3B’sA3KY x,(7), 1 € I, 3anayi Kouii
X = fk(t" x), xlrztok = Xk

icHye MoMeHT ¢, € J N 1, Takuil, wo || x(1,) —x, (1) || 2 €.

be3 o6MexeHHs 3araibHOCTi MIpKyBaHb MOXHA BBaXaru, wo T e D,
a (y;, Xg,) € BHYTpiLUHBOIO TOYKOIO TPYOKK T.. Toni 3a £, MOXHa B3STH
HanOIMXKYMA 110 1), MOMEHT NepeTUHY rpadikoM po3B’a3Ky x,(¢) 6iuHoi
nosepxHi Tpy6ku T, (puc. 5.1). Lle o3navae, wo
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Puc. 5.1
Il x(te) - x, (B ) | =€, ane | x()-x, (1) | <, (5.9)

AKWO | £ - 1, | <|t, — 1o, ).

Iokaxemo, 1110 3a UMX YMOB i3 I0CALIOBHOCTI {x,(f)} MOXHA BMIi-
JIMTY NIANOCAINOBHICTS, gKa 30iracTsest 10 po3p’a3ky 3anaui Kowi (5.6),
BiIMiHHOTO Bix x (1).

Insa toro wo6 Matu cnpaBy 3 [OCJHIOOBHICTIO BeKTOpP-(yHKILIA,
BU3HA4YE€HUX Ha CIIILHOMY Bipi3Ky, BB€AeMO isi 330aHOro HoMepa k
HOBY He3aJlexXHy 3MiHHY T 3a (opmyJiolo

! = Ok(T) = tOk +(tk "tOk )T.

®ynxuia 6,(t) B3aEMHO O4HO3HA4YHO Binobpaxae Bimpizok |0, 1] nHa
BiIPi30K, KiHLIIMM AKOIO € TOYKH [, Ta f,. Tenep noknagemo

V(D= x,0,(0), Tel0,1].

13 (5.9) smiLinBae, 110 KOJIM 3miHHA T npobirae siapizok [0, 1], Touka
(8,(1), y,(1)) 3anmnwaernca B Tpy6ui T,.. o toro X y,(0) = x,, i

.V;(Tr) =ty —tox ))ka (O, (1)) = (f, — 1oy )fk O (1), yr (V).

Orxe, BexTop-byHKuia y,(t) € po3s’s3kom 3anadi Kowi

d
F=gw ) doo =T (5.10)
ne g, (v, p) =t — 1y ) [ (0, (1), »).

ITokaxeMo, 110 NOCINOBHICTb {y,(T)} MICTUTL PIBHOMIPHO 30iXHY
iA0CinoBHiCTh. a5 3acTOoCyBaHHS jieMH 5.2 OLLIHUMO MOXiAHY KOX-
HOI BeKkTOp-(yHKUIi y,(t). Hexait
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M, = max || @, x|

Toni npu KOXHOMY k € N Ha MHOXUHi T, BUKOHYETHCSI HEPiBHICTb
| £, x)|| < M, +1, a orxe,

I vk ] =] 8 e v | <]t = tor || S ©x @), )| < T [(M +1)

s Beix 1 € |0, 1), pe | /| — noBxuHa Biapizka J. Tomy

|| yk<r'>—yk<r'>||=" e

_<_|J|(M€ +l)|t'—‘r”|
v, " €0, 1],

i neMa 5.2 nae 3Mory 3po6MTH BUCHOBOK, 1O MOCJiAOBHICTS {y, (1)}
JIificHO MiCTUTDb y cobi piBHOMIpHY 30iXHY Ha [0, 1] nianocaigoBHICTh
{yk (1)}. 3po3yMino, 1O OCTaHHIO MOXHA BUOpaTu Tak, 106 ogHoYac-

HO ¥ YMC/I0Ba NIOC/LAOBHICTD {tk } 36iranacsa no aesikoro ¢, € J. [lo-
KJ1aaeMo

(1) = jlin_l{ Vi, (o).

I1puUponHO MPUNYCTUTH, IO BeKTOP-(DYHKList y.(T) € PO3B’A3KOM rpa-
HUYHOI 11oa0 nocaigoBHocTi (5.10) 3apayi Kowi

% = g(t, ), Yoo = X0, (5.11)
ae

8.(1, (1)) = (1. = 1) S (0.(x), yu(1)) 1 Ou():=1p + (s — fy).
Jns Toro 1106 CTporo AOBECTH Lie NIPHIlYLLIEHHS, [TIOTPIOHO, B3ABILM J0

yBaru jemy 5.1, oOrpyHTyBaTi IpaHMYHMI Nepexin nia 3HaKoMm iHrter-
pana B NOC/ilOBHOCTI piBHOCTell

ykj(t) = Xok, +Iogkj (s, Y, (s)ds, j=1,2, ... (5.12)
3anuunieMo HepiBHICTb

400 -



52
KopekTHicTb 3apavi Kowi

| £ 04 (@), () = £O(), pu(o)) | <
<| S @@, 3 () = f©, (D), p (D | +
| O @,y (@) - £ @)y

i noknageMo Tyr Kk = Toni nepwini NOAAHOK Yy HpaBiil 4YacTUHI
0/JepXaHol HEePiBHOCTI dyne MEHIlIMM, Hix 1 /k Po3arnsinemo opyruit
noganoK. Ockinbku f(f, x) piBHOMipHO HenepepBHa B T, a nocni-
AOBHICTb {(()k (v), ¥k, (1))} PIBHOMIDHO LIOAO T € 10, 1] 361Fa€TbCﬂ 1o
(6.(7), y.(1)), To mochLIOBHICTS {[[£(05 (1), Y& (1) = F(0u(1), ye (D)
TaK caMO PIBHOMIPHO 36iracThca 40 Hyis. Tenep yxe O4eBMIHO, 1O PiB-
HOMIpHOIO Ha Biapi3ky |0, 1] rpaHMLelo nocainoBHOCTI {gk (, Y, (1)} €
BekTOp-byHKLiA g.(1, y.(1)). TakuM ynHOM, nepeitiosuiy B (5.12) no
rpaHuli [IpYU j — 00, AiCTaHEMO

Po(D) = xp + J'Og,‘(s, y.(s)ds, tel0,1].

I3 wiel piBHocTi i nemu 5.1 BurMBae, o BeKTOp-GYHKUIA y.(T) —
po3B’a30kK 3ana4i Kouwi (5.11). Ane Taky caMy BlacTHBICTb Ma€ i BeK-
TOp-(yHKUiA y (1) := x(6.(7)). Cnpasai, y(0) = x (1) = x, i

y,(t) = (tt - to)i(()*(t)) = (,i- - f())f(e..('[), X(Ot('[))) = g..('[, .V(T))

MNokaxemo, wo y,(t) He 36iraetbcd 3 y (1). JikcHo, 3 ypaxyBaHHsM (5.9)
MacMo

I3, (1) - x(@, )]l = €.
[Nepeiiiopiuy B Ll piBHOCTI A0 rpaHuMLli NIpH j — 00, AiICTAHEMO

ly.) -y =€

3ayBaxXuMo, 1LO 3BiliCH, 30KpeMa, BUIUIMBAE HEPIBHICTb 4 # £). [ificHo,

B npOTuBHOMy pasi g.(t, y) = 0, i 3agaya Kouui (5.11) mana 6 eauHui
PO3B’A30K y = X,

Hawm 3anuuinnocs nokasary, K 3a JONOMOTOI0 BeKTop-dyHKUii
».(T) MOXHa YTBOPUTH pO3B’a30K x.(7) 3anayi Koui (5.6), BiaMiHHUK
Bia x (7). L1 uboro 3ayBaxxumo, 1o

Yu() = (1. - 1)) £(0.(1), y(1)).
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Tnaea 5
OCHOBHI BJTACTUBOCTI PO3B'A3KIB CUCTEM OUODEPEHLUIANBHUX PIBHAHb

. . -ty .
Tomy, sikiio 3 piBHOCTI 0,(T) = f BUpA3UTU T = — i MOKJIACTU

te—ty
t -1
xk(t): A 0 s
=1

(0 =—t yi[r—_—"’—j=f(r, x. (1) Vt:i|t—1o| <[t - 1.
o=ty 7\t -1 .

TO HiCTAHEMO

Kpim Toro, x.(f)) = y.(0) = x,. Otxe, x.(¢) 3anoBosbHse (5.6). Bonnoyac

X2 = x|l = [y -y =€

1la piBHiCTb HEMOXJIMBA, OCKUIbKY CyNepeyMThb IIPHITYIUEHHIO PO €0~
HiCTb pO3B’a3Ky 3anay4i Kowi (5.6).

5.2.2. OuiHka BigxMneHHR
36ypeHoro po3s’a3Ky

He npumeHuIyIoYn BaxXJIMBOCTI TeopeMHM 5.7, BiA3HAYKMMO, ONHAK, 110
cnocib, B siKMi 11 Oyl10 JOBeJeHO, He Aa€ 3MOIrM 3pOOHMTH XOAHUX BUC-
HOBKIB IIpO XxapakTep 3ajJeXHOCTi uncna § Bix €. OTxe, BaxjnBe 3 NpaK-
TUYHOFO IOIJISIAY NIMTaHHs Npo Te, fiKa caMme MajiM3Ha 30ypeHb 04aTKOBHX
JaHMX i NpaBOi YaCTHHMU ifeasibHOI cuCcTeMH 3abe3neuye 3aJaHy MaJN3Hy
BLAXWJIEHHS PO3B’A3KY X(f) Bill pO3B’S3Ky X (1), 3a/IMIIAEThCA BUIKPUTUM.
[ns 3’sicyBaHHs LbOroO IUTAHHS HaM 3HaHo0OUThCA TAKMIl pe3y/ibTar.

Nlema 5.4
(npo iKTerpanbHy HepiBHICTb)
Hexail HeniepepBHi HeBll'€éMHI Ha BIAPI3KY |1y, T'| dynkuii a(7) i
u (1) 1pu aesikoMmy ¢ > 0 330BOJIBHAIOTh HEPIBHICTh

u(ty<c+ J.’ a(su(s)ds Yrely. T (5.13)

Ta

Toani

f’ als)ds

u(ty < ce® Vielty, Tl (5.14).
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5.2
KopexTHicTb 3apa4i Kowi

HNoBeneHHn

IMoknageMo v(t):=c¢ + J' ’ a(s)u(s)ds. Toni HepiBHicTb (5.13) Habu-

pae Burasny u(t) < v(?). OCIlo(iJIbKM v(t) = a(tu(t), 10 ¥(f) < a(t)v(t), a
OTXe,

X0 a(t) vtelty, T}.

w(t) ’

3inTerpysaBuiu o6uMABI YaCTMHM L€l HEPIBHOCTI B MeXax Bin #; &0
1 > ty, BicTaHEMO

j’;a(s)ds

v(t) ! ) v(f)
ln——v(to) < Lo a(s)ds = ——v(ro) <e

B3aswn no ysaru, wo v(#) = ci u(t) < v(t), nepekoHyeMocs B npa-
BWJIBHOCTI HepiBHOCTI (5. 14).

Hexait f(t, x) € C(D R"), f(t, x) e C(D > R" i, kpim Toro,
fepiia 3 UMX ABOX BeKTop-(byHKLUi# € JoKanbHO ginwiuesoio B D
wozo x. 3adikcyemo BiapizoK J 3 4 3 06s1acTi BU3HAYEHHS PO3B’A3KY
x(#) 3anaui (5.6). Hexaif uucno € > 0 HacTinnku mane, 1o €-Tpybka T,
(5.8) uinkom mictutbes B D. IcHye crana L, > 0 Taka, wo

| £ xy= £ x| < Lo | x -x"|| v(t, x),0. x) e T,.

Toknagemo M, = ,fax, | £, x)| i npunycrumo, wo
«X)Ed,

8= max{( maxruf(t, x) - f(1. x) “ lro —fol, [| xo —20“} <e

1, x)e T

Hexaii [y, T} = J — iHTepsan yacy, OPOTArOM SIKOTO [UISi HEIPOAOB-
XXYBAHOTO PO3B’A3KY x(r) 3anaui (5.7) BUKOHYEThCS HepiBHICTh

|x(n-x(n]<e

Ckopucrasiuucs JieMolo 5.1, Matumemo
~ U ~ I~ ~
x(1) - x(1) = x5 + I f(s, x(5))ds - x, — L f(s, x(s))ds =
Iy b

=Xy - % +I:[(s. x(s)) + L;lf(s. x(5)) - f(s. X(s))}ds +

+ [L 17t %0 - F(s, 2(snlds
k)
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OCHOBHI BNTACTUBOCT! PO3B'A3KIB CUCTEM ONOEPEHLIIANBHUX PIBHAHbL

3sincu
Jx(r) - 22| < | %0 & |+ M| 0 _f(,|+j; L () - #(s) | ds +

+|i0 —l| max uf(t, x) - fr. x)“
. x)cT,

!
Jx) - X | < A+ M+ (T =10} + 898 + [ L xts) - &4 | ds.
o

Tenep MoxHa 3aCTOCYBaTH JieMy 11PO iHTerpajibHy HEPiBHICTb NpU

ut) =[x =X |, a(n =L, c=(+ M, +(T -10) + )

i micratn

[ 20 %) | < (1 + M, +(T = 1) +3)del o,

0 T S TS BHNCHIIAN B o SIS W s SRSV N AR ¢

SEIROAIN B AL L LA STy eSS SN

BucHoBoK. Abu Ha 6idpisky |ty, T| < J 3abe3neuumu 6uKoHanus ymo-

8u || x(t) - X(1)| < €, docmamnvo, w06 uucro & > 0 3a006016H7A0
HepigHicmb

A+M,+(T —to)+5)88L((T»IO‘5) ‘e

s s A e Ve 6 i B

Do A RENER N £ AN e e v an e A

BMPABU TA 3AAMI

® 3uaiitn lim x,(7), ae x,(t) — po3s’a30K 3anayi Kowii:
H o» L

a) X+cos r+sin(r+x/n) =0, x|, =0

. sin x
6) x+x+

+1=0, x|,.0=1

B) X =(x~-Dsin(r+x) =0, x|,y =n—Z—l;

I Xx+re+sin(x)=0, x|, g=e".

©@ Jlocnianty cucteMy audepeHLianbHUX PIBHAHB 3aaui 7 Tin (auB. npukian B.6)
Ha MpeAMeT KOPEKTHOCTI.

Hexait sexrop-yHkuis f(r, X) e C(R'"" — R") npu KoXHOMY f € R 3an0-
BonbHA€E ymony Jlinwiua wono x 3i «ctanoo» Jlinwiua L = 1, 4 Hopma BEKTOp-
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Bnactueocti po3p’A3Ky HOPManbHO! CHCTEMU RK (PYHKUIT NOYATKOBMX AaHWX | napameTpis

odynkuii g(r, x) e C(R!*" — R") npu Beix (2, x) € R" ve nepesuiwye 1. Bu-
3HAYMTH, LIS SKMX 3HAYeHb napaMeTpa | HOpMa pi3HULI pPO3B’A3KiB 3aaay
Kouwi

x=f0, %), x|, _g=%y. %= [, x)+pg(r, %), x|,_g =X

Ha Binpisky [, 1, + 1] rapanToBato He nepesuiypatume 0,1.

L 53 |

BnacTtnsocTi po3B’A3Ky
HOpManbHOi CUCTEMU AK PYHKLIT
NOYaTKOBMUX AaHMX i napamerTpis

HopmanpHi cucteMu, siki BUCTYIAIOTh ¥ pOJli MaTeMaTUYHKX Mojesiel
peaibHUX 11POLECIB, K IPaBWIO, MICTATb AesKi mapaMerpy. JlociiikeHHs
pPO3B’SA3KiB TaKMX CUCTEM fK (DYHKLIH He JMlle yacy f, a i IIOYaTKOBUX
JlaH¥X i napaMeTpiB € ONHIE€I0 3 BAXJIMBHX 3a7ay 3arajibHoi Teopii nude-
peHLialbHUX PiBHSHb.

Otxe, pO3MISIAaTUMEMO HOPMAJIbHY CUCTEMY BUIIIAAY

x=f@t x, A, (5.15)

ne f: G R”. Tyr G — obnactb y R'*"*™ a X = (A, ..., A,;) — BeKTOp
napametpiB. 151 KOXHOI TOYKH .

g = (f(), X0 K)E G

1103Ha4UMO vepe3 x (1, &) po3B’s30K cucteMu (5.15), sxuii npu ¢ = 1,
nabyBae 3HayeHHs x;. BiiTak BUBYATUMEMO BIACTMBOCTI BeKTOp-QYHKIIi1
x (1, &), 3an€XHOI Bill 2 + 1 + m apPryMeHTiB 1, ty, X;, A.

5.3.1. NokanbHi Teopemun
npo HenepepBHicTb PyHKuUIT x (7, €)

Teopemu npo HenepepBHicTb QYHKUIT x (2, €) B 0KOi 331aHOI TOUKH
(t., €.) MOXHa JIeTKO [iCTATH, CKOPUCTABILKCA TEXHIKOIO 1OBEIeHHS Teope-
mu [likapa, T06TO 33 AONIOMOIOI0 METO/Y 110CAiIIOBHUX HAOIUXKEHb.
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fnasa 5
OCHOBHI! BITACTUBOCTI PO3B’'A3KIB CUCTEM ANODEPEHLIIANBHUX PIBHAHb

CrnoyaTky My BBaXaTHMEMO OYATKOBI AaHi (hikcoBaHMMM, po3riisia-
0uM po3B’a30K cucteMu (5.15) sk dyHkuilo ulIe 3MiHHUX ¢, A.

Teopema 5.8
Hexait a, b, ¢ — aoxarxi yucaa it

H={x. Vel r-t]l<a |x-x]<b JA-AJsc)

Ipunycrumo, wo f(4, x, A) € C{I1+— R") i icuye ctana L > 0 taka,
o

hra .0 - 1@ x" M| < L) x' - x|

Toxai po3s’sa3ok x (1, L) cucteMu (5.15), AKuii 3310BOJILHIE MOYAT-
KOBY YMOBY x (%4, A) = X,, € HENIEPEPBHOIO BEKTOP-(PYHKULICIO Ha
MHOXHHI

M eR™r—t]<h A=A e}, (5.16)
ae b= mina, b/M), M = " ﬂ%}m" [, x, Ml

loBepneHHRA
YTBOPMMO MOCJIAOBHICTb BEKTOP-(PYHKILiM

Xo(t, &) = xp, X, (6, M) = x. +j'f(s, Xe (s, M), A)ds, k=12, ..
1.

IlosTOpHBLIM MipKyBaHHSM, BUKJIaAeHi B foBeaeHHi TeopeMu Ilikapa,
HEBaXKO NEePEeKOHATUCA B TOMY, WO X, (t, A) Mpu KoxHomy k=1, 2, ...

{ € HelepepBHOIO BeKTOP-(PYHKIIi€I0 Ha MHOXUHI (5.16), ocainoBHiCTL

 {x (1, A)} Ha Lilt MHOXMHI PiIBHOMipHO 36ira€Thcsi, a rPAaHUYHA BEKTOD-
¢dyHKuis x (2, A) € po3B’a3koM cucTeMu (5.15), axuii ripu ¢ = . HabyBae
3Ha4YeHHs X,. 3po3yMiNo, 11O x (7, A) K rpaHHLA PIBHOMIPHO 30iXHOI
MOC/IIA0BHOCTI HerlepepBHUX DYHKLUINA caMa € HenepepBHOIO (yHKIIiEI0
Ha MHOXMHI (5.16).

Hocnigumo Tenep x(t, §) sk GyHKUilO i MOYaTKOBUX AAaHMX, i napa-
MeTpiB, NMPUITYCTUBUIM, 10 f(Z, x, A) 3a00BOJbLHAE YMOBU TeopeMu 5.8.
IepeitneMo 10 HOBUX 3MiHHUX s € R, y € R" 3a dopmyramu

t=s+1l, xX=y+Xx
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5.3
BnacTMeOCTi PO3B’A3KY HOPMANLHOI CUCTEMM AK DYHKUIT NOYaTKOBUX AaHUX i napamerpis

CeHc 1BOTO KPOKY HOJISAra€ B TOMY, 1100 110YaTKOBI faHi (%), X,) mopsa i3 A
MOXHa 06yj10 po3nIsiaTyh AK A0OAATKOBI napaMeTpH, 06actb 3MiHM KOTPUX
BU3HAYAETHCA YMOBaMHU |7y — 1. < a/2, | xy — x.]| < /2.

Po3risiHeMO nepeTBOpeHy CUCTEMY

dy
ds - g(5s y’ g)’ (5‘17)
ae
. g(s, ¥, &)= f(s+1y, y+xp, ).

ITo3naynmo uepes y (s, £) po3B’sI30K Li€l CUCTEMHU, SIKUM 33JOBOJILHSIE 110-
yatkoBy ymoBy y (0, &) = 0. Jlerko 6auury, o Toai

x(r, &) = y(t - t, &) + x. (5.18)

TakuM YMHOM, HaM Terep AOCTaTHbLO AOCHIAUTH BracTUBOCT PyHKLUII y (s, §).
[NokaxeMo, K 1ie MOXHa 3po61TH 3a JOIOMOroI0 TeopeMH 5.8.

O6nacTh BU3HAaYeHHs DyHKLIiT g (s, y, £) MiCTUTb MHOXHHY B R?* 27+m
10 BUAUIAETLCH HEPiBHOCTAMM

Isl<a/2, lyl<b/2, 1tg-tl<a/2, | xg-x ) <6/2, |A-A] <c.
iiicHo, AK1o TOYKA (s, y, &) HaIeXUTh Uil MHOXMHI, TO
s+t -t <|s|+lty -t <a,
ly+xo-xll <yl +lxo - xll <o
TOGTO TOYKa (5 -+, ¥+ Xy, A) HalexuTb obsacti BU3HaYeHHs PYHKUIT

J(¢, x, A). 3acrocyBaBLiUM MipKYBaHHS 3 IOBeJeHHS TeopeMH 5.8 10 cuctemMu

(5.17), MoxHa 3po6UTH BUCHOBOK, 1O (YHKUIA y (7, &) HerepepBHa HA MHO-
XHUHi

Is|<h/2, |tg -t <a/2, | xp - x)l <6/2, |A-A <e.

3 ypaxyBanuaMm dopmynu (5.18) dynkuis x (¢, £) Gyle Toai HeriepepBHOIO
Ha MHOXWHI THX 1, I, Xy, A, AKi 3310BOJIbHSAIOT YMOBH

[t=1l <h/2, [ty -1 <a/2, | xg—x.| <6/2, [A-A.] <c.
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masa 5
OCHOBHI BNACTHBOCT! PO3B'A3KIB CUCTEM ANO®EPEHLUIANBHUX PIBHAHDb

Jlana MHOX1HA, 30KpeMa, MiCTUTb YCi TOYKH (1, Iy, X;, A), SKi 3310BOJIbHS-
I0Tb HepiBHOCTI

l[t—tl<m ltg-tl<h/2-m llxg-x ) <b/2, [A-A] <c. (5.19)

e 1 — OOBUIbHE yuciao 3 iHtepsany (0, A/2). O1xe, 40OBeAEHO TaKy TeO-
peMy.

Teopema 5.9
Hexait Bextop-yHkuis £(1, x, A) 3aA0BOJIbHAE YMOBM Teopemu 5.8.
Toai npu xoxnomy 1 € (0, h/2), ae UuCnO h BU3HAYEHE B TEOpe-
Mi 5.8, po3s’ssok x (¢, §) cuctemn (5.15), axuit opu 1 = { nabysac
3HAYEHHS X,, € HeNepepBHOI0 (DYHKUICI0 HA MHOXMHI, IO BU-
minsieTsest B K27 ™ gepiBHocTMHU (5.19).

»

5.3.2. HenepepsHicTb byukuii x (7, &)
y npuponHin o6nacti BU3HaAYEHHA™

Jlns KoxHoi ToukH € = (1, X, A) € G no3nauumo uepes /(€) intepsan
iCHyBaHHS HENpOJOBXYBAaHOTrO PO3B’A3KY x (1, €) cuctemu (5.15), skuif 3a-
JIOBOJIbHSIE 1104ATKOBY YMOBY X[, , = X;.

2 O3HauveHHn 5.6

IIpupoonoro obracmio eusnanenns sexmop-@ynxuit x (1, &) Hasuearoms
MHONCUHY

E={1, ) e R "™ ke G, te IE)).

Teopema 5.10
Hexait f(1, x, A) € C(G — R") i pns koxHoro € € G po3B’sa30K
x(t, ) mae BnactuBicTp eaunocTti. Toui MHOXMHA € BigkpuTa i
- x(t, &) e C(E-R").

loBeneHHA

Cnoyatky OOIpyHTYEMO MPOCTilUMHA BapiaHT TeOpeMH, PUNYCTUB-
1M, 1110 MpaBa yacTuHa cucremu (5.15) He MicTuTh napaMerpis A(m = 0)
i, orxe, € = (1, xp). 3aikcyeMo Touky (1, E.) = (&, fy, Xp) € € i
JOBeeMO, IO AeSKUH 11 OKI TeX HajleXUTh MHOXHHI &. [las uboro
noTpibHo nokasaru, Wo s Aesikoro o > 0 i a1 Beix §, aocutb 61u3b-
Kux 10 €., iHTepBan (f, — 0, & + ©) Hanexuts /(E).
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5.3
BnacTneocTi po3s'A3Ky HOPManbHOI CUCTEMH AK PYHKLIT NOUATKOBUX AAHKX | napameTpis

Puc. 5.2

Touku #,. i t, Hanexats iHTepBany /(€.), Ha AKOMY iCHy€ PO3B’I30K
x(t, &). Tomy Biapisok J = [a, B] < I(E,) i uucno o > 0 3aBxau
MOXHA BMOpaTH Tak, W06 TOYKM f). Ta f, Hajexanu J pasom 3i
CBOiMH G-0OKOnaMu (puc. 5.2). 3a TeopeMoro 5.7 njis HoBiibHOTO € > 0
icnye Take 8 € (0, ¢), Wo npu BCix € € G, sAKi 3aA0BONBHSIIOTH yMOBM
|t —tg.] <8, Il xo ~ x| <5, poss’sizox x(1, &) icnye na Binpisky J i
3a0BOJIbHSIE HEPIBHICTb

lx(t, &) —x(1,8) | <€/2 vted

|y HamioMy BUnNagky f = f poJib He30ypeHMX [TOYAaTKOBHMX JaHHUX BiaBe-
neno touui €. = (., x), a 30ypeHux — Touui § = (#), x,)|. Takum
YMHOM, AoBeaeHo, o J < /(E), apasom i3 TuM i (4, — 0, & + 6) < I(E).
O1Xxe, MHOXHWHA & BiAKpUTa. :

[nst nopeneHHs HenepepBHocTi x (1, €) y Touui (4., £.) 3MeHILIMMO
JIOJAaTKOBO YKCJIO & HACTUIBKHM, LI00

(1, &) - x(t, &)< €/2 Vie(t -3, 1. +38).
Toni

flx(t, &) — x(t, &) [| < x(t, &) — x (1, &) [| +1lx (1, &) — x (8, &) || <€,

Ak Tuibk max {7 — |, 11 ..l I xg = xp.ll} < 3.

Tenep po3risiHeMO 3aralbHUit BUNanoK, koau m = 1. s Toro 106
3BECTH MOro A0 BXe AOCJiIXKEHOro, WTYYHO 30i1bIUMMO BUMIpHICTD
CUCTEMH, BillHICILY NapaMeTpu A 10 «3ajeXHHX» 3MiHHUX. KOHKpeTHi-
e, po3rjITHEMO (#n + m)-BUMIPHY CUCTEMY BUIJISILY
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OCHOBHI BNACTUBOCT! PO3B'A3KIB CUCTEM AUOEPEHUIANBHUX PIBHAHDL

x=f(t xz2), ¢=0,

ge z € R”, i nocrasumo wis Hei 3amayy Kowi x|, , =x, z},., = A
Po3B’s30k ui€l 3anaui Mae suran x = x (¢, ), z = A. Ak pyHkuist yacy
# noyarkoBux naHux € BiH € HelepepBHOIO (PDyHKLI€O B NPUPOLHIi
obsacti BU3Ha4yeHRs &.

5.3.3. AudepeHuinoBHICTb PO3B’ASKY
3apadi Kowi 32 noyarkoBumm
3Ha4eHHAMM B npupopaHin obnacri
BU3HAYEHHA

IlepexonuMo 00 BUBYEeHHS nudepeHUialbHUX BIaCTUBOCTEH PO3B’si3-

Ky 3agauyi Kowmi sik ¢yHKILil yacy, noyarkoBuXx JaHUX i napamerpis. Cno-
YaTKy BCTAHOBMMO YMOBM iCHYBaHHSI YaCTUHHMX NOXiAHMUX uiel DyHKuii
3a 3MiHHUMHU X,; (i = 1, ..., n) — KOMIIOHEHTaMM BEKTOPa N0YAaTKOBHUX
3Ha4eHb x;. Ha LpoMy erami npuiyckatuMeMo, Wo npasa YaCTUHA CUCTe-
My (5.15) He micTuTb HapamerpiB A (m = 0) i, TakuM YnHOM, § = (£, X,),
l(g) = I(t()a x())-

[t

Teopema 5.1

Hexait f(1, x) € C(D > 8% i LX) ¢ oprsrmy, i=1, .., n Toni
X

b 4
Yy CBOIH npupoaHii obnacti BusnayenHs BeKTop-QyHkuis x (1, 4, x;)
&x(’, .fo, XO) .
at

Md€ HeHepepBHi YaCTUHHI HOXIAHI X(I, 7y, Xp) = Ta
ox(t, 1y, xy)

,i=1, ..,
0xg

:
:

DoBepeHHn .

3 HernepepBHOCTI YaCTMHHUX NOXiAHMX GyHkuii f(f, x) 3a Bcima!
3MIHHUMH X;, i = 1, ..., n BUILIMBAE, IO BOHA € JIOKAILHO JiMUilLeBoIo:
wono x (auB. n. 5.1.3). YHacninok unoro po3s’sasok x (1, k, x,) Ma€
BJACTUBICTb €1MHOCTI Ha inrTepsani /(f;, x,) npu BCiX (1), xp) € D.
A Toni x(1, 1), x;) € C(E > R") 3a TeOpeMOIO PO HENEPEPBHICTL PO3-
B’A3KY 1K QYHKLUIi NO4YaTKOBUX AaHUX. -

TBepikeHHs1 TEOpeMH CTOCOBHO 11OXiaHOI M HeranHo
BUILIMBAE 3 PiBHOCTI ’t
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.i'(i, to, XO) = f(f, X(t, fo, Xo)) Vte 1(’0, Xo).

JloBeneMo iCHyBaHHS YaCTMHHMX NMOXigHMX QyHKUIT x (¢, £, X;)
3a 3MiHHMMH Xy;. 3adikCyeMO TOYKY (%), Xo) € D, NOBUIbHUM BiIPi30K
{o, B] < 1(#,, x,) i po3r/IsAHEMO 3ajieXHY Bil napamerpa s QyHKUiIO

x(t, ty, Xg +5€;)—x(t, ty, xg)
S A

Y (1) =y, 1y, Xy) =

ne e; — i-# opT nmpocropy R", TOOTO BEKTOD, B IKOTO i-Ta KOMIIOHEHTa —
OIMHHULIA, a pelTa — HyJi. 3po3ymino, Wwo

ox(t, ty, xg)
6in

lim y () = ) (5.20)

SIKILO Lig FpaHuLs icHye. Binpasy 3ayBaXumo, 110 OCKiIbKM MHOXHMHA &
BiaKkpuTa, TO QyHKIlia y () KOPEKTHO BU3HAYeHA NPH BCiX f € |a, B,
0 <|s}< o, axuwo o > 0 BUGpaTH JOCHUTb MATKM.

Jani MipKyBaTUMEMO 3a TaKolo cxeMolo. CroyaTKy [OKaXeMo, 110
dyHkuia y () € po3s’a3kom 3aaayi Kowi

y= Ay, yty) =e,, (5.21)
B AKili (n x n)-BuMipHa maTpuusa-GyHKUiA A(f) HemepepBHa IUOAO
3MiHHHEX (?, ) € |a, B] x (-0, ©). [licis LbOro cKOpUCTaEMOCS TEOpe-
MOI0 [P0 HemepepBHY 3aJeXHICTb po3B’si3Ky 3anauvi Kowui Bia mapa-
METpiB i BCTAHOBUMO iCHYBaHHA rpanuui (5.20).
Ilepexonumo 10 nobynosu Marpuui A (7). 3anuiuemo piBHOCTI

x(t, ty, X +s5€;) = f(t, x(t, 1, Xy +5€,)),
x(tv t()’ x()) = f(tv x(t~ ,07 x()))-

BinHsBiuy Bif nepuioi piBHOCTI Apyry # noainusluy pe3ysbTat Ha s,
JiCTaHEMO

y,(t) = %[f(t, x(t, tg, X +5€,)) = f(t, x(t, tg, X)) |-

YHacnigok HenepepBHOCTI x (1, 1), X, + se;)) AK GyHKUil 3MiHHO] §
yci Touku (1, x(1, t, X, + se;)) npu Aocutb Manomy 6 > 0ifs| <o
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vl

P

Hanexartb Jesikit kyji B < D. Tomy 3a aemolo Agamapa (auB. 1. 5.1.3)
MaEMO

f(ta x(’; to’ x() + Se‘-) "f(’s X(l, t09 x())) =

= A ) (x (1, 1), xo + 5€;)) — x(¢, 1, Xp)),
ae

A(t) = A1, 5, £y, xp) = G(1, x (1, 1), x5 + 5€,), X (1, 1, X;)).

Otxe, y(1) 3an0BobHAE nepity 3 piBHOCTe# (5.21). 3a 03HayeHHAM
x(ty, 19, Xy + s€;)) = x, + se;. Tenep 3po3ymino, uio y () =e;.

I3 nHenepepBHOCTI YacTMHHMX noxizHux dyHKuUil (¢, x) 3a Bcima
3MIHHUMH X;, i = 1, ..., n BUIUIMBAE HENEPEPBHICTb A (#) LIOAO 3MiHHHUX
(1, 5) € [, Bl x (-0, o). Taky camy BracTusicTb Matume # y(r). (Llen
daxr BuruiMBae 3 TeopeMu 5.10, AKILO B34TH IO YBaru, 1O KOXEH PO3-
B’S130K JIiIHIAHOT ONHOPIAHOI CUCTEMH 3 HENEPEPBHOIO MATPULEIO MaE

BJIACTUBICTb €AMHOCTI.) TOMy rpaHuusa yy(7) = lin}) y.(t) icHye.
S >
TaknM 4uHOM, 10BeAEHO, 1O QYHKUIs X (1, 1), X;) MAE YACTUHHY
Ex(t, to, xO)
Cxo;
B’a3koM 3aaayi Koui

NOXiAHY , IPUUOMY OCTaHHS K GYyHKIisi 3MiHHOI € po3-

y=Ay(Dy, ylty) =e; (5.22)
Ha Gyab-sikoMy Biapisky [o, B] < 1(#y, x,), a Toai i Ha BcboMy iHTEp-
Bani I(1;, x,).
Hocl B Haumx MipKyBaHHsAX TOYKa (%, x;) 6yaa dikcosanow. Ipu-
N
MycuMo Tenep ii npo6iratu obnacts D. Ockinbku G(, x, x) = f[%’:_{l,
ax
T0

Ay(1) = A1, 0, 1y, x,) = ar, x(i, fo, %))
CcX
Tenep 6aunmo, 1o MaTpuus A4 (t, 0, 1, x,) HerlepepBHa 3a BciMa 3MiHHM-

GX(t, to, XO)
A

Mu (4, £, x,) B obnacti €. Tomi dynkuia SIK PO3B’S130K

CXoj
3anadi (5.22) Tex Oyae HenepepBHOO B Wil obsacTi.

412



- 53
BnactmMeoCTi Po3B’'A3KY HOPMAaNbHOI cucTemu AK (PyHkuil noyaTkoBux paHux i napameTpis

O Hacnipox 5.1

Yacmunna noxiona 9x(t, fo, Xo)

AK ynKuin 3MiHHOI t € po3e’A3KoM cuc-
memu X0i

. Of(t, x(t, 1y, X
= f ( (~ ) 0))y’
Ox

(5.23)

aKull 3a00804bHAE nouamkosy ymosy y (1)) = €;. Mampuys Y(t) =
_ Ox(t, 19, x)
- axO
3G IMIHHUMU Xy, ..., X;,, A64A€ c000i0 (hynOamenmanvhy mampuuro yiei
cucmemu, Hopmosary ymosow Y (1)) = E,, de E, — n-eumipna odunuuna
Mampuuys.

B obracmi € dna koxucnoeo i = 1, ..., n guxonyromocs pienocmi

, Cmosnyamu aKoi € wacmurHi noxioni yuxuii x (1, 1, x,)

c (.}X(f, to, xo) _ af(f., X(f, To, xO)) EX(t, fo, xo) _ I3 C?X(f, fo, xo)
Xy ot ox OXy; ot axy

Cnpasai, po3B’s130K x (1, £,, X,,) 3210BOJILHSIE PiBHICTh
0> %o

ox(t, ty, X
——‘~(;‘—;-91 = f(t, x(t, ty, X))

3rinHo 3 nOBEAEHOIO TEOPEMOIO TpaBy, a OTXe, i JiiBy yacTuHY L€l piBHOCTI
MOXHa nGepeHLIIOBATH 38 3MiHHOIO X ;. Tomy

c 6x(f, to,xO) _ (:f(f, X(t. fo,x())) (‘:'X(f, fo, xO)l
&g ot ax oxyi

. & ox(t, 1y, xp)
| 3anMinmnocs 3ayBaXMTH, IO TYT NpaBa YaCTHHa JOpiBHIOE — — 22 87

~ ct Cxy;
ax(t, 1y, x 0i
oxlt T, Xo) PO3B’130K cucteMu (5.23).

’

OCKLUIbKM
xg;

o O3navennn 5.7

Jliniiny oonopiony cucmemy (5.23) naszuearwoms cucmemoro y eapiauinx
6IOHOCHO NOMAMKOGUX 3HAYEHD.

{3 HaBeleHMX MipKyBaHb BUILTUBAE IIPOCTE TPABUIO YTBOPEHHS CHUCTE-
MM y Bapiallisix Ta BA3Ha4Y€HHs [OYATKOBOrO 3Ha4YeHHsl, iKe 3aJ0BOJIbHAE
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YaCTMHHA NOXiJHa PO3B’A3KY X (7, 1, X;) 32 6yab-KOI0 3MIHHOIO X; . I10-
'rp16Ho oOMIBI HACTHHU pmHOCTeﬁ ox/ét = f(t, x), x|,. 1 = X0 3nudepeH-
Ll0BATH 33 3MiHHOIO X, i B N1iBi}i YaCTHHi NepILO] 3 OflepXaHUX PiBHOCTEY
nepecTaBUTH MICLSIMM NOXiAHI &/Cx; Ta &/ct.

5.3.4. AncdepeHuinoBHICTL PO3B'A3KY
sapayi Kouli 32 no4arkoBuMK RaHNMM
# napamerpamu B npupoaHin obnacri
BW3HAYEHHA

Teopema 5.12
Hexait f(1, x, &) € CY(G + R"). Tozi dyskuin x{t, 1, x,, A)
HenepeprHo audepeHliioBHa y cBoilt npupoaHii obnacrti Bu-
3HAYEHHS.

oBepeHHnA

Ilokaxemo, LIO L0 TEOpeMY MOXHA JIErKO JiCTaT 3 110nepeiHbol.
s 1boro BBe1eMO HOBY He3ajleXHY 3MiHHY § = f — T, e T — Ilapa-
MeTp, i pO3IUMPUMO BUMIPHICTb CUCTEMH, BBAXAIOYHU MApaMETPH A, T
JIONAaTKOBUMM 3MiHHUMH. TouHilue, po3risiHeMo 3a1ayy Koiui

jy fs+1,p,2), —=0, %=O;

(5.24)
V0 =x0. 2y o =2, T|y- o =Ios

B fKif %), X), A BUCTYNAIOTb YK€ B POJi [104aTKOBUX 3Ha4eHb. Jlerko
6auuTH, 110 il PO3B’A30K MAa€E BUIJISAL

Y (s, fy, Xg, M) =x(s+ fy, 1o, X, M), 2= R, T= 14,

Dyukuia y(s, Iy Xg» A) Ma€ Henepeme YaCTUHHI NOXiAHi 3a BciMa 3MiH-
HUMM: 33 3MiHHOIO § — K PO3B’fA30K cucTeMH (5.24), a 3a peHITOI0
3MiHHMX — 3riaHo 3 Teopemoio 5.11. Tomy dyHkuis x (1, £, xy, A) =
=y (I - 1, L), X5, A) HenepepBHO jndepeHLiAOBHa Y CBOIA NpUpPOAHIN
obnacTi BUBHAUEHHS.

Kopucryiouucst npaswiom, copMy/ibOBaHUM HallpukiHui n. 5.3.3, Bu-
nuiemo 3ana4i Kouli, SKMM 3a10BOJIBHAIOTE YaCTUHHI noxiani ¢yHKILii
x(t, 1y, xy, \) 3a 3MiHHUMU kj Ta ;. 3ayBaXUMO, LIO 3IIIHO 3 HACIIAKOM i3
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reopemu 5.11 yci yaCTHHHI NOXiaHi NepLLOro nopsAaKy QyHKU y (s, £y, Xg, A)
vMOXHa AudepeHLIIoBaTH 3a 3MiHHOIO s [iCHYBaHHS y26 @Gs®  JIeTKO BM-
niimBae 3 riepuwioi 3 pisHocreit (5.24)]. Ilpu uboMy oaepxkaHi MiluaHi vac-
IMHRI NOXiAHI AONYCKAIOTh 3MiHY NMOPAAKY IudepeHUiI0BaHHs. 3p0o3yMiio,
0 TaKy caMmy BJACTUBICTb Ma€ # PyHKuUis x(1, £y, X;, A), /UL SKOI POJIb
iMiHHOI 5 Bigirpae 7. Ilicias andepeniuiloBaHHs piBHOCTER X(7, 1), X4, A) =

S, x(t, 1. xg, ). x4y, %, X, A) = X, 33 3MIHHOIO A, 10XOAUMO TAKOro
BUCHOBKY.

Teepaxenun 5.1
(?X(f, f‘), Xy, r)

o j

YactuHHa noxinHa € po3p’sizkoM 3anaui Komii

3 A
j] = (’f(f“ x(f‘ IS’. xO’ 7“)’ )‘) y 4 (f(t: x« }')
ax .

k]

X - x{1, In, %X9. )

Py =0 (5.25)

2 O3naveHnn 5.8

Cucmemy (5.25) nazusaioms cucmemoro y eapiauiax wodo napamem-
pal,.

AHAJIOTIYHO, 3 YpaXyBaHHAM piBHOCTe#

-~

0= ——(i~x(f(), Iy, Xy, A) =
0

*

(Ex(t, 1y. X0, M) L ox(t, 1, X, l)]
&t

ot &t

t -1y

6‘."(1, to, Xg, X)
ct

= f(ty. Xy, M),

11y

LiCTAEMO TaKMii pe3ysbrar.

TeepaxeHHA 5.2
["x(f, to, xo, 7\.)
Ciy
siKa cKiagaerbed i3 cucremu (5.23) i nouatkosoi ymoBn pl, =

= —f(f(). xo, )\,).

YactuHHa 1oXigHa € po3B’a3koM 3anaui Koiui,

415



fnaea 5
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YacTMHHA NOXifHa w € po3p’a3koM 3anayi Koumi,
ot

sIKa CKJIajaerbes i3 cucremu (5.23) i noyarkosoi ymosu  pf, 0 =

= f{ty, Xp, A).

HagezeHi TBepiuxetiHs Ta HAcHOOK 5.1 galoTh 3MOI'Y JOCHTb PO
JOBECTH TaKy I1iICYMKOBY TEOPEMY.

Teopema 5.13
Axuio f(t, x, ) € C(G > R"), rz 1, 1o dynkuis x(1; 1y, X, A) —
r pa3iB HenepepsHo AudepeHuitoBHa y cBOi npupoaHiit obnacri
BU3HAYEHHSI.

doBepneHHA

Po3risiHeMo BMNAAoOK r= 2. [Lnsl noBeaeHHs iCHYBaHHSA YaCTUH}
IIOXiAHUX APYroro nopaiky GyHkuii x (¢, #), xy, A) 10TpibHO 3ayBa
TH, WO Oyab-sKa ii 11epilia YacTUHHA I0XifiHA € po3B’si3KoM 3anayvi K¢
BIANOBIAHOI JiHIAHOI cucTeMM y Bapiauisix. [1paBa yacTMHa OCTaHHBO;
HenepepBHO AudepeHLiioBHa GyHKUIA 3MIHHMX 1, 1, X;, A Y NPUPOL
ob1acTi Bu3HaveHHa GyHKuii x (¢, 15, Xy, A). IloyaTkoBi AaHi Bianoe
HOI 3aja4i Kol He 3anexars Bil LMX 3MiHHUX. 3a TeopeMolo 5.12 k¢
Ha 4aCTMHHA 10XinHa GyHKUl x (7, &), X,, A) HenepepBHO audept
1ifioBHa. buiblie Toro, BoHa € po3B’si3KoM 3a1a4i Kouii aesikoi JiHii.
CUCTEMU, YTBOPEHOI 3IiHO 3 NMpaBwioM 1. 5.3.3.

3po3yMiio, 1o IHAYKLIEIO 32 NOPSAAKOM MOXiAIHMX MOXHA JIOBE(
noTpibHe TBep/KEHHS ¥ 118 Oyab-sKOro r > 2.

5.3.5. Teopema icHyBaHHA
noBHoro Habopy nepwmx
inrerpanis

JoBeneHi Teopemu npo audepeHLianbHI BIaCTUBOCTI PO3B’I3KY 3a
Ko sik ¢yHKIIT NOYaTKOBUX AAHMX i NapaMeTpiB MAIOTh HU3KY BaXJ,
BMX 3aCTOCYBaHb. SIK NPUKIa/l TAKOIO 3aCTOCYBAHHSA HABEIEMO TeopeMy I
JIOKaJIbHE iCHYBaHHA MOBHOro HabOpy nepLivX iHTerpaliB HOPMaIbHOI Ci
TeMHU. K i paHilue, yepes Bp(t., X.) 1103HayaTvmMeMo (1 + 1)-BUMIpHY Ky.
PpasiycoM p i3 LeHTpoM y Toui (4, x.) € R'* ",
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Teopema 5.14

Hexa¥t f(z, x) € C'(D > R"). lbm JAOBUILHOL TOYKH (£, X,) € D
3Haiinersea Take p > 0, 10 B KyAi B (t., X.) cucTema

X = f(t, x) (5.26)
mae nopHuit Habip nepiuux iHTerpaia.

R, R

fEie e

doeepeHHA

Ilokaxemo, mo yucnao p > 0 MoxHa Buﬁpam TaK, Wob y Kyii
B (1., x.) € D BuKoHyBasach yMOBa: U1l IOBLILHOI TOYKH (t,x)e B (t., X))
1cuye envna To4Ka (4, w) € D, u = (u,, ..., u ), AKy MOXHa cnony-mm 3
(7, x) iHTerpaJbHOIO KPMBOIO cUcTeMH (5. 26")

Hexait ¢(t, u) — po3B’s130K L€l CUCTEMH, SIKUI 3a10BOJILHSAE NO-
4aTKOBY yMOBY X(%., #) = u 10670 %(2, ¥) = X (1, 1., u). 3 Teopem#u 5.11
BUIUMBaE, o x (¢, u) € C (B(t., x.) — R") npu pesikomy r > 0. Pos-
I/1ISTHEMO BiTOOpaXXeHHA

F(t, u, x):=x(t, u)-x € C'(B,(1,, x.)x R" > R").
Ockinbku F(t,, x., x,) =01

CF(t., u, x) _ Ox(t., u)
Cu cu
(E, — (n x n)-BuMipHa 00MHMYHA MaTpHULA), TO 3a 'TEOPEMOIO NIPO HesiB-
HY d)ym(uno NpU JESAKOMY JAOCUTh MAJIOMY P> 0 piBHsHHA F(t, u,x) =0
BU3HAYAE €1MHY dyHkuilo u= U(t, x) € cY(B.(t., x.) - R"), sika Mae
Taki Bnacrusocti: U(t, x.) = x., F(t, U(t, x), x) = 0. OcraHHs TO-
TOXHICTb O3HaYya€, o

=FE,

x(t, U(t,x)) =x V(t, x)e Bp(t., X.). (5.27)
1o piBHICTH MOXHa iHTepIpeTy- Ui ; )“ L";:;Qa"b"a

B4TH TAKMM YHHOM: AKIUO 3 TOY-
xu (t., U(t, x)) BANYCTUTH iHTEI- x
panbHy KpMBY cucTeMH (5.26), To z
3a yac f BOHa J0CSirHe TO4KH (7, x)
(puc. 5.3).
Po3rnsiHeMo Tenep [AOBiJNbHY
TOUKY (ty, xp) € B(t, x,) Ta po3-
B’30K x(t), t € 1% 1), AKUHA 3a- Puc. 5.3

14 343
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AOBOJIbHSAE MOYATKOBY YMOBY X (7)) = X, i rpa(bn( SIKOrO MiCTMTBHCS |
B (t., x.). 3 ypaxyBaHHAM (5.27) Mmaemo pLBHOCTl x(ty, U (to, X)) =xq=
= x(to) 3 enuHOCTI po3B’si3Ky 3anayi Koui BUIuiMBae Toni, 1o, 3 o
Horo 60Ky, x(t) = x(t, U(t), xy)), ¢ € 1. 3 iHIIOro — AKIIO 3aMICT!
(2, x;) B3ATH TOYKY (s, x(s)), s € 1, TO Ha NiACTaBi aHAJIOrIYHUX MipKy
BaHb JicTaHeMo piBHicTb x (¢) = (¢, U(s, x(5))), t € 1. Takum ynHOM
dynkuii (1, U1, x,)) 1@ x(1, U(s, x(5))) BU3HAYAIOTh OAMH i TOI
caMuii po3s’sa30K cucTeMu (5.26), npuyoMy lieil po3B’s30K, 3a 03
HauyeHHAM Y (¢, u), 1IPONOBXYETbCS M Y TOUKY 4. OTXe, HAMU BCTAHOB:
JIEHO DIBHICTb

x(te, Uty xp)) = x(ts, U(s, x(s))) Vsel,

siKka 30ira€Tbcs 3 piBHICTIO
UGs, x(s)) = Uy, xp) Vsel

Ockinbku (f), x;) — AoBUIbHA TOYKa Kyni B (4, X.), TO 3BilCH BM-
IUIMBAE, O KOXHa KoMnoHenTa U(s, x) (i = 1, ..., n) BexTOp-PyHKUI
U(t, x) € nepwiuM iHTerpaaom cucremu (5.26).

[1a joBeleHHS He3aJ1eXHOCTi 3HalaeHoro Habopy nepLInxX iHTer-
paiiB 3nudepeHuiloeMO 00KIBI YacTUHH (5.27) 3a x. MaTumeMo

oy, Ult, x)) cU(e, x)

=F
Cu ox

ne

OCKiZIbKM BM3HAYHHMK J0OYTKY KBaapaTHMUX MATpHLb AOPiBHIO

no6yTKOBi BU3Ha4YHMKIB, det E, = 1, To MmaTtpuug M HEBHpOA-
X

xeHa. 3BiACH BUILUIMBAE JiHiAHA He3anexHicTb BexTOpiB grad, U(t, x,
(i=1, ..., n) y koxHiit Touui (f, x) € D, a pa3oM i3 TUM i NOBHOT:
3HaHIeHOI CUCTEMU NEPIUUX iHTerpaiB.

& 3ayBaxeHHR 5.1

Axwo y dopmyni (5.27) noknactu ¢t = f., 1o picraHemo U(1, x) = x. Takuny
YMHOM, TeopeMa 5.14 ycTaHOBIMIOE iCHYBaHHs nepluux iHTerpanis U (f, x)
i=1, ..., n cucremn (5.26), sKi 3a40BOJbHSIOTL YMOBY

U, x)=x,i=1, .., n
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BNPABW TA 3AJANI

@

®

3Haitty npupoaHy 061acTb BU3HAYeHHs po3B’A3KiB 3anay Kowi gk QyHkuik
4acy, NOYATKOBUX AaHHMX (fy, X,) i mapameTpa A

a) x=x+2, x|y = Xos 6) X+2x = x2e, x|, 4 = Xo-

Bu3nauuTy, sIKy CUCTEMY i siKi nOYaTKOBI yMOBM NpH ¢ = () 3aK0BOJIbHSAE BEK-
TOp-byHKLIM

(X5, () X0 Y0)s ¥ U Xos Yo |z = s =05
e (x(1, X, ¥o), ¥ (4 Xy, Yp)) — Po3B’i30K 3anayi Kowi
x=x+y> =224+, x|,_q =X
y=xy-1+1, Yi-o = 2o

Bxasiexa. 3ayBaXuTH, IO X = 1%, y = t — PO3B’A30K OCTAHHBOI CHCTEMH NPH
Xy =Yy = 0.

-

3Haittu Sx Ui po3B’A3Ky 3amavi Kowi
0153, w=2
. 2
X =xy+1°, x|, = xg,
y=-¥/2 Y=
ox ) R .
3HakTn Y ist po3B’si3Ky 3axayi Kowui
e ia=0

X =417, .0 =9,
y=1+5x, v, 0=0.

. y w R ("’2.\'(1, '0, Xg, ).,)
Bunucatu 3anauy Koiui, po3p’a3kom axoi € Bekrop-dbyHKitia .
i3 Teopemu 5.13. X0

V cucreMi andepeHuianbHux piBHsAHb 3ana4i 7 Tia (auB. npuknaa B. 6) Ha6ip mac
(m, ..., m,) 6yneMo po3rsiIaTH SIK BeKTopHui napamerp A. [losnaunmo yepes

P A) = (n(LA), ., (1, M)

po3B’s130K 3ana4i Kolli 3 neBHUMM He3anexXHUMH Bill A MOYaTKOBMMH yMOBa-
mu. Tlokasartu, 110 1 Aesikoro Biapizka J iCHye piBHOMipHa rpaHuus

p(t, A) 3 p(t) mpum; - 1,m —0,..,m -0,
3anucaTd CHCTEMY, PO3B’S13KOM SIKOi € DyHKLUiA po(t).
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Mmasa 5
OCHOBHI BRACTUBOCTI PO3B'A3KIB CUCTEM OUDEPEHLIIANBHUX PiBHRHb

1 5.4 |

ACUMNTOTUYHI PO3BUHEHHA PO3B’'A3KIB
andepenuianbHuX PiBHAHb

JudepeHuifoBHicTs po3B’s3ky 3aaadi Kowi HopManbHOI cucTeMu sit
¢yHKUii He3aeXHOoi 3MiHHOI, NOYATKOBUX JaHMUX i MapaMeTpiB JIEXUTD |
OCHOBI Pi3HOMaHITHUX aCUMITOTHYHMX METOIiB HABIMXKEHOro pO3B’sI3aHH;!
JvdepeHitianbHUX piBHAHbL. HalinpocTilii BapiaHTy LIMX METOAIB pO3IJIsAHe:
MO Ha NPHKJIAAi CKaJIIPHOro AudepeHuialbHOrO PiBHAHHS IIEPILOro Mo
PSIKY.

5.4.1. Crenexesi po3sBuHEHHRA
32 He3aNeXXHOIO SMIKHOIO

Po3rnsiHeMO piBHAHHS
x = f(, x), (5.28

B SIKOMY JUIsi IPOCTOTH dyHnkuio f(f, x) BBaxarumeMo BU3HAYEHOIO it He-
CKiHYeHHO AudepeHuiiOBHOIO Ha BCiil mwiowwHi: f(1, x) € C*(R? > R)
Mns dikcoBanoi Touku (1, x;) po3s’ ’130K 3ana4i Kouwi, AKMi 3a10BOIbHSIC
NI0YaTKOBY YMOBY X () = X;, € HECKiH4Y€HHO A1GepeHUIHOBHOIO PYHKILIEK
Ha inrepaii /(1, x;). Tomy 3riaHo 3 dopmy:iolo Teitopa wis KOXHOIC
HaTypanbHOro N Npu ! — #; CNPaBIXYETLCS PO3BUHEHHS

x()=xg+a,(t—t) + ay(t — 1)+ .+ ap(t— 1" +

+o((r- ")), (5.29
1 d¥x(1y) .
e g = oot k=1, ..., N. IlokaxeMo, ik MOXHa BU3HaunTH Koedi-
LiEHTH ak; He 3HalOYM SIBHOTO BUIJISL1Y CAMOTO PO3B’SA3KY.
Ockinbku

x(r) = f(t, x(1), (5.30;

TO a; = X{(ty) = f(ty, x(ty)) = f(ty, x¢). 3audepeHLiIOBaBUIM TOTOXHICTE
(5.30) oaMH pa3, AicTaHEMO
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5.4
ACMMNTOTUYHI PO3BMHBHHA PO3B'A3KiB AUPDEPEHUianbHUX PiBHAHL

x"(0) = i, =i + L2l 0| iz inX@).

3Bincu a, = x"(ty)/2 = f(ty, xo) + filty, x0)f(ty, x¢). Tenep 3po3ymiio,
WO NOCNiTOBHUM AudepeHLilOBAHHAM TOTOXHOCTI (5.30) MOXHa 3HalTH
BCi kKoeditientn a;, k = 1, ..., N. A came,

ldk]

;ta W= kT [, x(@®), k=2, 3,

t=1y

lNpaBa yactuHa ui€i GOpMyJIM BUpaXA€ETLCS Yepe3 noxinaHi GyHkuii x (f) y
TOYLL 4, 10 NOPAIKY K — 1 BKIIOYHO, TOGTO Yepe3 koediuieHTu a,, j =1, ...,
., k — 1. Takum unHOM, JaHa HopMy/ia Ma€ PeKyPEHTHHUH Xapakrep.
Inoni ana BinwykanHa KoeQilEHTIB a, 3py4HO KOpPlCTYBaTMCﬂ METO-
JIIOM HeBu3HayeHMX koediuieHTis. g uporo macraBumo pO3B ’Si30K piB-
HsHHs (5.28), akwuii JIOIYCKA€ PO3IBUHEHHS! (5.29), y (5.28) i onepxany
TOTOXHICTb MOAAMO Y BUIJISAAI

a, +2ay(t- 1) + 3ay(t - 1)* + ... + Nay(t - )" '+ o ((t - 1)) =

=f(txg+ ay(t— 1) + at 1) + .+ ay_ (1= )" ) + o ((1 - )").

Tenep notpi6Ho 3anucam PO3BUHEHHS NPaBOil YaCTUHM L€l (l)OpMyJIld 3a
CreneHsMMm (f — to) 1o nopsigky N -1 meoquo IiCJ151 YOro NpUpPiBHATH
koediuieHTH B 000X yacTuHax 6inga (r — ’0) k=1, .., N-1. [icranemo
PEKYPEHTHI CIiBBiIHOLIEHHs JUI BU3HAYEHHA @, a2, s Ay

IpypoaHO NOCTABUTH 3aNMTAHHA: OCKLILKH Ny Q)opmym (5.29) no-
n'uwﬂe TO 4M HE MOXHA, CIPSIMYBaBLIK N 10 HecKiH4YeHHOCTI, AiCTaTh po3-
1'130K piBHAHHA (5.28) y BMMIsai 30DKHOro B AesiKOMY OKOJi TOYKHU I
CTerneHeBOro p;uly" Binnoginb Ha ue 3anutanHs paB O. Kowi. Chopmy-
JIIOCMO BiANOBIAMUIA pe3ynbTarT.

Teopema 5.15 (Kowi)
Hexait pau Teinopa dynxuii f(¢, x) 36iraeTbcst B 1esIKOMY OKOJ
TOUKHU (£, Xy). Toai icHye Take uncno p = p(f;, x,) > 0, 10 po3-
B’fA30K piBHSAHHSA (5.28), sAKnil 3a00BOALHAE NIOYATKOBY YMOBY
x{ty) = x;, € Ccymoto 30iXHOro Ha inTepsaii (f; — p, f, + p) CreleHe-

k
Boro pany Y ax(f —fo)*.
k-0
JloBeieHHS €] TeOpeMK MOXHaA 3HAATU, HampuKiad, y [10].
Bax/iMBo HarosoOCUTH, 1O PO3B’s#30K AUdepeHLiaIbHOro PiBHAHHS,
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Maea 5
OCHOBHI BNACTUBOCT! PO3B'A3KIB CUCTEM AN®EPEHUIANBHUX PIBHAHL

AKMIt € CYMOIO CTENEHEBOro psay Ha iHtepsaii (f; - p, 4, + p), AOMyCKa«
NPONOBXEHHS B KOMIUVIEKCHMMA OKiI TOYKM #;. 3aBOAKU LIbOMY BiIKDUBAETh
C MOXJIMBICTb BBYeHHS AucepeHUliaIbHUX PiBHSAHD i3 «<KOMIUIEKCHUM 4a
coM». BinznauuMo takox, wo chopmyaboBaHa TeopeMa Ko gonyckas
y3araJIbHeHHsI Ha BUNagoK HOPMAaJIbHOI CUCTeMM Au(epeHUiaNbHUX PiBHSIHE

ONpuknanp 5.1
3naiidemo 3 mounicmio do o (t>) poss asok 3adaui Kowi X = 1?2 +x32, x(0) =1.
IlincraBuBiuyn B audepeHiiaibHe PIBHAHHSA NPOEKT PO3B’A3KY
x()=1+at+ap’+at’+o0(t?), t 0,
ae a,, a,, a; — HeBiooMi koediuienTu, nictaHemo
a,+2at+3a’ +o(t) =2+ (1+ at + o)’ + 0(4?) =
= 1+2ayt+(1+2a,+a))t? +o(1).
3Biacu, npupisHaswM KoediuieHTH B 060x yacTuHax 6ins 0AHAKOBHX CTe

. 1 4
NeHiB 7, matumeMo q; =1, @, =q, =1, a; =§(l+2a2 +a}) =3 Orxe,

x(t)=1+t+1 +%t3 +o(23).

5.4.2. Crenenesi poO3BMHEHNKA
33 napameTpoMm

Po3rnsHemo mudepenuiaibHe piBHAHHSA 3 IApaMeTpPOM:

%= f(t, x, ). (5.31

Hexait f(t, x, A) € C*(R3 > R), i npunycTumo, 1o wis piBHsHHA (5.31
npu A = 0 BinoMuit po3s’a30K x = xy(f), ¢ € I, AKMi 3aJ10BOJIbHAE NOYAT:
KOBY YMOBY x(f;) = &. Lleit po3s’a3ok nasuBaTMMeMO Hesbypenum. 1o
CTaBUMO 3a/lauy HabGIMKEHOro BillIyKaHHS 36ypeHozo po3g a3ky x = x(t, A

piBusiHHg (5.31) npu |A| < 1, sikuit 61 3310BOJIbHSAB 30ypeHY NIOYATKOB!
YMOBY

Xlpaqy = 2R, (5.32
422
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ACMMNTOTUYHI PO3BUHENHA pO3B'A3KiB AndepeHuianbHux PiBHAHL

ae E(A) € C*(R - R) — 3anaHa ¢yHKuia Taka, wo &(0) = &,. 3a bopmysolo
Teiiopa MaeMo

EQ) =g + 5 + 502+ +ENAY oY), A >0,  (5.33)

EQ), k=1, ..., N.
0
Jlis noBinbHOro Bigpiszka J c Ii nocuts manoro ¢ > 0 dyHkuis x (¢, A)

nanexuts knacy C7(J x (-0, 6) — R). ToMy BOHa JONYCKAE aCUMIITOTUYHE
PO3BUHEHHS

x(t, 1) = Xg () + X, (O + X302 + ..+ Xy (O +00N), 1 0, (5.34)

k

1 ¢
e xk(t) =Fﬁ x(t,2), k=1, ..., N.

=0

Hns BinuyxanHs koediuientis x,(¢), k= 1, 2, ..., N niacrasumo (5.34)
y (5.31):

Ko (1) + %, (D0 + X, (N2 +..+ Xy (WY +0(0 V) =
= f{t, xo() + X, (O + X, (102 +..+ xxy Y +00N), 2).

‘Tenep npaBy YaCTHHY L€l PiBHOCTI PO3BMHEMO 3a CTENEHSAMH A A0 NOpSA-
KY N BKJIIOYHO i mic/ig 11bOro NpUpiBHAEMO KoedillieHTH B 060X YaCTHHAX
(g onHakoBUX creneHiB A. JdictraHeMo

Xo(t) = f(t, xo(1), 0),

. 1 8k .
% (1) =-k-!7;)—k @, xo@) + X, (D% +...+ x5y OW +00N), 1),

© la=0
k=12,..,N.
Iepiua piBHiCTb CIPaBIXYETHCS TOTOXHO 1 ¢ € 1. [1pn k = 1 MaeMo

. _ 6f(t9 xO(t)’ O) 5f(1, xO(t)s 0)
x (1) = ™ x () + 6).' .
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OCHOBHI BNACTUBOCT! PO3B'A3KIB CUCTEM ON®EPEHUIANBHUX PIBHAKb

3 (5.32), (5.33) suruiMBae, 10 x,(f) = §,. Orxke, x,(f) MOXHa 3HalTH AK
PO3B’130K TakKoi 3anayi Kouii:

L X0, 0) L af(, xg(0), 0)
ax oh

> x‘p:;to =&
JludepeHuianbHe piBHAHHSA Ui€l 3a4ayi € JiHIAHUM HEOOHOPIAHMM i, 5K
HacliA0K, iHTErpOBHMM Y KBaaparypax. BoHO 36ira€rbcs 3 piBHSIHHAM Y
Bapiallifx BiAHOCHO rapaMeTpa A.

IlokaxeMo, 1O 338 TAKMM CaMMM [IPUHLMIIOM MOXHa 3HailTH ¥ iHwi
koediuientu x,(r). Cnpasai, OCKUIbKH

S, xo(1)+ X, (Oh + ... +xN(t)7.N +o0NYy, 1) =
= f(t, xo(D) + X (D + ... + X, (2K, 1) +0(X) =
= f(t, Xo(t) + X (O + ...+ x4 (O, 0) +

N af (t, xo(t) +x, (). +... +xk,_1(t)‘».k'1, A
ax

)xk (O +00k) =
= £t X () + X, (O + oo Xy (EVE, l)+ﬂ-{’%¢&—@xk AW +o(3%),
TO0

Flt, xg@® +x, (% + .+ Xy (ORY, A) =

TG0 iy ro,
cxX

ae

(:;k

fi)= _kl_‘(?/_k- £, xo() +x,(O% + ..+ %, (DL, 1),

=0

Takum unHoM, dyHkuia x,(f) € po3B’a3koM 3anaui Kowi
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5.4
ACHMNTOTUYHI PO3BUHEHHA PO3B'A3KIE gUdepeHuianbHuX piBHAHB

¢ = & %), 0

x+fk(t); xlt:to =§k-
X

BaxuBo Haronocuty, 1o y GopMyBaHHi GyHkuii £,(f) 6epyTs yyacTb nuine
Ti KoedilieHTH xj(t), B AAKMX j < k.

OnucaHa METOIMKA JIETKO NIePeHOCUThLCS Ha BUMIANOK CUCTEM aucepeH-
UiaibHUX PiBHAHDb Ta PiBHSAHHA JIOBLILHOIO NOPSAKY.

QNpuknap 52

OaHuM i3 HaANPOCTILLKMX MOAENbHUX PiBHSHbL Teopii HeJiHIHHUX KOJUBaHb
€ TaK 3BaHe piBHAHHA [dyddinra

2

¥+o’x+x>=pcost, ©>0

| mopiBHATH 3 piBHsSiHHAM (2.95)].
fpu n = 0 BoHO Mae TpusianbHull po3p’s3ok x = 0. [Mpn 0 # [p| <« 1
LIYKaTUMEMO 27-NepPioAMYHHUIA PO3B’A30K LbOr0 PiBHAHHS BUIJSY

x(t, w) = x (O + X (O + x5 (O +o(?).
[TincTaBuBLIK Lie pO3BMHEHHS B piBHAHHA Nyddinra, nicraHemo
KO + Ep (D2 + X301 + 02 + X (2 + x3(Hp’) +
+x13(t)u3 + o(u3) = |l COS of.
3Bincu MaeMmo cucTeMy s Bu3HaueHns QyHkuiit x (1), k=1, 2, 3:

~

¥, +w%x; =cos t,

se 2 _

Xy +O°Xy = 0,

X3 +(02X3 = —X?(f).
CKOpHCTaBIIMCS METOJOM HEBM3HAueHMX KoedilieHTiB, HEBaXKO NepeKo-
HATUCS B TOMY, L0 Mepliie 3 BUNMCAHUX PiBHSIHb MA€ 2n-NepiogAuYHII po3-

B’S130K JIMILE Y BUNAAKY, Koau o # 1. Lleit po3B’aA30K BUIAsAae Tak:

cos t

xi(1) = .
1) o’ -1

3 ananoriynux MipKysanb x,(¢) = 0. Iliacrasusuy x,(f) y TpeTe piBHsHHA,
HiC/si eJleMeHTaApPHKUX MNepPeTBOPeHb AiCTAEMO
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OCHOBH! BNACTUBOCT! PO3B'A3KIB CUCTEM ANDEPEHUIANBHUX PIBHAHDb

% tolx 3cos t +cos 3t
3 3= 55—
41 -0%)?

3sincu

3co cos 3¢

x3(1) = - + ,
3 4(o? —1)4 41-02) (e -9)

akuo o # 1, 3.

3ayBaxXnmo, L0 JaleKO He 3aBXIM aCUMITTOTHYHI HabvKeHHs A0 po3-
B’13Ky NpaBWIbHO BigoOpaxaloTh #Oro BAaCTMBOCTI. SIK npukiIan po3-
isiHeMo piBHsAHHS Jyddira npupu =0, 0 = 1:

X+x+x=0. (5.35)

[licns 3HYXEHHd NOPAAKY Ha OJMHHMINO JiCTaHEMO HesiBHE aBTOHOMHE
PiBHSIHHS
2 JC4
%%+ x? Aaitd (5.36)

3a/IeXHE Bil IOBUIbHOI cTa10i ¢. Yioro 3aranibHuil po3p’si30K He BUPAXAEThb-
cs1 yepes ejleMeHTapHi GyHkuii. HeBaxko, 01HaK, NOMITUTH, IO OCKiIbKM
KOXeH YaCTHHHMI po3B’a30K piBHAHHS (5.35) 3a10BobHAE piBHICTH (5.36),
TO BiH € 0OMexeHo10 QyHKIUI€IO.

Crnpobyemo tenep nobyayBaTy aCUMITOTUYHI HabMDXeHHs1 po3B’A3KiB
* piBusiHHsA (5.35), BBiBLIM NONEpeaHbLO B HbOIO napameTp A. s uporo
3ailicHuMo MaclrtabHe neperBopeHHs x — A'/%x. Toai picraneMo

F+x+ix0=0. (5.37)

Ipn A = 0 Maemo niHiliHe piBHAHHS 3i CTA/IMMU KoedilliEHTaMH, 3araibHMii
PO3B’A30K AKOro MOXHa NO/aTH Y BUISIAL X = acos(f +¢), Ae aTa ¢ —
JOBLUIBbHI CTaJIi.

3Haiinemo B nepioMy HaOJMXeHHi aCHMITOTUYHE PO3BUHEHHA 34 na-
pameTpoM A po3B’a3Ky 3anadi Ko, KU 3300BOAbHSIE ITO4ATKOBi YMOBH

x|, 0o=1 ﬂr:o =

Jlerko GauuTH, WO He30ypeHu# pO3B 30K Ma€ BUNISAL Xq(f) = cost. 36y-
PeHMit pO3B’A30K LWIYKAEMO Todi Y BUIIALI

x =c0s t+x;(h+o(r), . —>0.
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5.4
ACMMNTOTHYHI PO3BUHEHHR PO3B'A3KIB AMDEpPeHLianbHUX PiBHAKHB

IincraBuBiuy #toro B piBHAHHA (5.37) i npupiBHABLIKM KoedilliEHTH npH A
B 060X yacTUHax oJiepXaHoi piBHOCTI, 6a4uMo, o dyHKLUIO X,(¢) cnin
WYKATHU K PO3B’A30K 3aaavi Kowi

_cos 3t+3cos t
4 I’

xls-0 = %;.0 = 0.

X+x=-cosdt=

3acTocyBaBiiid METOJ HEBUM3HAYEHMX KOediLliEHTiB, 3HAXOAMMO

3tsin t + cos 3t —cos t
8 32

Hk 6aunmo, x,(f) — dyHKuia HeoOMexeHa. TakuM YMHOM, 3HallleHe acHM-
IITOTUYHE PO3BUHEHHS CTAa€ MAJIONPUAARTHUM IIPH BEJIMKMX 3HAYEHHSX 7.

TpynHicTb, OB’s13aHa 3 NOSABOIO B aCUMIITOTUYHHUX PO3BUHEHHSX HEOO-
MexeHHUX KoedillieHTIB THITy #Sin ¢ — TakK 3BaHMX BiKOBMX 4ieHiB (Lei
'epMiH BUHUK Y HeGeCHili MexaHilli), CIIOHyKajla MaTeMaTHKiB 10 po3pob-
KM iHWIKX MeToAiB, No30aBneHMnX 3a3Ha4yeHOI Baau. TakMMHM, 30KpemMa, €
AcUMNTOTHYHI Metoau Kpunosa— borono6osa—MUTPONOALCEKOIO, CTBO-
peHi pyHaaTOpaMH BCECBITHbLO BiZOMOI KMIBCHKOI IUKOJIM HeNiHiitHOI Me-
xaHiku. llixaBo Bii3HA4YMTH, 10 OAMH i3 cNOCO6iB YHUKHEHHS BiKOBMX
‘WieHiB npu nobynosi po3s’sa3KiB piBHAHHA (5.37) we B 1835 p. 3anpono-
nyBaB M. B. Ocrporpanchkuii.

xl(1)= -

BNPABM TA 3AL1AYI

@ 3naiTi nepini YOTMPH WieHH PO3BMHEHb PO3B’A3KiB 3a1ay Kot B creneHesi
paay 3a 3MiHHOIO £:

a) x=x"+1%, x() =1, B) ¥ =t-x>, x(0) =1, %(0)=0;

6) x =x+1e*, x(0)=0; r) X+x+sin x=0, x(0)=0, x(0) =1.
@ 3uaittu nepLui TpH WieHH PO3BHHEHb PO3B’A3KIB 3anayi Kowi B crenenesi paau

3a nNapaMeTpoM A:

a) X =4nr-x2, x(1) =1; B) ¥ =1 -3x?, x(0) =1, %(0) =0;

6) x =x+rte*, x(0)=0; r) ¥+x+asin x =0, x(0) =0, x(0)=1.
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OCHOBH! BNACTUBOCT!I PO3B'A3KIB CUACTEM AUOEPEHLIIANLHKUX PIBHRAHDL

@ 3naitTh nepiui TpM uneHM PO3IBUHEHHS 3a CTENEHAMH napaMerpa A 2n-nepio-
JAHYHOTO PO3B’A3KY PiBHAHHSA

F+x+2x> =cos t,

SAAIKKHH 11pH A = () OIIUCYE yCTaneHUl PeXuM KOJUBaHb,

| 5.5 |

CrinkicTb 3a JIAnyHOBUM

BuxnaneHa B 1. 5.2—5.3 Teopis BUABISAETHCS MaJIO [IPUCTOCOBAHOIO
JUISL AOCJIXKEHHS NMPOLECIB, SIKi MOXYTh TPMBaTH MPAaKTUYHO HECKiHYEHHO
JOBro. B 1bOMy MOXHa JIETKO NIepeKOHAaTUCA Ha NPUKJIIadi TaKKUX ABOX CKa-
JISPHUX PiBHAHL:

1) x=-x; 2) x=x.

Po3p’ ﬂ3Kﬂ 3agaui KO].UI 3 OYaTKOBOIO YMOBOIO X (0) = X MaIOTh BUIJIsA
x =x,e”" Tax = x;e’ BianopiaHo. Xo4 06uaBa BOHH HeNepepBHO 3ajeXarth
Bin X, oaHak npu ¢ € [0, o) Hacniniku 36ypeHHsA MOYaTKOBOrO 3HAYEHHs
Xg P> Xy = %p +8 (6 < 1) BusBIS1IOTHECS a6comoTHO pizHuMK. Tak, A1s nepLioro
PiBHSIHHSA HETOYHICTb Y BUOOPI 110YAaTKOBOIrO 3HAYEHHS 3 YaCOM LIBUAKO
niBemoeTbes. JicHo, |xge’ — (xg +d)ef| =|8]e ' >0, r > x. 1o x
CTOCYETHCS APYroro piBHAHHSA, TO, HANPUKNAL, HETOUHICTL y BUbOpi no-
4aTKOBOTO 3Ha4eHHs nopaiaky 1 % BuaupaeTbcs Yy 20%-Hy noxubky npu
obunciieHHi 3Ha4YeHHs pO3B’SI3KY B MOMEHT yacy 7 = 3.

st nocnifkeHHs xapakTepy 3aleXHOCTi PO3B’A3KiB CUCTeM AudepeH-
uiaJibHMX PIBHSIHb Bil MOYAaTKOBUX AAHUX HAa BeJMKHMX iHTepBalax 4acy
Hanpukinoi XIX cr. O. M. JIanyHoBKUM 0YJ10 CTBOPEHO CTPOry TEOpilo CTiii-
KOCTi DyXy.

5.5.1. OcHOBHi NOHATTA TEOPii
crinkocTi 3a JIRnyHOBUM

Po3srnsHeMo cucremy
x = f(t, x), (5.38)
BU3HayYeHy B obiacTi Q = |a, ©) x D, ae D — o6nacts y R”. [Ipunyckaru-
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5.5
CrikicTe 38 flanyHoBAM

MCMO, 110 pO3B’A30K 3agayi Kouli 3 10BUIBHUMM IIOYAaTKOBUMH JaHHUMHU 3
{2 iCHye # Ma€ B1aCTUBICTb €AMHOCTI.

o O3nauyeHHR 5.9

Po3s’a30x x.(t) cucmemu (5.38) nasusaromov cmiiikum 3a JInnynoeum (npu

! — o0), AKWO!

® yeli po3e’a30K icHye Ha nigoci |a, ©);

® 0aa 0oginbHo2o € > 0 i dosinbHo20 1) 2 a MOXCHA 6Ka3amu make § =
= 8(t), €) > 0, wo das KoxcHozo x, makoeo, wo || xy — x.(ty) || < 8,
po3e’a3ok x(f) cucmemu (5.38), axuii 3a00601bHAE NOYAMKOLY yMOBY
x () = x,, ichye na nigoci |ty, ®) i cnpasdxcye Hepignicmb

fx(t) -x(t)||<€ Vi,

Jpyra BUMOra HbOro 03HauyeHHsl Ma€ TaKy reoOMeTpUYHY iHTeppe-
TaNio: rpadik KOXHOIO PO3B’A3KY, SKUA Y MOMEHT f = t; BAXOAHUTb i3
8-0kony TOYKM X.(#)), IOBUHEH HajleXaTu €-TpyOLi rpagika po3s’a3Ky X.(f)
a 1iBoci [, o) (puc. 5.4).

Y

Puc. 5.4

Hecmitixum (nnpy t — 00) HA3UBAETLCA PO3B’SA30K, LISl IKOTO NOPYLIYETh-
CH xoya 6 oaHa 3 BUMOT, 110 (irypyloTs B o3HayeHHi (5.9). s HecTiiikoro
PoOIB’A3KY x.(¢) MOXHa BKa3aTH Taki € > 0 i £, > 0, wo a1s xoxHoro 3 > 0
1HaiaeThes Po3B’A30K X (1) Takui, wo xoua || x.(t,) — x (1) || < 8, onnak npu
nesHomy T'= T(3, €, 1) > 1, BAKOHYETbCS HepiBHICTS || x.(T) - x(T) || 2 €.

< O3Havennn 5.10

Pozeé’azok x.(t) cucmemu (5.38) nazuearoms acumnmomuuno cmiiixum 3a
JIanynosum (npu t — ©), aKuio:
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o yeli po3e a3zox cmilikuil 3a JIanynosum;

e 028 006inbHO20 1y > a MoXCHa exasamu make A = A(fy) > 0, wo dan
KoXcH020 X, makoeo, wo || x, — x.(ty) || < A, po3e’asok x(t) cucmemu
(5.38), axui 3adosoabnse nouamkogy ymosy x (1)) = X, icHye Ha nisoci
[#,, ) i mae eracmusicmp

lim || x(r) - £} = 0.

Hexaii Binomo, 1o po3p’sa30K x.(f) cucremu (5.38) icHye Ha niBoci
[a, o©). ITokaxemo, 110 3aaa4y npo Horo CTifKiCTb MOXHA 3BECTH A0 BU3-
HaY€HHA XapaxKTepy CTIMKOCTI TPMBIAIbHOIO PO3B’A3KY esKOi JONMOMIXHOI
CHUCTEMHU.

st upOro 3anpoBaguMoO HOBY 3MiHHY

(539)

Hictanemo cucteMy y = f(f, x,(f) + y) — X.(t), 5Ky 3 ypaXyBaHHAM TOTOX-
HocTi x,(f) = f(¢, x.(f)) MOXHa [NOJATH Yy BUI/IAai
‘ y=f(t, x.()+y)- f(1, x.(D). (5.40)

OueBUaHO, 110 OCTAHHS Ma€ TPUBiaibHUI po3B’si3ok y = 0.

Teepaxennn 5.3
Po3p’a30K x.(1) cucremu (5.38) crilikuit (aCUMNTOTHYHO CTIMKMH)
Toni ¥ amiie Tofl, KoM CTIMKMUM (aCUMNTOTHYHO CcrifikuM) 6yae
TpUBiaIbHMI PO3B’A30K HOHOMIXHOI cucreMy (5.40).

HNoBepeHHA

Bexrop-dyHkuis x (¢) Toni it auie roni 6yae po3B’si3KOM cUCTe-
Mmu (5.38), konu Bekrop-pyHKuis y (1) = x (1) — x.(?) 3a010BONILHATH-
me cucteMmy (5.40). Tenep 3aNMIIMIOCH TilbK¥ [TOPiBHATH O3HAYEHHs
cTiiikocTi (acMMNTOTHYHOI CTIMKOCTI) pO3B’sA3KiB Xx.(7) Ta y = 0 Biano-
BiIHMX CHUCTEM.

IIpunyctumo, wo f(z, x) € CY(Q— R"). Y uboMy BUNaAKy 3a Gpopmy-
Jolo Teiinopa npaBy yacTHHy B (5.40) MOXHA NOJATH y BUIJISAAI

f@, x.(0)+y)- [, x.() = AUt)y + g(t, y),
ae
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5.5
CrikicTe 3a JlIrnyHo8UM

ot x| o (¢, x.(t)
AW = {a; OV, = {—————} ALY
y Jj=1 (7xj i ax

+ nexTop-pyHkuia g(t, y) = f(t, x.(t) + y) - f(t, x.()) - A(t)y Ma€ Baac-
LY

viela, ©) lim |yl 'g@, y)=0
iyl-0

(1 PHNMLS, MOXJIUBO, HE € PiBHOMIPHOIO LIOJO ).

Anuiis criikocTi TpMBialbHOro po3B’sa3Ky cucteMu (5.40) npupon-
H1 POIIIOYATH 3 BUBYEHHH JliHeapu30BaHOI CUCTEMHU y = A(f)y, To6TO
+HETOMUM Y Bapiauisx 1ia po3s’si3Ky x.(1) (cucmemu nepwozo Habausicen-
un). llpuiycTMo, 110 NUTAHHS CTIHKOCTI TPMBiaJIbHOrO PO3B’SA3KY Ta-
k0l cncremu Baanocs po3s’s3atd. Toli Ha HacTyMHOMY KpOLli BUHHMKAE
npobiaeMa BIANOBIIHOCTI MiX CTIMKICTIO TPUBiabHOrO PO3B’A3KY JliHe-
APMIONAHOT CUCTEMH Ta CTIMKICTIO TAKOrO CaMoro po3B’si3Ky CUCTEMH
(3 40) (npobreMa KOPeKTHOCTI BU3HAYEHHS CTIMKOCTI 3a NeplIUM Ha-
BanxonHaM).

flep HiX adanizysat U0 npobJieMy, 3yIIMHMMOCS Ha OCHOBHHMX
HOMIOXKCHHAX Teopii CTIMKOCTI pO3B’sI3KiB JiHiIiHUX OAHOPIAHHUX CUCTEM.

5.5.2. CrinkicTb niHiAnnx
cucrem

Po3rnaHeMo JiHiiiHy OXHOPiIHY CHCTEMY
i= A(Dx (5.41)

3 MellepEPBHUMH Ha niBoci {a, o©) koediuienramu. Hexait x.(f) — 1i ao-
Blibnnit po3B’a30K. 3a TeopeMolo iCHyBaHHS po3B’a3Ky 3asayi Kouwii ang
AOC obsiacTp icHyBaHHa x.(f) — yca niBBich [a, ). Jlerxo 6auurty, wWo
flenn saminu (5.39) BinHocHoO y 3HOBY aictaemo JIOC i3 marpuieo 4(2).
01 xe, xapakTep CTIMKOCTI pO3B’A3KY X.(f) LJIKOM BU3HA4Ya€ETHCA XapaKre-
pom criltkocTi TpuBianbHOro po3p’a3ky cucreMu (5.41). ToMy pose a3ku cu-
ememu (5.41) odnoyacro abo cmilixi (acumnmomuuno cmiiki), abo necmitixi.
| #KMM 1MHOM, KOPEKTHUMH € NIOHATTS CTIMKOCTI, aCHMITTOTHYHOI CTiKOCTI,
ne¢ tilkocTi aiHiMHOI cucTeMu.
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INoxkaxeMo, 1o cTiliKicTb cucteMH (5.41) NOBHICTIO BU3HAYAETHCS BJa-
CTMBOCTSMMU ii JOBLIbHOI dyHAaMeHTabHOI MaTpulli X (1). Haragaemo, mo
3arajbHMit po3B’sa30K cucreMu (5.41) Moxna nopatu y Bursiai x = X (t)c,
ne ¢ € R” — BeKTOp HOBUIbHMX CTaMX. Jlns BUAiNeHHs 3 ui€l popmynn
po3B’sA3Ky x(f), AKMI 33a10BOJILHAE II0YATKOBY YMOBY X (#;) = X,, NO-
TPi6HO PO3B’A3aTH NiHiAiHY CHCTEMY BiIHOCHO ¢ BUIAARY X(fy)c = x,.
3Bigcn c=X ”'(to)xo i, TaKMM YHHOM,

x(t) = X()X (tg)xg. (5.42)

Teopema 5.16
Hna crifikocti JIOC (5.41) Heobxinno i noctatHbo, o6 i pynna-
MeHTajkHa MaTpuld X (1) 6yna obMexeHolo Ha [a, o), To6TO

IK>0: | XK Viza

[losepeHHA

Mocmamnuicmy. [1punycTumo, 1o ymoBa obMexeHocTi MaTpuui X (7)
crpaBIXyeTbes. JloBeaeMo, 1o TpUBiaIbHUM PO3B’A30K cUCTeMH (5.41)
crifikuil. Hexaii € > 0, £, > g noBinbHi. Bkaxemo 3 > 0, ske dirypye B
03HaYeHHi CTIKOCTi, AKLIO B HbOMY IOKIACTH X.(7) = 0. 3 ypaxyBaH-
HAM dopMynH (5.42) nicTaEMO OLIHKY

Lx@® -0l <IXOIIX @o)llxol< KN X () X0l (5:43)

OueBUIHO, Ajis TOro o6 3a10BOJLHUTH YMOBY || x (1) || < € npyu Beix
12 1, i BCiX THX X, 1A aKuX || x, || < 8, nocraTHRO MoOKNACTH

€ -

3 =d(ty, €) i= ————.
o O = X T

Heobxionicms. IpunycTtumo, 1o yMoBa odMexeHocTi hyHaaMeH-
TJIbHOI MaTPULL He CNpaBIXyeThcA. BizbMeMO NOBiIbHI € > 0, ;> a i
8> 0 i BKaxeMo po3B’130K x () TakuH, 10 xo4a || x (#,) || < 8, onHak npu
nesHoMy T > f, BAKOHYETbCs1 HepiBHicTh || x(T) || 2 €.

Sxuwo |} X (1) || HeoGMexeHa, TO 060B8’43K0BO 3HANETbCS CTOB-
neusb x,(t) MaTpuui X(7), 118 SKOro iCHy€ NOCAiIOBHICTb MOMEHTIB
{ti- 1,5 . TaKa, wo f, —» | x,(4) || - o npu k — oo. Temnep, ypaxo-
BYIOYHM, O KOXEH CTOBNeLb (hyHIaMeHTanbHOI MaTpulli X () € po3-
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#'nIkoM cuctemu (5.41) i mo6yrox po3s’sa3ky JIOC Ha yucio 3HOBY € ii
dx;(t)
2[ x; ()l
x, (1) 5K HeTpHBlaJleHP'I po3s’sa3ok JIOC He neperBoploerbest B 0 y
sii Touw miBoci [a, 0)). dificHo, xoua | x(ty) || = /2 < 3, onHak

l %) | = o0 npu k — 0.

POan’H3KOM, LOCTATHBO MOKJIACTU x(f) := (3ayBaxumo, 1O

Teopema 5.17
Jmm acumparoTnuxoi criiikocti JIOC neobxigHo # AocTarHbo, 100
Hopma 1i byHIaMeHTaILHOT MATPULI IIPAMYBAJIA 40 HYJIst IPH [ — 00,

LdoBepeHHA

Jlocmamuicms. Hexait | X(t) || = 0 npu ¢ — co. 3po3yMiio, o Toai
|| X(1) || obmexeHa Ha [a, ). Tomy cuctema (5.41) crilika. Ha ocHoBi
olnky (5.43) nerko 3po6uTv BUCHOBOK, 1O IS JOBLIbHOIO X, € R”
HOpMa po3B’a3Ky (5.42) npsaMye 10 HyJs, Koau t — . OTXe, BCi Bu-
MO 3 03HAYEHHS aCUMIITOTUYHOI CTIAKOCTi BUKOHYIOTBCS.

Heobxionicme. Sxuio | X(¢) || He npsAMye a0 Hy/s NPH § — ©, TO
‘WHusieTeCs cToBnens x,;(f) dyHaaMeHTanbHOI MaTpuli X (7), HOpMma
NKOIO HE NPAMYE 10 HyJis Ipy ¢ — 0. Toni st AoBinbHUX A >0, 1, > a

Ax; (1)
2| x; (o) |
| x () || < A i BonHOYAC #Or0 HOPMa He NPAMYE A0 HYJIsl IPY 1 — 0.

po3B’A30K x(1) == cucteMH (5.41) 3a10BOJIbHAE HEPiBHICTD

5.5.3. CriikicTb niniiHOI cUCTEMM
3i cTanoro MaTpuuero

IpoBneMy criiikocTi cucTeMu

X = Ax, (5.44)
i ; 1» @; =const IOBHIiCTIO PO3B’AI3y€ TaKka Teopema.

Teopema 5.18
Jlns Toro wo6 cucrema (5.44) 6yna crilikoo, neobxigHo i go-
¢ritiHbO, WO6 AiMCHI YACTHHM BCiX BAACHMX 4ucen Marpuui A
Oyian HelOZATHUMM, IPUUOMY KOXHOMY BJIACHOMY YMUCAY 3 HY-
ALONOIO JIACHOIO YaCTUHOIO BiANOBIAANO CTUIbKMU JiHIAHO He3a-
AVKHUX BAACHHMX Bem'opm SIKOIO € KPaTHICTb LBOIO YMCIA AK

4{a
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KOPEH;l XapaKTepHCTH4YHOro nosiHoma P(X) = det (4 - LE) (Tobro
KOXHOMY BJIACHOMY YMCHY 3 HYJbOBOIO AIICHOIO YaCTUHOIO BiA-
fI0Bifany Auile odHOBUMIpHI KiiTuHu KopaaHa B HOpManbHik
dopmi MaTpuii A).

JLs acumirroTyHoi crisikocti cuctemu (5.44) neobxigno i no-
CTATHBO, 100 MIHCHI YaCTUHM BCIX BJIACHUX yMces Marpuli A Gyin
Bill’€MHUMM.

LoBepeHHRA

Hexaii A, ..., A, — KOpeHi XapakTepUCTUYHOIO NOJIiHOMA MATPU-
i A, BUNucaHi 3 ypaxyBaHHSIM iX KpaTHOCTEH. Y3aralbHeHUH METON
Eiinepa na€ 3MOry 3HaiTH n NiHIHHO He3aleXHUX PO3B’A3KiB CUCTEMHU
(5.44), 2Kxi MalOTb TaKUi BUTISAA!

x;() = e (B (t)cos Byt + B2 (D)sin By1), j=1 ..., n (5.45)

Tyt o; Ta B; — BiANOBiAHO AifiCHA Ta yBHA YAaCTUHM BJIACHOIO YMCA A,

ManMLll A; P‘“(t) T2 P‘z)(t) — MOJIHOMM CTerleHsi, He BULIOIO HDK

k >0, Koe(bmmmamu AKHX € n-BUMipHi BeXTOpH. X04a 6 OfMH i3 LIMX

HOMHOMIB Ma€ CTemiHs k 3oxpema, AKIHO B 0, TOo Takuii CTeniHb Mae

P“’(t) Y nojanbiux Mlpxyaammx (blrypynamme d)yﬂnamemanbua

MaTpuus X(f), CTOBISMMU SIKOI € BeKTOP-(DyHKLi X; ),j=1,
[1poaHanizyeMo Tpy MOXJIMBUX BU M a 4K U:

l) Re ;"j <0 Vj=l,...,n

2) Rer; <0 Vvj=1..,n 3j:Red,; =

3) Bj:Rekj>0.

Bunadox 1. Ockineku lime *t*¥ =0 npu cix o> 0, k € R, TO

>

‘lim | x;®l =0, j=1, ..., n. Takum unHoM, y Bunazxy 1
lim | X ()] =0
i 3a Teopemol0 5.17 cucrema (5.44) Gyae acMMITOTMYHO CTiiiKOIO.

Bunadok 2. Hexait xopiub kj, B sikoro Re Xj = 0, Ma€ KXpaTHiCTh
r;. Toni MOXHa BBaXaTH, 1110
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7» )\'j+l-"'=7\'j+rj-l
i, Ik Hacainok, o, = Onpnl i+l . j+r-1

AKWo KOPeHIo A, BianoBigae r mmﬁuo Hesanexﬂnx BJIACHUX BeK-
TOpiB, TO0 k= 0 npu =4, j+ 1, .., j+ r,— 1. Tomy Bci rlmmr‘mo
Heaa.rle)xuux poss’askiB x, (1), [=j, j+ 1, .., j+ r- 1, ki Bianmosina-
I0Tb KOPEHIO Xj , OynyTb 0OOMeXeHMMHM, OfHAK X HODMU He IIPAMYBaTH~
MYTb IO HYJISL IIPH { — 00,

Ao KOpeHIo k BINOBiga€ MeHiLe HiX r; NiHIAHO He3aleXHUX
BJIACHUX BEKTODIB, 10 cepel yucen ky, I=j, j +jl nj+r- 1 € xoua 6
ofHe nonatHe. be3 oOMexXeHHs 3arajibHOCTiI MipKyBaHb BBa)KaGMO uio
came k;> 1. Toni dynxuis Il x,(#) || 6yne Heobmexenoto na nisoci [a, ),
jeac R [IOBL1bHE.

Takum unHOM, y Bunaaxy 2 dyukuis [| X(¢) || 6yae o6MexeHowo Ha
niBoci [a, o©) i cucrema (5.44) 6yae cTiliko10 (HEACMMIITOTHMHO) ToAi #
JM1Ue Toldi, KOJM KOXHOMY BIaCHOMY YMCJy 3 HY/IbOBOIO AIMCHOIO ya-
CTHHOIO BiAIOBIA€ CTUIBKH JiHIHHO He3ajleXXHUX BAAaCHUX BEKTOPIB,
SIKOIO € KPaTHICTh LIbOrO YMCJa K KOPEHS XapaKTepUCTUYHOIO I0-
niHoMa P (A) = det (4 - AE).

Bunadox 3. OueBuaHo, 110 HopMa dYHKIIT BUrIAny (5.45) npu
a; > 0 He € 06MexeHOl0 Ha miBoci [a, «©). Tomy cucrema (5.44) He-
cTilika.

O Hacnipox 5.2

Axwo diticni yacmunu earacnux yucea mampuyi A Menwi 3a 4ucao —y, oe
Y > 0, mo icnye maxka cmasa K(y) > 0, wo

le? < K(y)e™ vt=0.

AificHo, SKILO oy < ~Y, TO bYHKLs BUIIsY k| ne k> 0, obMexeHa
upm t = 0, a Toai 3HaiaeTbCA cTANA KJ () > 0 Taka, wo

Ix,01< e (PO + 1B 0) < K tr)e w1 2 0.

3anuuunocs 3aysaxuty, wo e’ = X(1)X ~1(0) (aus. . 2.3.4).

IepeBipky yMoB Teopemu 5.18 y Tiit ii yacTuHi, AKa CTOCYETbCS ACHMIT-
‘TOTHYHOI CTiHKOCTi, MOXHA 3iHCHUTH, HE 3HAXOAAYM CAMMUX BIACHHMX YM-
cen Matpuui A. s 1boro JOCTaTHLO A0 I10JiIHOMA

det(LE - A) = (-1)" det(A - LE),
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KOPEHi IKOro € RJIaCHUMM YMCIaMU Matpuili A, 3aCTOCyBaTh Kputepiii Payca—
Iypsina (uuB., Hanpukaan, [2]). HaseneMo Lieit pe3y/brar 6e3 JoBeaeHHS.

Kpurepiit Payca—I'ypsina. PosriasemMo noniom

PGy =agh +a)" +.. . +a,, ne ay>0, a;eR, i=1 ... n

Y1Bopumo matpuuio I'ypeina H = {,

n
i MOKJIaBUIN

iojlo

h: =

_{az,-_j, skwo 0 <2i-j<n,
j

0 y PCUITi BHITAIKIB.

Jlng Toro wo6 AificHi yacTUHY BCix KopeHiB noxiHoma P(A) 6yau Bir’eM-
HYMU, HEOOXiaHO # AOCTaTHBO, WOO yCi roJOBHI AiaroHanbHi MIHOpM Ma-
TpUli H 6ynu JoAaTHUMM:

AI( :=delHk >0 vk = l, 2, ey N,

BusHauyHuKM A}, A,, A,, ..., A, MAIOTb BUIJSLA
aq a 0 a a 0 o ... 0
‘ a 94
a, , 14y ay a4y, ..., as a a; ay ... 0
(2 S 7 T
a5 a; a4 D1 G2 93 Dp g .- Gy

(tyra, .= 0 npu k > n).
ONpwuknap 53

Hocaidumo na cmiiikicme ainitiny 00HODIOHY 0806UMIDHY cucmemy 3i cmanumu
Koeiyicumamu

{X=<x.x+(3y,

Y =17yx+dy. (5.46)

. . a By ..
XapakTepHCTHYHUA noniHOM MaTpuui A4 = [‘ i€l cCUCTeMHM Mae
BUEISLA T3

3o+ +ad—yp =12 —trA-7 +det A
3HaitaeMo BJACHI yucna
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_trAzVtrlA-4det 4

A2 3

3rinvo 3 kputepiem Payca—I'ypriua cucrema (5.46) Gyae acHMMIITOTHYHO
CTilKOIO TOAi ¥ Nuuie TOAi, KONKU

~trAd |
trd <0, >0,
0 det A
TO6TO MpH
trA<0, detA>0. (5.47)

IMpu uboMy y BMMAOKY, KOIHU
tr’ A> 4det A,

Ma€eMO napy BifCHMX Bil’éeMHMX BilaCHMX yucen. Pa3oBuil noprper cucreMu
€ cmiiikxum gyznom (auB. 1. 1.9).
SIKi1o BMKOHYIOTbCA HepiBHOCTI (5.47) i

t? A < 4 det A4,

TO MaEMO Napy KOMILIEKCHO-CINPSAXEHUX BJIAaCHUX 4MceN i3 Bil’€MHUMMU
RificHiumu yactuHamu. Pa3oBuil NOpPTpeT CUCTEMU € cmilikum gokycom.

Cmitikuii supodxcenuli 6y30a 3’SIBASETHCA, KOJIH (5.47) BUKOHYETLCS pa-
30M 3 YMOBaM#

tr’ A= 4det A (XpaTHMIl KOpiHb),
, Bl +1y|# 0 (matpuus A HeniaronanbHa). -~
Hapeuwri, cmilixomy duxpumuunomy gyzny Bianosinae BUNanoOK, KOJIN
oa=38<0, y=8=0.

Bunuuiemo Tenep yMOBHK, 3a sAKux cucTeMa (5.46) cTiiika, ane HeacuMn-
TOTHYHO. TyT MOX/MBI TaKUX TP BU N a1 K U:

. 1) matpuus A Mae napy Cyro yaBHMX BIaCHHX UMCel — BUMAAOK LEHTpa:
trA=10, detA>0;

2) oaHe BaAaCHe YMCJIO AOPIBHIOE HYMIO, A iHle — Bia’€MHe:
trA<0, detA=0.

3) TpuBianbHHM BUNAAOK, KOAKM A — Hy1bOBa MaTpuLUsl.
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5.5.4. Teopema npo CTikkicTL
3a nepwinm HaGnMXKEHHAM

PosrnsiHeMO n-BUMipHY aBTOHOMHY CUCTEMY

x = f(x). (5.48)

Hexaii Touka x, — ii 10J10XeHHs1 piBHOBaru: f (x.) = 0. bynemo nocni-
JXyBaTH #oro criiikicTe. [1punycTumo, 1wo B aesikil Kyai B (x.) = {x e R" :
: | x - x. || < r} BexTOp-dyHKUIA f(x) HenepepBHO nmllepeﬂmﬁonﬂa 3riaHo
3 miAxonoM, onuMcaHuM y 1. 5.5.1, 3po6uMO 3aMiHy 3MiHHHX X = x, + y i
OolepXaHy cMCTeMY IOJAAMO Y Bnrmmi

of (x.)
ax

Ak 6aunmo, HiHeapu3oBaHa cucreMa y = Ay (cucreMa repiuoro HabnuxeH-
Hf) Ma€ CTali KoedillieHTH, a OTXe, 3a1a4y Mpo ii CTIAKICTh NOBHICTIO PO3-
B’si3ye Teopema 5.18. [loctae npuponHe 3anuTaHHA: B AKMX BUMAAKAX MOX-
Ha OOMEeXHUTHUCh aHali3oM Jinile neplioro HabumxeHHa? O. M. JlsnyHoB
110Ka3aB, WO aCUMNTOTHYHA CTIMKICTD JliHeapu30BaHOI CUCTEMH [APAHTYE
CTIKICTb TAKOrO CaMOro TUITy AJIS NIOJIOXeHHs piBHoBarn cucteM (5.48).
Hasnaku, aKino HecTiMkicTh NiHeapu30BaHOI CUCTEMM IOB’si3aHa 3 HasIBHi-
CTIO B MaTpuli A xo4ya 6 OJHOrO BJACHOrO 4YMciia 3 JOAATHOIO AifiCHOIO
YaCTUHOIO, TO ¥ MOJIOXEHHS piBHOBaru x. cucremu (5.48) Hecrilike. B upo-
My IIyHKTi Oyze n1oBe[eHO JMile pe3yabTar, AKMi CTOCYETbCS aCMMIITOTHY -
Hoi cTilikocTi. O6rpyHTYBaHHS TBEpXEHHs NP0 HECTIMKICTh BiAKiiaaeMo
oo m. 5.6.2.

Ilpu pocixeHHi CTIKOCTI aBTOHOMHMX CUCTEM MM HEOJHOPA30BO BU-
KOPHMCTOBYBaTMMEMO TaKe TBEPIXEHHSA IPO NPOAOBXYBaHICTb PO3B’SA3KiB
Ha HecKiHYeHHMH iHTepBal.

y=f(x.+y)= Ay +o(ly]), 4:= (5.49)

Teepaxennna 5.4 .
Hexauf(x) e C'(Dr> RN ix(t), tel:=(T, T.) = HerpONOBXY-
BaHW# po3B’A30K cucremy (5.48), g AKOro iCHYE Takuil KOMIaKT
K e Dirake ty e I, mo

x(hhe X Vielty T,).
Toui T, = <o,
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5.5
Crinkicte 3a fIAnyHOBUM

oBeneHHA

HacamMnepea 3ayBaxumo, 1o 06JacTioO BU3HaYeHHs cucteMH (5.48)
€ MHOXMHa Q := R x D. [lpunyctumo, HaBnaku, mo 7, < . Toxi, 3
onHoro 6oky,

(t.x(0) e K =1ty T.Ix K Vrelt, T.),

TOOTO Ha NPOMiXKY [#), T,) rpadik po3p’asKy x () HaleXHUTh KOMIMaK-
Ty K < Q. 3 iHworo 60Ky, ockiJibKi BeKTOp-(yHKLUif f(x) HenepepBHO
nudepeHiiiiiosHa, TO po3B’A30K x (1) Ma€ BNAaCTUBICTb €AMHOCTI, a TOdI
3a TeopeMoIo 5.3 icHye Take f, € |t;, T,), wo (2, x(2,)) ¢ K. Hituuin
CYNepeyHOCT].

Teopema 5.19
(npo crivkicTe 3a nepwnm HabNVMIXEHHAM)
Hexait f(x) € C'(B(x.) » R") i f(x.) = 0. Slxwo aificHi yacTunm
bl
BCiX BJIaCHMUX YMCeN MaTpulli A := E[_S_’_‘:l Bil’€MHI, TO X, — aCHM-.
: X
ITOTUYHO CTIMIKe ITOOXEeHHs piBHOBaru cucreMu (5.48).

doBepeHHRA

JosenemMo, 110 TpUBiaibHUI PO3B’I30K cUcTEMHU (5.49) acumnTo-
TUYHO CTilikMil. Hacamnepe/ 3BeAeMoO npaBy YaCTHHY L€l CUCTEMU HO
BUJIAY, 3pYYHOro Ui AociiaxeHHsa. Maemo

[f(x.+y)= Li gs—f(x. +sy)ds = U(:@%ﬁ’lds]y =

AC _{J‘l (6f(x. +5p) af(x.))ds}y_
ox

ox 0 ox

Noxnasium

() )
G(y)—[fo( p ™ )ds]y,

cucreMy (5.49) 3anuieMo y BUIsAi

y=Ay +G(y)y. (5.50)
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OCHOBHI BNACTUBOCTI PO3B'A3KIB CUCTEM OWUOEPEHLIANBHUX PIBHAHL

Hexait 8 i p — noku 1o NOBiNbHI YyMcia, IOB’s13aHi Mix cobolo
auiue HepiBHocTaAMHU 0 < § < p < r. BisbMeMo 10BiIbHY TOUKY (#), ¥,) €
€ R x By(0) i po3risHemMo HENpOAOBXYBaHUMA po3s’si3ok y(¢), te (T, T,)
cucteMu (5.50), KM 3a10BO/IBHSE 1104ATKOBY YMOBY Y (f;) = y,. I1po-
aHajli3yeEMO JBa MOXJIMBMX BapiaHTU NOBEIiHKU PO3B’A3KY y(f) Ha
npomixky {#, 7).

1) HepiHicTb || y (1) || < p BUKOHYeThCS Ansi Beix £ € |4, T.);

2) icHye 1, € (t,, T,) Take, wo ||y (1) || < p s Bcix f € [1,, 1), ane
¥ () || = p [To6TO Ha iHTepBaii (4, T,) iCHye MOMEHT f = £,, KOJIM TOYKA
y (1) yneplue gocsra€ Mexi Kyii Bp(0)].

Y nepiuioMy BMIAAKy 3TiHO 3 TBepIXXeHHAM 5.4 MAa€EMO piBHiCTb
T, = oo. Tomy B Li# cuTYyallil OKaneMo 4, = . HeBaXkKo 3po3yMiTH,
1O PIBHICThL

to =sup{telt,T.): |yl <p V1elty,l}

BU3HAyYacE 1, 151 060X MOXUIMBUX BapiaHTIB.
[Tokaxemo, 110 A AOBUILHOYO € € (0, r) BU6opom uucen p € (0, €)
i € (0, p) MOXHA PO3NOPAANTHCA TAKMM YHUHOM, 106 Ui BCiX y, € By(0)
peajisyBaBcs JiMlue NepMiA BUIAAOK, TOOTO 7, = o0, i nNpU UbOMY
ly (@)l = 0, > co. 3Biacu i BUILTUBATUME aCMMIITOTUYHA CTIMKIiCTh
TPUBiaJILHOIO PO3B’A3KY cUcTeMHU (5.50).
Ioxnagemo
gy, ), sxmo t, =0,
" ltg, 1], sxuIO 1, < .
®yHKuis y (1), t € I neperBopioe cucreMy (5.50) Ha TOTOXHiCTb. ToMy

1o MYHKIiI0 MOXHA iHTepNnpeTyBaTH 1K pO3B’A30K 3anayi Kowmi pig
JIiHiMHOi HeOOHOPIAHOI cUCcTeMH

y=Ay+ g0, yl., = Yoo

ne g(t) = G(y(t))y(t). MaTpuuaHT BiANOBIHOI ONHOPIAHOI CUCTEMH MAaE
e .

sunsin Q) = e Tomy, ckopucrasuudcs dopmysiomo (2.67°), moxe-

MO 3aNKcaTH

!
y(t) =eA(t~»t°)y0 +I e"‘“‘”g(s)a’s viel.

)
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CrikicTb 3a JIANYHOBUM

Ouirmmo | y(#) |. Ockinbku icHyIoTh Taki noaaTHi crani K, v, wo | e | <
< Ke™, t 2 0 (Hacnigox 5.2), T0

t
Iyl < K™yl + [ Ke ™ N gis)lds vre
0

abo, 1o oaHe i Te came,

!
e Wyl s Klyol+ | Ke'* " gls)ds viel.
o

Jani, ockinbku f(x) € C '(B,(x.) — R"), TO 3 IBHOTO BHMIJUIIY Herepep-
BHO1 y B,(0) marpryHO3Ha4HOi PyHKUii G (y) BUILIMBAE TaKa il Biac-
THUBICTb:

n(p) = mi.‘f_)llG(y)ll -0, p>0, (5.51)
ye b,

ze B,(0) — 3amkHeHa Kysia pajiycom p. Ockinbku ans Beix f € [ Bu-
KOHYETHCs HepiBHICTS || y (1) || < p, To Bommouac || g(1) || < p(p) y ¢) |l
Otxe,

Y- 1) ! S fy)
e Iyl < Kl yoll + j[ Ku(p)e | y(s)llds Vel
0

3a seMmo10 5.4 nipo iHTerpasibHy HepiBHicTb (aAuB. m. 5.2.2) npu
u(t)y = e |y, a(t)= Kp(p), ¢ =Kl yo| maemo:

eyl < Kl yy leH 0 i e 1

i, HapeuTi,

I Ol < KI| yo e K02 -mt-0) gp e .
Tenep ans 3anaHoro € e (0, ), CKOPMCTaBLIMCA BaacTusicTio (5.51)

dyukuii p(p), Bubepemo p € (0, €) HacTijibK¥ MajIMM, W00 o =y~
— Ku(p) > 0. Toni HepiBHICTb

Iy < pe® %) vrel (5.52)
BUKOHYBAaTHMeTbCSl Al BCiX y; € By(0), axuwo 3 € (0, min(p, p/K)).
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OCHOBH! BACTUBOCT! PO3B’'A3KIB CUCTEM AN®EPEHUIANLBHUX PIBHAHL

3Biacu Bigpa3sy BUIUIMBaE, WO f, = . Cnpasai, s1kby 1, < 0, TO Hac-
Jiinkom (5.52) 6yna 6 HepisHicTs || y(t.)| < pe™ " ") < p, aka cynepe-
YUTb O3HAYEHHIO .

TakuM umMHOM, Ui DOBUILHUX #, € R, y, € By(0) po3s’asok y(r)
cuctemu (5.50) Takuii, wo y(#) = y,, icHye Ha miBoci [#), o) i ana
HBOT'O BUKOHYETbLCS OLLiHKA

|yl < Kll pylle ™ © <€ Vt ety, ).

ONpuknanp 54

Pozensnemo modenb muny «xuxcax—aicepmea», 6 AKii 8paxogyemoca Hympiud-
HbOBUOVBA KOHKYPeHUiA. Bionoeiony cucmemy oughepenyiassuux pienaus 6yno
eusedeno y ecmyni [cucmema (B.4)].

HeBaxxo nepekoHaTUCsi B TOMY, L0 MaclmiTabHYMMM nepeTBOPEeHHSIMHU
BATJISIAY X > OX, Y > By, t+ vt nicas BianoeiaHoro BUGOPY A0oAaTHUX YUCe
o, B, Y koediuieHtn /, p, ¢ MOXHa 3pOOHTH TAKMMH, LIO NOPIBHIOIOTH 1.
Biatak OyaeMo AOCHAXKYBATH CUCTEMY BUIASAY

{X = x(k - x - my) = P(x, y),

. 5.53
Y= y-l=y+ ) = Ox, ). -33)
3HaitneMo yMOBM Ha mapameTpu K, m, r, IpyM BUKOHaHHI SKUX JaHa CUCTeMa
Ma€ aCUMITTOTHUYHO CTiliKe MOJIOXEHHsi PiBHOBAru, sike 3HaXOAMTLCA BCepe-
[MHi epuIoro KBaapaHTa riowrHu x0y.

KoopauHaTty Takoro roJioxeHHsi piBHOBarn MaioTb 3alOBOJIbHATH CHUC-

TEMY
k-x-my=0,
-1-y+m=0.
3sincu x = x, = k+m LYy =poi= kr -1 . TakuM unHom, cucrema (5.53) mae
1+mr 1+ mr

NOJIOXEHHA PiBHOBArK 3 JOAaTHUMM KOOpAMHATaMM TOLI W iMule ToAi, KoM

kr-1>0. (5.549)

Jns toro w06 3’acyBaTH XapakTep CTIAKOCTI 3HAMIEHOrO MOJIOXEHHS piB-
HOBaru, BUNMLIEMO MaTPULIO

Pix,, y) Pix., )

Ok ) Qi 3
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Cridkicts 3a JlAanyHoBuM

HAnsa cnpowerHs o64uc/eHb 3ayBaXnUMO, WO B HauoMy Bunanxy P(x, y) =

_x‘P(x’ y)v Q(x .V)-*.VQ(X .V) ﬂe P(x., }"t) O 1 Q(xts }’. =

xPix., y.)

Y. 0u(Xar 32)

Sk Oyno noxaszano B m. 5.5.3,
abu mimachi uucna marpuui A
MaJi¥ Bill’€MHI AIACHI YaCTHHH,
HeoOxiaHO ¥ aocTaTHLO, OO

trd=-x,-y.<0,

det A= x.y.(1+rm) > 0.

Ak 6aunMmo, Li HepiBHOCTI €
HacjaiakoM yMoBH (5.54). Takum
YMHOM, SIKLIO LIS yMOBA Crpa-
BIXYETbCA, TO cucTema (5.53)
MAa€ aCMMITOTHYHO CTilike Mo-
JIOXeHHs piBHOBaru 3 AOJAT-
HUMM KOODAMHATAMH.

Illo6 aictatu pevaibHiwy
ingopmaililo npo xapakrep no-
BeliHk#U (ha3oBMX KPMBHMX IO-
CHIXYBaHO! CMCTEMMU B OKOJH
MoJIOXeHHs piBHOBaru (x., y.),
NMOTPIOHO B3ATH AO YBaru Te-
opeMy I'pobmana—XaprmaHa
(aus. n. 1.9.4). 3 ypaxyBaHHAM
BMKJlazieHoro B M. 5.5.3 ocob-
nvBa Touka (x., y.) Oyne criii-
kuM (okycom, Ko

trld <4detd o (x, +y.)° <
<4x,y. (1 +rm).
SAkmo x

(x. + y’)z > 4x.y.(1 + rm),

TO 0c0b.1MBa TOYKa (X., y.) Oy-
lie CTIIKUM BYy3JIOM.

0. Tomy

xP(x,p.) [- x.

- my‘]
-V

y.0u(xa, y) ) .
YA
14
it
{177
Y
0.8+ 117
e
06r1fif7
v
;/
0,4+ 7
\
0,2'\\
———————— /
0 >
0'2 ov4 0,6 0,8 i1x
a
yA
1r 117777 —
11117777
IR YaY
1117777
0,8 f 11772
L1y s
W
0,6 F\\ W\t {77
N\ RS
L\ NN LS
R QN N /e
0,4 N\ W e T——
(1} 3 N S S
0 —
1 12 1,4 1,6 18 2 22x
6
Puc. 55
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OCHOBH! BNACTUBOCT! PO3B'A3KIB CUCTEM OUOEPEHLIIANBHUX PIBHAHL

Pe3yabratv 4MCI0BUX PO3PaxyHKiB, Moaadi Hapuc. S.5(@— k=1, m=:
r=3,6— k=21, m=15, r=0,7), 1al0Th NiACTaBM BBAXaTH, LIO KOXe!
po3B’sA30K cucTeMH (5.53), noyaTkoBe 3HAYEHHS SIKOrO Ma€ AOJATHi KOOp
[MHATH, NPSIMYE [0 OJI0XEHHsl PiBHOBAIU (X., Yu) NIpK  — 0O,

@ 3ayBaxennn 5.2

Bunanok, xoau cepea BAaCHUX yucen Marpuui A € xoua 6 oaHe 3 HYJIbOBOK
AIACHOI0 4aCTUHOIO, HAa3WMBAETLCS Kpumu4nuM. Y LLOMY pas3i Jivlle 3a JiiHe
apMU30BaHOI0 CHCTEMOIO y = Ay BU3HAUYMTH XapakTep CTiKKOCTi IOSOXEHH:
piBHOBar# X, HEMOXJIUBO.

Ha ninTBepaxeHHs LbOro 3ayBaXeHHs HaBedeMO TaKUi NpUKia.
ONpuxnap 55

Poszznsnemo cucmemy

€auHuM 11 NMONOXKEHHSM PiBHOBarM € no4yatrok KoopamHar. Marpuus
JNiHeapH30BaHOI CHCTEMM

mae BaacHi uucaa A, =0, X, =i, Ay = —i. OTXe, JiHeapu30BaHa CUCTEME
criitka (HeacMMNTOTHYHO). Maemo kpuTuuHui Bunagox. TMokaxemo, wo
MOMOXEeHHs piBHOBary® BuXigHoOl cuctemu Hecrifike. Cnpapai, Hexai (x (1),
y(t), z(t)) — 1l po3B’s30K, siKnit y MOMEHT uyacy f = 0 crapTye 3 TOUkM (X;, Vg,
2g). Ockinbku

%[yz(t) + 22N = 2§00 + 22N = A=) - () =0,

TO y (t) +:-(r) = yo +z5. 3 ypaxyBaHHsSIM Li€] TOTOXHOCTI 3 nepl.uoro piB-
HAHHSA CUCTEMH 3Hax0}1MMO SIBHUM BHTASL X-KOMTIOHEHTHU PO3B’SA3KY:

x(1) = xp +t(y§ +:3).

OueBuaHO, 110 X04 OM B IKOMY MajOMy OKOJIi [OYAaTKY KOOPAMHAT 3HAXOo-
mmaca iquaTxoaa Toqxa (xy, ¥y 2y), 3nalzeTest Moment vacy T > 0 Takuii,
wo xXT) + yXT) + zXT) = 1. e 03HaYae, 1O NOYaTOK KOOPANHAT —
HecTilfke NoJIOXeHHs PiBHOBaru.
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CrinkicTe 3a JIAnyHOBKMM

YBaxHuil aHani3 Teopemu 5.19 mokasye, 110 B ii JOBeIeHHI iCTOTHO
WMKOPHCTOBYIOTHCSA JIMIUE TPH Taki BAacTHBOCTI cucteMu (5.50); ouiHka
MATPMLAHTY JiiHeapu3oBaHoi cuctemu | e~ 9| < Ke™~9 ¢ 25, ouinka
neninidinocti | Gyl < uE)lyll, | ]l € p Ta MOXAMBICTD 3a10BOILHUTH
nepiBHicTs Y~ Ku(p) > 0 npu gocuts manomy p > 0. 3 ypaxyBaHHAM HbOTO
HEBaXKo y3arajbHUTH TeopeMy 5.19.

_ Teopema 5.20
“ Hexail cucrema

¥ = Aty + F(t, ») (5.55)
33/I0BOJIbHSIE TakKi Y M O B H:
1) snst MaTpuuanty Qf JiHiAHOI cucremn p = A(f)y BUKOHY-
€TbCH OliHKa

JOL) < Ke 9 vz s

'3 JeAKMMM JOJATHUMU cTamMu K v;
2) F(1,y) € C'(la, ) x B(0) - R™);
3) icHy10Tb TaKi AogaTHi uMcaa p iy, Woy- Ku>01i

N » <pll vl v p)ela, ©)x B,(0).

- Toai TpuBiaibHNiA PO3B’A30K cucTeMy (5.55) aCHMNTOTHYHO CTil~;,
KUH, "

i

I1ponoHyeMO 1OBECTH IO TEOPEMY CaMOCTIHO.

P

BMPABU TA 3ALAMI

@ J[lartv o3HaueHHs CTiAKOCTi 3a JISMyHOBUM PO3B’A3Ky AMQEPEHLiabHOIO piB-
HsAHHS n-TO [10PALKY.

@ J[losecTn, W0 XxapakTep CTIHKOCTI 6yab-IKOTO PO3B’$#3KY JiHiltHOT HeoAHOPIAHOT
CMCTEMHM 3 HernepepBHUMH Ha 11iBoci [a, 00) KoediuieHTaMu NOBHICTIO BU3HA-
Ya€ETHCH XapaKTepoM crifikocTi sianosianoi JIOC,

@ 3HaiiTy no/0XeHHs PIBHOBArU, AOC/AAUTY Ha CTiKicTb, 306pa3nuTH NOpTPeTH
JliHeapHU30BaHUX CUCTEM:
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OCHOBH! BNACTUBOCT| PO3B’'A3KIB CUCTEM BUOEPEHLUIANBHUX PIBHAHb

2,242
a) 1" 2% - 2 n 1+xty
yEmaxmay = -4x -4y,
y(l+vy2)
— X=Q2x-y)x=-2),
6) < (l+xy)‘ o) <.
. y=xy-2
y=’x"2y’
x=e¥ -1, i o }, 1
=X" -y -
B) {. 5x + 2yl + x2y? e){. ’
y=-LXEIMEXY), y=2y.

(l+ x2y4)2

Hexait cucrema x = Ax, x € R” crifika, a (n x n)-marpuus B(t) 3 HeniepepBHUMM

Ha {0, o) enemeHTaMM 3aJOBOJILHE YMOBY Jm I B()|| dr < . DosectH, w0
TOAI cTiiiKoIO OyAe i cucrema x = (A + B(r))x.

Bkasiexa. Jns ouinku dyHaaMenTanbHOI Marpyui X (f) oCTaHHBOI CHCTEMH CKO-

PHUCTATUCA PIBHICTIO X (1) = e X (0) +I e 9 B(5)X(s)ds Ta 1eMOIo Mpo iH-
TerpajibHy HepiBHIiCTb. o

Hexait cucrema X = Ax, x € R” criitka. JloBecTu CTiliKicTb TPUBiaNibHOFO po3-
B’SI3KY CUCTEMH X = Ax + f(7, X) Yy BUNAAKy, KOAH

fu, x)e CU0, ) x Bl'(0) » R"), || fu, 0] < g x], j:gu)dt <.

[Moxazartu, wo Bianosiauum BMGOPOM 3HAUEHb NAPaMETPiB K, m, r MOJOXEHHs
piBHOBaru cucremu (5.53), sike 3HaXOAMTHCS BCEPEeAKUHI NEPILOTO KBaApaHTa
wiomuHu x0y, MOXHa 3p06GUTH SIK BY3/10M, TaK i oKycoMm.

INoxasaru, wo cucreMa (5.53) Mae HeTpuBianbHe NOJOXKEHHS piBHOBaru Ha oci
abcumc i 3’acyBati TMN (a3oBOro NOpTperTa BiAMOBIAHOI JiHeapu30BaHOI CHUCTe-
MHU.

JHocaiantu Ha cTifiKicTbh TpUBiaNbHU PO3B’A30K CUCTEMM, 3JIEKHOI Bijt Napa-
Metpa A, nipu A <0:

X=y-z+Aisin x,

y= z—x+x(,3/1+3y -cos z),

Z=y-z+In(l+22).
JosecTH, 1O MOYATOX KOOPAMHAT — CTiliKe NONOXeHHS PiBHOBAarM CHCTEMM
%=-x(y?+2%), =z, E=-y
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®yHKyii Nlanyrosa

| 5.6 |
: ®yukuii JlIanyHosa

Jia nocaizkeHHA CTIRKOCTI po3B’SI3KiB CUCTEM Y BUMINAAKax, KOJIXW MO-
XKYTb IIOPYLIYBaTHCh YMOBM TeopeMm 5.19, 5.20, O. M. JIssnyHOB 3anporno-
HyBaB M€TOJ, 1110 BAKODMCTOBYE I1eBHi JOMIOMiXHi 3HaKOBHU3HaYeHi (pyHKILii
(TO4Hi O3HAYEHHsI HABOASATLCS HUXYE).

lzelo nboro mMerony, AIKMi y CyyacHiit MaTeMaTHUHii JliTepaTypi Ha3M-
BAIOTb dpyeum, abo npamum, memodom JlanyHosa, NOACHUMO Ha TAKOMY Ipo-
cromy npukiaai. Po3misHeMo cucreMy

(5.56)

%=y -x(x* +y%),
¥ =-x-y(x* +y?).

JliHeapy30BaHa B NOJIOXeHH]i piBHOBaru (x., y») = (0, 0) cucrema

x=y,
y=-x
CTilika, ajie HeacMMNTOTHUYHO. OTXe, MAEMO KPMTHYHUI BHIIAZIOK.
YBeaeMo BoNOMiXHY QyHKLiIO

Vix, y)= x? +y2.

li ninisMu piBHA € KOHLIEHTPHYHi KoJa. BinblioMy 3HayeHHIO PyHKuil
V(x, y) Binnosinsae xojio 6iblioro paagiyca. [loxaxemo, 1110 B310BX po3-
#'sA3KiB cucreMu (5.56) U (yHKIlit MOHOTOHHO CIIAJaE.

Aiicno, Hexait (x(t), y (1)) — pO3B’A30K, KU Y MOMEHT f = £, CTap-
1Y€ 3 TOUKHU (X, Yp). O6uncanmo noxiany GyHxkuii v(r):= V(x(t), y(1)).
Maemo

V() = 2x(B)x (1) + 2y(t)y(t) =
= 2x(OY() - XD () + Y N+ 29(O]-x(1) - y) (x> (@) + y2 ()] =
=-2v1(1) < 0.

BaxnvBo HarojgoCHTH, 1O BUCHOBOK IIPO MOHOTOHHE CragaHHs QyHKIil
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OCHOBHI BNACTUBOCT! PO3B'A3KIB CUCTEM AUDEPEHLIANBHUX PIBHAHD

v(?) yaanocsi 3poOUTH, HEe 3HAXOMAYM B IBHOMY BUIJISIAI PO3B’A3KiB CUCT
Mu (5.56).
TakuM uyMHOM, NpY 3pocTaHHi f Touka (x (1), y(¢)) He BUXOAMTH i3 KT

ra pauiycom ,f x§ + yé i3 LeHTPOM y TNOYATKY KOOpAMHAT. 3BiACH MOX
3poOMTH BHCHOBOK PO NPONOBXYBaHICTh PO3B’s13KiB cucteMu (5.56)
NiBBICb [£,, ) i Npo cTifiKicTb NosoxeHHs piBHoBary (0, 0).

Hani, MOHOTOHHO cniaaHa, obMexeHa 3HU3Y HyneM GyHKLisA v(7) M
rpanmigo v, = lim v(¢) 2 0. HepiBHicTb v, > 0 BUKIIIOYEHA, OCKUILKU B [

[ -»

il BAKOHaHHS MY Maiu 6 v(f) < —v‘f, 3BiIKHU
r, )
(1) —v(ty) = I v(s)ds < -vi(t —1y) > -0, t > X,
)

a ne HemoxuiuBo. Orxe, lim v(f) = 0. 3BiacK BUILIMBAE aCUMHITOTH'
t

—p

CTUKicTb nosioxeHHs pisHosaru (0, 0).
[Micnst uyx BCTynHUX 3ayBaxeHb NepeiiieMo A0 BUKIaLy OCHOB ApP)
ro Merony JlsinyHosa.

5.6.1. Teopemu
npo crikkicTb

Hexait D — obnacts y R”, AKa MiCTHTb II04aTOK KOOPAMHAT.

S Osnayenun 5.1
Dynxuito V(x) € C(D > R) nHazusarwoms 0odamuo u3Ha4eno0
AKUWO
V@)=01iV(x)>0 vxe D\ {0}.

SAxwo dodamuo eusnauerorw 6 D € pynkyis -V (x), mo V(x) nasuet
6id’emno eusnauenor. [ooamuo i 6id ‘emuo euznaueni 6 D pynryii y
pioiomb Kaac 3Haxoeusnavenux y D ¢pynicyili.

QfNpwuknanp 56

Hexaii (- , ) — cxanapnuii dobymok y R". Po3zeannemo keadpamuuny (
(Ax, x) i3 cumempuuroro mampuyeio A.
Sikio HaliMeHlue BnacHe YuCAO ui€i MaTpuui poaatHe, 1o ¢y
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5.6
®yrkuii JlanyHosa

(Ax, x) € nOAAaTHO BM3HA4YeHOIO B ycboMy npocTtopi R”. JikcHo, icHye Take
OpTOroHaibHe nepeTBopeHHs x = Oy, 1o

(Ax, x) = (AOy, Op) = (O A0y, y) = D ;]
j=1

me Ay, ..., A, — BaacHi uucsna Matpuui A. Ockinskw || Oy| = x|, To
min 7112 = min o712 < (Ax, )< max &4 y[? = max 22,
b jon l<jsn l<jsn lejun

3BiIKM ¥ BUILIMBA€E NOTPiOHKI HaM BMCHOBOK.

I'pagik moaaTHO BM3HaueHoi dyHKLii {Ax, x) npu n = 2 306paxeHo Ha
puc. 5.6.

16
14
12

oNn b v ®

22
Puc. 5.6

PosrnsHemo B o6acti D < R” aBTOHOMHY CUCTEMY

x=f(x), f(x)e CY(Dm— R"). (5.57)

Y noganblinx MipKyBaHHSX BaXIMBY POJib BillirpaBaTKMe NOHATTS NO-

XifHoi 3agaHol GYHKUII B CUIY HOPMaIbHOI cucTeMH nudepeHLiaTbHUX
pisHsIHD, sike Bxe 0y/10 3anmpoBamxeHo B 11. 4.3.2. llle pa3 HaBegeMo Biano-
BilHe O3HAYeHHS JUIS aBTOHOMHOIO BUIMAAKY.

11, 143
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OCHOBHI BNTACTUBOCT! PO3B’A3KIB CUCTEM AUDEPEHUIANBHUX PIBHAHL

< O3navennn 5.12

Tloxionoro Pynxuii V(x) € C' (D > R) y cuay cucmemu (5.57) nasuea-
omb QyHKYiI0O

V)= Y S £x) = Garad V(3. )

i1 i

TeepaxeHHA 5.5

Hns 6yab-sKoro po3s’ssky x (1), te€ I cncremu (5.57) BUKOHYETLCH
PiBHICTb

%V(x(t)) =V, (x(t)) viel

OdoBepeHHA

CKOpHUCTaBILKCS [IPAaBWIOM ANdepeHUIIOBAHHSA CKAAIHOI DYHKUII,
MaEMO

%V(x(r» = (grad V(x(), %(1)) = (grad V(x(1)), Fx(t)) =
=V, (x(1) Vtel,

o ¥ norpibHo OyJI0 JOBECTH.
[Ipunyctumo, 1m0 x = 0 — nosioxeHHsi piBHOBaru cuctemu (5.57).
2 O3HaveHHn 5.13

Looamno eusnaueny i Henepepsro Oughepenuiiioany e deaxiti kyni

B.(0):={xe R": || x| <r}

dynxuyio V(x) nazusaromv yuxyicio Janynosa cucmemu (5.57), axuo
V; (x)< 0 npu ecix x € B(0).

Teopema 5.21

g (reopema Jianynoma npo CTinkicTb) :
" Axwo B jesakid kyai B(0) < D cucrema (5.57) mae dyHkuio
JIanyHosa Vix), 10 x = 0 — CTiflKe MOJIOXEHHA PIBHOBAIY L€l

CHCTEMU.
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5.6
S ®yHkuii Nanynosa

LoBeneHHRA

Hexait € — noBiibHe uucio 3 iHTepBany (0, r). [yXe BaxJIuMBUM
[Uisl ITOJAJIbLLIMX MIPKYBaHb € Take CIIOCTePEXEHHS: OCKiIbKY QyHKLUisA
V(x) nonatHo Bu3HayeHa B B, (0), To ii HaliMeH1lIe 3HaYeHHs Ha cdepi
S, ={xeR": | x| = €} € nonaTHum ynciaom:

c(€) = n}igl V(x)>0.

€

3po3ymino, wo
V(x)2c(e) Vxe S,.

CxopucTaBuimcs HernepepBHicTio V(x) i piBHicTiO V(0) = 0, MOXHa
BKa3aTH HaCTUIbKY Masie uuciio 6 = 8(€) > 0, 1100 BUKOHYyBalacs HepiB-
HicTb

V(x) < c(e) Vxe Bg(0).

3po3ymiio, 1wo 8 < €.

Bizbmemo Tenep n0BulbHI ; € R Ta x; € B,(0) i po3risHeMo He-
NPOAOBXYBaHMI PO3B’A30K x(t), t€ (T, T.), AKHUIi 3al0BOJILHAE [0~
YaTKOBY YMOBY X (#;) = X,. [L1si JOBeNeHHsI CTIMKOCTi NO/I0XEeHHs PiBHO-
Baru x = 0 JocTaTHbo Mokasaty, wo T, = o0 i || x (1) || < € mna Beix £ 2 1,

TlpoanajtizyeMo ABa MOXJIMBMX B U I1a I K U:

1) HepisHicts || x (1) || < € BuKonyeThCs 115t BCix 1 € [£), T.);

2) icnye 1, € (t), T,) Take, wo || x(t)| < € o1 Beix 1 € |4, 1) i
| x(t) || = € (0610 Ha iHTepBani (f), 7.) € MOMEHT ! = f,, KOJH TOYKA
x(t) ynepiue nocsirae chepu S,). ‘

Akuio cnpaBaXy€ETbCs BUMAAOK 1, To 3 TBepAXeHHs 5.4 BUILIU-
Ba€ piBHICTh T, = 00. A TOAI PO3B’s130K X (f) Ma€ NoTpibHy Ham Bjaac-
THUBICTb.

3anuinaeTbes NOKa3aTH, 1110 BUIIaK0K 2 HeMoxauBuii. Hactas yac
CKOPUCTATHCS ITPUIYIUEHHAM TIpo Te, o V(x) — ¢yHkuis JsnyHosa,
a OTXe, BAKOHYETbCS HepiBHICTb Vy (x)< 0 npu Beix x € B(0). 3 orns-
ny Ha ue# daxr pyHkuis V(x(¢)) He 3pocTae Ha BiapisKy (%), £ ]. Cnpas-
Ii, 3rifHO 3 TBepPAXEHHSM 5.5

dirV(x(r)) =V, ()< 0 Veelty 1.
Togi, 3 ogHoro 60Ky,
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Vx(0) < V(xg)< e(e) Vit elig, 1], (5.58)

3 inmioro 60Ky, OCKiJIbKM TOYKa x (2,) HajeXuThb S, TO MAE BUKOHYBA-
TUCA HepiBHICTh ¥ (x(f,)) 2 c (€). BoHa, oanak, cynepeuuts (5.58). Or-
Xe, BUMaJOK 2 HEMOXJIUBUIA.

Y noBeneHHi TeopeMu 5.21 iCTOTHO BUKOPUCTOBYETLCS TaKa NeOMETpUY -
Ha BIACTUBICTh AOAATHO BU3HAYeHOI yHkuii. Hexail x, — n0BUibHA TOYK
MHOXUHH

Uqe) ={xe B.(0): V(x) < c(e)},

a x, — JOBUIbHA Touka Ha cepi S,. Tomi KoXHa KpuBa, AKa NEXHTD Y

B, (0) i cnonyyae x; 3 x., 060B’43KOBO IePETUHAE MHOXMUHY PiBHSA
M ¢, = {x e B.(0):V(x)=c(e)}.

V(x) =c(e) Cnpaspi, 3a3HayeHy KPMBY MOXHA 33JaTH
piBHsIHHAM x = &(s), me &(s) € C({0, 1]
- B.(0)), §&0) = 0 i §(1) = x,. Ockinbku
V(§(6)) < c(€) i 3 caMoro o3HauyeHHH ¢ (€)
BUIUIMBaE HepisHicTs V' (§(1)) = V(x,) = c (€),
TO HenepepsHa ¢yHkuis V(E(s)) npu nesiko-
My s = s, HaOyBa€ NPOMIiXHOIC 3HAYEHHS
V(E(s.)) = c(€) (teopema Kouui). Lle o3Ha-
yae, o &(s.) € M,

Temnep 3po3yMuI0, YoMy ta3oBa KpuBa,

Puc. 5.7 siKa cTaprye 3 obnacri U, He MOXe BUIi-

™ 3 Kyai B.(0): amxe, nepui HiX notpanuty Ha cdepy S,, BoHa Mana 6
NepeTHYTU MHOXHHY Mc(t—:). OpgHak 3p0o6MTH LILOTO BOHA HE 3MOXE, OC-
KUIbKM B34OBX PO3B’A3KIB cucTteMM (5.57) dyHkuia JlsanyHoBa He 3pocTa€
(puc. 5.7).

I3 TeopemMu 5.2 HeraifHo BUILIMBA€E TAKUMI HACJIIOK.

¢) Hacnipok 5.3

SAxwo cucmema (5.57) mae dodamno eusnaueHuli 6 OKOAI NOAONCEHHS
pieHosacu asmoHOMHUL nepuull inmezpan, mo ue NOAONCEHHA pierHogazu
cmilike.

HiiicHo, B 1aHOMY BHUIIaJKy caMe Mepludii iHTerpaj MOXHa B3ATH 3a

¢byHkuilo JisnyHoBa, OCKUIbKM HOro IoXiHa B CHIly CUCTEMU JOPiBHIOE
HYJIIO (AaHATUYHUI KpUTepiil epiuioro iHTerpaia).
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5.6
4 Oyukuii NAnyHosa

QnNpuknagp 57

3HOBY PO3IJIAHEMO MaTeMaTHYHY MOJeNb PyXy MaTepiajibHOl TOYKH Macolo
m y TpuBuMipHoMy mpoctopi R’ 3a YMOBH, 11O Ha Hei gie noTeHUialbHe
cwiose nose (ams. npukian 4.10). Ak i paHile, BBAXaEMO, O NOTEH Lialb-
Ha eHepria TOYKH € Aesikoio ¢pyHkuicw (x) € C (IR%3 > R). PiBHAHHS pyxy
MOXHa NOAATH Y BUIVISIAI LIECTUBUMMIPHOI CUCTEMM

=y, §= -%grad [1(x). (5.59)

IMpunyctuMo, 110 LA CUCTEMA Ma€ MOJOXEHHS piBHoBard (x,, y,). Ouesna-
Ho, o grad I(x,) = 0, y. = 0. OTxe, x. — cTalioHapHa TOYKa MOTeHUiajb-
HO1 eHeprii. be3 oOMexeHHA 3aranpbHOCTI MOXHa BBaxaTu, WO X, = 0 i
M(x.) = 0 |y npoTHBHOMY pa3i C/il 3anpOBaLUTH HOBi MO3HAYEHHS X — X, > X
i M(x) - M(0) - MN(x)].

ITokaxeMo, L0 y BUAAAKY, KOMM X = 0 — i30/1b0BaHa TOYKA JIOKANbHOI'O
MiHiMyMy 1OTeHUialbHOI eHeprii, nonoxeHHs pisHosaru (0, 0) criiike. s
LIbOTO CKOPUCTAEMOCH BXe BCTaHOBJIEeHUM (haxToM: DyHKIlinA

E(x, y) = %"y"2 +1I1(x)

€ nepuwiuM iHterpaiom cuctemu (5.59). Tenep, abu 3actocyBaTu HacHaiBokK
5.3, AocTaTHbO MOKa3aru, 1o PyHKuia F(x, y) 100aTHO BM3HaueHa B AEAKO-
My okoii Toukn (0, 0). Ane x ueit paKT € NPOCTUM HACJAIAKOM MPHITyLIEHHS
fipo Te, wo x = 0 — i301b0BaHa TOYKA JIOKAIBHOIO MiHIMyMy MOTEHUiaIb-
Hoi eHeprii. CrifiKicTb M0J0XeHHA PIBHOBaru 10BeAEHO.

INepi HiX 3acTocoByBaTH NpsAMuil Meton JisinyHOBa A0 AOCHIKXEHHs
ACUMIITOTMYHOI CTIHKOCTI 0JIoXeHb PiBHOBard aBTOHOMHUX CUCTEM, yCTa-
HOBMMO JBi BaXJIMBi BJaCTUBOCTI iX PO3B’S3KiB.

Haranaemo, wo x (7, f, x;) — 1ie po3B’430K cUCTeMH (5.57), siku# 3a10-
BOJIbHSAE [10YAaTKOBY YMOBY X| =1, = %o Y Bunanky, konu t, = 0, BBOIMMO
CKOpoyeHe 1o3HadeHHs: x (1, x;) = x (¢, 0, x,).

TeepnxeHHA 5.6
Hexa¥i po3s’sa30k x(1, x,) icHye Ha intepsani (f, ¢ ). Toni ana
Gyab-aKoro f; € R po3s’a30K x(1, {;, x;) BU3HaYeHu# Ha iHTep-
Bani (4 + 1, fy+ 1) i Npy LbOMY

x(f, to, XO)-‘: x(f -1y, XO) Vie (fO +1_, fy +1.).
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fdoBegeHHRA

®OyHkuis x(f - #;, x,) Bu3HayeHa Ha iHTepBam (1, + 1, #, + 1,).
A OCKinbkM NpH HiKCOBAHMUX Ij, X, i WISt LOBUIBHOTO f € (I + 1, Iy + 1)
BHKOHYETLCS PiBHICTb

dX(t - fo, xo)
dt
TO Usi QYHKUisE — po3B’a30K cucremu (5.57). Kpim Toro, npu £ =

BoHa Habysae 3HauyeHHs x(0, x;) = x,. 13 B1aCTUBOCTI €AMHOCTI pO3-
B’sA3Ky 3aaadi Koii i BUIriMBae norpibHUiA pe3yabTar.

= f(x(t -1y, xp)),

Teepa)XeHHA 5.7
Hexait poap’s3ok x (1, x;) icuye na nisoci [0, ©). Toai npu xox-
HOMY 5 > 0 po3B’s130K X (1, X (5, X;)) MOXHa IIPOAOBXHTH Ha 1iBBICH
|5, o) Tak, uod BUKOHYBANACs PiBHICTb

x(f, x(s, xg) = x(t + 5, x5) Vi2-s

[oBepeHHA

DOynxuis x (f + 5, xp) BU3HaYeHa Ha MiBoci [-s, o) i ABIsAE COBOIC
pO3B’a30K cucreMu (35.57), akuil npu ¢ = 0 HabyBae 3HaYeHHs x (s, X;).
Hen ¢pakTt BUILIMBAE 3 NONEPEAHbOrO TBEPIXKEHHS, AKIIO NOKJIACTH
1y = —s. @ynkuia x (1, x (s, x;)) — TeX PO3B’A30K cuCTEMHM (5.57), AKuil
NepeTBOPIOETHCA B X (S, x;) npy = 0. Tenep norpibHui pe3ynsTaT 3Ho-
BY € HACJIiAKOM BJIACTMBOCTI €IMHOCTI pO3B’sA3KY 3anayi Komui.

Teopema 5.22

Hexait cucrema (5.57) y aesaxomy oxosi B(0) mae dynkuino Jsany-
HoBa V(x). [TpunycTuMo Takox, 110 yMOBa

Vf(x(t, AN =0 Ve

MOXe CLPaBAXyBaTUCH Juie npy x, = 0. Toai nonoxenns pmuo-
Baru x = 0 aCUMOTOTHYHO CTiliKe.
doBepeHHA

3a nepiuolo Teopemolo JIsimyHOBa Npo CTiMKICTh MOJOXEHHS PiB-
HoBaru x = 0 crilike. OTXxe, 3adikcysaBmu € € (0, r), Moxemo BubOpa-
™ Take & € (0, €), mob na xoxHoro x, € By(0) po3p’asok x(t, x,,
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®@yHkuii NAnyHoea e

icHyBaB Ha miBoci [0, o) i 3aK0Bo/bHSB YMOBY || x (1, X;) || < € npu Beix
¢ 2 0. 3armmnnocsa noxasary, o x(¢, x;) — 0, Koy ¢ — 00, K TUIbKM
x, € By(0). Anxe Toi BiInoBIiAHO 10 TBEPAXEHHS 5.6

x(t, ty, xy) = x(t -1y, xp) > 0, t - 00

Y nosexneHHi TeopeMu 5.21 yxe giazHavaiocs, wo GbyHkuUisA v(t) =
= V(x(#, x,)) He 3poctae. Boxa obmexeHa 3Hu3y HyneM. ToMy iCHye rpa-
Huug v, = lim V' (x(t, xy)) > 0. Ilokaxemo, 1o icHye Touka x, € B (0),
s gakoi

V(x(1, x,)) =v. VteR. (5.60)

Ockinbku Touku x(#, xp), t > 0 nexats y komnakti B, (0) [3amu-
KaHHi KyJi B,(0)], ToO MOXHa BKa3aT¥ MOCIIAOBHICTD 1, — ®©, kK — ©
i Touky x. € B(0) TaKi, wo x(f,, x)) — x., k > . OyeBnaHo, wo
V(x.) = v.. Ha nincraBi TBepaxexHa 5.7 maemo

x(t+ 1, x9) = x(t, x(ty, X9)) V=1

CnpamyeMo k A0 90 i CKODMCTAEMOCH HeNepepPBHICTIO PO3B’3Ky 3adaqi
Kouii sik dyHkuii noyatkopyx 3HauyeHsb. Jlicranemo

klim x(t+1t, x9) = kllm x(t, x(t,, xp)) = x(t, x.) VteR.
s -
[pote Toni
ve = lim V(x(t, x;) = khm Vix(t+1,, x)) =V (x(t, xs) VteR,
1->x o

T06TO piBHiCTh (5.60) NpaBwiIbLHA.

Tenep 3 ypaxyBaHHsIM TBepXeHHs 5.5 Ta cniBBinHomeHHs (5.60)
Ma€eMO PiBHICTL V; (x(1, x,)) = 0. 3a ymoBOIO TeopeMu x, = 0, a Tomy
v, = 0 i, Hape1uTi,

lim V(x(t, x;) = 0. (5.61)

>

Mokaxemo, 110 3BiACKH BUILIMBAE NOTPiIGHA PIBHICTB lim || x(7, x¢)|| = 0.
1>«

MipkyiouM Bi CynpOTHBHOro, NpuIyCcTUMO, 10 Lie He TakK. Toni
3HaineTbCs Yucno p > 0 i NOCTiNOBHICT £, — 9, k — 0, A1s AKUX p S
< lx(, xp) <€, k=1,2, .. Tomy, Bcynepey (5.61),
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lim V(x(#, x¢)) 2 min V(x)>0.
k> pafx] ¢

OnepxaHa cyrnepeuHicTb 3aBepliye JOBEASHHS TEOPEMH.

I3 noBeneHoi TeOpeMHU NPOCTO BUILUIMBAE TAKMH HACJIiIOK.

Teopema 5.23
(Teopema JlAnyHoBa Npo acCMMNTOTUYHY CTIRKICTb) _
Hexait y nesixomy okoui B(0) cucrema (5.57) ma€e sonatHo Bu3Ha-
yeHy ¢yHkuiio JisnyHosa, 110XiiHa KOl B CHIY LIi€] CUCTEMHU €
YHKUIEW Bil’€MHO BH3HayeHOIo. Toni x = 0 — aCHUMITTOTHYHO
cTifiKe NoONOXeHHs piBHOBaru cucremu (5.57).

ONpuxknap 58

Ak y3araabHeHHs npukiany 5.7 po3risiHEMO PyX MaTepianbHOI TOYKF
Macolo m y TpPUBMMipHOMY NpocTOpi R” 3a YMOBHM, WIO Ha Hei, KpiM Mno-
TeHUia/lbHOTO CUJIOBOTO NOJS, Ni€ TAKOX CHJa ONOPY CepeaoBuiua (Cun:
TepTA), KOTPa 3a/1eXUTb JiMile Bill WWBKMAKOCTI i Mae Burasa —k(x)x. Tyl
k(y) € C(R® [0, 00)) — nonatHa a6o noaaTHO BM3HaueHa dyHKuist. PiBHsH-
Hsl PYXY MaiOTb BUIJISQ

mx = -grad TI(x) - k(x)x.

3anunueMo exkBiBaJIEHTHY HIECTUBUMIPHY CHUCTEMY
. . 1 .
x =y, p=-—(grad 1i(x)+ k(y)y). (5.62

m

Po3srnsieMo BMManok, Kojau x = 0 — TOuka AOKILHOrO MIiHIMyMy MOTEH-
HianbHOI eHeprii, npuyomy B jaeskomy ii okoni, B(0), nemae iHwmx cra-
uHioHapHux Toyok dbyukuii I1(x). Ak i B npuxknagi 5.7, MOXHa BBaXaTH, 1uC

1(0) = 0. ITokaxemo, wo Touka (0, 0) — acCUMNTOTHYHO CTiiiKe 1100KEHHS
piBHoBaru. 3a ¢yHkuiio JIsinyHoBa 3HOBY Bi3bMeMO TOBHY eHepriio

E(x, y) = 52'1“ ylI? +T10x).

Ockinbku noxiana uiei pyukuii B cuy cucreMu (5.59) nopiBHIOE HyAIO, TC
ii moxigHa B cuay cucreMu (5.62) mae Burasan

<my, - Lk(y)y> = ~kiyMl ¥l
m

i, oTxe, He Habysa€ moaaTHux 3HaueHb. [Insi 3acTocyBaHHsl TEOpPEeMH IIPC
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5.6
Oynkuii flanyHoea

ACMMITOTHYHY CTIKICTb 3aNMIINMIOCA NMOKA3aTH, 1O He iCHYE HeTpuBiaib-
HOro po3s’si3ky (x(f), y(¢)) Takoro, o x(0) € B(0) i y(r) = 0 npu Beix 1 e R.
Y ubOMy JIerko NnepeKoOHaTHCsl, MipKylouM Bif cynpotuBHoro. Ak6u po3s’s-
30K 3 YKa3aHUMH BJIACTMBOCTAMM iCHYBaB, TO, K BUMauBae 3 (5.62), x(1) =0,
x(t) = x* € B(0) i grad I(x*) = 0. Jifnn cynepeyHocTi 3 NPUIMYILEHHAM
Npo BIACYTHICTE KDMTHYHMX TOYOK MOTeHUianbHOi eHeprii B B(0).

Otxe, 3a Teopemoio 5.22 touka (0, 0) — acUMNTOTHYHO CTiliKe MOJO-
XeHHs piBHOBaru cucremu (5.62).

5.6.2. Teopemmu
NPOo HeCTikKicTL

[TokaxeMo, sIK MeBHe y3arajibHeHHs NOHATTS yHkuii JIsrryHoBa MoXe
6GyTY BUKOPUCTAHE AJisl BCTAHOBJIEHHS1 YMOB HECTiMKOCTi II0/I0XXeHHA PiB-

noparu. ChopMyil0eMO i 10BeileMO TeopeMy, 1o HanexuTs M. I'. Yerae-
ny (1946).

Teopema 5.24 (Meracpa)
Mpunyctrmo, 110 obnacts D MiCTHTD NOJOXeH-

Hst PIBHOBarx Xo= 0 cucremu (5.57) i icnye dyHk-
uisg Y(x) € CY(D+> R) 3 TaKumMy BAACTHBO -

CTAMMK b
1) suainersca ninobaacts D, < D, mexa 0. D
sikoi 8D, mictutb TOuky 0 (puc. 5.8), i +
Vix)>0 vxe D.; ' m
Puc. 5.8

Vix)=0 vxedD ND;

2) BUKOHYETHCH HeplBHlCTb V >0 vxe D_.
Toni mosoXeHHsI PIBHOBArM x = 0 cucremu
(5.57) necrtiiike.

LoBeaeHHRA

BuGepemo uucno € > 0 1ak, 106 B, (0) < D. Ockinbku 33 yMOBOIO
0 € MexoBO10 TOUKOIo obsacTi D,, To A1 A0BiAbHOIO § € (0, €) MHOXU-
Ha By(0) n D, HeTOPOXHSL. [Nokaxemo, 1o ayra ¢ga3oBoi KpUBOi, siKa
MOYMHAETLCA B Toylli X, € By(0) N D, i anoamae 3HayeHHsIM 1 > 0,
nepeTHHaE Mexy Kyii B,(0). -
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[lpunycTMO, HaBMaKH, 1110 BUKOHYETHCA YMOBA
x(t, xy) e B.(0) vVt =0. (5.6

Moxaxemo, 1o Toai GyHkuia v(¢) := V(x(t, x;)) 3a10BOJIbHSAE HEPiB
HiCTb
V()2 V(xg)=vy, Vt20. (5.64

Crpasai, 40Ky To4Ka x (¢, x;) nepeGyBae B 06nacTi D,, BAKOHYETHC
HepiBHiCTb W(f) = V r(x(t, xp)) > 0 i pynkuis v(f) 3p0c1‘ae Tomy ymo
Ba (5.64) moxe nopymumca JIMLlEe B TOMY BUIIAAKY, KOJIM iCHY€E nep
WK MoMeHT ¢ = T > 0 Buxony $a3oBoi KpUBOI TOUKH X, Ha MeX
oD, N D abo, iHakine Kaxyyu, 3Hannerscsa 7> 0, 41 sKoro

x(t, xg)e D, Vtel|0,T) i x(T, xo) eéD, N D.
Ognak, sk6u Taxe 3HayeHHs T icHyBaio, TO, 3 OAHOIO 60Ky, MU MaJIA
v(t)>0 Vrel0, T)=>v()2vy >0 vrel0, T),
a 3 inworo — v(7T) = 0, ockineku x(7, xy) € 6D, N D. Lle HeMOX/IMBC
TOMYy 110 (yHKUisA v (f) HenepepBHa.
TaxuM YMHOM, HaC/IiAKOM npunyieHHs (5.63) € HepiBhicTb (5.64

Binbuie Toro, noBeseHo, 1O NpU KOXHOMY ¢ > 0 TOouKa x (1, X)) Hane
XHUTbh KOMIIaKTy

={xe B.(0)N D, : V(x)2V(xy)}
3Bincu BHILIMBAE, 10 GyHKUisA v(f) 3pocTae, 3aMILAIOYUCh oOMexe

Holo. 3 jHworo 60Ky, koMnakr K, He MiCTUTh TOYOK Mexi 8D,, i
TaKoOMy pasi

PuI? Vi) =v>0 = ¥(t)=V,(x(t, xp))) 2 v =
S W)z vy +vt V20

JUiALUIM cynepeyHoCTi, [KepesioM AKoi € npunyiueHHs (5.63).

3actocyeMo TeopeMy Yetaepa Ui LOBEACHHS TeOpEMU npo HecTiikict
3a nepluuM HabayoKeHHSM.
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Teopema 5.25 %=46)
Hexail x. — nosioxenHs pisHoBary cucremu (5.57). SIxuo cepes

f()

BJACHHX Yuces ManPlLU 3HaigeTsca xova 6 oaHe 3 goaar-
HOIO JiiCHOI0 YaCTHUHOIO, ’10 HOJIO)KBHHH pmﬂoaam X, HecTiike.

dosepeHHRA

Slk i B nopeneHHi Teopemu JIsinyHoBa npo CTiMKIiCTL 33 neplIUM
HaOaMXeHHAM (auB. 0. 5.5.4), 3po6uMo 3aMiHy 3aJIeXHOI 3MiHHOI x =
= x, + y i nepeiineMo 0o cucteMu

y=Ay+G(y)y, (5.65)

B sIKiil MaTpuyHa dyHKUisA G(y) Mae BIACTUBICTD

u(p):= max G| -0, p—>0.
ye By(0)

Tenep noTpiOHO AOBECTH HECTIHKICTh TPHBIALHOIO PO3B’SI3KY CHCTEMH
(5.65).

INpunycTtuMo, HaM yaanocst 3HaiTH Taky (n X n)-BUMIpHY CUMET-
PUYHY MaTpHULLIO S, 1O NOPOAXEHA Helo KBaapaTuyHa ¢dopma V(y) =
:={(Sy, y) Mac Taxi B1acTUBOCTI:

1) ¥(y) He € Bin’eMHO BM3HayeHO1O (yHKIli€0 B R";

2) BUKOHYETbCS PiBHICTH V,,y ) =7V (@) +yll?, ney— mesixe no-
JIATHE 4MCJO0.

INokaxemo, o Todi cucreMa (5.65) 3a10BONILHSE yMOBu TEeOpeMH
Yeraepa.

Hacamnepen 3ayBaxuMo, 1110 MHOXXHHA

{ye R":V(y)> 0} (5.66)
He nopoxus. Cnipasyi, icHye Touka y, # 0, B sikiit ¥ (y,) = 0, a ockinbku

dt

Vie"yy) = VAy (o) =l yoll> >0, 10 V(e?yy) >0 mns Beix o-
=0

cuTb Manux ¢ > 0. OTXe, 11 TAKMX 3Ha4YeHb ! TOYKH ey, Hajnexarb
MHOXMHi (5.66).

2JJ.aJli MHOXHMHa (5.66) Binkputa. Ockinbku V(Ay) = (Shy, Ap) =

V(y) ana popinbHoro A € R, 10 0 — ii MexoBa Touka. [lepiia ymoBa
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Teopemu YeTa€Ba BAKOHYBATUMETbCS, AKIO 32 D, B3TH 3B’A3HY KOM-
MOHEHTY NepPeTUHY KyJi Bp(O) JIOCUTb MaNOro pagiyca 3 MHOXHMHOIO
(5.66) i BBaxaTh, wo D = Bp(O).

Hapewrri, o6uncimmo noxiaHy dyHkuii V' (y) B cwry cucremu (5.65).
Maemo

I)Ay-&G(y)y = VAy +VG(y)y = YV(J’) +"y"2 +2<5)’, G(Y).V)
3Bincu

Vg ooy 2 YV +1 P - 216WIHTS Ty I

Bubpasiuy yncio p > 0 HacTiibku Manum, wob 2u(p)|| S| <1, micra-
HEMO:

Vg .oy 2YVO) 1212 = 20@ SHI 12 27V (p) vy € B,(0).

OcCTaToyHO NPUXOIMMO A0 TAKOTO BUCHOBKY: SIKILO iCHYE MaTpuLid S,
JU1 KOl BUKOHYIOThCSI BJacTUBOCTI 1 Ta 2, To cucteMa (5.65) 3amno-
BOJILHSIE YMOBH TeopeMH YeTtaeBa, a oTXe, TPUBiaJIbHUI PO3B’A30K L€l

CHCTEMM HECTIMKUA.
Tenep HaM 3aJIMIIAETHCS AOBECTU iCHYBaHHS MaTpMLi S i3 BnacTu-
BOoCTAMH 1, 2.

Ockinbku
Va0 = (SAy, p)+(Sp. Ay) = (SA+ A'S)y, ),

TO BJIACTUBICTb 2 BUKOHYBATHMETHLCA, SAKILO

SA+AS=yS+E (5.67)

(TyTr A’ — cnpsixeHa MaTpuusi, £ — olMHMYHA MaTpuus). [laHe ciiB-
BiiHOWIEeHHA 6yaeMO po3risnlaTy K piBHAHHA BiAHOCHO HEBiIOMOI
cuMeTpu4HOi Marpuui S. [lokaxemo, 1o icHye Take y, > 0, 1o npu
Bcix v € (0, v;) 3a3HauyeHe PiBHAHHA Ma€E PO3B’A30K.

Jns uboro 3ayBaxumo, WO AIMCHI cMMeTpuuHi (n x n)-BUMipHi
MaTpMli YTBOPIOIOTh CKiHYEHHOBUMIPHHMI BEKTOPHMUIA 11pocTip S. Jli-
Hi#HM#A onepatop L,, BU3HAYEHUH PiBHICTIO

L,S=SA+A"S,
BinoGpaxae npoctip S y cee. Cripaeni, sxiwo S = S, To
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(LS) =(SA+A'S) =A'S" +SA=A"S+S4=L,S.

[To3naunmo vepe3 1d ToroxHuit onepatop y S, 100610 Id S= S VS € S.
Toni piBnsaHHA (5.67) Habupae surmnany (L, - yld)S = E. fAxwo A, ...,
Ay — BJacHi 4Mcia oneparopa L, TO BIaCHUMH YHCJIaMU Ofieparopa
L, —vld 6yaytb A, - v, ..., Ay — v. Cepen octaHHix He Oyzae yucna 0,
ko v € (0, yy), ae yo = miny;. o, 0} b Orxe, oneparop L, - yld
HEeBUPOIXEeHHUI i po3B’430K piBHAHHA (5.67) iCHye NpU KOXHOMY
Y € (0, yp)-

Bubepemo tenep y € (0, y,) HaCTiIbKK MaiuM, 10O cepel BIACHHUX

ymces Matpuui A - YE 6yno xoua 6 ogHe 3 JOAATHOIO AiCHOIO YaCTU-

HOI0, i 3a po3B’13KOM S piBHsIHHA (5.67) YTBOPMMO KBajpaTU4HY (op-
My V(y) := (Sy, y). Ham 3anumiuunocs nepesipuTy, LIO BOHA Ma€ Bjac-
tugicTb 1. IlpunycTumo, HaBImaku, wo V(y) Bin’eMHo Bu3HayeHa. li
MOXilHOIO B CHITY CUCTEMH

v =[A —%E)y (5.68)

<S[A—-72—EJy, y>+<Sy, (A—%E)y> =l y)2.

Tomy dyHxuis -V (p) € dynkuieio JisnyHosa ans cucremu (5.68), a
OTXe, s cucTeMa cTilika. Takuili BUCHOBOK, OJHAK, CylepeyuTh HasB-

HOCTI X04a 6 OZHOI0 JOJATHOIO BIACHOIO YXCJa MATpHLE A — LE

5.6.3. Apyrni metop JlIAnyHosa
B Teopii ninikHMX cuctem™

Marepian LbOrO MiANYHKTY BMXOAMTb 32 MeXi CTaHOAPTHOIO KYpCy
JmdepeHUiaibHUX PiBHAHbL. BUKianaouu iHoro, MM MaEMO Ha MeTi 110Ka3a-
I'M, IK KJIACHYHA ijest Apyroro metony JIsnyHoBa pO3BMBa€EThLCS B HAyKO-
BHUX JOCJiIKEHHAX CbOTOJEHHS.

HotpuMytouncs crarti A. M. CamoiuieHka*, npoaHanizyemo JIOC

* Camounenko A. M. O6 3KkCnoHeHUNAIbHON AMXOTOMUHK Ha R AnHelHhx auddepen-
unMwibHbIX ypasHenuit 8 R" // Ykp. mar. xypH. — 2001. — 53, Ne 3. — C. 356—371.
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%= Ax, A ={a; (O ;-\, a;(1) € C(R > R) (5.69)

i nokaxemo, sIKi BaXJIMBi BUCHOBKH IIPO BJIACTUBOCTI ii pO3B’A3KiB BUILIU-
BaIOTh i3 MPUITYyLUEHHS NPO iCHYBaHHS 3aJI€XHOI Bill Yacy KBaJpaTHYHOI
dopmu ¥ (1, x) 3 Bi1’eMHO BU3HAYEHOIO NOXinHOWO V() (., X).

CriouaTKy HaBeIeMo AesiKi OliHKY pO3B’a3KiB piBHsAHHS (5.69) 3aranb-
Horo xapakrepy. st uboro nopsia i3 (5.69) posrasiHeMoO cucreMy

.i‘ = Al(t)x,

e A;(t) = j;-(A(t) - AT(t)) — KOCOCHMMETPMYHa KOMINOHeHTa MaTpyu A (7).

Hexaii X, () — nopmoBana B Touui 7 = 0 ¢pyHaameHTabHa MaTPULIA L€l

cucteMu. SIK Ham yxe BinOMO (auB. npukian 4.9), marpuus X, (¢) oproro-
HaJbHa.

[loxaxemo, 110 3aMiHa 3MiHHHUX
x=X;(t)y

nepeTBopIoe cucteMy (5.69) Ha niHiliHY oaHODINHY cUCTEMY i3 cumempuy-
HOI0 Mampuuero.

Cnpagai, HOBa l1yKaHa BeXTOpP-(QYHKLis y Ma€ 3aJ0BOJILHATY PiB-
aaHHa y = X7 OIADX (1) - X, (1)]y, AKe 3 ypaxyBaHHsAM PiBHOCTeH

X,(t)=A;(0X;(t) i X' (t) = X7 (t) nabupae Bursany

¥ = XT O Ar(OX ()Y (5.70)

OueBHIHO, 110 MAaTPHLIA L€l JiHiiHOI OAHOPIAHOI CHCTEMH CUMETPHYHA.
Jlo Toro x BOHa Ma€ 1€ OJHY BaX/IUBY BIaCTUBICTb:

| X, (AROXT Ol =l Ar())]).

1106 y 1bOMY NEepeKOHATHCS, AOCTATHLO B3ATH A0 yBaru Taki
dakru: ) |42 =] a,|? + ... + | @, | ne a,, ..., a, — crosnui Marpn-
ui A4; 2) crosnuamu 100yTKy MaTtpuui B Ha MaTpuLiIO A € BEKTOpH
Bay, .., Ba;3) | Al =11 47].

Sxuio HerpusianbHa BekTOp-dyHKLUIA y(f), t € R neperBopioe (5.70) Ha
TOTOXHICTb, TO, JOMHOXMBLIY O6MIRI YACTMHHM OCTAHHBOI CKAIIPHO Ha y(1),
JlicTaHeMO
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ld

Y I ¥ = @), p()) = (X T D ARNX , (Op(D), y(1)), t e R.

3BiacH BUILIKBAE HEPiBHICTb

2| Az Oy s;,d;u yOl? <2 gl yoll.

Nepenuiuemo i y surasai

14O = Sl 5O <1 4z

i 3iHTerpyeMo B Mexax Bif T a0 t. Ilicns oueBUIHUX epeTBOPeHb MaTH-
MEMO

oI axelas _ [yl _ i agsias
Iyl

3mincu 3 ypaxysanusiM pisHocri ||y || = X, (#)y | aicraneMo ouikKy A0BUIb-
HOTO HETPUBIANLHOrO po3B’A3KYy X (f) BUxiAHOI cuctemu (5.69):

T agoitas _ JxON _ i agesilas
| x(o]
Ll
AKII0 4151 KOXHOTO 7 € R 10o3HauMTH yepes A(1) i A(?) sianosigHo

HaiiMeH1ue # HaWbUibiue BnacHi uucaa Marpuui A(t), To 3 ypaxyBaH-
HSM HepPiBHOCTI

(5.71).-

MOy <{XT (0 AxX Dy, y(0)) < AW y®112

JIEFKO AICTAEMO OLIIHKH

Smads  y)]

e": Als)ds
“yol

<

funds | x(0]  iawas

=@l ~°

Ix HasuBalors Hepisnocmamu Baxcescviozo.
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Hagani 6yneMo npunyckary, mo cucrema (5.69) 3a10B0JibHSAE TaKi 10-
JATKOBi yMo8u.

1. Icnye crana M > 0 taka, wo || Ag(¢) | < M nns Beix t e R*

2. IcHye matpuusa W (1) = {w (1)} Taka, wo w; (t) e CR — R),

sup | W(t) || :=m < oo, i mna LesKol nonaTHol cTanoi o BUKOHYETHCS He-
1R
DIBHICTb

dW (1)x(t), x(t)) <
dt

Ae x (1) — noBiIbHMI HeTpuBianbHUil po3B’A30K cucteMu (5.69).
Jlerko nepekoHaTUCs B TOMY, 110 YMOBa 2 BUKOHYETHCH, SIKILO

—allx()]® VieR, (5.72)

(W@)+ AT OW (@) + W (A, x) < -] x||2 Vx e R" \ {0).

Cnpasai, niBopyyY y Lili HepiBHOCTI 3HaXoAWThCH NoxXinHa ¢yHKLUIT
(W(t)x, x) y cuny cucremu (5.69).

Hexait x (t) — HeTpuBianbHMil po3p’a30K cuctemu (5.69). [Noxnagemo
w(t) =(W(t)x(t), x(¢)) i BBeaeMo B po3risia PyHKILIO

w(t)
all x(n]?°

gXa BigirpaBaTuMe BaXJIMBY POJIb Y BCiX NOAa/IbIIMX MipKyBaHHAX. SIKUIO
3uucepeHLiOBaTH plBHlCTb vl x (@) |? = w(t)/a i BpaxyBaTy npunyiueH-
HA 2, TO JiCTAHeMO AiHiliHy Oughepenuianshy nepigricmo

v(t) =

(1) +[%ln" x(l)llz]v(t)+ 1<0.

HazgeMo 1i ochoerolo nepienicmio memody Jlanynoea ans cucteMu (5.69).
Po3B’s3aB1uM 110 HEepiBHICTb, MOXHA JiCTaTH BaxJIMBY iH(dOpMaLilo npo
RIACTUBOCTI QyHKUi V(7).

TeeppXeHHA 5.8
Skunio dyHKuis V(1) He NIEPETBOPIOETHCA B HY/Ib Ha R, TO

()] 'ilni VieR (5.73)

* 3amicTb Ui€] yMOBM JOCTaTHLO BMMaratH, wo6 dynknis j| Ag(1) || 6yna inrerpaibno
obmexeHo10 (auB. 3agayy 6 HanpuKiHoi 1. 5.6).
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CUadHE oL th@ypkuii Nanywosa Y HYT a1

to # R R

Y uporuBHoMy pasi s GyHKUiS Mae eAMHUR HYIb 7, i Tozi

1-e?M

[v()] 2

vte(-x, t -1DU{ +1, ). (5.74)

HoBeneHHA

3nudepenuiopasiy pisHicts v(1) || x (1) > = w(1)/a, nepekonye-
MOCS1 B TOMY, IO V(f) € PO3B’SI3KOM JIiHifHOrO piBHSHHA

y=alt)y +b(t), (5.75)
dIn| x()||’ w(t)
)= —— b(t) = ———.
ae a(r) o (1) SO

3rigHO 3 MpUMyieHHSIM 2 BUKOHYEThCS HEPIBHICTh
b(t) < -1.
[Topsn i3 (5.75) posrasHemo 3anavy Kouri
y=ay-1, yl,.. =v@.

Ii po3p’s3koM € dyHKuin
ot I t o frac)ds
u(r) =e""w["<r>—f o i ds]
T

SIKY, BpaXOBYIOUM BULIsA KoedillieHTa a (1), MoXHa ITOJATH TakK:
t 2
u(t)y = Ix@I x| [ (1) - _[ xl x(s)||) dS'].
I xll? | x(0)]°
3acrocyBaBLid TEOpeMY IOpiBHAHHS 3 1. 1.5.3, mictanemo

1x@]? [ x(s)) ] |
) < ds| Vt>r, 5.76
OO ] e 679
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Jx@? [ | x(s)])2 ]
t y— ds| vt (5.77)
0> o e ] v

3 (5.76) 1a (5.71) Maemo: axuio v(t) 2 0, TO

| ()12 SRPIN PRI
> ds 2 ds 2
v Lnxmnl 2] e ’

e—lM(l-—T)

faMs o ._,l________ 5.78
ere ds = 537 vVt <t. ‘ (5.78)

Amnanoriyso 3 (5.77) BurunBae: axiwo v(t) <0, To

I x(S)II“ O A
08 o <L e
_p2Mu-1)
< -J"QZM“ VT)dS = —}—gm—— vVt>1t. (5.79)
T

Po3arisneMo Tenep Tpy MOXJIMBMX BHU I a 1 K U:

1) axuwo v(t) > 0 Ve R, 10 3 (5.78) y rpaHuLi NIpu  — o0 AiCTaEMO
v(t) > 1/2M npu BCix T € R;

2) axwo v(t) < 0 vVt e R, 10 3 (5.79) y rpaHuLi npH ¢t — —0 gicTaec-
Mo v(t) < -1/2M npu BCix T € R;

3) axuio icHye 1ake f,, wo v(t,) =0,103 5.78) npu t=t, it <t —
maemo v(t) = (1 — e *M)/2M, a3 (5.79) npu t =1, i 1> 1, + 1 micTaem
V() < ~(1- e M2M.

Teopema 5.26

Npunycrumo, wo cucrema (5.69) 3apoBoabhse ymoBy | 1a 2 i no-
KJIa1eMo

Bi=(l-e My 2M, K = =JmfaP, ¥ = o/2m.

Toni cripaBaXyIOTbCH TaKi O i HK H!
» axwo v(t) >0 npu Bcix r € R, 10
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lx(Of < Ke Y x(@)] vt :c, vie R: (5.80)

¢ axkimo v(r) < 0 npu Beix 7 € R, TO

| x(Hf « K x| Vi<, Ve R; (5.81)

® YKINO X iCHYE Take 4, wo v(L) = 0, To

lx@l = K '™ Y x(o)] (5.82)
"g .
g BCiXt<t<f-liseixrzrza+l

DoBeneHHA
3 yMOBH 2 BUILIMBAE HEPiBHICTb W(f) < —o | x(1)]|2. }lxu.lo v(t) >0,
10 i w(f) > 0, i 3 ypaxyBanuam HepisHocti w(f) < m| x(1)]|? maemo

dlnw(t)
—_— <2
dt <

3sincu jerko aicraemo w(f) < w(t)e 7Y~ mna Beix ¢ > 1. A Togi 3
ypaxyBaHHAM TBEPXEHHS 5.8 MaeMo

W(t) < -2 ~w() =

1x)]? = ”j:}) M x@Pe 0 ez (5.83)

Jani, sxuwo v(#) <0, o — m| x(t)||* < w(t) <0. Toui

Wity < iy = PO o
m w(?)

3inTerpyBaBlliM OCTaHHIO HEPiBHICTb Y MeXaxX Bin ¢ O T, HicTaeMo
[w(@]/Iw®)] = > D i |wt)] <|w(v)|e? " ana Beix 1 < 1. A Toxi 3
ypaxyBaHHSIM TBep/KeHHs 5.8 MaeMo

" X( )" “lv((t,))ll " ( )"7e2‘1(t 1) V<1

Hapemri, sKWo icHye To4kKa f, B aKiil v(%) = 0, To w(?) < 0 npu
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BCiX ¢ > 1, i w(f) > 0 npu Bcix f < £,. 3po3yMisio, 110 3 OMJIsSAY Ha TBEp-
JUKeHHs 5.8 npu 1 < 1< £, — 1 BUKOHYBaTUMeTbCA oLliHKa (5.83). Ilepe-
M03HAYMBILUY B Hill <> T, AiCTAEMO LLIYKAHY OLHKY

lx@l < Kl x(@®)le ™

nputr<t<t, - 1.
Bunanox 7> 1, + 1 IponoHyEMO IpoaHajli3yBaT¥ CaMOCTIilHO.

) Hacnipok 5.4

Axwo dodamkoso npunycmumu, wo mampuys W (t) dodamno 6u3nauena!
024 ecix t € R, mo ghyndamenmansra mampuys X (t) cucmemu (5.69) 3a-
0080/bHAE OUIHKY

Ix)l < Ke ™ I X (D).
a omoxce, maKa cucmema acuMnmomuyHo cmiuxa.

BuspnsieTses, SK1IO BUKOHYIOTHCS YMOBM TeopeMM 5.26, a Marpuus
W (t) He BUpoIXeHa Ha BCii AilicHiii oci i1 He € NONATKOBO BU3HAYEHOIO, TO
icHye ¢dyHnaMeHTasbHa MaTpulisl, YTBOpeHa JiMilie TUMU PO3B’A3KaMH, sKi
3a10BOJIbHAIOTH OUiHKHM (5.80) i (5.81). CucteMa (5.69) i3 Takolo BracTH-
BICTIO Ha3MBAETLCA eKCNOHEHUidnbHO duxomomiynow. SIKuio x W(t) mae
TOYKM BUPOIKEHHS, TO Oyab-sika (PyHAaMeHTAIbHA MaTpHiisi MiCTUTb PO3-
B’S130K, SIKMii 33/10BOJILHSE OLIHKY (5.82).

oo S PR B

BINPABU TA 3A[AMI

@ 3a nonomoroio dyHKLiT V(x, y) nocainMTH Ha CTIMKICTb TPMBianbHi PO3B’A3KH
CHCTEM:

I SV |
a){x--y 3x-x7,

y=6x-2y; V=2 4y 3,

vy 2
5 {x—x y-°, V=2x? “2xy + %

J>=2X-Y‘y3’

xX=2py-x,
B){‘ ) N V=x?+2p%
y=x-2y-y’,
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r {’f:y’ , V=3(x2+y)-2x%
p=-x+x’-y,

3HaifTy BCi NONOXEHHsA PiBHOBAaru piBHSAHHS

. J .
F+xtex-x1=0
Ta AOCJHIAUTH iX Ha CTIMKICTD.
¥ npocropi napametpis (a, b, ¢, d) € R* puainuty obnacri criftkocTi Ta He-
CTiKOCTi TPMBIAJIbHOIO PO3B’A3KY CUCTEMH
. 3 . 5
Xx=ax +by, y=cx+dy’.
Bxasiexa. Tpu be < 0 mst nocizkeHHst BAKOPUCTATH NepIUKH iHTerpan niHea-
PH30BaHOI CUCTEMH.

JocainuTy Ha CTIMKICTb TPHBiaNbHI PO3B’S3KU CUCTEM, 3HAMWIOBILM PyHKULiL,
SIKi 3310BOJIbHAIOTH YMOBU TeopeM JIsinyHoBa aGo Yeraepa:

x=2 3_x5’ X = —x}+ }y
a){_ d 3,5 B){. XJ; 3y
y=-Xx-y +y, y=x"=-)y
X=y-x+xp, X=-x-Xxy,
6) i 23 Dy 3 .3
y=x-y-x" -y, y=y -x.

BcraHoBUTH HepiBHICTL BaxeBChbKOro A1 JIiHiIHUX CUCTEM i3 KOMIUIEKCHUMHU
KoedilieHTaMH.

Josectn Teopemy 5.26, 3aMinuBLIM npUnyLeHHA | yMOBOIO: icHye crana M > 0

1+1
| Ag(s)]ids < M.

TaKa, 1o J
1

Bxasziexa. CKOpUCTaTUCh OLIIHKOIO

L’”" Ag(s) || ds =U;‘1+J"If:+... +j’+"'+l J | Ags)llds < (x+ DM,

t+|v]

#sKa CIPaBAXYETbCs 1A BCix te Rit1>0.
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OCHOBHI BNACTMBOCT! PO3B'A3KIB CUCTEM OAUOEPEHLIIANIBHMUX PIBHRHb

| 5.7 |

BexTopHi nonA,
ABTOHOMHiI CMCTEMU, NOTOKM :

Y naHOMY NYHKTiI MM ITO3HAIOMMMOCH i3 Cy4aCHOIO TEPMiHOJOLIEIO Te-
Opii aBBTOHOMHMX CUCTEM, y3ara/lbHUMO BXe€ BiIoMi iXHi BIaCTUBOCTI Ta BU-
BYMMO HM3KY HoBux. Hexait D — obnacts y R”, f: D+ R"” — r-pasis
HenepepBHO AudepeHUiOBHe BinoOpaxeHHs, r = 1. 3a Horo AonoMorow
KOXHi#l Toulli x € D NOCTaBMMO y BiANOBiIHICTL BeKTOP f(x), HpUKiane-
HuHA po uiei Touku. Tak 3agaHa BiANOBIAHICTb HA3UBAETLCA GEKMOPHUM
nosem fxnacy C’ B ob6nacri D. dani, ans dikcoBaHOI TOYKM x € D KOXHe
Binobpaxenns x (f) € C'((~h, h) — D), h > 0 Take, wo x(0) = x, BU3HAYaE
npukiaaeHuit 1o Touku x Bextop x (0). Bid sgBise co6010 BEKTOp MUTTEBOI
LIBMIKOCTI, AKy Ma€ B MOMeHT ¢ = () TouKa, 1110 pyxaeTbes nmo obnacti D 3a
3aKOHOM (—h, h) 3 t+— x(t) € D. Ao Tenep BeKTOpHe 1oje fiHTeprnpeTy-
BaTH K 110Jie MUTTEBUX LUBUAKOCTEH, TO B D) BUHUKA€E aBTOHOMHA CUCTEMA

%= f(x). (5.84)

BuBuaouy NMUTaHHA CTiAKOCTI, MM BXe 3yCTPiYalUCh i3 CHUTyaLI€lo,
KOJIM PO3B’A3KH JOCHIIXYBaHUX CUCTEM IIPOLOBXKYBAIMCI Ha HECKiIHYEH-
HMit inTepBan yacy. Bigrak npumnyckarumemo, 1o cucreMa (5.84) 3a10BosIb-
HAE TAKy YMO08Y npo0oeHYye6aHoOCmi: KOWeH po3e 30K cucmemu
(5.84) moowce 6ymu npodosxcenuii Ha 6cio dilicHy 8ico.

Haranaemo, wwo x (7, x;) — po3B’a30K cucteMu (5.84), sixui neperso-
pioerbest B xy € D npu ¢ = 0. s byHKuia 3MiHHKX {1, X, 3 IPUPOAHOIO
obsacTio BU3HaueHHsA R x D Ma€ Taki B1acCTUBOCTI.

1. Baacmugicmb edunocmi: nis AoBinbHuX (1;, xy) € R x D TouKa
(15, x (15, Xy)) € TOYKOIO EAMHOCTI PO3B’A3KY 3ana4i Kouui (Teopema 5.6).

2. Bracmusicmo dugpepenyiiiosnocmi: x(t, x5) € C'(R x D) (teopema
(5.13).

3. Ipynoea enacmusicme:

x(t, x(s, Xp)) =x(t+5, x9) Vt,se R

(IOBOAMTBLCA TaK CaMoO, K i TBepIXeHHs 5.7).

Hoci MU, K npaBuio, aHajli3yBajau iHAMBiAyaJibHi po3B’a3KM H, 3a-
¢ikcysaBluy sixech x; € D, BUBYaNH BIaCTMBOCTI BiobpaxeHHA R 3 1+
- x(t, xp) € D. BuaBns€Tbeca, ofHaK, 10 AyXe Bax/IMBY iHdopmalilo npo
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BexTOpH! NOAA, ABTOHOMHI CUCTEMM, NOTOKU

« ICTEMY MOXHA AICTAaTH, AOCTIAXKYIOUYM M€BHiI XapaKTEPUCTUKM Biaobpa-
acHHa D 3 x; - x (1, x) € D npu ¢ixcoBaHOMy /. 3 NPUYKH, SKi CTAHYTh
IPO3YMiIMMU Jello Ni3Hille, HaM 3py4HO Oyle 3anpoBaauTU AesiKi HOBI
1O3Ha4YeHHs. A caMme, TNOKJ1aieMo

g'xy = x(t, x;). (5.85)

|le no3HayeHHs He BUIIAIKOBO Haranye NokKa3HUKoBY GyHKIIil0: My 11oba-
‘IMMO, 1110 BOHO CIPaBIi Ma€ HU3KY BJIaCTUBOCTEH, NPHTAMaHHUX €KCO-
neuTi. Tlpy LbOMY B ONHOBMMIPHOMY BUNAAKY, KOJAY BEKTOPHE IOJe Ha
npsMii 3a0a€THCH BilOOpaXeHHSAM X - a - X, [le @ — ¢ikcoBaHe AifiCHe Yuc-
10, MAEMO OYEBUAHUH npaAMuH 36ir: x (¢, X)) = e“’x0 = (e9)'x,

Tenep He BUHMKHE XOIHMX HENOPO3yMiHb, AKIIO HaAaJll 3aMiCTh X,
mu nucarumemo x. Ilpu koxHoMy dikcoBaHoMY 1 € R MaeMO BinoGpaxeH-
wag’: D D. CyKynHiCTb TaKuX BiioBpaxeHb YTBOPIOE CiM’I0, 3aIeXHY
i onHOro napamerpa f.

o OsHayeHHA 5.14

Oononapamempuuny cim’io eidobpaxcens (g’ }; « x Pa3om i3 obaacmio ix

susnavenna D nazueaomv nomoxkom, nopooxceHuM seKmoprum nosem f

|aemonomnoro cucmemoro (5.84)), i nosnauaioms (D, {g* Ve r)

Y nosanblioMy BXMBaTUMEMO CKOpOYEHe no3HayeHHs {g'} aa noro-
Ky. BkaxeMo OCHOBHi B1aCTHBOCTIi Lboro o6’exra.

1. Bido6paxcenns (t, x) —> g'x narexcums xkaacy C'(R x D > D) [dus.
aracmusicmb dugpepenyiiiognocmi po3se a3ky x (1, xy)}.

2. Cim’a sidobpaxcens {g'} ; « z Ymeopioe abenegy epyny 8iOHOCHO onepauii
cynepno3uyii.

o Odunuysn zpynu — g° — ye momoxcue eidobpaxcenns 1d |pienicme
& X = X 028 KoxcHoeo x € D sunausae 3 o3nauenns po3e ‘asky x (1, x,),
aoxce x (0, x,) = x,].

o Jlan 6yob-skux t, s € R eukonyromocs pienocmi

1 s 1+S s -1 s I
g8 =8""=8"=8o08
locmanni sunausaioms i3 epynoeoi énacmusocmi pose a3ky x (t, x,)].

o Obepuenum 0o g' € sidobpancenns g™":
t

gog' =g

(nacaidok nonepeduix deox eaacmueocmeli).
o Acouiamuena enacmugicms onepayii cynepno3uyii ouesuona.
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OCHOBH! BITACTUBOCT! PO3B'A3KIB CUCTEM ANDEPEHUIANBbHUX PIBHAHb

3. [aa koxcrozo t € R gidobpaxcenns g' € dupeomopgpismom xnacy C”
obaacmi D na cebe. Lle osnauae, wo g'e€ C'(D+— D) ig*e C(Dw+ D)
(eaacmusicms 1). Ockinbku obaacmio eusHauenns eidobpaxcenns g~ € eca
obaacme D, mog': D D — crop exuis.

4. /s scix (t, x) € R x D guxonyembcsa pigHicmb

ég'x

ar = f(g'x)

{nacaidox mozo, wo x(t, x;) — po3e ‘azox cucmemu (5.84)].

ONpwuknanp 59

Hexait 4. R" — R" — niHiitHuit oneparop. Bin nopoaxye BeKTopHe nose B
R™ ang xoxHoro x € R” BeKTOpPOM, IIpMKIANeHHM 10 X, € Ax. Bianosiany
4BTOHOMHY CUCTEMY X = Ax, sika € NiHi/HOI0 # OIHOPIAHOIO, 6Y10 PO3IIsSiHY-
TO B 1. 2.3.4. Y naHomy BUnagKy x (!, x;) = e"xo, a OTXe, [I0TOKOM € OIHO-
napameTpMyHa cim’s JSiHilHMX onepaTopiB {e"‘}‘e -

Y 38’3Ky 3 HaBeAEHHUM NPUKIAAOM 3BEPHEMO YBAry Ha 1€ OAHY
nngcmnim cim’i Binobpaxens {g'}. Hexait {c — BEKTOpHE fioJie Kj1acy
C. BizbMeMo A0BUIbHY GyHKUIO 4 (X) € C (D R) i nokiageMo

d :
- (g x) = f u(x).
@l g'x) = fu(x)
lle — He wo iHwe, sx noxinHa GyHkuUii 4 (x) y cuy cucremu (5.84),
OfIHaK Tenep Npasy YaCTHHY BUMMCAHOI PiBHOCTI MM IHTEpNpETYEMO K
Ai10 BEKTOPHOTro noJist fHa u (x). Yepes f" -u(x), k=1, 2, ... no3Hauu-
MO f .. f-u(x), T00TO k-KpaTHy il0 BEKTOPHOTO 1noisl Ha #(x). 3 ypa-
Lo

k
XYBaHHAM LIKX MMO3Ha4YeHb 3anuieMo Gopmyny Teiliopa

u(g'x) = u(x) + ri wg'x) +
dari,
2 52 k gk
I~ d t 7 d ! k
- (g'x)+...+———| u(g'x)+o(r*) =
*3 = , 01(8 )+ 0 e L (g'x)+0o(t")

2 k
=u(x)+f.u(x)+127f2'u(x)+.‘.+%l-fk -u(x) +o(r¥)

abo
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BeKTOPHI NONA, aBTOHOMHI CUCTBMM, MOTOKK W'E 4B UaCIs

@,

u(g'x) = {1 +if = -+o(r* )]u(x)

Hana dopMyaa NosCHIOE NPUPOAHICTD 3AMPOBALKEHHS TTO3HAYEHHS

exp(if) - u(x) = u(g'x)
Juis BinoGpaxesHts, ake GyHKUIT # (X) CTaBHTDb Y BiANMOBiAHICTb DYHK-
uito #(g'x).
< O3HauenHn 5.15

Pyxom mouxu x € D nio diero nomoxy nasusaroms 6idobpaxcenns R — D,
AKe KOMCHOMY MOMeHmosi yacy 1 € R cmaeumb y 8i0nogidnicmbs moyuxy
g'x. O6pa3 ybozo 6idobparcerna, mobmo MHONCUHY MOHOK ['(x) = Ug x,

Hazusaroms mpackmopieto mouku x. /lodamnoro (6id’emnoro) mcmpaexmo
Di€ro mouku x Hasuearoms MHoMury I, (x) = Ug x I (x)= Ug X).
120 r 0
o OsnaveHHn 5.16

Mruoxcuny M < D Hasuearoms ineapianmuoro MHoxcunoro nomoxy {g'},
AKWO

xeM=T(x)c M.

TepMiH «TpaexkTopisi» Ma€ CHHOHIMU: «$ha3oBa KpuBa», «opbita». [lo-
11IbHO BBAXATH, LU0 TPAEKTOPIS € OPIEHTOBAHOIO KpUBOI0. OpieHTallia Ha
1 (x) BU3HAYAETHCA BEeKTOPOM f(x), AOTHUHHUM g0 I'(x) y Touui x. BiH yka-
¢, B IKOMY HanpsiMi BiiOyBa€eTbCsl pyX TOYKM 110 LIiif KPUBiiA 3i 3pOCTaH-
NHM Yacy. Bii3HauuMO TakoX, 10 NOHSITTA JOJATHOI [iBTPa€KTOpii KOpeK-
1HO BU3HayeHe ¥ ToAi, KoM YMORBA MPOAOBXYBAaHOCTI PO3B’3KiB CUCTEMU
{5.84) Ha Bclo JilicHy Bicb He BUKOHYETbCS, OJHAK KOXEH PO3B’S130K
lenye Ha niBoci [0, o0). ¥ uboMy Bumnaaky cucrema (5.84) nopomxye
nienomix (D, {g'},, ). ne g’ 3anaetbcs hopmysnolo (5.85).

TeepaxeHHa 5.9
rpaex'ropn ABOX p]3HMx TOYOK a00 He MaloThb CIIUIbHUX TOYOK, 360

J

43

30iraloThCs. é
lloBepeHHR

TpaexTopii T040K X, X, NIePeTUHAIOTHCS Toni ¥ Jinle Toxi, KOMM €
TaKi MOMEHTH 1,, 1, € R, w0 g"x; = g"x,. CKOpPUCTaBLIKCSA IPYIIOBOIO
BIACTUBICTIO IOTOKY, MAEMO:
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OCHOBHI BJTACTUBOCTI PO3B'A3KIB CUCTEM AUD®EPEHUIANTBHUX PIBHAHbL

x, =g "ghx =g "x el(x).
AHanoriyio x; € I'(x,).
S Osnavenun 5.17

Hepyxomoro moukoro (nosoxcenHam pieHoeazu) nomoky Hazueaioms maxy
mouky x, € D, wo g'x, = x. 022 scix t € R.

3po3yMmiilo, 110 HepyXOMa TOYKa IIOTOKY {g’} € MmoloXeHHsM piBHOBAaru
aBTOHOMHOI cructemu (5.84) it BoOHOYAC 0co6AUB0I0 MOYKOIO 8EKIMOPHOE0 NOAA
f(x). Haranaemo, 1110 TaKk Ha3MBAETLCA TOUKA, B 5AKill BEKTOP BEKTOPHOIO NOJIS
1IEPETBOPIOETHCA B HYJIb. TBepaxeHHs 5.9 Mae Takuii npsaMMUi HaCTinoK.

Teepaxenua 5.10
ZKonxa 1o4ka, BiiMiHHA Bi IOJIOXEHHS PIBHOBAIY X, HE MOXeE 110~

TPAIMTU B 1IPOLECi pyXy Hia AI€I0 MOTOKY B TOUYKY X. 33 CKiHYEH-
HMHA yac,

Ilokaxemo, 1o MOXYTs OYTH JIMLlIe JBa TUIIM TPAEKTOPIH, BiAMiHHUX
BiJl I10JIOXEHb PiBHOBAru:

1) peeyasipui nezamicneni kpusi be3 camonepemunis;
2) peayasapui 3amkHeHi kpuei be3 camonepemuHie.

TeepaxeHHA 5.11
S0 He iCHYE TAKMX 1), b, WO 1y # 4§ gl xy = g"x;, To T(x) —
TPAEKTOPIs NEPLIOTO THILY.

DoBepeHHRA

Ouesuano, wo f(x,) # 0; inakwe g x0 = X, 1 yYMOBUY Hamoro TBEp-
JUKeHHs1 He BUKOHYBajucs 6. BinobpaxeHHa R s 1> x(f) =g "o eD
B3a€EMHO OJHO3HayHe i HenepepBHO aAudepeHLifioBHe. 3 TBEpIXKEHHS
5.9 Ta yeTBepTOI RIACTUBOCTI NOTOKY BMIUIMBAE, 1O X(7) = f(x(f)) # 0

A BCix 7 € R. Tomy I'(x;) — peryjisipHa He3aMKHeHa Kpusa 6e3 camo-
MepeTUHIB.

TeepnxeHHA 5.12
» Sixauo f(xg) # 0 i icHye napa Takux #; # f,, WO g"x, = g xy, TO -
I'(x;) — Tpackropia apyroro tTuny. [Ipu ubomy icHye take 6 > 0,
O PYX KOXHOI TouKU ['(x;) nepionnyHuil i3 HaiMeHIUMM A0aT-
HUM 1iepiogom 8, To610

g “x=g'x vie i, VxeT(xg)
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BeKTOpHi NONA, aBTOHOMHI CNCT@MMU, NOTOKM

# doBepneHHA
Hexait t, < t,. Toni g'» "'x, =x,, a ue o3vauae, wo P, :=
1 2 8 0 0 X
={t>0: g'xy = xo} — MHOXWUHA NOJATHUX NEPIOLIB TOUKM X, — MiC-

TUTH TOYKY f, — t, Busnauumo 6 :=inf P, i nokaxemo, wo 6 > 0.
JlocTaTHbO NEepeKOHATHCSE B TOMY, 1110 iCHYE Take YyMciio a > 0, 110 Ha
Binpisky |0, a] Hemae Touok MHoXuuu P, . Aue ueit ¢axT onpasy Bu-
1MBac 3 popmynu Teiiopa

g'xy = g% +1— g'xg +o(t) = xy +tf (xy) +0(t), t >0

dr |,

i npunyLen st 1o Te, 1o f(x,) # 0. [lificHo, g'xq — Xo = 1f(xy) +0(t) = 0
IUISL BCiX OCHTb Ma/idX 3HayeHb f.

Tenep noxaxeMo, 1o 0 e P, . Cnpaam 33 O3HAYEHHSM HUXKHbOL
MeXi 3HaIeThCs MIOC/TIIOBHICTS NepioaiB O k€ P, , sika 3biraerpcs 0o
Onpuk—» . Y nocnmoauocn piBHocTel g% Xy = X, Ilepeiaemo a0
rpaHuLli. Jlicranemo g°xy = xo. OTxXe, 6 — HaltMEHIUMiT JONATHHIA Ie-
PiOl TOYKH X,

Hexaii 6, — Gyab-akuit J00aTHUI NEPIOA TOUKHU Xy, X| = g'xy, —
iHLia ToyKa TpaekTopii ['(x;). Ockinbku

0 8 [/ 6 [/
ng —googx—glog()xo glxo’

TO , € BOAHOYAC i nepiofoM To4KH x,. OTXe, 'P c ’P AHaIOriYHi
MipKyBaHHS T0Ka3yloTh, IO ’P_, c P,,. 3sincu JIeTKO 3p06mu BHUC

HOBOK, 1110 BCi TOUYKH maeKTopn I“(xo) MalOTh OQHAKOBi HaliMEeHLIIi fnie

plOJlH ¥ 1o BinoOpaxeHHs g x0 {0, 8) > D B3a€MHO OJHO3Ha4H

iHakie Ha I'(x;) 3Hainaca 6 Touka 3 NepiooM, MeHIIMM 32 0.

o OsnaveHnn 5.18

3amxHeHy mpackmopiro, 6IOMIHHY 8i0 nOA0HCEHHA DiBHOBA2U, HA3UBAIC
YUKAOM.

3agaua npo iCHyBaHHs LMKJIiB — OAHA 3 IOJOBHUX NIPU AOCTiLKEHHI

NBTOHOMHUX cucTeM. LIMKIM € MaTeMaTMUHMMU eKBiBaJleHTaMM Nepioany-
HMX y yaci npoueciB (0IHOYACTOTHUX aBTOKOJIMBAHB), AKi TAK YaCTO MOXHA
cHocrepiraty nig yac ¢pyHKUIOHYBaHHS peajbHUX cUcTeM — (i3nyHux,
ximMiyHUX, OioNOriYHUX, TeXHIYHUX Toulo. OcobmBe 3HaYeHHS MaloTh LIMK-

M, 1O MPUTATYIOTh fo cebe il TpaekTopii. Taki UKMK/IM HA3UBAIOTHCS
PAHUMHUMU.

475



Fnaea 5
OCHOBH! BITACTUBOCT! PO3B'A3KIB CUCTEM QUPEPEHUIANBHUX PIBHAHL

QOnNpuxknanp 510
Po3zasanemo aemonomuy cucmemy

x=-y-x(x?+y? -1,
(5.86

. b 2
y=x-y(x +y -1).
i MoXHa roaaTH y BUIASAI OHOTO KOMIIEKCHOTO PiBHAHHA
. . il - 2 - o
Z=i-z(z[P - D), zi=x+iy.

TMoxnasiuy B ULOMY PiBHAHHI Z = re’®, mepeitieMo 10 MONAPHUX KOOPAMHAT
(r, ¢). Maemo

Fe® +ipre™ = ire® — reé®(z|* - 1)
BigokpeMuMBLUIM TYT OiHCHY Ta YAABHY YaCTMHHM, HICTAHEMO CUCTEMY

F=r( —rz),
¢ =1,

nga Kol po3s’s30k 3anavi Kowi 3 nouatkoBumn ymosamu r(0) = r, = 0,
o(0) = @, mae Burasd

w2 -n)"
K = [1 —0,—2,] . @) =@y +1. (5.87)
rye

Ockinbku r(t) —» 11i ¢(t) - © npu t — o0, TO KOJO
Sti={(x. y) e R2: x? +y? =1} € IPaHUYHUM LUKIOM
cucremu (5.86). KoxHa nisrpaexTopis, sika BUXOAHUTH
i3 Touku nosa kosom S', BinminHOI Bil nouarky Koop-
IMHAT, HABMBAETHLCSH HA Lie KOJIO APH ! — 00 y BUMIALI
cnipani (puc. 5.9). 3ayBaxumo, 110 CMCTema (5.86) Bu3-
Haya€ MoTiK Juwe B kpy3i x2 + y? <. Akmo x a1
Puc. 5.9 MO4aTKOBOTO 3HAYEHHS (%9, ¥p) PO3B’ AIKY BUKOHYETH-
Cs yMOBa £ = xg +y3 > 1, TO Takuil po3s’s30K, SIK Le

surinBace 3 opmyau (5.87), icHye Ha inTepsaii [ln(\/(roz -l)/roz), acJ.

Tomy Ha BCilt niowmHi R? 3a3HaYeHa CMCTeMa BU3HAYAE IiBNOTIK.

Baxnupa 3agaya sKicHOI TeOpii aBTOHOMHHUX CUCTEM I10JIAAra€ ¥ BUB-
YeHHi I'paHUYHOI NOBeAIHKU TPAEKTOPil (I1iBTpaeKTOPiit).
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BexTtopHi NonA, aBTOHOMHI CHCTEBMKU, NOTOKK

» O3HaveHHA 5.19

Touky x. Hazuearomv M-2panuyHol (O.-2PAHUYHOIO) MOYKOIO nicmpa-
exkmopii T (x,) (T'_(x)), aKwo icHye maka nocaidosuicms {1}, _ | 2,

[0 o) ({tk}k_, 2, . C (-0, 0]), wo t, — oo (t, - -0, k =5 ) i
g"“xq > xy npu k' = .

D O3nauenHn 5.20

Muoxcuny ecix o-epanuuHux (0-epanuunux) mo4ok niempackmopii U, (x;)
(T'_(x,)) nasusaroms ®-zpanunoio (0.-2paGHUMHOIC) MHONCUHOI i€ ni6-
mpaexmopii i no3nauarome 4epe3 o(x,) (a(xy)).

CTpyKTYypy rPaHU4YHUX MHOXMH aBTOHOMHMX CUCTEM Ha ILIOLMHI 6y/10
iocaigxeno B npausx A. Ilyankape ta 1. beHaikcoHa. Bussunocs, uio
\0Ji¥ MIBTPAEKTOPIis I (x,) HalEXHUTb KOMAAKTY, B IKOMY HEMAE Hei30-
1,0BaHUX OCOGJIMBUX TOYOK BEKTOPHOTO noJs f(x), TO w(x;) € HEMOPOX-
1,010, 3B’S13HOIO, KOMIIAKTHOIO, iHBaPiaHTHOIO MHOXMHOIO ONHOTO 3 TPhOX
MKKX THU N iB:

* OJiHE MOJIOXEHHs PiBHOBAr X, (y LbOMY BUNAIKY g'X; — X., t — ©);

e OaMH LMK (Y UbOMY BUNAJKY niBTpaekTopia I', (x,) abo 36iracTocs
3 LMKIJIOM (X)), 800 HaBUBAETHLCA HA HBOTO Y BULJIAAI CHipaii);

e 3B’s3He 00’€AHAHHS M0/I0XEeHb PiBHOBArk Ta TPAEKTOPiM, sKi ix crio-
Jly4aioTh |y 1bOMY BUNAAKY TpaexTopis I, (x;) HaBUBAETLCH HA w(Xy)].

Hanpuknan, Ha puc. 5.10 MHOXMHA ©(x,)
 KJIAJAETHCS 3 OLHOTO IIOJOXEHHSs piBHOBarv i
INOX TPAEKTOPiH, AKi BXOASATH y Lie IIOJIOXEeHHS
MBHOBAry sIK NPU ¢ — o0, TaK 1 NpU § — —00,
BkaxeMo0 AOCTaTHI YMOBH peali3auii BUNaaKy,
KOJIM (X)) € LMKIOM. Puc. 5.10

Teopema 5.27
Hexait nisrpaexropis I (x,) ABOBUMIpHOI aBTOHOMHOI cucTemu (5.84)
HaIeXUTh KOMNakKTy K, aKuif He MiCTHTb OCOG/MBUX TOYOK BeK-
Toproro nojs f(x). Toai MHOXKHA w(xy) € unukiaoM. IlisTpaexropis
T (x,) abo 36iraeTves 3 w(x,), a0 HABUBAECTHCA HA LUKI o(Xy) ¥
BUIJISA Criipasti.

HNosepeHHA*

SIKILO TPAEKTOPIA TOYKM X, € LUMKIOM, TO I'(xy) = I (x,) = o(xy).
HifAcHO, LMK € 3aMKHEHOI0O MHOXMHOIO, a ToMy a(x,) < I (x;). Ha-
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BIIAKM, KOXHA TOYKA LUMKIY € W-IPAHMYHOI0 TOYKOMW M I” (x,) (mo0-
BeliTh!).

Otxe, Hajgali po3I/IgAaTUMEMO BUIAAO0K, KOJIM TPAEKTOPis TOYKH
x, He € uukioM. Ockinbku T, (xg) < K, TO iCHy€ Taka NOC/IIOBHICTb
{tdi-1, o, iTaKa TOUKA X, € K, WO lim 7, =00 i lim g%x; = x.. 3po-
3yMiJIO, 1O X, € 0(x,) < K. ks ke

PoarisiHeMo TpaexTopilo I'(x,) TOUKY X.. /15l KOXHOIO f € R MaeM:

lim g' *x, = lim g’ o g'x, = g'x..
k >« k >

Lle o3nHayae, 10 KOXHA TOYKA MHOXUHM I'(x,) HaleXuTb 0(x;), a TOM

I'x.) c K.

JoBenemo, wo I'(x,) — 3aMKHeHa Kpu1Ba.

[Mpunycrtumo, HaBnaky, wo I'(x,) He € uukiom. Toai icHye Taka
nocuigosHicte {7y}, _, , 1 Taka Touka X, € K, wo klimm T, = oo,
lim ghx.=X., ghx, =glx., i#]J >

» N0

3a ymoBoio f(X.) # 0. IlpoBeaemMo 4yepe3 TOUKY X, Biapi3ok / Manoi
JOBXUWHHU 20 > 0, opTroroHaisHUit BeKTOpy f(X,). I3 KOXHOI TOUKHM 11BbO-
ro BiApi3Ka BMITyCTHMO Jyry TPa€cKTOpil MOTOKY {g’}, fAKa Bianosinae
4yacoBOMY iHTepBayoOBi [0, 8]. lpu nocuTh MasoMy 6 06’€aHaHHS BCiX
TaKMX AYr YTBOPIOE KpUBOJIIHIMHUI YOTUPUKYTHUK ABCD (puc. 5.11),
y Toukax sikoro f(x) # 0. 3a nobynoBoio ayra 4D nia ai€ro NoToky 3a
yac § nepexoauThb y /, a 3a yac 26 — y ayry BC.

HageneMo cTpori MipKyBaHHSI CTOCOBHO NMOGYA0BU YOTHPKKYT-
HUuKa ABCD. Hexait e — onMHUUYHHI BEeKTOD, OPTOrOHANLHUMA BEK-

Puc. 5.1
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Topy f(X.). Toai Biapizok / MOXHa 3aa1aT, HaNPUKIaa, NapameT-

PHUYHMM DiBHAHHAM X = E(s) := X, + se, s € [-5, §]. YBeaemo Binobpa-
KeHHs

F(1, 5) = g'E(s) : [-8, 8] x[-3, 8] > RZ.

Ockinbkn F/(0,0) = f(X,). F/(0, 0) = e, TO 32 TEOpeMOIO Npo 06ep-
HeHe BinoOpaxeHHs (a4B. R04. 2) NMPU AOCHTb MAIOMY & BinoOpaxeHHs
F nnpeomopdHo neperBopioe ksaapar {8, 8] x [0, 8] HA KpuBoiHil-
HWI YOTUPUKYTHUK

ABCD = UF. s).
(t. s)ef-8, 8} [-3. 8]

YotupukyTHUK ABCD Mae Bax/iMBY BJACTUBICTh: NOTPAlmMTH B
HbOIO MiA Ai€I0 MOTOKY 3i 3pOCTaHHAM 4acy MOXHa JMile yepe3 AYry
AD, a BuiiT1 — nniue yepe3 BC; Npu LIbOMY TPAEKTOPIs OyAb-KOi TOY-
KU x € ABCD neperuHae six AD, tak i BC.

BubepeMo k, € N HacTiIbKM BEJIMKUM, 1106 gT* x, € ABCD nna
BCix k > k,. Jlerko 6ayuty, 1o Todi HA niBTpaekTopii I' (x.) MOXHA
Bkasatu ayry EFGH, sika nepetuHae Bifpi3ok / nocniioBHO B TOY-
Kax Fi G ixinni axoi E ta H nexatb 32 MeXaMHd YOTHPHUKYTHHKA
ABCD.

Posrasinemo o6aacts U, Mexa siKoi cKiagaeThes 3 Biipiszka FG Ta
TPaEKTOPHO] Ayrd 3 No4yaTkoMm y Toulli F i KiHueM y Touui G. Touka
H (Touka E') Moxe 3HaxoauTHCh abo 1o3a U (ycepeauHi U), ik Ha
puc. 5.11, a, abo Bcepenuni U (nosa U ), sk Ha puc. 5.11, 6. Y nep-
LIOMY BMNAJKY JOJaTHA MiBTPAEKTOPis 6yab-AKOi TOUKH x € R?\U He
Ma€ CNiJIbHUX TOYOK i3 U, a B ApyroMy — obnacts U Ta i 3aMUKaH-
HA U MaloTh BJIACTUBICTb MiBiHBapiaHTHOCTI: ko x € U(xe U ), 10
g'x e U(g'x e U) s Beix £ = 0 (06rpyHTyiite!).

Tenep nokaxemo, 10 TOYKH E Ta H He MOXYTb OAHOYACHO OyTH
w-TPaHMYHUMHU IS I‘ (xp). Ans uporo BubepeMo € > 0 HacTiibKK
MajauMm, Wob Kpyr B (H) He nepeTnHasca 3 U y nepLioMy BUIaL-
Ky i B2(H) c U — B npyroMmy. Ockinbku H e T(x.) c o(xp), TO
icHye T > 0 Take, 10 g'x; € BX(H). A toni g'xy ¢ U Vit21y nepuo-
My Bunaaxy i g'x; e UVi21 — y gpyromy. B o6ox Bunankax £ He
Moxe GyTH w-rpaHUYHOIO TOUKOI0 M T, (xy). BoaHouac Ee I (x,)
< @(xy). OnepxaHa cynepeyHicTb 10BOAMTD, 11O KpuBa I'(x.) 3aM-
KHeHa.,

Hapewri, nokaxemo, wwo I, (x,) HaBuBaeTbcs Ha I'(x.). Yepes X, mu
Tenep Mo3HaYMMO NOBUIbHY TOYKy LMKy I'(x.). Ockinbku X, € o(x,),
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TO AJ1M L€l TOYKW MOXHa BUKOHATH Ti caMi reoMeTpU4Hi 1oOYya0BH,
wo 300paxeHi Ha puc. 5.11, 3 Ti€lo aMilie pi3HULEIO, LUC Tenep yxXe
EFGH € nyrowo nisrpaexropii I' (x;). 3ayBaxumo, wo I" (x,) neperu-
Hae€ Binpizok FG Tinbky B Toukax F 1a G (obrpynrtyiite!). ToMy uei
BiIPi30K HE MOXE MICTUTH ®-TPAHMYHMX TOYOK NiBTpaekTopil I (x,).
3okpeMa, X, # FG. Tenep 3po3yMiio, 1110 B NepllOMYy BUIIAAKY X, 2 U
i ToMy TOo4ka G Ma€e MicTUTUCH MiX FTa X,, a B Apyromy — X, € U — i
Touka G iexuTh MiX FT1a X,. MipKylouu 3a iHAYKUI€I0, HEBAXKO Terep
[10KA3aTH, 110 B nepwoMy Bunanky I', (x,) HaBUBAETbCA HA LMK I'(x.),
3anMiuaouucs BcepedMHi obnacti, o6MexeHoi I'(x.), a B Apyromy —
330BHi.

Ockinbky niBTpackTopis I', (x;) MOXe HaBMBATUCH JIMILE HA OAMH
ki1, 10 I'(x.) = @(x;).

HacamkiHellb po3rasiHeMO CUTyauilo, Koau aas cucremu (5.84)
YMOBa IPOAOBXYBaHOCTI pO3B’s13KiB Ha BCIo AificHy Bich (abo Ha
NiBBiCb) He CNPaBIXY€EThCs, TAK 1O HENPOUOBXYBAHUH PO3B’A30K
x(t, x3) iqﬂye Ha inTepBai /(xy), Axui y 3arajlbHOMYy BUTIaAKy 3a-
JIEXWTb Bill 10YaTKOBOTO 3HAYEHHS X,. ¥ Wil cuTyauii TpaekTopieio
TOYKY X, € MHOXMUHA ['(xg) = Ux(l, Xg). Ans T0ro 106 YHUKHYTH

- f(xg)
NEBHUX HE3PYYHOCTEH, NOB’A3aHMX 13 3anexHICTIO (X)) Bin X;, 3aMicTb
(5.84) MoxHa, HanpuyKiaa, JOCIIIKYBATH TaKy HOHOMIXHY CHCTEMY:

i= £ =0+ F®IDH V2 (0. (5.88)

. TeepaxenHn 5.13
Sho f(x) € CHR" — 1", 10 Koxen po3s’s30K cucremu (5.88) icHye na Beikt
_ Aicuilt oci it cuctemu (5.84) Ta (5.88) maioTh oanakoBi TpackTopii.

doBepeHHRA

Hexait x,— noBinbHa Touka 3 o6aacti D. 3acrocyemo Ao cucremu (5.88) Teope-
My [likapa, noknasmu

N={(r.x)erR"":|r]<a [ x-x| <a}.

ne a — JoBinbHe aosatHe 4ucio. Ockinbku M = m[gllxﬂ S| <1/2, 10 h =
= min(a, a/M) = a. Otxe, po3s’sa30K x(1, X;) icHye Ha Biapi3Ky |-a, a] i mae
B/1aCTHBICTb €AMHOCTI.

TpaekTopii cuctem (5.84) Ta (5.88), AKi NpoX0AsTH Yepe3 TOUKY X, 36iraloThes,
OCKL1bKH LiM ABOM CMCTEMAM BiANOBiAAIOTb €KBiBaJIEHTHI CUCTEMHM B CUMETPHYUHIH
¢opmi (aus. 1. 4.1.3).
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PP

BNPABU TA 3AQAHI

@® TIlokasary, 1O PiBHAHHSA OJHOBHIOBOI momyasiii x = x(1 - x) MOPOAKYE NOTIK
Ha inrepsani {x € (0, 1)} i niBnotik Ha niBoci {x > 0}.
@ Tlobyaysatn $Ha30Bi IOPTPETH CUCTEM:
T
. x = sm X, x = SlIl N
) { 6) { ¥y

y =sin y; y = —sin x.
@ [osectn, 10 BekTopHe nove [grad F(x), grad G(x)}, e F(x), G(x) € CAR* > R),

a|-,-] — onepauis BekTopHOro a06yTKy B R>, nopomkye notik y R®, sikio ans
KOXHOI Napy RiACHUX YHUCeJ ¢, ¢, MHOXHHA

M*’l‘f‘z ={xe R : F(x) =¢;, G(x) =6}

obmexeHa (MOXI1BO, nopoxHs). [Toka3aTy, WO LA MHOXMHA € iHBRpiaHTHOIO.
@ Hexait cuctema R” x R™ Bunisay

{J‘r=f<x, ¥y,
y=g(x,p)

nopoaxye notik. Jloectu, wo rpadik ¢yHkuii y = u#(x) € C(R" ~» R™ €
‘ iHBapiaHTHOIO MHOXWHOIO TAKOl CUCTEMM TOAi ¥ JIMLIE TOAi, KOJIU

(gradu(x), f(x, u(x)) = g(x, u(x)) vxe R".

Onucary ®-rpaHu4Hi MHOXHHM CKAISIPHOIO aBTOHOMHOIO PiBHAHHSA.

@ e

3HalMTH LMKJIM, O- TA O-TPAHWYHI MHOXWHM TPAEKTOPIl CUCTEMM

. 2.2
. xsinyx+y
X = -

. - J;z_:—; y‘
. ysin yx2+y?

y=——— X

\sz + })2
@ Hexah dynxuis f € C}(C - (0, ) 3310B0/IbHSE YMOBU

B

Alimof(:) =0, I_lim f(z)==.
. JloBecTn, 110 TOAI PiBHAHHA Z = izf(Z), z € C Mae UMk Oyab-sKOro Hanmepex
_ 3aaaHoro HaiMeHLIoro nepioay.

18 3431
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5.8

KoxcepBaTtuBHa cuctema
3 OlHUM CTYNEHEM BiNIbHOCTI

Y uboMy nyHkTi 6yne nobynosaHo raobanbHuil Ga3oBUii OPTpET Bax-
JINBOI ABOBMMIDHOi aBTOHOMHOI CUCTEMH, KA MOJEJIIOE PyX MaTepianbHOI
YaCTUHKHK Macolo m 1o npsamii Ox nig gi€lo cuim F(x), Lo 3a1eXUTh JIMile
Bill MOJIOXEHHS YaCTUHKH.

3riaHo 3 npyruM 3aKkoHoM HbloToHa nuepeHUiaibHe PiBHSAHHS PyXy
YaCTMHKMK Ma€ BUraa mx = F(x). be3 obmexeHHs 3arajibHOCTi MipKy-
BaHb Hajajli BBAXaTuMeMo, 1o m = 1. KpiM Toro, npuiyckarumemo, 1o
F(x) e C'(J > R), ne J := (a, b) — nesiknit iHTepBas (He BUK/LIOYAIOTHCSH
BUIIAIKY, KOJIM a = —00 i (ab0) b = c0). YMoBa audepeHLiioBHOCT (PyHKLUIT
F(x) 3abe3neyye iCHyBaHHSA i1 €1MHICTb HENPOAOBXYBaHOIO PO3B’S3KY x (1),
t € I 3apavi Koiui

¥=F(x), x|,.0 = X9, X|;20 =¥
A1 AOBUIBHOI TOUKHM (X;, y,) € J x R. DyHKuiA x (#) onucye 3aKOH PyXy

YaCTMHKM, K& CTAPTYE B MOMEHT 4acy ! = 0 i3 N0JI0XEeHHs X, 3 I0YaTKO-
BOIO LUBUIKICTIO Y.

5.8.1. Iuverpan eHeprii

S O3nayeHHA 5.21
Dyukuyiro

1) = - t Ry
.\'0

Ha3uesawomb nomenuia.abuolo enepeiem HAaCmMUuHKuU.

JocninxypaHe piBHSHHSA pyXy Habupae BUIsay

X = -II(x). (5.89)

Moro MoxHa po3riisnaTi K ONHOBMMiPHUIl AHAJIOL CUCTEMH 3 NPUKIALY
4.10. Otxe, 3a 3po6ieHMX NpUIlylleHb YACTMHKA DYXAa€ETHCA B IOTEH-
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" ‘KOHCepBaTMBHA CUCTEMa 3 OOHMM CTyneHem BineHocTt "

1iaIbHOMY CWIOBOMY MOJIi, @ TOMY Ul Hel Ma€ BUKOHYBAaTHCS 3aKOH 30e-
pexXeHHs MOoBHOI MeXaHiyHOi eHeprii. [1psiMe OOIPYHTYBaHHS LIbOIO BUC-
HOBKY BMILIMBAE 3 TAKOIo CliocTepexeHHs. SIKio o6uaBi YaCTUHU TOTOX-
Hocti X(7) = -T1(x(7)) OIOMHOXHUTHU Ha X(f), TO OllepXaHuii pe3y/ibTaT MOX-
Ha MoAaTH y BUIAAL

d (% _
}7[ 3 +H(x(t))]-0.

3Bincu ¥ MaEMO Take TBepILKEHHS.

Teepaxexnn 5.14
VY npoueci pyxy YacIMHKM B ITOTEHLanbHOMY CHJIOBOMY NoJi il
1IOBHA MeXaHiuHa eHepria (cyma KiHeTHYHOI H HOTeHIIAILHOI eHep-
yil) 30epiraeTncs:

.2 2
X 2(1) FTI(x()) = _"'2_0_ + M(xp)- (5.90)

3anposaauBiuy $pa3zoBuit BekTop (x, y) = (x, X), AicTaHeMO ABOBUMIp-
HY CHUCTEMY, EKBiBaJIEeHTHY piBHAHHIO (5.89):

X=y,
{y, _ne. (5.91)

I3 TBepaKeHHs 5.14 BUIIMBAE, 11O LSl CUCTEMA Mae€ Ieplunii inrerpan —
inTerpai eHeprii

2
&x, y) = yT + [(x).

®

T'oMy ii Ha3UBaIOTb KOHCEPEAMUBHOK CUCMEMOI0 3 OOHUM CTYII€HEM Bilb-
HOCTI.

3ayBaxuMO, IO NOJIOXEHHS piBHoBaru cuctemu (5.91) — ue crauio-

HapHi Touky pyHkuii €(x, y), TO6TO TOUKM, KOOPAMHATH AKUX BU3HAYA-
I0ThCS CUCTEMOIO

& =1I'x)=0, & =y =0.

ik 6aunmo, BCi BOHM JexaTh Ha oci Ox, i ix abcuucH € cTauioHapHUMH
rOYKaMM MOTEHLia/IbHOI eHeprii.
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BBeneMo no3HaueHHs
My ={x,y)eJxR:&x, y)=E}

Ui MHOXMHM PiBHS IOBHOI eHeprii i Buaiiumo B R? obnactp D, sika yTBO-
PIOETHCA BUIY4YEHHAM i3 J X R 1osoxeHb piBHoBaru cucremu (5.91).

Teepaxenun 5.15
Hexait (x, y) € D i E := E(x;, y,). Pa3opa KpHsa PIBHSHL PYXY
(5.91), aixa npoxoauTsb vepes TOUKy (x;, y,), 3biracrbea 3 jiHieio
PiBHSL TOBHOI eHeprii — TIi€I0 3B’43HOI0 KOMITOHEHTOI0 MHOXWHH
M, D, axa MiCTUTb TOYKY (x5, ¥p)-

loBepeHHRA

JocTaTHbO 3ayBaxuTH, wo B obaacti D dbyHkuis E(x, y) € HeBU-
POIXEHHM NEPLIMM iHTEerpajioM piBHAHHS B MOBHUX AMdepeHLiaiax

IT'(x)dx + ydy =0,
sike NpUPOAHO Binnosinae cucremi (5.91) (aus. n. 1.8, Teopema 1.18).

TakuM 4yuHOM, TpaekTopii cucremu (5.91), BinMiHHiI Bil NmONOXEHb
piBHOBarv, — Le JiHii piBHa ¢yHKUil E(x, y), po3TawioBaHi B obnacti D.
OpieHTauia (HanpsaM pyxy) Ha HUX BM3HAYA€ETbCSl BEKTOPDHUM I10J1€M
(y, -TI(x)), nopoxeHUM NpaBoio 4acTuHOIO cucteMu (5.91). 3okpeMa, pyx
no Tiik yactuHi ¢Ga3oBOi KPUBOI, KA JIEXKTb Y BEPXHiil NiBILIOWMHI, Biaby-
Ba€ThecA 37iBa HanpaBo (x = y > 0). Hasnaxku, noxu ¢da3opa Toyka (x (1),
y(2)) nepebyBae y HUXHiH MiBILIOLLMHI, 1i abcLMca cnaaae.

YA
3

LI

Puc. 5.12
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KoxCcepsaTueHa CMCTEMa 3 OAHWUM CTYNEHEeM BiNbHOCTI

YacrtuHy rpadika noBHOI eHeprii CUCTEMH 3 IIOTEeH1ia/IbHOIO EHEPrielo
11(x) = (a + bx) cos x, ne a, b — ponaTHi yucja, 300paxeHo Ha puc. 5.12, a,
KiJibKa JIiHi#l piBHS — Ha puc. 5.12, 6.

5.8.2. Knacudixauin niniv pisua
noBHOI exneprii

Ilo3Hauumo yepe3 [1(J/) MHOXUHY 3Ha4yeHb GyHKUil [T(x) i nokiageMo
o = inf TI(J).

3po3ymino, wo xonu (x, y) € M, # &, To I(x) < E, npuuoMy piBHIiCTh
TYT MOXe focsaratucs e npu y = 0. Tomy MHOXHMHa M, NOPOXHS, AKILO:
)a>-wiE<aq;2) E= o, ane ¢pyHkuist [1(x) He 10CSra€ CBOro MiHiMasb-
MOro 3HayeHHs Ha J.

PiBHicTb I1(x) = o0 MOX/IMBA JIMILUE B TUX TOYKaXx, je IT'(x) = 0. Tomy,
AIKIIO MHOXMHA M He IIOPOXHS, TO BOHA CK/IAAAEThCsl 3 N10JI0XEHb PiBHO-
naru cucremu (5.91), abcuncy sikux BinoBigaloTh TOYKAM MiHIMyMy I10-
T¢HLLIANbHOI eHeprii.

Biurax npunyckarumemo, 1o E > o. Toai MHoXuHa M € 06’eqHaHHAM
rpadikiB QyHKuUid

V= ,/Z(E ~TI(x)) i y=—y2(E -11(x)) (5.92)

3 IPUPONHOIO 00J1aCcTIO BU3HayeHHs {x € J = I(x) < E'}. 3Biacu, 30KpeMa,
WMILIMBAE, 10 MHOXMHA M, pO3TalioBaHa CUMETPHYHO BiIHOCHO oci a6-
CLMC. :

HNamo knacudikanilo HafBaxJIMBIIUKMX TUOIB JiHI# piBHA QYyHKUIT
t(x, y) Ta npoaHali3yEMO XapaKTep PyXy Ha HMX.

MHoxuHa {x € J := I1(x) < E} BinkpuTa. ToMy BoHa € 00’€IHAHHAM He
OuibLiie HIX 3711YeHHOI MHOXUHM iHTepBaiiB, AKi HE MepeTMHalThCs (AMB.,
nwanpuxian, |5], . 10; n. 1.9.). 3adikcyeMo oauH i3 HUX — Hexail ue
Gyae inTepBan (x,, x,) — i po3I/IAHEeMO Taki BM Nl a K M.

1. Bigpisok [x,, x,] Hanexuts inTepsany J.

1.1. XKo/iHa 3 TOYOK X,, X, HE € CTauiOHapHOO Wi GyHKuil [1(x).

1.2. Jiywe onHa 3 UMX TOYOK € CTAalIlOHAPHOIO WIS MOTeHilialbHOL
eHepril.

1.3. O6uaBiI TOYKM X; Ta X, € CTALIOHAPHUMH 11 NOTeHLialbHOI
eHeprii.

2. BukoHy€eThea ofHa 3 piBHOCTe#: x, = @ a6o x, = b.
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2.1. Ta 3 TOYOK X, X,, 51Ka HAIEXHUTh J, HE € CTallioHapHOIO A IT(x).

2.2. Ta 3 TOYOK X, X,, SIKa HAJIEXHUTb J, € CTalliOHAapHOIO wis 1(x).
3. InrepBan (x,, x,) 36iraerbea 3 J i, orxe, E > I(x) mus BCix x € J.
Bunaodok I 1 xapaKkrepusyerscs ymosamu I1(x)) = I(x,) = E, IT'(x,) <
<0, (x;) > 0iT(x) < E npu x € (x,, x,) (puc. 5.13, a).

TeepaxenHa 5.16
Y sunaaxy 1.1 ninis pisus T'(x;, y;) Gynkuii E(x, y), ska npoxo-

IUTH 4epe3 Touky (Xg, ¥)) € My, 1e x, € |x;, x,], € perympuoxo
#3aMKHEHOIO KPHBOIO. 2

doBepeHHA

Axuwo x; € (x;, x,), T0 y, # 0 i B okoxi (xO, ¥,) JiHisA piBHA, siKa
NPOXOAMTD YEPE3 LII0 TOYKY, € rpadnxom omHi€l 3 nBox ¢yHkuii (5.92).
OOuaBi BOHY HaneXaTb KJacy C ((x,, xz) - R).

Sxio x, 36iraeTbca 3 KiHueM BiuIpiska [x;, x,], T0 y, = 0. B no-
CUTb MaJIOMy OKOJli TOYKH (x,, 0) MHOXMHA M € rpaq)u(om HernepepB-
Ho audepeHuioBHOl GyHKUIT x = f(y), B m(01 f'(0) = 0. Cnpasgi,
ockinbku E(x;, 0) = TI(x,) = Ei & (x), 0) =T1'(x)) # 0, TO ueit dakr €
HAaCJiIKOM TeopeMM IIPO HesiBHY (YHKLUIIO: iCHY10Th iHTepBaiu (—h, h)
ta (E-mn, E+1)ieauna byukuia f: (-h, h) — (E-~n, E+n) Taka, 110

SO =x; i Ef(¥), y)=E Vye(-h, h); (5.93)

ug QyHKIlig Ma€ HellepepBHY NOXiaAHYy Ha (—A, h), 3HaYeHHS AKO1 MOX-
Ha 3HaWTH, 3aMbepeHUiloBaBILy APYry 3 piBHocTeH (5.93):

y+I'ONS B =0 = f10) =-y/ITf)],_, =0.
A yA

y=N2E-11(x))

x1mxz .
M X

5  z y=—N2AE-N(x))
a 6

Puc. 5.18 -
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5.8
KoHcepBaTneHa CNCTEMa 3 OAHWM CTYNOHEM BiNbHOCTI

AHaoriyHui BUCHOBOK MOXHA 3poOMTH PO XapaKTep MHOXHMHU M, B
OKOJ1i TOUKH (X,, 0).

TakuM unHOM, 06’cnHaHHs rpadikiB dyHkuiit (5.92) Ha Binpisky
[x;, x,] yTBOp1O€ ONHY peryisipHy 3aMKHeHY KpHuBY (puc. 5.13, 6).

ITokaxemo, 110 y Bunaaky 1.1 yacTMHKa 3aificHI0E nepioavyHi KOJu-
raHHs, i 3HaliineMo ix nepion. Ockinbku Touku (x(t), y(f)) npu Bcix t e 1
HajexaTb 3aMKHEeHiH Kpusi# I'(x;, y,), TO 3 ypaxyBaHHAM TBeDIKEeHHs 5.4
maemo I = R. 3a3HayeHa KpuBa HE MIiCTUTbh NOJOXEHb piBHOBaru. Tomy
MOAYAb IWBHMAKOCTI pyXy ¢a3oBoi ToukM 10 I'(xy, y,) obMexeHu# 3HU3Y
JIONATHOIO BEe/IMYMHOIO Vy:

VO + 5720 = 2O+ [T xE)E 2 v > 0.

$Ik Haciinok ¢a3oBa Touka 06xoauTh KpUBY I'(x,, ¥,) 3a CKiHYEHHMH Yac.
OTxe, 1151 TOUKa 34iMCHIOE NepioaNYHi PyXH 3 JeAKMM HaMeHLIUM I0JaT-
UM nepiogoM 6 = 6(£) (TBepaxeHHs 5.12). O6uucaumo 6.

Hexait y moMeHT yacy 7= 0 da3oBa TOUKa Ma€ KOOPAUHATH (X, Vo) =
~ (x;, 0). [lo3Haunmo yepe3 T 4ac, 3a aKui (a3oBa TOYKa BHepLIe IiC/sA
1104aTKY PYXy AOCAra€ IOAOXeHHA (x,, 0). Ockineku ¥(0) = ~IT'(x;) >0,
TO Ha yacoBoMmy iHTepBali (0, 7) BOHAa 3HAXOAMUTLCS Y BEPXHii IiBIUIOLUMHI
(x(#) > 0). 3 ypaxyBaHHaM (5.90) MaeMo

] (1)
(O =AE-TIxN], 1el0, T] = ———20 -1, 1e(0, T).
VAE -TI(x(t)]

3inTerpyBaBiu OCTaHHIO PiBHICTb Y MeXax BiA s 10 ¢, AiCcTAHEMO

x(n
J‘ O & s wte.T), Vse, 1)

s JUE —Ti(x)]

Y jiBi#t 4yactuHi i€l piBHOCTI irypye 4ac, 3a sikuif $a3oBa Todka riepe-
MILLIYETBCA 3 NOJI0XKeHHS (X (5), y (5)) ¥ nonoxeHHs (x (1), y (t)). [lepeiiitop-
iumn a0 rpaHuui npu s - +0, t - T - 0, 3Haiiaemo

T _ J‘-\': dx
s PIE-TI(x)]

BoaHoyac mu oérpy}rrynanu 30KHICTb HEBIACHOTIO iHTerpaia B npasii yac-
THHI ui€el piBHOCTI.
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fmasa 5
OCHOBHI BNACTMBOCTI! PO3B'A3KIB CUCTEM AV®EPEHUIANBHWUX PIBHARb

Jlerko 6auuTy, 110 3a ToH camuii yac T da3oBa Touka NOTPAnMUTh i3
nonoxeHHs (x,, 0) y (x,, 0), pyxalouncs no aysi kpusoi I'(x;, yy), Axa .
JIEXHTb Y HHXHINM niBivtowwinHi. OTXe, WyKaHUi HaMeHLWA AoaaTHUi
nepioa pyxy 1o I'(x;, y,) CTaHOBMTb

(5.94)

Xy dx
WE)=2] —————.
(£) J-. J2AE -TI(x)]

KaxyTh, W0 y BUnagky 1.1 yacTMHKa pyxa€rbcsi B [1OT€HLialbHiA
aMi. [lepemiieHHst Touky (x (1), FI(x(¢))) y mownHi xOI'l cripaBai Hara-
AYE PYX KyJlbKy 110 abCOIOTHO [/1alKiii NOBepXHi IUIOCKOI SIMH, 51Ka Mae€
¢opmy rpadika noreHuUianbHOI eHeprii Ha BiIPisKy [x,, x,]. Akuwio B rioyar-
KOBUH MOMEHT KYJ1bKa 3HaxXOAMTbCsl B TO4L 3 KOOpAMHATaMHu (x,, T1(x,))
(I(x,) = E) i Ma€ Hy/IbOBY IIBU/KICTb, TO B IPOLIECi CKOYYBaHHs B AMY 1
MOTeHliajbHA eHepris 3MeHLIYETbCH, a KiHeTU4YHa — 3pocTaE. OCTaHHA
HabyBae MaKCMMaJbHOIO 3Ha4Y€HHS, KOJIM NOTeHLiallbHa €HEPris AOCSra€
MiHiMyMy. B Lieii MOMEHT KyJibka Ma€ Haibuibluy WBUAKICTh. [ani Binby-
Ba€ETbCA 3BOPOTHMIA MPOLEC NTEPETBOPEHHS KiHETUYHOI eHeprii Ha NoTeHLi-
albHy. AGcica KyJbKY [IPOAOBXYE 3pOCTAaTH, [IOKK He JAOCSrHe 3HaueH-
HA X,. B 11e/i MOMEHT IUBMAKICTb KYJIbKH CTa€ HYJIbOBOIO, @ MOTeHUiaIbHA
eHepris HabyBa€ royaTkoBoro 3HadyeHHs E. Jlani Kyjibka 3HOBY TOYMHA€E
CKOpOYYBaTUCSi B IMY 1 yepe3 IesiKuit yac 1OBepTAE€TbCs B 10YATKOBE 110-
JIOXKEHHS!.

Bunaodokx 1.2. IlpunycTMMO Ansi BU3HAYEHOCTi, L0 KPUTHUYHOIO
TOYKOIO NoTeHuUiaabHOoi eHeprii € x,;. Toai I(x,) = N(x,) = E, IT'(x,) = 0,
'(x,) > 0i [(x) < £ npu x € (x;, x,) (puc. 5.14, a). Y paHomy BUnajuKky

TA ”k
g

y=N2E-11(x})

[y

Xy X2
x

S

o]
&
Ry

y=—V2AE-11(x)

a 6
Pwc. 5.14

488



58
KoHcepsaTuBHa CMCTEMa 3 OQHNUM CTYMOHEM BifibHOCTI

(ha3oBa KpHBa, BiAMiHHA Bill MOJOXEeHHS piBHOBar, € JiiHi€lo piBH4,
3IKa YTBODIOETLCS «CKACIOBaHHSAM» rpacikiB QyHKL (5.92) Ha NpOMiXKy
(x, x,]. Bona BuXoauTh i3 nonoXeHHA piBHOBary (x;, 0) y BepxHIo niB-
IVIOUIMHY, POXOAUTD YePe3 TOUKY (x,, 0), Malouu B Hil BepTMKalbHY [0-
IMYHY, NIePeXOaUTb Y HHXHIO MiBIUIOIUMHY ¥ 3HOBY NOBEPTAETHCS B TOUKY
(x;, 0) (puc. 5.14, 6). TpaexTopis TOYKH (x,, 0) Mae ABOBGIYHO-ACUMNITOTHY-
MUI XapaKTep: BOHA BXOAUTD Y (X, 0) K IIpH 1 — —00, TaK i IpH # — +0.
‘lepe3 Lie Taky ¢a30By KpMBY Ha3UBaIOTb 20MOKAIHKHOI0, 360 nemaelo cena-
pampucu.

Bunadok 1.3xapakrepusyerscs ymoamu I(x,) = Il(x,) = E, IT'(x)) =
M(x,) = 0 i I(x) < £ npu x € (x,, x,) (puc. 5.15, a). Maemo napy ainii
PIBHSA, KOXHA 3 SKMX CI0j1yYa€ napy IojoXeHb piBHOBAru (x,, 0) 1a (x,, 0)

7\ yA
£ - M = 4 -

y=N2(E~11(x)

b o cerdv e c e wa——
b e

> y==N2AE=71(x)
x4 X3 x
a 6
Puc. 5.15

(puc. 5.15, 6). TpaexTopia TOUKM, BIIMIHHOI Bill OJIOXEHHHA PiBHOBArH,
#Ka HaIeXUTh TaKiil JiHii piBHA, € 1BOSAKOACHMIITOTUYHOIO CENapaTpUCOIO:

A YA

E y=V2(E~11(z))

Xy

o
Ry

b e e

H
o>
N

. y=—N2E-(x))

a 6
Puc. 5.16
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fnasa 5
OCHOBHI BNACTUBOCTI PO3B'A3KIB CUCTEM AU®EPEHUIANBHUX PIBHAHDL

Ry
E

YA

\/ a b;

=—\2(E~11 (x)

Qy\/.)

a 6
Puc. 5.17
IPH  — —0o0 BOHA BXOJAUTb B OfIHE, @ NPU { — +00 — B iHIE [1OJOXEHHA
piBHOBaru. 3BicH lile onHa ii Ha3Ba: eemepokainHa Kpuea.

Bunadox 21 [na BU3HAYEHOCTI BBAXAEMO, 1O X, € (a, b), x, = b. .
Toui 11(x,) = £, T'(x,) < 0 i TI(x) < £ w1 Beix x e (x,, b) (puc. 5.16, a).
JliHis piBHS, fIKa [IPOXOAMTD 4Yepe3 TOUKY (X, 0), € HE3aMKHEHOIO peryJuip-
HOIO KPUBOIO i YTBOPIOETbCS «CKJIeIOBaHHsAM» rpadikis ¢yHkuiit (5.92) Ha
NpoMiXKy [x,, b) (puc. 5.16, 6). 3a 11X yMOB YaCTMHKA, 5IKA CTAPTyE 3
TOYKM X; > X; 3 Bil’€EMHOIO LUBMAKICTIO, CIIOYATKY JOCSTA€ TOYKH X;, @ N1OTiM
3MIiHIOE HAIIpSIM PYXy Ha INPOTUJIEXHMA.

Bunaodok 2.2 TlpuiycTiMo 014 BU3HAYEHOCTI, 1110 X, € (a, b), x, = b.
Toni I(x,) = E, IT'(x,) = 0 i [1(x) < £ ana Beix x € (x,, b). Binnosinui dasosi
KPpUBi, BiIMiHHi Bill ITI0IOX€eHHS DiBHOBAaru, — rpa&mm dynkuii (5.92) Ha
inTepBaii (x;, b). Pyx Ha KOXHi} i3 LtMX KPMBMX Ma€ OHOGIYHO-aCUMIITO-
THYHMHA XapakTep (Kuit came?).

Bunaodok 3. Jlinii piBua € rpadikamu ¢yHkuii (5.92), KoxHa 3
AKMX BU3HayeHa Ha BcbOMY NpoMikky J (puc. 5.17). Pyx yactusku Binby-
BAETBCA B OAHOMY HalpsiMi I BU3HAYAETHCA 3HAKOM I10YATKOBOI LIBUA-
KOCTi.

5.8.3. Ninii pisna noBHoi eHeprii
B oxoni ii cTanioHapHuX TOYOK

Hagani 6e3 o6MexeHHs 3arajibHOCTI MipKYBaHb po3[/isiIaTHMEMO BUIla-
JOK, KOJIM CTalliOHapHOIO TOYKOIO NOTeHLiaIbHOI eHeprii € Toyka x = 0 i
npu upomy I1(0) = 0.

490



5.8
KoHcepaaTuBHa cncTema 3 OfHUM CTyneHeM BiNbHOCTI

< OsnaveHnn 5.22

Cmayionapry mouky nomeHyiarbHol eHepeii Ha3Usams HeeUpPoONCeRoI,
axuo T17(0) # 0.

B okoJ1i HeBUPOIXEHOI CTaliOHAPHOI TOUKH MAEMO aCUMITTOTUYHY (hop-
MyJ1y

HII(O)x2

M(x) = +o(x?), x > 0.

I1pMpoaHO BHUCJIOBMTH NPHUINYILEHHS, IO B OKOJIi 1104aTKy KOOPAMHAT
— 2 ka
ninii pisHa pyHkuii E(x, y) i cnpouweHoi dyHkuii €(x, y):= %— + 5
k = IT”"(0) noBousiTh cebe aHAIOriUHO.
3a ymoBH, 110 k # 0, MaEMO Takux ABa OCHOBHUX TMINH JRiHi#
piBHS cnpouieHoi QyHKI:

o sKWO k > 0, TO PU KOXHOMY 3HaveHHi E > 0 piBHsiHHA € (x, y)=F
BU3HAay4a€ ejinc (puc. 5.18, a).

e KO k < 0, TO NpY KOXHOMY 3HayeHHi E # 0 piHsHHA € (x, y) = E
BM3Hayae€ ABi BiTkH rinep6oiau, a npu £= 0 — napy acMMIOTOT y =
= +kx (puc. 5.18, 6).

3ayBaxuMo, 1O IpH k > 0 Touka x = 0 € TOYKOIO JIOKAJILHOIO MaKCH-
MyMy, a TIpM kK < 0 — TOYKOIO JIOKJIBHOIO MiHIMYMy IIOTeHLiaJBHOI
GHeprii.

O6rpyHTyBaTH BUCJIOB/EHE BUILE [TPUITYLLIEHHS OO OXHAKOBOIO SIKiC-
MOTO Xapakrepy JiiHi# piBHA dyHkuii E(x, y) Ta £ (x, y) Ka€e 3Mory TaKke
TBepIXEHHS.

yA y{\

X <0
E<Q
‘ %_po\ y=—lklx
a 6
Puc. 5.18



asa 5
OCHOBHI BNACTUBOCT! PO3B'A3KIB CUCTEM AUOEPEHLIIANBHUX PIBHRHb

Nema 5.5. (Mopca)
Hexali BUKOHYIOTbCH YMOBM

M(x) e C*((-a, a) > R), N(V) =0, [1(0) =0, 1"(0) = 0.

Toni 11pu aeskomy 1 € (0, @) icHye dynkuis ¢(x) € C'((-n, 1) =
- {(~a, a)), s1Ka 3a00B0/bHIE TaKi YMOBU: 1) ¢(x) =x + o (x},x — 0;

, ko
2) Ii{p(x)) = ——.
DoBepeHHA
CrnioyaTky piBHSIHHS % = [1(z) pO3B’SLKEMO BiIHOCHO X
. 211
X =signz ( = f(2).

3ayBaxuMoO, WO MiAKOpEeHeBUi BMpa3 y IpaBii 4aCTHUHI NP4 AOCHUTH
masiomy h € (0, a) i BCix z € (-h, h)\{O} HaﬁyBae JIMile JONaTHUX
3HayeHs, amxe 2I1(z)/k = 2I1(z)/T1"(0) = = =2 +o(- , = — 0. INoka3as-

11y, 110 B AeiKOMY OKOJli TouKM z = 0 dyHkuis f (z) Ma€ HenepepBHO

nudepeHLIiHoBHY obepHeHY, NOKNaIeMO @(X) f (x), i nemy Oyne no-
BEJEHO.

®yuxuin f(z) HenepepBHa Ha (—h, i) i Ma€ HenepepBHY NOXiAHY H
KOXHOMY 3 iHTepBaniB (-4, 0), (0, A):
(=) = sign mey L @)z +o(z)

sign = =8ign = —smmm——e— =1 + 0(l), =z - 0.
ky201(=)/k kyz* +o(z?)

3piacu BuIuiMBae, o GyHkuis f(z) Mae noxigHy i y toyui 0:
7@ = lim L2~ tim )= 1.

TakuM YMHOM, f(2) € C'((~h, h) - R). OT)Ke Ha neﬂxomy iHTepBaJi
(-7, n) icHye oﬁepﬂeﬂa dynkuin o(x) = £~'(x) € C((-n, n) > (=h, h)).
[pn nvomy ¢(0) =0, ¢'(0) = 1.

3 poBelieHO] JieMH BUIUIMBAE, 110 3aMiHa 3MiHHOI (nmi)eomop(blsm)
X+ @{x) B okoji Hyna nepeTBopioe dyHKuUilo I1(x) Ha dyHKUiO kx 2.
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58
KOHCepBaTMBHA CUCTEMA 3 OQHWUM CTYNEHBM BiNlbHOCTI

‘Taxum yuHOM, Maiolo JedopMaLli€lo OKOJy OYATKY KOOPAMHAT JIiHii piBHA
(pynkuii €(x, y) MOXHa nepeBecTd B JIiHii piBHA PyHKuii € (x, y). A ue
o3Havae, 1110 MOJI0XEHHSs PiBHOBAru (x., 0), te x, — HEBUPOLXKEHA CTaLiO-
HapHa TOYKa NOTeHUIATbHOI eHeprii, € LeHTPOM, SKIHO B TOYL X, (PyHKIIis
[M(x) Bocsirae (JIOKanbHOro) MiHiMyMYy, i ciluioM, AKIIO X, — TOYKa (JIO-
KaJIbHOro) MakcumyMy s I(x).

5.8.4. NoG6ynosa chasosBoOro noprpera
KOHCEepBaTUBHOI CUCTEMMN
3a rpaddikom noTeHuianbHOI
eHeprii

Ha niacrasi HaBeqeHOro Byiue aHajli3y 3a ONHMUM JiMiie rpadikom no-
reHUiaIbHOI eHeprii MOXHa JicTaTH JOCUThL NOBHE YABIEHHS Npo ¢a3oBuit
noptpet cucreMu (5.91) B uiiomy. i uboro morpibHo: 1) 3HaiTH crauio-
HapHi TOYKH, TOYKM MiHIMyMiB i MakCuMyMiB ¢dyHKuii I1(x); 2) 306pa3urTu
Ha $a30oBiil IUIOLIMHI NMOJOXEHHS PiBHOBAru, siki BianosizaioTb 1IMM TOY-
KaM; 3) BU3HAYUTH 3HAYEHHS MNOTeHLiAIbHOI eHepril B 1l CTallioHapHKX TOY-
Kax (TaK 3BaHi KDUTHYHi 3HAUYeHHSs eHeprii) i nobyaysaTu BiAnoOBiAHI cena-
paTpucu (roMo- ¥ rerepokiiHHi KpuBi); 4) nobyaysatu ¢a30Bi KpUBi B
obaactsx, oOMexeHux cenaparpucamu (puc. 5.19).

1
'
'

-k
T
[
1

T
'
+
1
]
1
¥
1
1
i

...................

o dend

. SRR

B e g

\i
«?

YA

[ VPPN

Puc. 5.19
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OCHOBHI BNACTUBOCT! PO3B'A3KIB CUCTEM OWBEPEHLIIANBHUX PIBHAHDL

A

UMNpuknap 5.1

Jocnioumo kosueanns naocko20 mMameMamu4Ho20 MARMHUKA —
MamepianrbHol mouxku Mmacoww m, npukpinsenol 0o abcoaomuo
meepdoeo cmepiicHA, AKUU MoXxce obepmamuct y 6epmMUKanvHil
naowguni naskono mouku O (puc. 5.20). SIKio HexTyBaTy Barolo
CTePXHs, CWIaMM TepTs i ONOPOM cepeoBMLIa, TO 3aKOH, 33
SIKMM 3MIHIOETbCSA B 4aci KyT X BiAXWJI€HHs CTepXHs Bia Bep-

Puc. 5.20 TuKaNni OA, onuuletbes AudepeHLiaNbHUM PiBHSHHAM

mx +%sin x =0, (5.95)

Jle g — NMPUCKOPEHHSA BiNBHOIO NafiHHA; | — NOBXMHA CTePXHS.
be3 oOMexeHHs 3arajibHOCTI MipKyBaHb Hajai pO3IIsSA3aEMO BMNANOK,

KoJIY il =1 (UbOro 3aBXA¥ MOXHa JOCHAITH 3MiHOIO MaclwiTaby yacy). Pis-
m

HAHHSA X +sinx =0 OMMCYE PYX YAaCTHHKH IO MNpsAMii y NoTeHUiaAbHOMY
nepiogMYHOMY NOJi 3 NOTeHUiaNbHOIO eHeprielo T1(x) = —cos x (puc. 5.21, a).
EkcrpemanbHuMM ToYykaMu Ui€l ¢yHKUil € 2kn, k € Z (TOYKM MiHiMyMmiB) i
2k + Dr, k € 7, (toukn makcumymis). [asi 3HayeHs eHeprii | E| < 1 peani-
3y€ThCst BUNAA0K 1.1 — pyx y noteHuiaibHiik amMi. KpuTuuHuUM piBHsIM eHep-
rii £= 1 pianoBigaioTb reTepokiiHHi KpuBi Bunaaky 1.3. Bunagok 3 Maemo
npu £> 1.

®azosuit noprper y cMysi [0, 2r] x R 306paxeHo Ha puc. 5.21, 6 (yepe3
nepioauyHicth GyHkuil TM(x) Taka caMa KapTHHa crnocrepiratuMmerbcst # y
Oyab-aKil cMy3i [2kr, (2k + D)x] x R).

Toyui x = 0 Binnosinae HUXHE CTiiike NOJIOXEHHs PiBHOBAary, a TOYLli
X = T — BEPXHE HecTiiike. MaaTHuk 3 eneprieo | £| < 1 anificHI0E nepioanuHi
KOJIMBAHHS, He MiAHIMAIOYMCs A0 BEPXHLOTO NoJIoXeHHs piBHOBaru. Ilepi-
Ol KOJIMBAHb MasaTHHMKA 3HaxoauMo 3 bopmynn (5.94):

n YA
3..

5

N

0

Puc. 5.21
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5.8
KoHcepBaTuBHa chcTeMa 3 OHAM CTYNeHeM BinNbHOCTI

dx

8(E) =2 =2
""’JCO%X cos® J.o\lsm 2(9/2) -sin® (x/2)

Ie ¢ — MaKCHMaJIbHMI KYT BilXuaeHHsi MasTHHUKa Bif BepTHKali; E = —cos ¢.
MoxHa nokasaTty, WO NPy Maiux ¢ 3a1eXHiCTb nepiogy Bil aMIUIiTyan Ko-
JIKBaHb Ma€ BULSN

2
&(E) = 27:(1 +SL+...].
16
Ao eHepria MaaTHYKa £ = 1, a IBMAKICTb HEHYJIbOBA, TO BiH aCUMI-
TOTMYHO ITIIHIMAETbCS A0 BEPXHBLOTO MOJOXEHHst piBHOBaru. Takuit pyx Ma-
SITHMKA NPaKTHYHO HEe CIIOCTepiracThcsi, aje TeopeTHyHo icHye. Hapewri,
MasTHUK 3 eHeprielo £ > 1 3nilicHioe obepTanbHi pyxu HaBkosao Touku O.

BNPABU TA 3ALANI

@ Tlobynysatu (pa30Bi MOPTPETH CHCTEM 3 OAHMM CTyIIEHEM BUIBHOCTI:
a) ¥=x-x; 6) X=x-x.
3’sicyBaTH MUTAHHSA MPO iCHYBaHHS FOMO- Ta FETEPOKJiHHUX KPUBUX.

@ ¥ mopeni Kensiepa coHsIMHOT CUCTEMH Maca KOXHOI M/1aHeTH (KOMETH) BBa-
XKAEThCS HECKiHYEHHO Maolo NOpiBHAHO 3 Macolo CoHus. BusiasieTbes, B
LHbOMY BMNaAKy BiacTaHb ruiaHeTH Bid COHLs 3MIHIOETBCS 3 HacOM Tak, K
KOOPAMHATA X y KOHCePBATHBHiM cucrem 3 OAHMM CTyINeHeM BUIbHOCTI #l no-
TEHLaNbHOIO euepnelo I(x) = k/x> —1/x, ne k — nomara crana. [ToGynysaru
azoBuit MOpTPeT TAKOI CUCTEMM; AATH IHTEPHPETALILIO Pi3HMX TUILB TPAEKTOPiH
y TepMiHax BUXiZHOiI MOZeI.

@ Ilobynysatu da3oBuit OPTPET CUCTEMH

X =x-y+sin(x +y),
y=x-y-sin(x+y).



I'aasa 6
AUOEPEHLUIANbHI PIBHAHHA
3 KINTbKOMA HE3ANEXXHUMU 3MIHHUMM

| 6.1 ]

PiBHAHHA
3 YACTUHHUMMW NOXiAHUMMU
nepuworo nOpAAKY

Pignannam i3 yacmunnumu noxionumu nepuio2o nopaoxy Ha3UBa€cTbCA IU-
¢epeHLiiaibHe PIBHAHHS BAIJISIAY

-
F[xl, oy X 1y S ...,f—“]=o, 6.1)
ax) 0x,,
B m(omy F(x,, . , U, pyy -y P,) € C(G R), ne G — nesika o6nactb y

R*™*!. Le puauﬂnml MK OyIeMO 3aMuCyBaTH TaKOX Y KOMITAKTHIILOMY BH-
onagi: F(x, u, grad u) = 0.

Po3zs’ ﬂ3ICO.M pisHanna (6.1) B obnacti D € R” Ha3uBaeThcsa GYHKILsA
u(x) € C'(D+ R) 1aKa, wo (x, u(x), grad u (x)) € Gi F(x, u(x), grad u(x)) =
=0 paa Bcix x € D.

BiguykaHHs po3B’s3KiB piBHAHHS (6 1) MOXHa 3BeCTH A0 1HTerpyBaH-
H$ AesIKOi CUCTEMM 3BHYaMHHUX audepeHLiaibHUX PiBHAHD — TaK 3BaHOi
cucTeMyu xapaktepucTuk. Came ToMy 3a3HaueHe PiBHAHHS IPUPOAHO PO3-
[JIJaTH B Kypci 3BUYaiiHuX AudepeHLianbHUX PiBHSHb.
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¥4 PigHAHHA 3 YACTMHHMMU NOXiAHUMA NEPLOro NOPRAKY

6.1.1. Nidinxe ogHOpiaHe PIBHAHHA
3 YaCTUHHUMM NOXiAHUMMU
nepiuoro NOpAAKY

Jinitline 00nopione pi6HAHHA 3 YACMUHHUMU NOXIOHUMU NEPuO20 NOPAOKY
M4€ BANIAL

cu _0,

oy 6.2)

f,(x)agf— +o+ [ (%)
X

ne fi(x) e C(Dw— R) (i=1, ..., n) — 3anaHi ¢pyHkuii, D — obnacts y R".
n
byaeMo npunyckaTu, 1o Z | fi(x)|# 0 mpu BCix x € D.

il

3anpoBanuBiy BeKTOp-DYHKUIIO f(x) = (f,(X), ..., f,(x)), piBHAHHA (6.2)
MOXHA 3aIINCATH B KOMNIAKTHOMY Bursai: { f(x), grad ) = 0. 3 ananitny-
HOTO KPUTEPil0 aBTOHOMHOTIO iHTerpajia aBTOHOMHOL CUCTEMM (IMB. I1. 4.3.5)
HeraHO BUIUIMBAE TaKe TBEPILKEHHS.

Teopema 6.1
®dyukuin u(x) € CY(D — R) € po3s’sa3koM pisHsHus (6.2) Toai #
JIMIIE TON, KOJIM BOHA € NEPIHMM IHTerpajioM aBTOHOMHOI CHCTEMH

x = f(x) (6.3)

abo, mo oiHe i Te caMe, IepiluM iHTErpajioM CUCTEMM B CHMET-
puuHii dopmi

dx; dx
= ... = " . 6.4
Jux) Jux) : ©H

9 O3HaveHHn 6.1

Aemonomuy cucmemy (6.3) [cucmemy e cumempuuniii popmi (6.4)] na-
3uearoms cucmemoro xapaxkmepucmux pieuanna (6.2), a ii gpazosi kpusi
(6i0nogioHo inmezpanvhi Kpugi) Ha3usaOMb XapaKmMepucMuKamu ybo20
PIGHAHHA.

Hanani npunyckaemo, 10 KOXeH po3B’a30K cucteMy (6.3) mae Biac-
I'MBICTb €AWMHOCTI.
6 4Hexaﬁ U,(x), ..., U,_,(x) — noBHuit Habip nepiiMx iHTerpais CUCTEMH
(6.4) i
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U =A{(uyy sty ) R (g oy u, ) = (Uy(), ..y U, (x)), x € D}

— o61acTb 3HaueHb BifoOpaxeHHs, sike KOXHil Touui x € D CTaBUTb y
BilNOBiAHICTb TOYKY (U,(X), ..., U, (x)) € R"~ I, Cxopucraslumcs Teope-
MOIO NpPO HeABHY PYHKL0, MOXHa JOBECTH, 110 U — BIAKpHTa MHOXHUHA
B R"! (nepesipre!).

HosinbHa pynkuia ®(u,, ..., 4, )€ C (U - R) noponxye mepiuuit
iHTerpan

lu(x) = (U, (), ..., U, ()] (6.5)

cuctemu (6.4). Cripapai, ockitbku KoxHa ¢yHkuisa U (x) (i=1, .,n- 1)
NEepeTBOPIOETLCA B CTa/ly B3AOBX JOBLUIbHOI IHTEIpajlbHOI KDUBOI CUCTEMU
(6.4), TO TaKy camy BIacTUBiCTb Ma€ ¥ dpyHkuia (6.5). 13 Teopemu 6.1 Te-
ep BUILUIMBAE, LIO u (x) — pO3B’A30K piBHAHHA (6.2). . '
Hagnaku, B 1. 4.3.4 6y/10 110Ka3aHO, 110 Oyab-sIKMI NepLiMii iHTerpan
cucremy (6.4), npunaiimii okaibHo, € dyHkuiewo in U (x), ..., U, _,(x). -
Tomy cdopmyay (6.5) Ha3UBAIOTL 3adeaabHUM po36 'a3Kom pieHanHs (6.2).

OMfNpuxknap 6.1

Pozznanemo pienanns

ou ou 2
ZiraZE 0 2
Y +a6x , (I, x) e R

3anuiieMo CUCTEMY XapakTepucTuK: df = dx/a. Yi nepumit interpan
U(t, x) = x — at. 3aranbHui pO3B’A30K PIBHAHHSA: U = D(x — af), ne d : R -
+ R — gosinbHa HenepepBHO audepeHLiitoBHa GyHKLIs.

Hna koxHoi ¢ikcoBaHoi pyHkuii ¢ (x) € C' (R — R) po3B’dA30K U =
= ¢(x - af) spasie cobolo Tak 3BaHy bGixcywy xeuno. I'padik dyHkuii ¢ 3anae
npodinb xBuai, IKMA 3i 3pOCTAHHAM Yacy ! nepeMillla€ThCA B MJIOLHHI
(x, u) B3poBx oci Ox 3i wBMAKICTIO @ (BripaBo npu a > 0 i BniBo 1pu a < 0), He
3MiHIOIOUHM CBOET (GopMH. 3 PO3B’A3KaMu TAKOTO TAIY MU BXe 3ycTpidaaucs
B 1 4.2.5.

ONpuxnap 62

3uaiioemo pieHAHHA NOBEPXOHL ¥ R, xoxcna 3 axux nepemunac cim o cgep, 3a-
danux y cmandapmuux koopouramax (X, y, z) piensannamu x* + y2 + z2 = ¢, nid
npamum Kymom (¢ > 0 — napamemp cim 7).

HBi noBepxHi y CHinbHi#i Touli OpTOroHalbHI TOAI # JMIe Todi, KOAM
ixHi HopMani B wiit Touui oproroHaybHi. lllykany noBepxHio 3agamMo piB- i
HaHHAM U (X, y, 2) = 0, ne u(x, y, 2) — nokwu Wwo HesigoMa ¢yHkuis. Bekrop
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ou du du

ox' ey’ oz
BEKTOp 7 = (X, y, Z2) € HOPMAJLTIO A0 chepH, LIEHTP AKOi 3HAXOAUTHLCH B NO-
YaTKy KOOPAMHAT i AKa IPOXOLUTh yepe3 TOYKy (x, y, z). YMOBa OpTOro-
HaJIbHOCTI BKa3aHuX BeKTOpiB (PiBHICTb HYJIO iX ckansipHOro no6yTky) mae
Burasg avdepeHLianbHOIO piBHAHHSA

] OpTOroHanbHUM A0 Ui€l noBepxHi B Touui (X, y, z), a paiyc-

ou ou u
X—+y—+z—=0.
ax ay o

3anuiueMo BiANOBIAHY CUCTEMY XapaKTePUCTHUK

£=Q=£ x2+y2+:2
x y =z

IMoBHuit Habip ii nepwux iHTerpaniB y KOXHOMYy 3 riBnpoctopiB x> 0 1a
x < 0 mae suraan U (x, y, 2) = y/x, Uy(x, y, 2) = z/x. 1A KOXHOI HENepepBHO
andepenuiftosHoi byHKLUil (4, u,) 1OBEPXHSA, 3aNaHa PiBHAHHAM

®(y/x, z/x) = 0,

€ IIYKaHOW0. 3BHYaiHO, NpH UbOMY Bil QYHKUil @ nOTPiGHO BUMaraTu BHU-
KOHaHHS BiATIOBiAHUX YMOB HEBUPOAXEHOCTI.

Big3HayuMo, mo B OKOJM MAOWMHM X = () 3 BUKOJOTHM IOYATKOM
KOOpAMHAT 3a nepuwli iHterpanu ciaia 6paru Qynkuii Ui(x, y, 2) = x/z,
Uyx, y, 2) = y/z.

6.1.2. KeasininiiHe piBHAHHA .
3 YaCTMHHMMM NOXiAHUMU
nepLIoro NOpAAKY

Keaszininitine pieHAHHA 3 YGCMUHHUMU NOXIOHUMU NEpUiO20 NOPAOKY MA€E
BUIUIAA

u o g(x, u), 6.6)

c n

Six,

ot Sy

hef(x,uy)e C(GHR),i=1,..,n,g(x,u)e C(G|—> R) — 3apani byHxuii

B obaacti G e R"* . Bygemo npunyckaty, Lo Zlf,(x u)|+lg(x, w)|=0
npu Beix (x, u) € G. i=1
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Metoan po3B ’S13aHHA pnamumﬂ (6.6) BUILIKMBA€E 3 TAKUX MipKyBaHb.
Hexait u (x) € C'(D— R) — po3B’30K LIbOTO PiBHAHHS B A€sKii 06J1acTi
DcR™

Zf(x u(x)) cu(x) —g(x, u(x))=0 vx e D. (6.7)

i=1

Flpyu KkoXxHOMY x € D JliBa YacTMHA Lii€l TOTOXHOCTI € CKa/ISIPHUM JO0YTKOM
BEKTODiB

T(X) = (.f](xs u)5 "';f;,(xv ll), g(x5 u))lu-_— u(x)

Ta

A BinoMo, npy XOXHOMY x € D BeKTOD v(X) € OPTOrOHaJLHHUM 10 Ipa-
dika dbynkuii ¢ (x), TobTo 10 rineprnopepxHi, 3agaHoi B R" "' piBHAHHAM
F(x, u) = u(x) — u=0. Anxe grad F(x, u) = v(x). Ale B TaKkoMy pa3i
TOTOXHICTb (6.7) 03Hayae, 110 BeKTOp T(x) JOTHKAETHCH L€l MOBEPXHI.
O1xe, CIIPABILKYETHCH TaKe TBEPIUKEHHS.

TeepaXeHHAa 6.1
®yukuis u(x) € CY(D — R), rpadik skoi sexuts B obnacti G, €
PO3B’SI3KOM piBHsiHHA (6.6) Toai # smiilie TOMNI, KOJIM BeKTOPHE Hojie

(£ 8 = (filx, u), .., f(x, ), g(x, )

JOTUKAETHCS TiNEProBepXHi # = u{x) y KOXHIH 1 Toull.

BexTopHe 1oJe (f, g) NpUpOAHO NOPOILXKYE aBTOHOMHY CUCTEMY

x = f(x, u), u=g(x,u), (6.8)
a TaKOX CHMCTEMY B CUMETPUYHIN (opMi
% du__ (6.9)
Hx, w) T gxw

Hanani npunyckaemo, 110 KOXeH po3B’s30K cucteMH (6.8) Mae Biac-
THUBICTb €UHOCTI.
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o OsnavenHs 6.2

Cucmenmy (6.8) [abo (6.9)] na3usaromb cucmemoro xapaxmepucmux pie-
uanua (6.6), a ii pasosi kpuei (6i0noeidHo inmezpanvhi Kpuei) — xapax-
mepucmukamu Ub0z0 PiGHAHHA.

Haranaemo, o MHOXMHa M < G Ha3MBAETLCA iHMeE2PANbHOIO MHO-
NCUHOW cucmemu (6.9), AKIIO LA MHOXHHA Pa3oM i3 KOXHOIO TOYKOIO x € M
MIiCTHUTb iHTerpajibHy KpUBY, sika IPOXOAUThH Yepe3 TOYKY x. Taka MHO-
AMHA € iHBapiaHTHOIO BiIHOCHO aBTOHOMHOI cucTeMu (6.8) (ouB. n. 5.7),
OCKiIbKY (a30Bi KpUBi OCTaHHBOI 36iraloTbCs 3 iHTErpajlbHUMHU KPUBH-
mu cuctemn (6.9). V noaanbiloMy MM pO3risgaTHMEMO iHTerpajibHi
(iHBapiaHTHi) MHOXHWHH, SIKi MalOTb CTPYKTYpPY NoBepXoHb. [1in m-Bu-
MipHOIO NTOBEPXHEIO B IipocTopi R™ MU po3ymieMo o6pa3 B3aEMHO OHO-
THAYHOTO HeIepepBHO AMGepeHUIIOBHOIO HEBUPOMKEHOro BitobGpaxeH-
nst, siKe jgi€ 3 nestkoi oojacti ngocmpy R™ y npocTip RrY (nmB. pon. 2);
(N - 1)-BuMipHa noBepxHs B R" Ha3nBaeTbCs einepnosepxrero. I[loBepx-
N1, gKa BOAHOYAC € iIHTEIPAJbHOIO MHOXHMHOIO, HA3UBAETHCA iHMezpans-
HOI0 nogepxHero.

3ayBaxuMO, 10 O3HAYEHHs iHTErpalbHOI MHOXHHY (MOBEPXHi)
MOXHa JeTajli3yBaTH, BBiBLUM TIOHATTH 2106an6HOI Ta A0KaAbHOT iHmee-
panvhux nogepxors. FnobanbHa iHTerpaibHa MHOXMHA (NOBEPXHS) pa-
30M i3 KOXHOIO CBOEIO TOYKOIO ITOBHUHHA MICTUTH Henpooosxcysany
iHmezpanbHy Kpuey, sika uepes3 L0 TOUKY NPOXOauTh. B 03HaueHHi 10-
KaJIbHOI iHTerpajibHOi MHOXMHU (TTIOBEPXHi) BUMOra HEMPOAOBXKYBa-
HOCTi iHTerpassHol KpuBoi BincyrHs. Hanaini TepMiHOM «iHTerpanbHa
MOBEPXH» M03HAYATUMEMO, SiK NPABUIO, JOKA/IbHY IHTErpajibHy Mo-
BEPXHIO.

3B’5130K MiX po3B’a3KaMu piBHsAHHS (6.6) Ta iHTerpaJbHUMU NOBEPX-
1IMM cucTeMH (6.9) BCTAHORITIOE Taka TeopeMa.

Teopema 6.2
®yuxuis u(x) € CY(D > R) Toxi i auiue ToAl € pO3B’I3KOM piB-
HsHHs (6.6), xony 1 rpadik € iIHTerpajibHOIO [I0BEPXHEIO CUCTEMU
XapaxTepucTik (6.9).

LHoBeneHHA

Jocmamuicme. S1xuwio rpadik dyskuii 4 (x) € C'(D - R) € inter-
PAILHOIO MMOBEPXHEIO, TO Yepe3 KOXHY HOro TOUKy NpOXOAUTh iHTer-
pajnbHa KpMBa cucteMu (6.9), sika 11boMy rpadikoBi HasexuTh. Bektop-
He noje (f, g) JOTHKAETLCA IHTErpalbHUX KPUBUX cucTeMH (6.9), a
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orxe, i rpadika dyHxuii # (x). ToMy 3 ornsiay Ha TBepaXeHHs 6.1 us
(yHKLUiA € po3B’A3K0oM piBHAHHA (6.6).

Heobxidnicms. Hexait u(x) € C'(D — R) — po3B’S30K piBHAHHS
(6.6). Bizsbmemo noBinbHY TOUKY (X, 4y), X, € D, u, = u(x,) rpadika
¢yHkuii # (x) i nokaxemMo, O Yepe3 110 TOYKY NPOXOIUTb XapaKTepu-
CTHKA, SIKa JIEXUTb Ha MOBePXHi 4 = u (x). L1 LbOro po3risiHeMoO Kpu-
By C(xy, uy), 3anaHy piBHAHHAMU x = x (1), u = u(x(9), t e I, ne x(1),
t € [ — HenpoaoOBXyBaHMI pO3B’a30K 3anaui Kouui

x = f(x, u(x)), x|,.o=xp. 6.1¢

s xpuBa AeXUTb Ha NOBEPXHi ¥ = u(X) i [IPOXOAUTH Yepe3 TOY
(xp, up). Axuio B3ty no ysaru (6.7) i (6.10), To AicTaHeMO PiBHOCTI

x(1) = f(x(1), u(x())),

(1) = ‘2[5“("’ f(x, u(x))]

x=x(f) i=1 Dx,-

= g(x(1), u(x(1))).

du(x(t)) _ o Oulx)
d ,_Zl ax

i x=x()

13 uux ToToXHOCTEeH BUILIMBAE, 1O C(x), 4y) € Pa30BOI0 KPUBOIO CHC-
Temu (6.8), ToOTO XapakTepMCTUKOIO PiBHAHHA (6.6). TakuM YMHOM,

rpadix po3p’si3Ky LIbOTO PiBHAHHSA € IHTErpajibHOIO NOBEPXHEIO CHUCTE-
MM XapakrepucTtux (6.9).

O Hacnipox 6.1

Hexait dynkuisn V(x, u) € C'(G R) € neplum iHTerpajgoM cucre-
MH XapakTepucTuk (6.9) i (xg, uy) € G — noBilbHA TOYKA, B AKiH
Va(xy, up) = 0. Topi, npunaiimni ¢ desxomy oxoni B(xy) < R" mouku x;,
cniggiOHoOuenHs

Vix, u) = V(x;, uy)

eu3HAaYacE 8 HesBHOMY eu2a30i po3e’a3ok u=u(x) e C I(B(xo) > R) pie-
Hanna (6.6) maxuil, wo u (x;) = u,

Cnpapli, HENOPOXHA MHOXHWHA PiBHA NepuIoro inrerpana V{x, u) cuc-
TeMH (6.9) € ii iHTerpajibHOI0O MHOXUHOIO (auB. 11. 4.3.2), a 3a TeOpeMoIo
npo HessBHY GYHKUIIO (IMB. JOA. 2) B OKOJI TOYKH (X, U) 11 MHOXUHA €
rpacikom byHKkuii u (x) € C'(B(xy) - R).
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I3 Hacniaky 6.1 BUILIMBaE TaKe npagunro po36 'A3aHHA pie-
wanua (6.6):

e BUIMCYEMO 3a KoedilieHTaMH piBHAHHSA (6.6) cUCTeMy XapakTepuc-

THK (6.9);
 3HAXONAMMO NOBHMIt HaGIp ii nepwux interpanis V(x, u), ..., V,(x, u);
e 3a[IMCYEMO CIliBBiIHOLLIEHHA
|V(x, u) = oV (x, u), ..., V,(x, w) = 0,—] (6.11)
ae ®(v,, ...,v,)e C (V - IR) — noBinbHa QyHKuis, 9Ka 3300BOJIb-

HSE piBHiCTb 26 11) i and axoi V) (x, u) = 0 y KOXHi# Touui (x, u) € G,
a’V — obuactb 3Haqeub Binobpaxenna G > (x, u) = (V,(x, u), ...,
V,(x, u)) € R"*!; npu ubOMY A0AATKOBO BMMAraemo, moﬁ V(x, u)
11epETBOPIOBAIACS B HY/b X04a 6 B OfHIM TOYLI MHOXUHH
e OCKUIbKM (yHKUig V(x, ¥) € nepuiumM iHTerpajioM CUCTEMHU (6.9), TO
HesiBHa GyHKUig u (x), BU3HA4YeHa cniBBigHOlIEeHHSM (6.11), € po3-
B’SI3KOM piBHAHHA (6.6).
Y n. 6.1.4 6yae nokasaHo, 0 AOBUIbHMI PO3B’A30K piBHAHHS (6.6),
IIpMHAMHI JTIOKAJIbHO, MOXHA HESABHO 3a1aT y surusiai (6.11) 3a sianosia-

nioro subopy bynkuii ®. Tomy dopmysny (6.11) Ha3uBaIOTb 3a2arbhum po3-
6’a3Kkom pieHanna (6.6).

& 3aysaxeHnHsn 6.1
Skwo niHifiHe oaHOpiaHe piBHsAHHA (6.2) po3rasgaTv sIK KBasiniviiiHe, TO

BIANOBLAHA CHCTEMA XapaKTepUCTHK MaTUMe BUIIAL .

dx, _ _ dx, _du

A T fux) 0
1ls cucrema Mae oyeBMAHMIt nepiuMit iHTerpan u = ¢, a noBHMI Habip ii
nepumx iHTerpanis yrsopiotote dynkuii Vi(x, ) = U(x), i=1, .., n- 1,
V,(x, u) = u, ne {U;(x)},_ 1, .. n-1 — NOBHMI HaGip mepiuux iHTerpajis cucre-
My (6.4).

QfNpuxknap 63

3HnaiidemMo pieHAHHA NOGEPXHI, AKA MAE MAKY eaacmueicms: 6iocmanb 006inbHOT
mouku p noeepxhi 00 oci anaikam dopierioe 008xcuHi 6i0pi3ka, wo eidmunac Ha
yiti oci naowuna, domuuna 00 noeepxHi 6 mouyi p.

1llykaHy noBepxHIO 3a1aMO PiBHAHHAM Z = z(X, y). PiBHAHHA 10THYHOT
TUIOLIMHY B TOYUI NOBEpXHi (X, Yo, 2(Xy, ¥)) Ma€ BUDAL
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- = o0 Vo) (x—xq) +

éc(X, Yo)
p —-—(g—)l(J"YO)'*‘Z(Xoa Yo)-

TMoxnaswn Tyt x = 0, ¥ = 0, 3HaiinemMo gosxuHy d(x,, y,) Binpiska, wo #oro
BiITMHAE BiA OCi annikar us rUioiMHa:

a:(X(), ,Vo) xo + (‘}:(Xo, ,Vo)

d(xg, yo) = ax 2y

Ane 3a yMoBolo 3amaui d(xg, y) = \/xﬁ + yg. Orxe, audepeHuianbHe pis-
HAHHS WYKaHOI MOBEPXHi MOXHA MOJAaTH Y BULASAi

&

=z+ x2+y2. 6.12)

I3 nepuwioro piBHAHHA Li€l CUCTEMM 3HAXOAMMO NEpUWIMi iHTerpan V; = x/y.
Jns BiAluyKaHHs Hie OJHOIO MEepLIOro iHTerpana yrBOpMMO iHTErpOBHY
xombiHauiio

xdx +ydy _ dz - d(x* + y?) B d-
X-X+y ¥y zxfxlay? 2x* 4y zx x4 y?

3Bigcn

dinfe ey o &
R )

Moxnagemo Tyt yx* + y* =¢". [lictaHemo niHiitHe piBHANHHA BiIHOCHO Z

& =czte".
dv
3iHTerpyBaBuiy #Oro 3a MeTOAOM HeBM3HaueHMX KoedilieHTiB, 3Haiinemo
z+ve"
ev
XY€E 1€ OAMH NEepIni iHTerpal CHCTEMU XapakTepUCTHK:
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v =:in2 +y? ln\/x2 +y?
’ \/x2+y2

Orxe, wykana ¢yHkuis z(x, y) BU3HAYa€TbCA B HESABHOMY BHIJISIAL PiBHSIH-
HAM

x zi\/x2+y2 ln‘/)c2+y2
Y \/x2 +y?
Tyr dynxuia (v, v,) € C'(R? » R) mae Oytd Takolo, wob piBHAHHA

D(v,, v;) = 0 MoxHa 6ya0 po3B’A3aTH BIZTHOCHO V,: v, = f(v,). 3a ui€i ymoBH
aicraeMo po3B’s3oK audepeHuUianbHoro piBHsAHHA (6.12) B ssBHOMY BMI/1AAI:

o

z= :t\/)c2 +y2 ln\/x2 +y2 +‘/Jr2 +y2f[%}.

¥ ui#t dopmyni 3a f MoxHa GpaTn HOBiUIbHY HenepepBHO AudepeRUIKOBHY
dynxuilo.

6.1.3. 3apava Kowi

[MoBepHeMocs mo npukiany 6.1. 3agaioun npodinb Gixyyol xBuai y
surasgi rpadika dyskuii o(x) € C "R R), M1 BOHOYAC 3 yCi€l MHOXU-
HM PO3B’A3KiB PIBHAHHS BUILISUIM TOM, 1O 3a10BOJILHSAE YMOBY U (1, X) | (o0 =

©(x). YMOBY Takoro TUny NpUpoAHO HA3MBaTH NO4YaTkosoi0. HeBaxko B
1IiA cutyauii noMiTUTKH aHasiorilo i3 3anavero Kouwi mis 3puyaiiHoro aude-
peHuiansHoro piBHAHHA. OnHak, KO A OCTAHHbLOro NMOYaTKkoBe 3Ha-
‘ICHHSI PO3B’A3KY — L€ TOYKa CKiHYeHHOBMMIpPHOIro NpocTopy, TO [Uisl PiB-
HiSHHA 3 YaCTUHHUMH NOXiIHUMM B NTOYATKOBi# yMoBi dirypye dyHkuis —
¢JleMeHT HECKiHYeHHOBMMIPHOrO NMPOCTOpY |B HALLIOMY BMIAAKY — MPOCTO-
py C'(R - R)).

IMouatkoBiit yMOBi 3 npukiany 6.1 MOXHa 1aTH TaKOX reOMeTpUMYHe
‘1JIlyMayeHHsi. A came, B TPMBUMIPDHOMY NPOCTOPi 3 KOOpAMHATaMH (I, x, u)
1aNaMO [UIOCKY KPUBY PiBHAHHAMM ! = 0, u = ¢(x). Toni 3HaneHui po3-
B'A30K u# = ¢(x — af) OIHO3HAYHO BUAUIAETLCS ceped iHUIKMX TUM, 11O Horo
1padik IPOXOAUTD Yepe3 3a3HAUYEHY KPUBY.

BiguToBxyioumncs Bill LbOrO CHOCTEPEXEHHSsI, ¥ BUMAAKY PiBHSAHHSA 3
JIBOMa He3aeXHUMU 3MiHHUMH
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-fl(xlﬁ xl* u)—c;u_'l-fl(xla x25 u)—a—t_l_=g(xh XZ, ll), (6']3)
ax oxy

BU3HauyeHoro B obJyacti G < R3, MIPUPOAHO NOCTABUTH 3a4auy Biflny-
KaHHf TaKkoro po3B’si3Ky u (x, y), rpadik sKoro npoxoaus 6u uyepes
Haiepes 3aaaHy KpuBy I' (y 3araibHOMY BUIAAKY HeIJIOCKY), po3Ta-
woBaHy B obsacti G. lle i € 3aranbHa nocraHoBka 3agaui Kowi mis
piBHsIHHS (6.13).

Teopema 6.2 BKa3ye HaOYHMI1 reoMeTpUUYHHUIA criocié nobyaoBu po3-
B’AA3KYy cOpMy/1bOBaHOI 3anayi. A came: BUIIYCTUMO 3 KOXHOI TOYKM KPH-
Boi I iHTerpanbHy KpMBY CUCTEMM XapaKTepUCTUK

dx, _ dx;, _ du
fi(xl,xz, u) f‘z(-tly X3, u) g(xlax27u).

Y takuii cnocib 6yne yrBopeHo iHTerpajibHy IOBEPXHIO, fiKa MPOXOAUTh
yepe3 xpuBy I' (puc. 6.1). Tenep 3anMIIAETLCS TUIbKM [OKA3aTH, HIO Lis
MOBEpXHs, IIPMHANMHI B AeAKOMY OKOJ1i KpuBOi I', € rpadikoM HenepepBHO
andepenuiioBHol QyHKuUIi u (x,, x,). 3 ypaxyBaHHAM TeopeMy 6.2 dyHKuis
u(x;, x,) 6yae wrykaHuM po3B’s3KoM 3anayi Kowui.

[Micns umrx nonepeaHix MipKyBaHb NOCTaBUMO 3anadyy Kouui ais xpasi-
JiHiiiHOTO (30KpeMa, JiHIMHOro) piBHAHHSA 3 YACTMHHUMU NOXIAHUMU Niep-
1100 NOPSIAKY B 3arajlbHOMY BUIAAKY.

3anaua Kouii: das 3adanoi (n — 1)-eumipnoi nosepxi

I x=§), u=09(s),s=(s, ..., s,_) e D, (6.14)

po3mawosanoi 6 obaacmi G, 3naiimu po3e 330Kk u(x) pienauua (6.6), axuii
3a00604bHAG OU NOYAMKO0BY YMOBY




6.1
serst v PIBHANHA 3 YACTUHHMMM NOXIAHMMY NEPUIOr0 NOPRRKY &

u@s)) =¢s) vse D,

mobmo po3e 30K, epa¢uc AK020 npoxodue 6u vepes nosepxHo I.

lyr D — o6nacte y R~ !, E(s) € C(D > R"), 9(s) € C'(D - R"). Ycionn
najan OyaeMo npuIyckaru, mo BinobpaxenHs § : D > R” B3aeMHO OiHO-
1Ha4yHe i BeKTOpH

&) &) (6.15)
651 asn— 1
JiHiiHO He3anexHi. Toxmi
v:x=E(s),seD (6.16)

¢ rinepnosepxHeo B R~ !, KoXeH i3 BeKTOPiB (6.15), 91110 foro BBaXaTu
HPUKIAIEHNM 10 TOYKH &(S), ROTUKAETLCA B Lill TOulii ¥, a (n — 1)-BuMipHa
1UJIOIIMHA, HAaTATHEHa Ha BekTopH (6.15), yTBOpIOE ROTMYHHMI NPOCTIp A0 Y
y Touli x (s).

3ayBaXHMO, 1110 [TOYATKOBY IOBEPXHIO I” MOXHA 33/1aBaTH He JIMlie fa-
paMeTpUuHO, a ¥ y «HaIniB iBHOMY» BUIJIsLA]

F(x) =0 (piBHSIHH# rineprioBepxHivy),
u = y(x),

8 TaKOX CUCTEMOIO PiBHAHb

Fx,u)=0
Ex,u)y=0

1lpn uboMy Ha ¢GyHKuii F, v, F, F, HaK1analoTbCs NPUPOIHi YMOBY Herle-
pepBHOi AncepeHLIAOBHOCTI Ta HEBUPOLKEHOCTI.

CoopmynioeMo Tenep npakTuuHUi crnocié po3p’s3aHHs 3a1ayi Kot —
TaK 3BaHUA Memo0d xXxapakmepucmuk.

+ BunucyeMo 3a xkoedillieHTamMu piBHAHHSA (6.6) cUcTeMy XapaKTepuc-

THK (6.9).
e lHTErpyeMoO CUCTEMY XapakKTepUCTHK 1 3aNMCYEMO 1i 3arajibHUi iH-
Terpan
Vix, ug) = ¢, ..., V(x, 0) = c,. (6.17)

Tyt {V;(x, w)}}.; — noBHuit HaGip neplUMX iHTerpanis.
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e Jlo 3aranbHoOro iHTerpaja AOMUCYEMO PiBHAHHSA I10YATKOBOI 0-
BepxHi I' i 3 ozepXaHOI cMCTEeMY BUKIKOYAEMO 3MiHHI § (gKkuio I
3aaHO flapaMeTPU4YHO), X, ¥ TaK, W06 AicTaTH CNiBBiAHOINEHHS
®(cy, ..., c,) = 0.

e lllykaHuii po3B’s30K 3aIaEMO SIK HeSIBHY (YHKILIO piBHAHHAM (6.11)

HeBaxko 3po3yMiTH, 110 B OCHOBI BUKJIQJIE€HOTO CIIOCO0Y JIEXHUTD YXKE

3HalloMa HaM Yy BUIIaaKy » = 2 ingest noOyaoBY iHTerpaibHOIl rinepnoBepxHi
fIKa NPOXOAUTH Yepe3 1104aTKOBY (n ~ 1)-BuMipHY noBepxHio I'. Hanpuk-

nan, sikiuo I' 3agaHo y Burisni (6.14), To, sunyunBiuy i3 cucremu (6.14)—
(6.17) 3MiHHi x, u, MaTUMEMO

¢; = V&), o(s)), ..., ¢, =V, (E(s), o(s)). (6.18)

Ilpu dikcoBanoMy s € D TakoMy HaBOPOBi JOBiIBHHX CTAIKX BiANOBiZa€
iHTerpajibHa KpMBa CMCTEMM XapaKTEPUCTUK, KA MPOXOAUTD Yepe3 TOYKY
(E(s), 0(s)) i BU3HAYAETLCH PIBHAHHAMM

Vi(x, u) = VI(E(s), 0(s)), ..., V,(x, u) =V, (E(s), o(s))

(auB. Teopemy 4.3). Ao Tenep i3 (6.18) BUKIIOYMTH napameIpy s, TO
opepxaHe crispigHowerns &(cy, ..., ¢,) = 0 BCTAHORIIOE 3B’A30K MiX J10-
BUIBHUMU CTUIMMH, IKUH 3 YCi€l MHOXMHU XapaKTePUCTUK BHALISE caMe
Ti, 110 NPOXOAATh Yepe3 MOBePXHIO I'. Ajie Toni piBHsAHHSA (6.11) Buainse B
obstacTi G iHTerpaibHy NOBEPXHIO, YTBOPEHY 06’ €/iIHAHHAM XapaKTEPUCTHUK,
sSIKi MalOTb yKa3aHy BJIACTHUBICTb. 3pO3yMilo, LIO U iHTerpajibHa NOBEPXH
MIiCTUTL y cobi noBepxnio I'. Orxe, sikuio (6.11) Bu3Haya€e HenepepBHO
IndepeHUIHOBHY DyHKIIIIO 4 (x), TO OCTaHHs ¥ Oyje LyKaHUM PO3B’A3KONM
3agay4i Kouui.

Y BuIaaKy, KOJM BAA€ETLCSH 3HAWTH 3arajibHMit po3B’si3ok cucteMu (6.8
a60 (6.9) y aBHOMY BMIISZli, BAKOPUCTOBYIOTb €10 iHUIMI BapiaHT MeTo
Ly xapakTepydcTuK. Hexait 111 BU3HaY€HOCTi IOYATKOBY MTOBEPXHIO 3a4aHO
y Buriaai (6.14), a xapakrepucrukamu € $a3oBi kpusi cucremu (6.8). Toui
cxeMa po36’'a3annsa 3adayi Kowi € takolo.

o Jlnsi KOXHOro piKCOBaHOro s € 1D 3HAXOAMMO PO3B’SI30K CHCTEMH
(6.8), axuii 3a10BO/IbLHAE NOYATKOBI YMOBU

x|,_o=8@), ul,_o=o(s).
YBeneMo A1 LbOro po3B’A3KY [103HAYeHHS
x=x(t,5), u=n(t,s). (6.19)
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Takum unHoM, %(0, s) = &(s), n(0, s) = ¢(s), a cuctema piBHsHb (6.19)
BM3HAYAE B [1aPAMETPUYHOMY BUINALL iHTerpajibHy MHOXUHY, SKY
YTBOPIOIOTb XapaKTePUCTUKHM, BUITYLLEH] 3 OBepxHi I'.

e Cucremy piBHsHb X(7, §) = X PO3B’A3YEMO BilHOCHO 3MiHHMX f, S.
TlpunycTuMO, 1O UIsi KOXHOTO X i3 A€sIKOIro OKOJy rineproBepxHi y
LIS CUCTeMA Ma€ €AMHMI pO3B’a30K 1 = T(x), s = o(x).

o YTBOPIOEMO (DYHKLIIO

u =n(t(x), o(x)).

SKuo BoHa HenepepBHO AudepeHLiOBHA, TO ii rpadik € iHTer-
PajdbHOIO [TOBEPXHEIO, AKa [POXOIUTH Ye€pe3 MoYaTKOBY OBEPX-
Hio I'. OTxe, 3HaijeHa QYHKLig € WWyKaHUM PO3B’SI3KOM 3anauyi
Kouui.

JMNpuxnap 64

Po3senanemo o0nosumipHe cepedosuue, AKe CKAAOAEMbCA 3 HACMUHOK MACOI0
m = 1, wo pyxaromsca 3a inepyicio.

SIkuio BincTaHi MiX YaCTMHKaM¥M HEXTOBHO Majli, TO Take cCepefOBHILE
MOXHa BBaxatu cyuinbHum. FIpunycTumo, W0 HA noyaTky pyxy BiAcTaHi
MiX yacTunHkamu Habarato Ginbuii, HixX po3mipu yactuHok. Toxi ocranHni
NPOTAroM MEBHOIO Yacy MOXYTb PYXaTHUCS 3 Pi3HHMM LIBMAKOCTAMM, HE
3iLITOBXYIOYUCH OLHA 3 OJHOIO.

3anposaaumo dyhkuio u(f, x), sska To4ui (2, X) CTaBUTh y BiANOBiA-
HIiCTh LIBMAKICTb YACTMHKM, PO3TALIOBAHOI B MOMEHT 7 y TOULi 3 KOOPAH-
Haroto x. Hexa¥ npwm t_ 0 dyHKUin po3noainy WBUAKOCTEH YAaCTUHOK
sigoma: u(0, x) = o(x) € C'(R - R). 3anaua nossirae y BigwykaHHi QyHKuii
pO3NoAiY LUBUAKOCTEH y NOBUIbHUU MOMEHT yacy ¢ > 0.

OCKiIbKH 33KOH PYXy YaCTHHKH 33 iHepui€l0 onucyerbcn audepeHi-
aJbHUM DIBHAHHAM X =0, TO wiykaHa ¢yHkuis u(f, xX) XxapakTepU3yeThCs

d
YMOBOIO Zu(t, x) = 0. punycrusiuy, wo u(?, x) HeilepepBHO aAudepeH-
HifOBHA, 3BIACH AICTAHEMO

ou  au . au ou
T+:—.¥=O = -——+u,\—-=0. (6.20)
ct  ox ot ox

Ie Tax 3Bave pignanus fonga. 1o HHOrO CAig 10AYYUTH OYATKOBY YMOBY
ul, o= o(x). (6.21)

Pozp’saxemo 3agayy Kowi (6.20)—(6.21). YTBOPUMO CHCTEMY XapaKTe-
PHCTHK
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gy

KA g _dx _du (6.22)

Bukopucrtapiin ouesuaHuit nepwni interpan V((f, x) = 4, NpA XOXHOMY
u = ¢; 3HAXOAMMO PO3B’A30K NMEPLIOro PIBHAHHA X = ¢;f + ¢,. TakuM unHoM,
3arajnbHuil inTerpan cucremu (6.22) Mae BULISA

u=c¢, x-ut=c,. (6.23);

JonuiueMo cloaM no4yarkoBy yMOBY

t=0, u=0o(x) (6.24)

i 3 cucremu (6.23)—(6.24) sunyunmo f, x, u. Jicranemo ¢, = ¢(c,). Otxe,
po3e’sa3ok 3agaui Kowi (6.20)—(6.21) Bu3Hauya€ThCs fK HesiBHA QYHKLIN
PiBHAHHAM

u=o(x— ut). (6.25)

1leit poss’sizok Moaenioe pyx xsuii, npodinb sikoi B MoMeHT f = 0 3anano
rpadikoM PyHkuii ¢(x) i #Ka 3 ILIMHOM yYacy 3MiHIOE cBOIO (opmy (1o- .
piBHsitte 3 npukaanom 6.1). Cnpasai, Ta YacTrHKa, sika B MOMEHT ¢ = 0 Mana -
KOOPAMHATY X i WwBMAKICTb ¥ (0, X) = @(x), pyxalouucs 3i CTaJIOI0 MBUAKICTIO |
@(x), y MOMEHT uacy ! mepebysaTume B Toyli X + @(X)! i MaTUMe Ty caMy
wsKnakicts. Lle o3navae, wo u(t, x + ¢(x)f) = @(x). O1xe, 3 yacom npodins




6.1
PiBHAHHA 3 4aCTMHHAMW NOXIAHVWMK NEPWOro NOPARAKY

XBUJli 3MiHIOETBCA TaK, LU0 TOYKM AOrO NepeTHHyY 3 NpsaMolo ¥ = ¢(a), ue a —
Oydb-fiKe UMCII0, PYXalOThCsl napanenbHo oci Ox 3i WBMAKICTIO ¢(a).

V sunaagky, 3o6paxeHomy Ha puc. 6.2, Ti Toukn npodino xBuii, sxi
MaioTb Ginbilly OpAMHATY, PyXaloThCd BNPaBO iBUAiLE, 3po3yMisio, 110 TOAi
u(?, x) MOXe 3aMMIIaTUCh OAHO3HAYHOI QYHKUIEIO TUIbKU 10 HEBHOrO MO-
MEHTY 1 = f,, SKM#l XapakTepu3yeTbCs TUM, WO rpadik ¢yHKUil (1, x) Mae
TOYKY 3 BEPTUKAJbHOIO AOTUYHOI. I3 LMM noB’si3aHe siBuile YTBOPEHHS TaK
3BaHUX YAAPHUX XBUJIb.

3aysaxumo, 110 3aga4a Kouwi win piBHsHus T'onda 3 noyarkoBoio yMOBOO

Ul =1 (6.26)

mae 6e3niu po3r’s3kiB. Cnpaai, GyHKuUis u(t, X), BU3HayeHa HesABHO (op-
Mynoto (6.25), 3anoBonbHATUME YMOBY (6.26), ko Bin ¢yHKuUil @(x) Buma-
raTh auiue, o6 BoHa neperropiosanacsa B 1 npu x = 0. Heeanuicts po3p’ss-
Ky 3azavi Kowi B naHoMy BUnaaky cnpMuMHeHa THM, L0 MOYaTKOBA «I10-
BepXHsi» 306ira€ThCsl 3 XapaKTepUCTHUKOIO.

6.1.4. IcHyBaHHA PO3B’'A3KY
3apayi Kowi*

[NpypoaHO BUHMKAE 3alIMTAHHA: 33 AKMX YMOB iHTerpaibHa rinepno-
HEePXHSA, AKA NPOXOAMUTH Yepe3 NOYaTKOBY IOBEPXHIO I, € rpadpikom Hene-
PePBHO AudepeHLiAoBHOT BYHKLT?

o O3HaueHHn 6.3

Hoeepxnio (6. 14) Hazueamumemo Heocobiaueoro, AKwo npu KoxwcHomy s € D
cucmema aeKmopie

F(x(s), o(s)), E—i’(—sl 2‘3‘3‘1 (6.27)
cs) CSy -y

NiHiiiHO He3anexwcna 6 R”, mobmo npu koxcromy s € D gexmop f(x(s), o(s))
He Odomukaembca 2inepnogepxui y y mouui E(s).

Hexait x; — noBiibHA TOYKA rineprioBepxHi y, a s, € D — Taka TOYKa,
o x;, := §(s(3.

!

O OsnaveHHR 6.4 |
Po3g’asox u(x) € C'(D> R) pieHAnHR (6.06) Ha3UBAMUMEMO JOKAALHUM

511



fnasa 6
AWOEPEHUIANBHI PIBHAHHA 3 KINbKOMA HESANEXHUMU 3MIHHUMWU

y mouui x, po3e ‘a3kom 3ada4i Kowi 3 nouamkoeoio nosepxneio T', aKujo
icnye oxin B(sy) = D mouku sy maxui, wo u (§(s)) = ¢(s) Vs e B(s,).

Teopema 6.3
Npunycrumo, o f(x, u) e CH(G-> R, gx, w) e CHG> R)iT —
Heocob1MBa NOBepXHs, 3agaHa piBHaHHsMY (6.14). Toni wist Kox-
HOI TOYKM X, € Y ICHYE JIOKIbHHUIA y TOYLI X; PO3B’A30K 3amayi
Kowi 3 noyatkopoio nopepxHeio I'. byap-fiki ABa JOKaJbHUX Y
TOUL X, PO3B’A3KH TaKol 3aaa4i 301raloTbCss B AEAKOMY OKOJ 1€l
TOYKH.

[loBepeHHA

Jisi xoxHoro s € D no3Hayumo yepe3 /(s) iHTepBajl iCHyBaHHA
HEIIPOAOBXYBAaHOIO PO3B’SI3KY CUCTEMU XapaKTepucTuK (6.8), BU3Haye-
noro ¢opmynamu (6.19). Haragaemo, 1io 1eit po3B’sI30K 3a10BONbHSAE
noyatkosi ymoBu (0, s) = €(s), n(0, s) = ¢(s). 3 Teopemu 1ipo audepeH-
HiAOBHICTH PO3B’sA3KY 3a4a4yi Koiuui 3a 1104aTKOBMMHM JaHUMHU H napa-
meTpamy (auB. n. 5.3.5) BuminBae, wo GyHkuii (4, s) Ta n(t, s) He-
nepepBHO AudepeHiifoBHI B 0bnacti € = {(1,s) e K" : se€ D, te I(s)}.
Ak yxe 3a3Hayaiocs Builie, B Lii obsnacTi piBHsHHa (6.19) Bu3Haua-
I0Tb iHTerpajibHy MHOXHHY M|, YTBOPEHY XapaKTePUMCTUKAMMU, BHU-
NyLieHMMHM 3 TOYOK NoBepxHi I'. SiKiio 3HaiaeThes okin F < € TOUKHU
(0, 5y) € € Takuii, W0 MHOXMHA M < M, BU3HA4Y€Ha PiBHAHHAMH

M: x=x(75), u=n(t,s), (t,5) e F,

€ rpacdikom HernepepBHO audepenuiiiosHol GyHKIT u = u(x), To oc-
TaHHs # Oyje HmyKaHUM JIOKAJILHUM PO3B’A3KoM 3aaa4i Kowii.

1106 3HalTH Taky GyHKUiIO u(x), NOKaxeMo, LIO B AEAKOMY
okoi B(x;) ToukH x; = &(s;) cHMCTEMY PIBHAHD X(f, §) = X MOXHA OAHO-
3HAYHO ?03B’ﬁ3aTld BLOHOCHO 3MiHHUX 7, 5. TouHilue, iCHYIOTb QyHKLUil
1(x) € C'(B(xy) - R), o(x) € C'(B(x,) —~ R"""), si Bu3nayaiors o6ep-
HeHe BinoOpaxeHHs

' B(x) 3 x> (1(%), o(x)) € €,

Tak o 1(xy) = 0, 6(xy) = 55 1 x(1(x), o(x)) = x.

s 3acTocyBaHHSI TeopeM# 11po iCHYBaHHS 00epHeHOro BinoOpa-
JKE€HHS (OMB. 00A. 2) AOCTATHDLO IiepeBipUTH YMOBY HEBHUPOMLXKEHOCTI
Mmatpuui S1kobi Binobpaxenns x(t, s) y Touui (0, s,) abo, uio onxe i te
caMe, [TIePeKOHATHCA B JIiHIHIA He3aneXHOCTI BEKTOPiB
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0. 5) xO.5) a0, s0)

ot &s T 8s,

Ocxkinbku x(t, )|,_ o =fQ(t, ), n(t, N ,_ o = FE), o)) i x(0, 5) = &(s),
TO BUNMCAHUN HaGIp BeKTOpiB 36iraeTsca 3 (6.27) i 3a yMOBOIO YTBO-
pioe 6Gasuc y R”.

Taxum unHoOM, dyHKLUII T(x), o(x) iCHYIOTb, a TOAi, AKIIO 3a F B3s1-
T4 06pa3 BinobpaxeHHs ) ', TO MHOXUHA M 36iraTuMeTscs 3 rpadi-
koM yHkuil

u(x) = n(t(x), 6(x)) € C'(B(xy) > R).

3a TeopeMoIo 6.2 usg GyHKLIA € pO3B’A3KOM piBHAHHSA (6.6).

Bubepemo okin B(sy) TOUKM s, HACTIILKM MaiuM, 1106 E(s) € B(x,)
nnst Beix s € B(sy). Yei Touku (§(s), ¢(s)), s € B(sy) Hanexats M, a
orxe, i rpadiky @yHKuUii u (x), T06TO u (§(s5)) = ¢(s) Vs e B(s,). 3sincu
BUILIMBAE, 1O u (X) — JIOKAIbHUHA Y TOYLI X, pPO3B’A30K 3ana4i Kouui.

Axuo #(x) — iHWMA TaKMH PO3B’A30K, TO ioro rpagik € iHTe-
IPalbHOIO MOBepxHelo, npuuoMy i (E(s)) = ¢(s) s Beix §, AOCUTH
6au3bkux 10 s;. Tomy B nocutbs MaioMy okoii Touku (0, s;) BMKO-
HYETBLCA PiBHICTL 7 (Y (1, §)) = n(t, 5) = u(x(2, 5)), aToni i (x) = u(x)y
NeSAKOMY OKOJIi TOUKH X

[oBeneMo Teriep TeopeMy, sika JacTb HaM 3MOIy OOGIpyHTyBaTu Ipa-

BOMIPHICTb YXMBaHHS TepMiHa «3arajbHUi pO3B’s130K» CTOCOBHO (OpPMYIn
(6.11).

Teopema 6.4

IIpunycrumo, mo flx, w) € CH(G > RY, g(x u) e CHG — R).
Hexan u(x) € C'(D+> R) — NOBUIbHUI PO3B’A30K PiBHAAHHS (6.6),

— HOBLIbHA TOYKa obnacti Diwy = u ("o)

Y neskoMy OxoJi TOYKM (X, Uy) iCHYE nepuni mleman

V(x, u) cucreMu xapakrtepuctuk (6.9) Takuit, mo V(xo, ug) =

Vi(xg, ug) = 0 i HesiBHa PyHKUIA ¥ = I (x), BU3HAYeHa plBHﬂHﬂﬂM
V(x, u) =0, y I0CUTb MaJIOMy OKOJli TOYKH X, 36iracTncd 3 u (x).

LNoBeneHHA

n
Ockinbku Y | fi(x, u)|+|g(x, u)| # 0 npu Beix (x, u) € G i BuKoO-
11 n
HYETbCA TOTOXHICTh (6.7), TO 3| fi(x, u(x))|# 0 wa Beix x € D.
i1
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[punycTMMo 1A BU3HAYEHOCT, WO f,(X,, uy) # 0. Toxi BexTop f(x;, u,)
He NOTMKAETHCS TUIOWNHM, 381aHOI PIBHAHHAM X, = X,,. PyHKuilo
u (x) MOXHA Telep iHTepNpeTyBaTH SK JOKaIbHMHA Y TOYLI X, PO3-
B’430K 3ana4i Kowi 3 He0Cc06/1MBOIO B 0KOJIi X; OYATKOBOIO NO-
BEPXHEIO

T:ox,=Xg,, u=00x, ..., x, ) =ulx,, ..., X, |, Xg,)-

Ha nincraBi ananisy, npopeaeHoro B 1. 5.3.5, MoxHa 3pOOMTH BUCHO-
BOK, 11O B OKOJIi TOYKM (X;, 4;) iCHYE NOBHM# HAbIp NepLIMX iHTErpatis
W (x, u), ..., W,(x, u) cucremu (6.9) Takmit, o

Wilx, wl,, ~, =X i=Lon-11 W(x,u)l ., =4

~Xon

Ioknanemo
Vix, u) = Wx, u) - o(W\(x, u), ..., W,_,(x, u)).

L5 dyHKuis € nepliMM iHTerpaioM CUCTeMM XapakTepucTHK (6.6), wist sKo-
oV(x, u)|, .., =u-oxy, .., X, )1 9K Hacainok, V,(x, w)|,, ., =1
3BiACH BUILIMBAE, 1O PiBHAHHA V(x, u) = 0 y neKOMYy OKOJli TOYKHM X,
BU3HAYAE €AMHY HerepepBHo AucdepeHUiitoBHY GYyHKUIIO 4 = ¥ (x), sKa
3aJ0BOJILHAE MOYATKOBY YMOBY & (x)lx,,», o, = PXp s X, _p)- Lat QyH-
KIIisl € TOKAJIbHUM Yy TOUL X, PO3B’A3KOM 3a1a4i Kouli 3 104aTkoBOK

nosepxHero . ToMy B HOCHTb MajlOMy OKOJli TOYKM X, MAEMO TO-
TOXHICTb & (x) = u(x).

Ockinbky Oynb-akuii nepuinit iHterpan cucreMu (6.9) JIOKaibHO €
dbyHKuUi€lO Big ii Nepumnx iHTerpais i3 noBHoro Habopy (auB. n. 4.3.4), T
3 ypaxyBaHHsM J0OBeJeHOI TeOpeMH MOXHa CTBEep/LKYBaTH, LI0 (opMya
(6.11) Bximouae B cebe BCi po3B’13KM piBHSAHHA (6.6).

[1pypoaHO BUC/IOBUTY TNPUIYILEHHSs, 11O 3 JIOKAJIbHUX PO3B’I3KiB 3a-
sadi Kouii MoxHa yTBOPUTH PO3B’AI30K Wi€il 3anayi, BUSHAYEHHH Y JeAKOMY
oxoi BCi€l rinepnoBepxHi y. Lle npunyuieHHs, o0HAK, He 3aBXAM CIIpaBa-
XKYETbCS, 5KILO HE HAK/IACTH NO0AATKOBUX YMOB Ha XapakTep YK/IajeHHs
rinepnosepxHi y y npoctip R”. Hanpukial, Moxe BUSIBUTUCS, 1O VIS nesi-
KOro s, € D 3HalneThCsl NOCIIIOBHICTb {5, }, . (.2,..€ D, saxa He 30iraeTbcst
10 5., onHak &(s,) — &(s.) npu k — oo, Toxi, AKwO NOCHIAOBHICTb {@(s,)} He
36iraerbest 00 (s.), TO B SIK 3aBIOJHO MAJIOMY OKOJIi TOUKHM X, = §(s;), KpiM
JIOKaJIbHOro B il Touui po3B’a3Ky 3asayi Kowi u(x), npu BCix o0CuTh
BEJIMKMX Kk BU3HaYeHi iHlii JoKabHi PO3B’A3KM u,(x), sIKi BiAmoBinawTh
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roukam &(s,). Ipyn ubomy u (§(s,)) # u,(E(sp) = o(s)).
Orke, B JaHOMY BUINAJKY JIOK&IbHUH y TOYLI X,
DO3B’SI30K HEe MOXHA NPOJOBXUTH HA BCIO rinepro-
uepxHio y (puc. 6.3).

o O3nauennn 6.5

Kazamumemo, wo zinepnosepxusa y: x =&(s), se D
npacuavro ekaadena ¢ R", akuo xoxcua nocai-
doericms {s;}, _ ¢ 5 < D, dan axoi icuye s, € D
make, wo &(s;) X E(s.), 36izacmbcs 00 s.. Puc. 6.3

Teopema 6.5

.ﬂxmo nopepxusa I’ ueoco6uuna, a rinepnoBepxHs Y NPaBUWIBHO
BxjaajgeHa B R”, To po3s’sa3ox 3ana4i Konii 3 1104aTKOBOXO nonepx-
é Helo I icHye B Jesxomy oxom rineprioBepxHi ¥.

[oBeneHHRA

3 ypaxyBanHsaMm Teopemu 6.3 Ta ii moBedeHHst JOCTATHLO BKa3aTH Minobaacts G
obnacti €, sika mania 6 Taki Biactusocti: 1) Bino6paxenns y : G — R” B3aeMHo
onHO3HauHe; 2) aKWo (2, 8) € G, To i1 (A, 5) € G aas Beix A € [0, 1.

Crnipasai, TpUnycTHMO, WO Taka MHOXuHA G icHye. Toai: a) yHkuil 1(x), o(x),
siKi BU3Ha4al0Th oGepHeHe BinoGpaxenus x ' = (1, o) : x(G) — G, HenepepBHO
andepeHUifoBHi B obnacTi 4(G) — obpa3i MHOXMHU G (iHaklle KaxyyH, Binobpa-
XeHHA ¥ : G - R"” — andeomopdizm); 6) obaacts x(G) MICTHTS TifneprnoBepxHIO y;
B) rineproBepxHs, 3anaua B R™*! pisusHnsimu (6.19), ae (¢, 5) € G, € inTerpanpHolo
MTOBEPXHEIO, sIKa MPOXOAMTH 4epe3 I i sika € rpacdikom dyHkuii # (x) := n(t(x), s(x)) €
e C’(x(G) — R). OctaHHs # € lwyKaHUM po3B’s3KoM 3aaaui Kouwwi. -

Iepeitaemo ao nobynoBu obsacti G. Hexat XK < D — komnakT. IcHye Take
h >0, o mHoXuHA [-h, h] x K HanexuTb 001acTi BU3HAUYEHHS BinoGpaxeHHs
x(2, 5). [lilicHo, yacTuHa rinepnoBepxHi y, yrsopeHa toykamu &(s), s € X, € xomnak-
ToM. Tomy uucno 4 > 0 MoxHa BUGpaTH TaK, 106 |-A, k] € 1(s) npu KoxHoMY s € K
(aus. TBepmxeHHs 1.7).

Tenep y pasi norpebu Lie YUCI0 MOXHA 3MEHUIMTH HACTLIbKY, 1106 BOHO 3a1u-
1LWIOCH aoaaTHUM i BinoGpakeHHs x 6yyi0 B3aEMHO OOHO3HAYHUM Ha [-A, A] x K.
Cnpasai, s1x6u1 ue 6y10 HEMOXJIIMBO, TO 3 YPaxyBaHHAM KOMITAKTHOCTI MHOXHHMH
X icuypany 6 Taki ABi MOCAIAOBHOCTI TOYOK {(fy, S )}x.1. 2. <&, i=1, 2, mo
(%> 0 = (17, 53),

it sy =x(d. sH. k=1,2, .. (6.28)
i(,si)—>(0,s) npuk—> o, nesieX, i=1,2
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Tepeiiwonium B (6.28) A0 rpaHmUi npu k — oo, aictaHemo &(s!) =§s2), 3Biaku
s! =52 ='s,. Ase B TakoMy pasi piBHOCTI (6.28) He MOXYTb BUKOHYBATUCA 1PA BCiX
JIOCHTb BEJIMKKX K, OCKL1bKY BinoGpaxeHHS ) B3REMHO OAHO3HA4HE B AEKOMY OKOJi
Touku (0, 8.).

Manu3noso unucna A > 0 MoXHA JOCAITH 1 BAKOHAHHS TAKOl YMOBH: LISl KOXHO-
1o 5 € K Biapi3ok KpuBOi x = (¢, §), I € |-h, h] nepeTMHAE rinepnoBepxHIO y Jiuiie
B Touui §(s) y momeHT ¢ = 0. JlificHo, B npoTHBHOMY pa3i 3Haiwsacs 6 36ixHa no
nesikoi Touky (0, 5,) NOCAILOBHICTD {(2, §,)} < € i nocnizosHicTs {8 } < D Taki, wo
{8} c X, s, # 55, ane

KW Sk ) =8&(8;) o xy.8)=x0,8) k=1,2, .. 6.29)

CnpsiMyBaBIIM TYT kK 10 HeCKiHYeHHOCTI, aictanemo &(s; ) — &(s.), 38iOKy, 3 orns-
[y Ha MPaBWIbHICTL YKiaJeHHs FineproBepxHi y, MaTUMeMoO §; — §.. Ane Toai
pisHocTi (6.29) HEe MOXYTb BUKOHYBATHCS MPH BCiX JOCUTb BENIMKUX K, adXe Bino-
6paxeHHs X, B3aEMHO OLHO3Ha4He B AesKOMy OKosi Touky (0, s.).

TaxkuM 4MHOM, s JoBLIbHOrO Xomnakty K < D icHye Take £ > 0, 110 3a3Ha-
YeHi BUlle BAaCTUBOCTI | Ta 2 BUKOHYIOTbCS HAa MHOXHMHI [-A, 4] x K. o Toro x
npu xoxHomy s € K Biapizok KpuBoi x = x(#, §), t € [-h, h] nepetnHae rinepnosepx-
HIO Y iviue 8 Touui E(S) y MmomeHT 1= 0.

Hexat X, ¢ D — iwe oaun komnakt. [nst HpOro icHye Take h, > 0, wo
Bino6GpaxenHs X Ha MHOXWHI |-h,, ] x K, Ma€ Ti caMi BAacTMBOCTI, 1O # Ha
[-h, Al x X. Manu3noio A > 0 MOXHa NOCATTH B3a€MHOI OIHO3HAYHOCTI BiroGpa-
KeHHSI y Ha MHOXMHI (|- h hl x Ky U (I-hy, by} x X)) Cnpaﬂm, B TNPOTUBHOMY pal
3HANOYTHCS 301KHI nocnmoauocn (., sp} < |- h A xXma{(t).sH))c - hy, k] x
TaKi, wWo (7, ;) = (74, 51). “

. s =x0lsh, k=1,2, ., (6.30)

(4, 89 = (5, 8), (1r.5) > (0. 8)), nelt|<h, s e X, s!eX,. [epeiwoniun
(6.30) po rpanuui npu k — o, gicranemo (4, &) = &(8!). Asie BiApi3OK KpUB
x =x(t, &), te |~h, h] neperunae rinepnoBepxHIO JMILEe B TOYUi E(s.) y MOMeHT =0,
Towmy 1, = 0, s, = s.. 3HOBY aiituL1n cynepeyHocTi: piBHocTi (6.30) e MOXYTb BUKO-
HYBATUCS [ BCIX NOCUThb BEJMKUX Kk 3 OISy HA B3aEMHY OfHO3HAYHICTb Biao6Gpa-
XKeHHs1 ¥ B okoni Touk (0, s.).

Tenep 3po3ymino: A nociinosHocTi komnaktis {K, }, _ 1, 2, ... TaKoi, wo
D = | JX,. onucanum BHwE cnocoboM MOXHa nobynysarH I1OC/iAOBHICTL A0AaT-

12T

HUX yncen {h)} Tax, 106 BinoGpaxeHHs y Gy/10 B3AEMHO OAHO3HAYHUM HA MHOXMHI
(.9 = U(_hn hl) x K B
ey
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6.1.5. HeniniHe PiBHAHHA
3 YACTUHHNMM NOXIAHUMM
nepLuoro NOpAAKY

3acTocyeEMO METO/ XapaKTepUMCTHK [0 PO3B’si3aHHs piBHsIHHs (6.1) 3a-
ranbHoro surasay. Hamani npunyckarumemo, wo Fe C3(G — R).

3a aHanorielo 3 HeIBHUM 3BMYAtHUM AundepeHLiaibHUM PiBHAHHAM
110CTaBMMO Y BianoBiaHicTb (6.1) rinepriosepxHio Sy npocropi R** 1% 3
KOODAMHATAMM (X, U, P) = (X}, ..., X,y Uy Pys -ees P,), 38QHY PIBHAHHAM

F(x, u, p)=0.

2 O3HaueHHn 6.6

Touky ecinepnoeepxhi S Ha3uBAMUMEMO PE2YARDHOIO, AKWO 6 Uill mouyi

o) A A
eexmop i = -C;f— y eees i He nepemeoproemsCa 8 Hyab.
‘ap Cpl apn

-

Hapani o6MeXHMocsi BUBYEHHSAM BHUI1aJKY, KOJIM BCi TOYKY rinepmno-
BEpXHi .S peryJspHi.

BuitioBum 3 nipocropy R”* ! y npocrip R?"*!, pieusinnio (6.1) mocra-
BMMO Y Bill[TOBIAHICTb CUCTEMY

{F(x, u, p)=0, (6.31)

du = pdx (pdx:= p dx, +...+ p,dx,).

3po3ymijo, 1o apyre 3 piBHAHb (6.31) exBiBajleHTHe cUCTEMi piBHOCTEH
Qu . . .

— =p;, i=1, .., n, a TOMY NiC/Isi BUKNIOYEHHS 3MIHHUX P, ..., P, CUCTE-
X,

ma (6.31) nepeTBOPIOETLCH HA piBHSAHHA (6.1).

2 O3naveHHn 6.7

Po3e’nszkom cucmemu (6.31) 6 o6racmi D < R" nazueamumemo sex-
mop-pyuxuiro (u(x), p(x)) € C D~ R'™M, epaghix akoi Hasexwcums
einepnoeepxui S i 0ns akoi pienicms du(x) = p(x) dx euxoHyembcsn 021
ecix x € D, mobmo grad u (x) = p (x).

Y uboMy O3HaYeHHI MOXHa Oy/10 6 BUMaraTu JiMile HerepepBHOCTI KOM-
IIOHEHTH p (X), NpoTe Ajis [oJaIbIUKX MipKyBaHb Oyne 1oTpibHa il Hene-
pepBHa aAugepeHLIHOBHICTD.
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JlaMO I‘GOMeTpPl'-lHe TAyMa4eHHs cucteMu (6.31). Po3rissneMo B npo-
cropi R?** ! nudepenuianbiy GopMy o = du — p dx. 3HaueHHs Li€i bopmu
Ha JOBUIbHOMY BEKTOpi (4, b, ¢) = (a,, ..., a,, b, ¢, ..., ¢,), IPUKIAAEHOMY
IO TOYKHM (X, U, p), OOUKUCIIIOETHCS: 32 TIPABUIIOM

o(@, b, e)=b-pa:=b-3 pa,.
in1

Toni B xoXHi# Touni (xy, 4;, py) PiBHAHHA © = 0 BU3HAYaE€ MHOXMHY BCiX
BEKTOpiB, NPUKJIAaACHHMX 10 L€l TOYKH, Ha AKUX (PopMa o NepeTBOPIOETHLCS
B HYJIb, @ OTXe, FiNepPIUVIOLIMHY, 3aJaHy PiBHAHHAM

u— uy~ pylx - xp) = 0. (6.32)

2 O3HauenHn 6.8

Tinepnaowuny (6.32) Ha3uearoms KOHMAKMHOIO 2iNePRAOUUHOI0 6 MOYYi
(xo, u(]’ Po)

@axTiyHO piBHSAHHA © = 0 BU3Hayae B R*"* ! fiojie rinepruiowuH, cras-
JIAYM y BiANOBIAHICTb KOXHi# Touui npocTopy R¥"* ! KOHTaKTHY rinepruio-
HIMHY, KA [IPOXOIUTh Yepes L0 TOYKY.

2 Os3naveHHn 6.9

Xapaxmepucmuunoro naowunow 6 mouyi (xy, uy, p,) Ha3U6aIOMs MHO-
NCUHY MOYHOK, KOOPOUHAMU AKUX 300060AbHAIOMb cUCmeMy AIHIGHUX
DiGHAHD

a ‘\
;(x xo)+——(u uo)+§—(p Py) =0,

u-uy - po(x—-x9)=0

Oe noxioni gynkuii F obuucaeno @ mouyi (x,, ug, p,)-

3ayBaxuUMo, 1LO Iepiue 3 piBHAHb L€l CUCTEMM BM3HAYa€E JOTUYHY IUIO-
IMHY 10 NOBEPXHi, 3a0aHOi piBHAHHAM F(x, u, p) = F(x;, uy, py). Y nepe-
THUHI LUH€ET TUIOIWMHM 3 KOHTAKTHOIO [UIOLIMHOIO i YTBOPIOETHCS XapaKTepuc-
THYHA IUolMHa, OCKiIbKM MM NPUIIYCTWIHM, 1O BCi TOYKM IOBEPXHi §
peryJiipHi, TO NpUHaiMHi JUIS1 KOXHOI TOYKM 3 JESIKOro OKOJIY Lii€i no-
BepXHi XapaKTepHUCTUUHA [UIOLMHA Ma€ BUMIpHicTb 21 — 1.
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TakuM YUHOM, CHCTEMA PiBHAHb

2 -~ -~
idx +O—F—du +f£-dp =0,
ox ou op

du- pdx =90

B obnacrti G BU3HAYAE none XapakmepucnmuvHux NAOWUH.

BESERNN

TeepaxeHHRA 6.2
Ut Toro 106 BekTop-OyHKLs (4 (x), p(x)) € C(D+> R"* ) Gyna
po3s’sizkoMm cucreMu (6.31), Heobxinno it nocrarHwo, 1106 Ti rpadik
JOTHKABCS MOJISI XapaKTEePUCTUUHUX TJIOMMH (TOBTO AOTHYHA
[UIOMIMHA B KOXHIN TOYLli rineproBepxHi, 3anaHol B G piBHAH~
HAMH U = u(x), p = p(x), HaIeXaja XapakKTEPUCTUUHIN NIOLIKUHI,
sIKa MIPOXOAMTD Yepes 110 TOUKY) i MaB xoua 6 OfiHy CriijIbHY TOUKY
3 rinepnosepxHeio S. :

HoBepeHHA

Hocmamnicme. 3a yMOBOIO iCHYE TOYKa (X, Uy, py), AtsA AKOI
F(xy, uy, py) = 0, i rpadik BexTOp-yHKuii (1 (x), p (x)) ZOTUKAETHCS
T0J1si XapaKTepucTUYHuX 1uiowmH. Hexait x = §(f), t € |0, 1] — piBHAH-
Hs1 JOBLIBHOI KPMBOI, 1110 BUXOOUTD NpH ¢ = 0 3 TOUKH x,. Toni xpusa
x=§(1), u=n(t) = u(§(?)), p= L) = p(&(?)) Hanexutsb rpadiky Bek-
Top-byHKuUii (1 (x), p(x)), a TOMY LJOTUKAETLCS MO XapaKTepUCTHY-
HMX IUIOLUMH, TODTO

oF
ox

&) +%ﬁ(r) " f;fc'm =0, 4N -LOED) = 0

abo

%[F(x, u(x), p(x)l,. !:m]E 0,

ou(E(1))

£ uen = 20N ¢0) = pemnko.
t cx

Ockinibku xpuBy x = §(f) MoxHa BUOMpaTH AOBLILHO, Tak 10 §(1) Moxe
OyTu #OBiNbHOIO Toukolo obnacti D, a £(1) — IOBiIIbHMM BEKTOPOM
npocropy R”, To 3Biacu
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F(x, u(x),p(x)) =0, gradu(x) =p(x) vxe D. (6.33)
HeobxiaHicTe YMOB TEOpEMH IPOIIOHYEMO [IOBECTH CAMOCTIHHO.
IlepeiizeMo 10 BifllyKaHHS aBTOHOMHO] CUCTEMH

X =f(x,u,p),u=g(x, up)p=hxup), (6.34)
1151 s1k01 6yi10 6 npaBWIbHKUM TaKe TBEPIUKEHHS.

Teopema 6.6
Henepepsuo nudepenuiitopna sexrop-dyHkuia (u(x), p(x))
e CY(D> R™ 1), ne p(x) = grad u (x), Toni i Auiue ToAI € PO3B’SI3-
KoM cuctemu (6.31), xoau 1 rpadik € iHBapiaHTHOIO FIOBEPXHEIO
cuctemu (6.34) i mae xoua G OjHY CTIUIBHY TOYKY 3 S.

Harapaemo, 10 11oBepxHsi, po3TanioBaHa B obnacri G, € iHBapiaHTHOIO
s cuctemy (6.34), SKILO BOHA Pa3oM i3 KOXHOIO CBOEIO TOYKOIO MICTUTE
i 1y dazoBy KpuBy cucteMy (6.34), sixa yepes IO TOUYKY MPOXOAUTD.

[Mepuu HiX LIyKaTy 11paBi yacTuHy cucremu (6.34), 3ayBaxmmo, 110 3 Or-
JisiLy Ha TBepaxeHHs 6.2 BekTopHe rone (f, g, h) NOBUHHE AOTUKATHUCH I10Jis1
XapaKTepyuCTHYHMX ILIOLMH, TOOTO BCIOAM Ha S MalOTh BUKOHYBATHMCS PIBHOCTI

e ko0, g-pf=0
ox cu cp

abo, 1110 oaHe # Te came,

g=pf, ((‘;—F+§£p]f+‘;—Fh=0. (6.35)
ox o Cu ip

Y Bunanky n = 1 apyra piBHiCTb BU3HAYA€E KOMIIOHEHTH f Ta A i3 TOYHiCTIO
. . CF I eF CF

210 JeAKOro MHOXHMKA .. [ = /—(7 h = /.[—— - p}. He o6mexyro-

YK 3arajibHOCTi, MOXHAa BBaXaTu, 1o A = 1. Lli MipkyBaHHs naloTh riacra-

BM it IPMITYLLEHHS, 110 NOTPiOHI HAM BJIACTMBOCTI Ma€ BEKTOpHE Moje,

ZJIs SIKOTO

R L L A i (6.36)
ép cp cx  Cu

BoHo, 04eBMIHO, 3210BOJIbHAE ApYTY 3 piBHOCTeH (6.35).
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JoseaeMo, 1110 BUOIp KOMINIOHEHT BeKTOPHOro nosis ([, g, h) y Burasai
(6.36) 3abe3neuye npaBwibHICTb TeopeMH 6.6,
Y noaaibluoMy HaM 3HanoOuThCs hopmya

-~

éF(x. u(x), gradu(x)) =
ox

oF ¢F Su(x) oF
+——p+ _—

= 5 &

ox cu X dp

(6.37)

+

:lu Sutx). p- grad u(a)

SIKa BUKOHYETbCS A1 KOXHOI dyHkuii u(x) € C*(D — R) TaKoi, Wo
H

~2 ~2
(x, u(x), grad u(x)) € G Vxe D. Y uiil dopmyai < u()x) - {i "(X)l —

X" (/x,-(,‘)&j JI’._]”—]

11e TaK 38aHa matpuus ['ecce. 3 ypaxyBaHHSIM CUMETPUMYHOCTI L€l MaTpuuli
1epesipka npaswibHocTi popmysin (6.37) 3BOOUTHCS 10 MPOCTOI BIIpaBU Ha
amdepeHLIOBaHHS CKIAAHOT (PyHKLUIL.

doBepeHHA Teopemu 6.6

Heobxidnicms. [loxaxeMo, 10 rpadik KOXHOIO pPO3B 3Ky CH-
ctemu (6.31) € inBapiaHTHOIO noBepxHelo cucremu (6.34), (6.36).
Hexait dynkuii u (x) € CH(D — R), p(x) := grad u (x) 3a10BOJIbHAIOTH
cucreMy (6.31), TO6TO /I8 HUX BUKOHYIOThCS piBHOCTI (6.33). BizbMme-
MO NOBUIIbHY TOYKY X, € D i [I0OKaXeMO, W10 Yepe3 TOUKY (X, 4y, Py) =
= (x,, u{(x,), p(x;)) npoxonuth hazoBa Kpusa cuctemu (6.34), (6.36),
siKa HajlexXuTb rpadiky BeKTop-QyHKUii (u (x), p(x)).

Hexait x = x(t), t € I — po3B’si30k cucteMu X = f(x, u(x), p(x))
Takui, wo x (0) = x,. Toai

X (1) =f0x, u(x), pON| (0 (6. 38)
Kpupa, 3anaHa piBHSIHHSAMU
x=x(1),u=u(x()), p=px)), tel, (6.39)
HalexXUTb rpadiky (u (x), p(x)). 3aauiuacTbess BCTAHOBUTY, 1O BOHA €
dazoBoto kpuBoio cucremu (6.34), (6.36). 3 ypaxyBaHHAM ApYyroi 3
piBHOCTel (6.33) MaeMo
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du(x(®) _ Sux D) ¢y _ [ pa) fx (), PG sy =
dt ex

= g(x’ u(x)’ P(x))lx.-x(r)° (6'40)

Hani, nudepenuiloBaHHsa nepiuoi 3 piBHocte# (6.33) 3 ypaxyBaHHAM
dopmynu (6.37) na€e Takuit pe3ysnbrar:

&2u(x) eF(x, u(x), p(x))

= h(x, u(x), p(x)).

ox? cp
Tomy
dp(x(®) _ Sux() ;.\ _
dt ox?
2
- | 2R S 1), POV |, u(x), pOD i (64D
axl ap x = x(1)

®opmynu (6.38), (6.40) ta (6.41) noBoasts, o Kpusa (6.39) € ¢pazo-
BOIO KpUBOIO cuctemu (6.34), (6.36).

Hocmamuicms. Hexali HOBEDXHH 3a1aHa plBHﬂHHﬂMM u=u(x),
p=p(x) =gradu(x), ne u(x) e C (D > R), € iHBapiaHTHOIO [jis1 CUC-
Temu (6.34), (6.36). Toni w1a N0BLIbHO BMOpPaHOI TOYKH X, € D us
CHCTEMa Ma€ PO3B’si30K TAKOrO BUIJISIAY:

x=x(1), u=u(x(®)), p=px()), tel,

ne x(0) = x,. [loTpi6HO NOBECTH, IO BUKOHYETDCS Nepliia 3 piBHOCTEN
(6.33). Maemo

d, t

apx(n) _ h(x, u(x), pOXN| ;o ey
dt

3BiIKH
u(x)cF(x u(x), p(x)) _
Cx ap X = x{1)
Ea

ox ou X x(r), u=ulx(1)), p-pixr))
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Sxiwo Ty noknacty ¢ = 0, ypaxysatu dopmyay (6.37) 1a Toit daxT, uio
X, — IOBiIbHA TOYKa obacti D, To AicTaHeMo

%F(x, ux),p(x))=0 vxeD.

OckiibKi 38 YMOBOIO iCHYE TOuYKa x, € D, B kil F(x., u(x.), p(x.)) =0,
TO repia 3 piBHocTe# (6.33) nilficHO BUKOHYETBCH.

Tenep MM 3 NIOBHMM IIPABOM MOXEMO AT TaKe O3HAYeHHS.

< Osnavennn 6.10

Cucmenmy (6.34), (6.36) nHazusaroms cucmemoro XapaKmepucmuk pieHAN-
Hna (6.1).

& 3ayBaxeHHR 6.2
3BepHiTh yBary. SKIIO iHTerpajibHa MOBEPXHS CHMCTEMHM XapaKTEPHUCTHUK €
rpacdixom BekTOp-yHKUiT (#(x), p(x)) € C' (D R™ "), T0 u(x) 6yae po3-
B’a3x0M piBHsiHHA (6.1) 3a gogatkosoi ymosH grad u(x) = p(x).

Cucrema XxapakTepUCTUK Ma€ BUMIpHicTb 2n + 1. [loBHM# Habip ii aB-
TOHOMHHX iHTerpaniB MicTuTb 2n dyHkuiik. OcKiibky 3a nodya0BOIO Bex-
TopHe nosie (f, g, h) noTHKaETbCs NoBepxoHb piBHA GYyHKLUii F, a oTXe,
noxigHa GyHkuii Fy cuiy cucremu (6.34) R1OpiBHIOE HYJIO, TO MA€ Miclie
TaKe TBepIXEHHS.

TeeppxeHHA 6.3

®yukuis F(x, u, p) € NepiUnUM iHTerpajloM CUCTEMM XaPAKTEPUCTHK
piBHsinHg (6.1). .

IluTaHHsA 11p0 300paKeHHS 3arajJbHOro po3B’s3Ky piBHsIHHA (6.1) 3a
[IONOMOrOIO MIOBHOIO HAabOpy NepiiMX iHTerpajiB CUCTEMH XapakTepUCTHK
BUPilUYETHCS He TaK IPOCTO, K JUISl KBa3iuliHiiHOro piBHAHHA, i TYT He
PO3IISAaTUMETHCS.
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. 6.1.6. 3apauya Kowi pna nenitinnoro
PIBHAHHA 3 YaCTUHHUMW NOXiAHUMYU
nepLIoro NOPAAKY

Jis Toro mo6 nocrasuty 3agavy Kowi ans piBHaHHA (6.1), noTpibHOo
3adaTtu:

e [I0Y4TKOBY II0BEPXHIO

F: x=§&(s), u=o(s), p=vy(s), se D, (6.42)
sIKa HaJIeXUTb rineprnoBepxHi S 1 JOTMKAETbCA IT0JIS XapaKTepUCTUY -
HMX IUIOLUMH;

¢ [IOYaTKOBi YMOBHU

u‘x = E(s) = (‘p(s), (6'43)
grad uf, _ Es) = y(s), (6.44)
aKi MaloTh BUKOHyBaTHCA AN Bcix s € D. Tyt (§(5), o(s), w(s)) €

e C\(D RN,

JlaMo NosICHEeHHS$ 3 npUBOLY Taxol nocraHogku 3anayi Kowi. Ha sin-
MiHy Bill KBa3iiHiiHOro piBHAHHSA, onmel yMoBH (6.43) 1Ll HEAOCTATHBO
Uit OAHO3HAYHOro BU3HAa4YeHHS pO3B’A3Ky piBHsHHA (6.1). [lotpibHo no-
[aTKOBO 331aTH IPafi€HT lyKaHoi (yHKUil B TOYKaX rinepnosepxHi

v: x=§(s),seD

(3rapaiite HesiBHe 3BMYaitHe AubepeHLlianbHe piBHAHHA). Tak 3’ ABIAETHCA
BeKTop-GYHKHis y(s). 3ayBaxumo, 110 i He MOXHa BUOpaTH JOBLILHO: 3
piBHOCTi du = grad u dx BUILIMBAE, 11O

do(s) = w(s)de(s) o 2 gy EE) g o1, n-1

@S i CS i
Bunucani piBHOCTI 03HayaloTh, 110 dopma du — p dx NepeTBOPIOETHCS B
fff,(S) Sp(s)  oy(s)
os; T 8s; &
6a3uc JOTUYHOIO NPOCTOPY A0 r y Touui (§(s), o(s), w(s)). 3Biacu i BuD
JIMBAE YMOBa JOTUKY IOBEPXHEIO [' oS KOHTAKTHAX TUIOLIMH, siKa ¢iry-
pye y ¢dopmyioBaHHi 3anadi Koui,
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6.1
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© v R 7 N B AN (O T o LN

Hasgeneni Buue MlpKyBaHHﬂ [lal0Th 3M0ry 3pobUTU Takuit BHCHOBOK:
3HA4EHHA 2PA0IEHMA WYKAHOT QYHKUIT 6 mOYKax 2inepnoeepxHi 'y cuio eu-
bupamu ceped po3s A3kie p = Y(S) cucmemu n pieHsaHb i3 n HegidomMumu

e G C N S

o oS (6.45)
F(é(s) n(S) p) = ;

RN SRTBOIAAE 1 ORI 50210 11058 s LERLSTHE 0 L BRI AR OO M eV

0 SRR ke LT

:
s et e powis

Hexaii icHyIOTh TOYKM 5, € D i py € R” Taxi, wo (x;, 4y, py) = (§(so),
9(sy), pg) € S i BexTOPH

OF(X(), Uy, py) 0&(30) 0«‘,(5‘0)
cp Toasy T 8s,y

PE . EF(X(), Uy, po)
JIIHIAHO He3aneXHi (ﬂKl.l[O BEKTOp —————————— BBaXaTH I[IpUKIadeHUM

C
10 TOYKH X;, TO CHOPMYILOBaHa yMOBa oaﬁaqae, 11O LA BEKTOP He JOTH-
Ka€EThCA TrineprioBepxHi y). Toni 3a TeOpeMOIO Npo HESIBHY (byHKuilo LIS §
i3 .uesu(oro okoiy B(s,) ToukH s, cuctema (6.45) Mae po3B’a30K p = Y(s) €
e C! (B(sy) — R") (nepempTe')
Hasenemo cxemy pos3e’sssannsa 3adaui Kowi memodom
xapakmepucmuk.

e I3 KOXHOI TOMKM NMOBEPXHi [” BUMYCKAEMO XapaKTEPUCTUKY, TOOTO
VIS KOXHOTO § € D 3HaXoaumo (HelpOAOBXYBaHUI) PO3B’SI30K CUC-

Temu (6.34), (6.36) .
x=x(t9), u=n(t,s), p=§@,s), (6.46)

sikuii 3an0BonbHsE YMOBY %(0, 5) = E(s), n(0, 5) = 9(s), £(0, 5) = y(s)
i Bu3HayeHuit Ha iHtepBaji /(s). PiBHsAHHS (6.46) 1ipu (1, s5) € &€ =
=1{(t,5) e R": s € D, t € I(s)} 3a0a0Tb iHBapiaHTHY MHOXMHY M,
cuctemu (6.34), (6.36).

o [lepiiie 3 piBHAHL cucTeMU (6.46) PO3B’I3yEMO BiIHOCHO 3MiHHUX ¢
T1a 5. 1 = 1(x), s = 6(x).

e Hlykanuii po3p’a3ok 3ajaui Kouwi nopaeMo y sursai
u =n(1(x), o(x)).

Bucsitnumo tenep OCHOBHI MOMEHTH, SIKi CTOCYIOThCS OGIDYHTYBaHHS
3aNpONIOHOBAHOL CXEMU.
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< O3HaveHHn 6. 11

A
ﬂoeepxmo " Hazusamumemo ueocodaucow, AKUWO0 eexmopu

CF(E(s), ¢(s), w(s)) E(s) 2E(s)

- ST ey =
94 €3 CSp -

AIHIUHO He3anexncHi 0ns KowcHo20 s € D.

TeepaxeHHA 6.4

AK10 n104aTKOBA NOBEpPXHA | HeocobsiMBa, TO B OKOJI KOXHOI ii
TOMKM (X;, U, py) iHBApiaHTHA MHOXMHA M., 331aHA PIBHAHHAMMU
(6.46), € rpacixom BexTop-PyHkuii (u(x), p(x)) € C l(B(.vc(,) R,
BU3HAYEHOI B essKOMy OKoni B(x;) ToukH x,. I'padik uiei Bexrop-
(yHKIIl NPOXOAUTh Yepe3 MOYATKOBY INOBEPXHIO [ i HajleXWTh
rineprioBepxHi S.

doBepeHHnA

CkopucTaemMocs MipKyBaHHSIMM, HaBeJJeHUMU B JIOBeJEHHI TeO:
pemu 6.3, i 110KaXeMO, 110 JOKAJIbHO fieplie 3 piBHAHB (6.46) MOXH:
OJHO3HAYHO pO3B’A3aTH BiIHOCHO (/, 5). A caMme, icHy1IOTb GyHKUT
(x) € C'(B(x(,) r» R), o(x) € C‘(B(xo) > R"" 1), ki JIOKa/IbHO BU3HA
yaloTh obepHeHe BiioOpakeHHS

x"': B(xy) 2 x> (1(x), 6(x)) € €,

TaK 1o 1(xy) = 0, o(xy) = s, i x(1(x), o(x)) = x. Tyr 5 € D — Taka
TOYKa, 10 §(sy) = x,. [L1a 3acTocyBaHHs TeopeMu Npo iCHyBaHHs o6ep-
HeHOro Bilo6paxeHHs (AMB. NOM. 2) NepeBipuMO YMOBY HEBHUPOILXKE-~
HocTi MaTpuui SIko6i Binobpaxenns x(t, s) y Touui (0, sp). [ng uboro
MOKaXeMo, L0 CHCTeMa BEKTOpIB

(0, sp) (0, s59) &x(0, sp)
et oesy T &8s,

C . . SFE(s), o(s), w(s
AiHiiHO He3anexHa. Ockinbku (7, s)|, .o = &) ip( ). W)
ép
%(0, s) = &(s), To noTpi6bHa HaM BIACTUBICTb BUIIMCAHOI CUCTEMM BeK-
TOpiB BUIUIMBAE 3 NPUNYLIEHHS NPO HeOCOOAMUBICTh NOBEPXHi [ .

Takum unHoM, yHKUIi T(x), 6(x) iCHYIOTb, 2 TOMY B OKOJi TOYKH
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(xg, Uy, Py) lHBapldHTHa 1oBe pXH3 (6.46) € rpacdikom BekTOp-DYHKIIi
&), p(x)) € C'(B(x) » R'™"), ne

u(x) := n(t(x), o(x)), p (x) := {(1(x), o(x)). (6.47)

3aiMIIMI0CA 3ayBaXUTH, 1O #-BUMipHa NnoBepxHs (6.46) mpoxoamTs
yepe3 (n - 1)-BUMipHY NOBePXHIO | 3a NOOYAOBOIO 1 HAJIEXUTD rinep-
NOBepXHi S 3riaHO 3 TBepAXeHHsAM 6.3.
S O3naueHHn 6.12

Pos3s a0k u(x) € C'(D- R) pieHaHHs (6.6) Ha3ueamMuUMeMO A0KAALHUM
N
y mouyi x;, € Yy po3s ‘azkom 3adaui Kowi 3 nouamioeoio nogepxueio 1,

Ao icuye okin B(sy) < D mouku sy, makuil, wo nowamxosi ymoeu (6.43),
(6.44) éuxonyromscsa ons ecix s € B(sy).

Tegpema 6.7
Sxu10 noYaTkoBa nopepxsa [T HeocoDJIMBaA, TO Ul KOXHOI TOUKH
X, € YJIOK&NbLHUHA y 1l Toulli po3p’a3oK 3anayi Kowi icHye.

JoBeneHHA

3 orsay Ha TBepIXeHHs 6.4 10CTaTHBO IOBECTH, WO DyHKIIl, BU3-
HayeHi ¢opmysiamu (6.47), 3a1OBOJIBHSIOTH TOTOXHICTB p(x) = grad u (x)
abo, 110 onHe it Te came, du (x) — p (x) dx = 0. 114 1LOro nNoKaxeMmo, 1o

an(t, s) - §(t, s)dy(t, s) = 0. (6.48)

Lls ToTOXHICTh O3HaYae, 1o ¢opMa du — p dx Ha BEKTOpax, JOTHUYHHX
A0 nosepxHi M;, BU3Ha4YeHOI PiBHAHHAMM (6.46), nepeTBOPIOETHCS B
HYJib, TOOTO 1O LIS 1IOBEPXHS AOTUKAETLCS M0J5 KOHTAKTHUX riiep-
IVIOLIUH.

3ayBaxuMo, 1O

ldn(t, ) - &, )x(t, 91, o =

n-1y7 o
= (10, )~ L0, KO, sHdr + Y. [M—m s)M]ds :
i os 08;

; 1
= ((g' Pf)|x B(S). u=q(5). p‘-\v(s))d’ +

n-l7 . 5
. ((xf(s) _(s) of:(s)] ds, = 0. (6.49)
es cs

il bl ]
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Inakiue Kaxyyu, nosepxHs M NOTMKAETHCA 105 KOHTAKTHUX rinep-

IUIOIUMH Y TOYKAX MOBepXHi I .
O0YHMCINMO NOXiAHY

(. 5) (. $)dx(r. $)) = diy -y - Gy

|1eit Bupa3 cail po3rasmaTv npocTo SK CKOPOYEHUM 3aMMC 4aCTUHHOL
NOXiJIHOI 33 3MiHHOIO ! BeKTOpa KoedilieHTiB npu dt, ds,, ..., ds,_ |y

dopmi dn(t, s) - L(z, s)dx(t, s) |. Maemo
d-Cdy -€dy =[dg —hdx~ pdflly_y u. v p-t-

dg —hdx - pdf = fdp - hdx =

ox 0

~g£dp+(£+§£p)dx =dF +£(pdx—du),
ép cu

i ockineku F(yx, n, £) = 0, TO OCTATOYHO AiCTAEMO
A‘ ’\F 2] >
ldn -Gyl = - EEED B iy gy

Otxe, KoxeH KoediuieHT dopMu dn -{dy 3a10BONBHSIE CKalisIpHe

iHiitHe o ' i ._ CF(x.m &) ,
JHOPLIHE PIBHAHHS BUIALY Y = - —=——=X. Po3B’si3aB-
oy

WM Ui piBHAHHSA, MAEMO
dn(t, s) - (¢, s)dy(t, s) =

~exp _'[' SF (x(z, ), n(t, 5), (1, 5)) el x
0 cu

x |dn(t, s) - (¢, s)dy(t, $)],.o =0.

O1xe, TOTOXHICTb (6.48) BUKOHYEThCS.

[Ipononyemo CaMOCTIRHO OBECTH, W0 OYab-5Ki ABa JOKAIbHI B TOY-
i x, po3B’a3KHM 3ana4i Kowi 3 He0c0611MBOI0 NI0YATKOBOIO MTOBEPXHEIO |

36iraloThCsl B ACSIKOMY OKOJIi LIi€T TOUKHU.
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Cngpaouucs Ha I0BeACHHS TeOpeMHU 6.5, HeBAXKO BCTAHOBMTH MPaBWIbLHICTb TAKO-
10 TBEPAXEHHS.

Teopema 6.8
A
Axwo noeepxHs I Heoco6GnMBa, 4 rinepnoBepxHs Yy NPaBWibHO BKIageHa B R?,
A

TO po3s’a30K 3ana4i Kowi 3 noyarxosolo nosepxHeio I’ iCHY€ B AesKOMYy
OKOAI ritepriosepxiii Y.

UNpuknap 6.5

Posznanemo pienanna elikoHany («elikonan» 03HA4Ae «300pANCEHHA» )

i éu 2=L
ax,' (‘2,

il

sIKe ONUCYC NowuperHs ceimnosux npomerie 3i wsudxkicmio ¢ 8 00HOpiOHOMY i30-
mponnomy cepedosuiyi. FloBepxHi piBHs WyKaHOI QYHKUIT ¥ (X) HA3UBAIOTLCS
X6UNbOBUMU (DpOHMAMU. 4

Toknagemo ¢ = 1 i npoaHanizyeMo MIOCKui Bunanok n = 2. Ilna pis-

HSIHHA
2 2
ou cu
— +|=—] =1
(?)X 1 (/XZ

rineprnoBepxus Sy NpocTopi R> 3a1a€ThCA PiBHAHHAM

pieps =l (6.50)
FinepnoBepxHsi Y € KPMBOIO Ha ILIOLIKHI: .
Y x=E(s5), x,=8(5), sel. (6.51)

BBaxatuMeMoO, L0 § — HATYPAJIbHMIA 11apamerp.
®i3uHO BUNPABIAHOIO € NOYATKOBA YMOBA

ul = 0. (6.52)
. . . . cu
3riIHO 3 BUKJIZAEHOIO BUILE TEOPIEIO NOYAaTKOBI 3HA4YEHHSs NOXIAHUX p; = >
5 ox
ou . . 1
Py = ¢byuKuii ¥ cnig 3HaAXOAUTH i3 cUCTEMH

0x,y

PIEI(S) + Pr&r(s) =0,
2.2
pi +py =1

N o 529



Iasea 6
ANOEPEHLIANBH! PIBHAHHA 3 KINbKOMA HE3ANEXHUMU 3MIHHUMW

Lli cniBBinHOWIEHHA 03HAYAIOTD, WO B KOXHil TOYLi KPUBOI Y BexTOp grad u
€ BEeKTOPOM HOpMasli OAWHUYHOI AoBXuHM. OcTaHHiii MoxHa BUGpaTH 1BO-
Ma cnioco6amu. [Ins BM3HAYEHOCT PO3IJIAHEMO TaKUil BUIIANOK:

pily =€3(5), 2ol = -EL(). (6.53)

BpaxopaHo, 110 OCKiIbKM § — HaTypaiibHMH napamerp, To (g’l)2 +(§'2)2 =].
CucreMa xapaKTepMCTHK [U1s PiBHSHHS elikoHany B R” micas Maciutao-
HOTrO NepeTBOPEHHA Yacy ! — #/2 Habupae BUIAsLLY

Xp=p, Xp=py, u=1 p =0, p=0.

Po3p’sizaBluy Ui piBHAHHA, 6aunMo, 10 (a3oBa KpUBA, SIKA JIOYMHAETHCS
momenT t = 0 y Touui (x{, x3, u®, p?, p?), Bu3HAYAETHCA piBHAHHAMHU

0, , .0 0, ., .0 0 0
Xy =pri+Xxy, Xp=pl+X, u=t+uy, pp=p, P = P2

Po3B’sixeMO MeTOAOM XapakKTepucTHK 3aaauyy Koiii 3 noyaTkoBumu yMo-
BaMH (6.52)—(6.53). XapakTepHCTHKH, AKi BUXOAATH i3 TOYOK FHOBEPXHI

Foxy=£(5), xp =25(5), u=0, py =E(s), py =~Ei(S),

YTBOPIOIOTb iHTErpaibHy NOBEPXHI0 M}, napameTpuuHi PiBHAHHS SIKOI Ma-
JOTb BUIJISA,

Xy = ES() +E1(8), xy =-Ej(S)t +E(5), u=t,

(6.54;
B =E5(8), py = -E1(s). (1, s) e Rx J.

B okoni kpuBoi y piHsaHHA (6.54) BM3HAYAI0TH WYKaHWid PO3B’A30K y napa-
MeTpUuHOMY BUrsiai. [das Toro o6 3HaiTu Woro ABHUWIM BUIAA, NOTPIOHC
3 nepiiKx 1BOX PiBHAHbL BUPA3ATH § i f uepes X, X,: I = 1(x;, X,), 5 = 6(x|, X,).
Toni u = u(x, x;) = 1x,, x,).

[Ipn dikcosanoMy § € J npsiMa Ha MUIOLIKMHI, 3a0aHa NEPLIMMHK ABOMA
piBHAHHAMKU (6.54), HA3UMBAETLCA NPOMEHEM, KW BUXOAMTb i3 TOUKM
(&,(5), &,(5)). el nmpominb HanpsaMieHuit Mo HopMmaini 40 KpUBOi Y.

SAx yxe 3a3Hayanocs Buwie, AiHil piBHg Qyskuii u(x;, X)) Ha3K®BaIOTh
XBHJIbOBUMH (poHTaMK. DIKCOBAHOMY 3HAYEHHIO f = f, BIANOBLAAIOTH Nap..
MeTpHYHI PiBHAHHS XBWUbOBOIO (POHTY

xp = €2 +E1(8), Xy = ~EJ(S) +E,(5), seJ.

BoHu BM3HAYalOTh Ty JIiHiI0, AKOI 3a Yac f = f, 1OCAra€ CBIiTAO Bifl KPUBOI Y,
KOTpa «CriajiaxHyna» B MOMeHT f = 0. Cripasi, ockinbky (] (5))? + €5 (s))? =1,
1o BincTaHp MiX ToukaMM (§,(s), 5(5)) Ta (E5(s)h +E4(S), — E1(S)L +E5(5))
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BOPiBHIOE f.. Taky BiicTaHb CBITJIO0 AOMA€E 3a YaC ! = f,, A/KE MU MIPUNYCTHAN,
wo c= 1.

Puc. 6.4

3ayBaxuMmo, 11O B 3arajbHOMY BUNAAKy MosepxHs (6.54) su3Hayae po3-
B’s130K 3amayi Kouwi Tinbku B nesikomy okoji kpusoi y. Hexalt, Hanpukian,
ui€lo xpuBoio € napabonsa x, = x12/2 (puc. 6.4). Toni yepe3 KOXHY TOUKY
obnacri / npoxoauTts OAMH MpoMiHb. ¥ Wil obsacti nmosepxHsa (6.54) € rpa-
¢dixoM oaHo3HauHOI pyHKUii. Yepe3 KoxHY TOYKy KpuBoi C, sika € 0OBiIHOIO
B ciM’i HOpMasie# 10 y (eBOIOTOIO KPUBOI Y), Ta 06s1acTb 2 MPOXoAUTh Giibile
HiX onvn npoMidb. Tomy C U 2 — o6sacTb MHOTO3HA4YHOCTI PO3B’SA3KY 3a-
nayvi Kouwi. B ontnui kpusy C Ha3sMBalOTb KaycmuKow.

Puc. 6.5

Toeepxtio (6.54) ansa BUNaiKy, Koau Kpusa y € napa6osioio, 306paxeHo
na puc. 6.5. Ii nasupaloth «ractiBumnum xsoctom». Lleit TepMmin BUHHK Y
meopii kamacmpogh — MaTeMaTU4HIN JUCLMIIiIHI, sika BUBYAE ocobanBocTi
audepeHUiHOBHUX BiaoOpakeHb.
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masa 6
OUOEPEHUIANBHI PIBHAHHA 3 KINMbKOMA HE3ANEXHUMW 3MIHHUMW

BMPABU TA 3AAMI
@® 3mnaitTu 3aranbHi po3s’sA3KM Ta po3s’s3KyM 3aay Kouui:
a) xuy + yuy =u=-xy; w2, )=y +1;
6) u,tgx +’yu_". =u; u(x, x) = x*;

R 2
B) xu, - 2yuy = x° +¥5 u(x. D =x2

@ 3uaitty BCi po3p’a3ky 3anay Kouwi:

a) W’ + yz)u; +uuy -y =0; 1) w(x, xH=x;Du (%sh 2t, ch r] =shr;

6) yu, - xu) —x2 - yHu? = 0; 1) wix, x) = x%; 2) u(cos 1, sin 1)=2/sin 2r;
B) ,):yzu_’r + xzyzl; - (x2 + yz)u =0 D ulx, 2x)=x; 2) u(ch 1, sh t)= sh 21;
N’ -y, - yuy —u=0;1) u(x, cos x) =sin x; 2) w2 +y /2, =y

@ B 0aHOBHUMIPHOMY CEpeOBHILL, IKE CKIANAETCH 3 YACTMHOK, PO3TalOBAHHUX
Ha npsiMiit Ox, pyx 4acCTHHOK BiaByBaeTbCsi nia aielo cuam F(x). Y noyarkosuit
MOMEHT Yacy cepeloBHilEe HepyxoMme. 3HANTH 3aleXHICTb PO3MOALNY LWBUA-
KOCTe# 4aCTHHOK Bill 4acy B TaKMX BUMAAKaXx:

a) F(x) =signx; 6) F(x)=-xsignx; B) F(x) = —sign x/x°.

| 6.2 |
PisHAnHA MNdpacda

Hexait B o6aacti D < R” 3anaHo avdepenuianbyy dopmy
o = a(x)dx = a\(x)dx; + ... + a,(x) dx,

3 HenepepBHO AudepeHLiioBHMMM KoediuieHTamu a;: DR, i=1, .., n
Ycionu Hanali MY pPO3MIsSAATUMEMO JiMllie HEBUPOLXKEHMIA BUIIAAOK, LS.
AKOro BUKOHYEThCA yMoBa ||a(x) || # 0 vx e D.

PiBHsiHHA BUrAsARY

©=0 (6.55)
Ha3UuBaETbCs pigHanuam lgpagdga.
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6.2
e g w3 PiBHANKA Ndpaddash -uf}

[pu n = 2 ue piBHAHHA 3HalloMe HaM i3 1. 1.6, Ae, 30Kpema, 6y0 AaHO
HOro reoMeTpUyHy iHTepIipeTauilo. Tenep My 3poGUMO Lie B 3arajlbHOMY
sunanky. Crapisuy KOXHiit Touli x, € Dy BiANOBIAHICTS TinepILIOIUMHY

P(xy) : a,(xp)(x; — xp)) + ... + a,(xp) (x, - Xp,) =0, (6.56)
OPTOrOHAILHY 1O BEKTOpa a (x;), PiBHAHHA (6.55) 3anae B obnacti D none
rinepruioituH P. [1pyupoaHo copMyaloBaTy 3anayy 11pO BijuyKaHHs k-Bu-
MipHOi (k<n- 1) inmeepa/wnoi' nosepxni noas P, TO6TO Takoi NOBEPXHi, sKa
B KOXHi# CBOIH TOYLI X, JOTMKAETHCSA BIlNIOBIAHOI rinepriomiuny P(x,).
[Ipo Taky noBepXHIO MOXHA TAaKOX CKa3aTH, IO BOHA 0pmozoHaIbHa do

sexmopro2o noas a (x). st k-BUMipHOi NOBEPXHi, 3alaHOi napaMeTpUYHU-
MM DiBHSIHHSAAMU

x=x(s), x(s) e C(D — D),
ne I — obnactb y R, YMOBA iHTErpajbHOCTI BUPAaXAETLCS TOTOXHICTIO
a(x(s)dx(s)=0

OcHoBHolo 11 piBHsHHS [ldadda € 3anaya BialykaHHs iHTerpaib-
HMX MOBEPXOHb MAKCHMMaJIbHO MOXJIMBOI BUMIPDHOCTI k = 1 — 1.

6.2.1. Uinkom inTerposHi
piBuAHHA MNdcpadcca

o O3navennn 6.13

Pignanus (6.55) nazueaiomo uiakom iHmezpoGHUM, AKUO uepe3 KOxC-
Hy mouky obaacmi D npoxodumbe inmeepaivna 2inepnosepxnsa (mobmo
(n — 1)-eumipna inmezpasvra nosepxmus) noas P.

Sk Ham yxe BiloMo, 1IpH n = 2 KoxHe piBHsHHA [1dadda € uitkom
iHTerpoBHuM. LlbOro, onHak, yxe He MOXHa CTBEPIXYBaTH IpH » = 3.

HaiinpocTilu¥m rpyKIagoM LiIKOM iHTerpoBHoro piBHsAHHA [dadda
€ pigHAHHA 6 noeHux Ougbepenyianax, sike xapamepmyenca THM, LLO
(dopma o € TouHolo, TobTO icHye byHKuia U(x) € CX(D > R) Taka, wo

o=dU. (6.57)

|3po3ymino, 1o ToyHi# HopmMi » BillloBilae nomenyiasbre sexmophe noae
a(x) = grad U(x).] Y uboMy Bunaaky obnactb D po3liapoBy€eTbCs iHTEr-
PaIbHUMM TineprioBepXHAMH
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maea 6
AVNOEPEHLLIANbHI PIBHAHHA 3 KINbKOMA HE3ANE)XHUMW 3MIHHUMU

M ={xeD: U(x)=c} (6.58)

— 110BepXHAMH DpiBHst QyHKUil U(x) (cTana ¢ npobirae obnactb 3HaYeHb
dyHkuii U(x)).

Hapnaku, npuiycTuMo, WO Uisi 1OBUIBHOI TOYKH X, € D'y aesikomy i
oxoni B(x,) icHye dynkuia U(x) € C 2(D > R) 3 HeHy/IbOBUM rpami€H-
TOM, IOBEPXHi PiBHS KOl € iHTerpajlbHMMHU MJs nojs P, a otxe, opTO-
rOHaJlbHUMHM 1O BEKTOPHOro nonasi a. Jlerko 6aunMTu, 10 TOAi BEKTOPH
grad U(x) 1a a(x) Oyayrb KoliHeapHUMHM KOXHOMY x € D. A 1ie, CBO€IO
4eprolo, O3Hayae, O B OKOJIi TOUKM X, Wi GOPMU ® iCHYE inmeapysanbHull
MHoxcHuk, TOOTO dyHkuisa u : D R\ {0}, sixa Ma€ RIaCTUBICTb

nw = dU. (6.59)

13 HeBUpOAXKeHOCTI (POPMU ® BUILIMBAE, WO GYHKILIS |\ HerepepsHO nude-
peHLiHoBHa.

3po3ymino, wo piBusinHa Ildadda, s skoro icHye iHTerpyBaibHUHA
MHOXHHUK, L1/IKOM iHTerpOBHE, NPUYOMY, 3HAIOUM IHTErPyBAIbHMIA MHOX-
HUK, MM 3MOXEMO BUIIMCATHU ¥ PiBHAHHS iHTerpajibHUX HOBEPXOHb (IIPH-
HaAMMHi JJOKQJIbHO).

Hani, saxiwo ana dopmu

Ho = b(x)dx= by(x)dx, + ... + b,(x) dx,

o . & QU
BUKOHYETLCA PIBHICTH (6.59), TO 3 ypaxyBaHHSM piBHOCTEMH —— =
i,j=1, ..., n nicTaeMo yMOBY Ha KoedilieHTu b;: Cx;i0X;  OX;0x;

A %))

b, <0 .

—L-—L=0,ij=1,..,n (6.60)
cx;  Cx;

< O3naueHHRn 6.14

Dopmy b (x) dx, das axoi ymoeu (6.60) eukonyromsca 8 KONCHIE mouyi
x € D, nazusaioms 3amxnenoro ghopmoio ¢ obaacmi D.

Binomo (auB., Hanpukian, [4]), 10 B pa3i BUKOHaHHS yMoB (6.60)
KPHMBOJIiHIHM#A iHTerpan J. b(x) dx, npuHaiMHIi B OKOJi TOYKH X,

v(xy. x)
He 3aJIeXUTh Bil KOHKPETHOIO ’Buﬁopy LIAXY ¥(x, X), SKMHA CIIONYYaE x, 3
X 1 HiJIKOM JIEXHUTb B OKOJIi TOUKH X,. [Janwii iHterpait i Bu3Hauae GpyHk-
uito U(x), sika piBHocTsaMuU (6.58) 3amae iHTerpasibHi OBEPXHi PiBHAHHSI
(6.55). Taky byHK1il0 Ha3BeMO inmezpasom pienanna [papga.
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6.2
PisHAHHA MNcpadpa

3HaiiaeMo HeoOXigHi YMOBHM iCHYBaHHS iHTerpyBajlbHOrO MHOXHUKA.
[lpu b; = pa, ax Hacinok (6.60) maemo

Ga; 0a; a 8
= |+gq au —ajutl—:o'
ox;  ox; Cx Ox;

3a 10fI0MOI010 BU3HAYHMKIB LII0 PIBHICTb MOXHA IIOJATH Y BULJALI

é ¢ a a;
pi X X0 = op on |- (6.61)
a, aj f?xi C'xj

OckijibKy BCi MiHOpH TPeTbOTro NOPSAKY MaTpulli

a; a, .. a,
aq a .. a,
15 VRS 1Y Cp
& &, x,

JIOPIBHIOIOTH HYJI0, TO 3 OrJisiay Ha piBHOCTI (6.61) Taky camy BIacTMBICTb
MAa€E i CUMBOJIIYHA MaTPULIA

a; da, a,

e c ¢

— -~ ... — |- (6.62)
oxp 8x &x,

a; a, cee a,

LLlo6 nepekoHaTUcCs B LIbOMY, AOCTATHBHO PO3KJIAcTU Oyab-s1Ki ABa BiAIOBia-

HMX MiHOpM TaKMX MaTpullb 3a iX MepLIMMHU PAOKaAMHU.
BusipiisieTnes, 3HaliaeHa yMOBa € He JiMile HeoOXinHO0, a i JOCTaTHLOIO.

Teopema 6.9 (Dpobeniyca)
me TOro 106 piBHaHH (6.55) 6y10 UiiKOM iHTEIPOBHUM, Heob-
- XiAHo ¥ AOCTAaTHLO, WO YCi MIHOPHM TPETLOIO 11OPSIKY MaTpuiii
(6.62) nepeTBOPOBAINCA B HYJb B 0bnacti D.
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Thaea 6
ANOEPEHUIANBHI PIBHAHHA 3 KINbKOMA HE3ANEXXHUMW 3MIHHAMU

JloBenexHs ui€l Teopemu it n = 3 Oyae HaBeseHo B 1. 6.2.3. Y usomy
BUIIAAKY yMoBa TeopeMy PpobeHiyca HaOKWpae BUTJISLY

a; a, a;
-;i— NC 75— =0 < |a(x)rota(x) =0| (6.63)
X 1 X 2 X ki

q a, as

i O3Hauae, 1O BEKTOPHE 110Ji€ 4 (X) OPTOroHabHE 10 CBOrO poTOopa.

6.2.2. IuTerpannbHi KpusBi
pisHAHHA Ncpacppa

Insi piBHAHHA (6.55) 3aBxau MoxHa 1100y1yBaTy¥ OIHOBUMIPHI «iHTEr-
pasibHi MOBepXHi», TOOTO iHTErpasibHi KpUBi. Ilpu n = 3 11e MOXHa 3pobUTH
TaKuM YMHOM. BizbMeMO NOBUIbHY TOUKY X, € D. Y neskomy ii okosni B(x)
3aBX/[I4 MOXHA BU3HAUYMUTH JBiui HenepepBHO AUdepeHUiHOBHY GYHKILI
F: B(xy) — R, nns skoi grad F(x) 6yB 61 HekojliHeapHUit BEKTOpPY a (x)
Toai cuctema

o=0
’ 6.64
{dF =0 ( )

BU3HA4a€ none Hanpamis y B(x,). Llle nosie HanpsmiB MOXHa 3anaTy Jes-
KOIO CUCTEMOIO B CUMETPHUHIN opmi

dxy  dx,  dxy
L) A A
sIKii BiANOBiA€ aBTOHOMHA CUCTEMa
x = f(x). (6.66)

Bexropne noae f= (f,, f;, ;) 3 TOUHICTIO 10 MHOXHHMKA BU3HAYAETLCS YMO-
" » BOIO: BEKTOD f(X) OPTOrOHa/lbHMi 10 BEKTOPIB a (x) 1a grad F(x). Hanpuxk-
! lan, MOXHa NOK/IACTH
4

1 Sf(x) = |a(x), grad F(x)], (6.67)
{ne [-, -] — onepauis BeKTOpHOro 106y1KY B R>.
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6.2
PiBHAHHA Ndadha

InterpansHi xpuBi cuctemu (6.65) {da3osi xpusi cucremu (6.66)]
)YAyTb iHTEIpajbHMMH KDUBMMHM cucTeMU (6.64), a orxe, piBHIHHA
6.55).

3aypaxumo, 1o cucteMa (6.64) Mae oyeBuaHuUM nepimii interpan F.
oMy 11 BUMIpDHICTb MOXHA 3HU3UTH Ha OLUHULIO.

[IpunyctMMo, Hanpukinaa, 1o as(xy) # 0. Hexaht F= F(x, x,) —
(OBiIbHA ABiYi HellepepBHO AM(epeHLiHOBHA B OKOJIi TOUKH (X, Xo,)
DYHKLis, gKa B LLbOMY OKOJli 3aJ0BOJIbH€E YMOBY HEeBUPOAXKEHOCTI

AF(xy, x)) + CFtx;, X)) =0, i F(x,,, xy,) = 0. Ha miowuni x, Ox, pis-
= 01> %02 1%
Cxy 0x,

1SIHHSA

Fx,, x,) = 0 (6.68)

IM3HAYa€E KPUBY Y, 5IKA IIPOXOJAMUTH Yepe3 TOUKY (X, Xy,). Y NpocTopi R?
JOHO BM3HAYac LWIHIPUYHY NIOBEPXHIO S i3 HANpPSAMHOIO Y i TBipHUMH,
1apanenbHUMH OCi Ox,. 3po3yMino, 1o BeKTopu a(x) Ta grad F(x) =
[ CF(x, x3) &F(xy, x;)
6)(1 ’ ox 2
[oni icHye €aMHa iHTerpajibHa KpMBa

I': x=8(s),s¢el (6.69)

, 0] HEKOJliHEapHi B 1€AKOMY OKOJIi TOUKH X

cucteMH (6.64), sika 1eX1Tb Ha NIOBEPXHi S i NPOXOAUTH Yepe3 TOYKY X;.

s BimykaHHs ui€l kpuBoi noTpi6HO piBHAHHA (6.68) po3p’sa3aTu
BiIHOCHO OHi€l 3i 3MiHHMX 1 pe3yJabTaT MiACTaBUTH B piBHAHHA (6.55).
lictaneMo piBHaHHA [Mdadda Ha miowuHi. Axiuo, Hanpukian, i3 (6.68)
MOXHA BMPa3UTH 3MiHHY X, Y€pe3 X,;, TaK WO X, = ¢(x;) (x4, = ¢(xy;)), TO
PIBHAHHS Ha IUIOWIMHI X, Ox; MaTUMe BUIJIAN

fa) (xy, @(x1), x3) +ay(x). o(x;), x3)¢9'(x))]dx, +
+az(xy, ¢(x)), x3)dx; = 0.

3BMyaitHo, dyHKUilo F cnin HaMaraTucss BUOMpaTH Tak, o6 Le piBHAH-
Hsl JIEKO PO3B’A3yBalocsi. 3HAMILIOBILM OO iHTerpanbHy KpUBY X, = & (s),
X3 = &5(5), AKa NPOXOAUTDH Yepe3 TOYKY (X, Xg,), AICTAHEMO PiBHAHHSA
kpuBoi (6.69), B sikomy E(s) = (§,(s), @(€,(s)), &;(s)). Bona BoaHouac €
($»a30B0I0 KPUBOIO aBTOHOMHOI cucTemu (6.66), ne f(x) Bu3HayeHo ¢op-
myJiolo (6.67).
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fnasa 6
ANOEPEHLUIANBHI PIBHAHHA 3 KINbKOMA HE3SANEXXHUMW 3MIHHWUMW

QMfipuxknap 6.6

Tpupict dW TennoBoi eneprii ra3y nos’s3anuii i3 npupocramu o6’emy dV ta
TACKY dp cniBBilHOIUEHHSM (3aKOH 30epexeHHs eHepril)

C, C
y=dW -Vdp-—LpdV =0, 6.70
¢ R P-RP (6.70)
ne R — rasopa crana, C, — TeMJIOEMHICTs rady npu cransomy o6’emi, C =
=C,+ AR — TenJIOGMHlCTb rasy npu CTaiomy TUCKY, A — ctana (Tepm-mnﬁ
eKBiBaNeHT pobotwu).

Ins navoro Bunagky ymosa teopemu PpobeHiyca He BUKOHYETLCS:

c c

1 Sy e

R R? c

~ ] A

¢ < ¢ =——£—+&$0.
oW v R R

c
S e 1

Tomy piBHaHHA (6.70) He € uinkom inTerpoBHuM. I3 diznuHoro norasny e
03Hayae, Lo TerJioBa eHepris rasy He € QyHKUIEIO HOro cravy, Akl BU3Ha-
4a€TbCA 3HAueHHaMU V, p. Temno, KOTpe NMOFIMHAETLCS (BUALSETLCA) M
yac 1esiKOro rnpouecy — rnepexoay 3i craHy (V , Py) Y cTau (V, p), 3anexutb
Bit KPMEBOi ¥, LU0 CMOYYaE TOYKM X, Ta X, i 306paxa€ThCsi KPUBOAIHIHHUM
iHTerpaiom

W = J —~Vdp +———pdV

Hanpuxnan, kpvBa, B3IOBX KOi BUKOHYETBCS PiBHICTb

C. C
2 Vdp+—LpdV =0, 6.71
R PP 6.71)

3abeaneuye aniabatuuknii npouec (W = const). I3 pisHanug (6.71) nicas
BinoxpemyieHHs 3MiHHuX aictaemo ¢opmyay [lyaccoHa ans apiabGatu:

' C
pVvi = C(k = C—" > l), e C — nosinbHa crana.
SIxmo cxopucrarucsa dopmynoio Knaneipona pV= RT, ne T —
abconioTHa TeMnieparypa rasy, i JOMHOXMTY OOKABI 4ACTMHM PiBHSH-
Hsa (6.70) Ha 1/7, To nobauumo, Lo
aw av V

-5 \.-dfsd(c, WV +C,ln p).
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6.2
PiBnanNA Ncpapda

- . w.p dw .

ToMy KpuBoOsiHiHMIT iHTErpan LV T He 3a/1eXUTb Bill LUIAXY
0. Po

iHTerpyBanHsl, skui cnosy4ae o4y (¥, p,) 3i 3MiHHOIO TOYKOK

(¥, p). Lleit inTerpan BU3Haya€ eHTPONilo — Qi3MYHY BEJIHYMHY, KA

BXe € QyHKUI€IO CTaHy rasy.

o

6.2.3. Llinkom iHTerposHi
pisnAnnA Ndacdda B R?

Hexaii n = 3, a dopma o 3an0BosbHsIE YMOBY (6.63). [Mokaxemo, 1o
uepe3s KOXHY TOUKY Xy = (X, Xq» Xo3) € D MOXHa NPOBECTH iHTErpanbHy
NOBEPXHIO piBHAHHA (6.55), 1 mpuToMy auiue oaHy. Cnocib nobynosy i€l
MOBEpXHi Harajlye KOHCTPYKLUilO po3B’A3Ky 3anauyi Kowii ans piBHIHHA 3
YACTMHHUMM MOXiAHUMHU i nepenbayae Taki K p 0 K U.

e 3HaxoaMMO iHTerpanbHy KpuBy I' : x = E(s), s € [ piBnsiuna [1dad-

¢a, sika MpOXOANTD Yepe3 TOUKY X, (auB. 1. 6.2.2).
e 3amaeMo B D Bextophe nose g (x) € C'(D - R®) rak, mwo6 oo 6yi10
OPTOrOHaJIbHE 10 BEKTOPHOTO 11014 @ (X), TOOTO 3a10BOJIbHAIO YMOBY

a(x)g(x) =0, 6.72)

i He JoTMxajiocst KpuBOi I" y XoaHi# i To4ui. 3okpema, AKILO LIS
KoxHoro s € I Bektopu &'(s) i rot a (§(s)) HekoniHeapHi, TO MOXHa
NOKJIACTH

g(x) =rtot a(x).
1'34

xy
Puc. 6.6
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I'naea 6
ANGEPEHLIIANBHI PIBHAHHA 3 KINbKOMA HE3SANEXXHUMWU 3MIHHUMK

Iosne g (x) 6axano Bu6UpaTy Tak, 106 cucreMa
X =g(x) (6.73)

6yna iHTerpoBHOIO.

o 3 KOXHOI TOYKM KpHUBOi I' BUIycKaeMo ¢(a3oBy KPHMBY CHUCTEMH
(6.73) i TaKMM YMHOM YTBODIOEMO IIOBEPXHIO M|, fIKa IIPOXOIUTH
yepes L0 KpMBY (puc. 6.6, a).

Busipnserpcsa, M i € WYKAHOIO IHTErPAILHOIO NIOBEPXHEIO PiBHAHHSA
Npadda. TouHiwe, KO NO3HAYMTH Yepe3 x(f, s) PO3B’A30K CHCTEMH
(6.73), sixuit 3an0B0/ibHAE 1IOYaTKOBY YMOBY X(0, s) = &(s), TO Mia Aesikoro
0 > 0 piBHsSIHHS

x=x(t,5), e (-3,0),s€ (55— 3, 55+ ) (6.74)

BU3HAYAIOTh (JIOKAJIbHY) iHTerpajibHy NOBepxHIo piBHaHHA [ldadda (6.55),
AKa MPOXOAUTh Yepe3 TOUKY X,.

MHoxuna (6.74) cnpaBai € nosepxHelo. Lleit paxT BUILIMBAE 3 MipKy-
BaHb, HaBeJIEHHWX Y JOBEJEHHI TeOpeM# iCHYBaHHS po3B’a3Ky 3anayi Kouui
JUIS1 KBa3ULiHIHHOIO PiBHSIHHA 3 YACTUHHUMM NOXiAHMMMY HEPLLOro Nopsia-
Ky. Orxe, ans1 00IpyHTyBaHHA C(HOPMYJILOBAHOTO &ITOPUTMY 3IMILIAETHCS
NEPeKOHATUCS B TOMY, L0

oy = ax(t, 9))dx(t, ) =0 V(t, 5) € (-8, 8) x (55— 8, 54+ B).

Jnsa uworo BuBenemMo audepeHuiaibHi PiBHSHHS, SKi ONIUCYIOTh 3MiHY
B 4aci f KoediLicHTiB npu ds i df popMu o). Maemo

3 ~ A 3
ca. OX; X ;
bR T P - T
= :laxj ct = ot
J x=x(1. 5)
i3 ~
; oa; 8,
= ZZ Lg;+a; —L \dx; (6.75)
- =
ic17-1 (,xj- Ox,-
=1y x=x{?, 5)
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6.2
Pisuanxa Nadda

3 (6.72) 3HaxoauMo

3 oA
_ - S 4 8
()-d(ag)~21 .Zl(‘,‘x, g ajgx_i dx;
I= J -
Tomy
3 3 -~
g; ca;
a., ——~=— —“——g
Z:l ! ex; ]Z:_lcx,- /
3 (6.75) Tenep picraemo
303
g da; ¢a;
E-m; = ZZ[E,__E}J_‘]gfdx’ = {lrot a, gldx},_, 4.
i=1j=1\%) i o

OckisibK¥ BUKOHYIOTHCS YMOBHM (6.63) Ta (6.72), To BekTopHe noe {rot a, g]
KOJliHeapHe BeKTOpPHOMY 110110 a. ToMy 3Haiinerbes Taka yHkuis p(x), Hio

%0); = {P(X)a(x)dx} =yt 5) = P(X(f, S))(D;.

Lie # € wykaHe piBHAHHA IS o). Po3B’a3aBluM ioro, aicTaHeMo

~

!
ol = exp“op(x(r, S))d‘t]@)?.
OcxinbkH I' € iHTerpajibHOI0 KpyBOIO piBRaHHs [1dadda, To

o) = a(€(s))dE(s) = a(&(s)E(s) ds =0,

aToMy # of = 0. TakuM uuHOM, piBHAHHA (6.74) cnpaBAi BU3IHAYAIOTH
iHTerpajbHy NOBEpPXHIO piBHAHHSA (6.55).

JoBseaemo ii eauHicts. Hexait, HaBrnaku, iCHYIOTb ABi iHTerpaibHi
noeepxHi S; Ta S, piBHAHNA (6.55), 5Ki NIPOXONHTH YEPE3 TOUKY X, i He
36iraorbcsi B OyAb-siKOMY OkoJi uiel Touku. BoHu MaioTh cniibHy
AOTHUYHY TUIOIMAY 1, OPTOroHanpHy 1O BEKTOpA @ (X,). YBeneMo B R}
HOBY IEKAPTOBY NPAMOKYTHY CUCTEMY KOOPAMHAT (X, ¥, 2) i3 noyatkom O
y Touui X TaK, wob mownHa xOy 3biranaca 3 I1, a Bics Oz 6yna

541



Inama 6
AUOEPEHUIANBHI PIBHAHHA 3 KINbKOMA HE3ANEXXHUMW 3MIHHUMW

CNpAMOBaHa B3IOBX BeKTOpa a(x,). Toxi xoxHa nosepxus S, (i= 1, 2)
B OKOJj1i Touku O Gyae rpadikoM aesikoi HenepepBHO AudepeHLIiOBHOI
dyHxuii z = f(x, y). 3rinHo 3 NpUNYIMEHHAM VIS 5K 3aBrOJHO Maoro
€ > 0 icHye TouKa (X., y.) TaKa, wo | x| +|y.| < € i fi(x., y.) = fo(x., y.).
[loknapemo F= y,x — x,y. PieusinHa F= 0 BU3HAYa€ [IOLIMHY, AKa
fIPOXOAMTH Yepe3 TOUKH (X., Y., f,(x., y.)) i nepeTuHae nosepxxi S| Ta
S, Mo ABOX pi3HUX KpuBKX ', Ta T,

TTosepremocs o crapux koopauHat. Koxua 3 xpusux 'y 1a I,
MPOXOAMTD Yepe3 TOUKY X, i € iHTerpabHOI0 KpUBOIO cUcTeMy (6.64).
Ja ocTtaHHbOl iCHYE Jimilie 0AHA iHTerpajbHa KPUBA, sika NPOXOAUTh
yepe3 TOUKY X;. Llsi CynepeyHiCTb 10BOAMTL EAMHICTb iHTerpanbHOI No-
BEPXHi, SIKa NPOXOAUTH Yepe3 3a1aHy TOUKY.

QnNpuknap 6.7

Pozensanemo piensanna
QQyz+3x)dx+xzdy+ xydz=0. (6.76)

Y naHoMy BURaaKy a(x, y, 2) = (2yz + 3x, xz, xy). Ockinbku rot a(x, y, z) =
= (0, y, -2), To ymoBa (6.63) BUKOHYETbLCS.

3HaineMo iHTerpaibHi KpuBi piBhusiHHs (6.76), ski Jexarbs y nao-
IHMHI

F=y=1.
Ha wiit piBusHHa (6.76) nabupae Burasay
(2z+ 3x)dx +xdz=0.

Lle niHiiHe BIAHOCHO Z PiBHSAHHS JIETKO iHTErpyeThes, i MM AICTAEMO CiM’I0
iHTerpanbHHUX KPDMBHX PiBHsiHHS (6.76), siKi JeXats y MIOiUMHI y = 1;

y=l,z=—c—2— - X 6.77)
b'e
Tenep nobyayeMo BeKTOpHe MoJie g Tak, 1O6 BOHO He JieXalo B MJo-
wuHi y = 1, 3an0BonbHANO yMOBY ag = 0 i cucTeMy X = g(x) MoxHa Gyro
JIerKO 3iHTerpyBaTH. 3py4HO NMOKAacTH g(x, y, z) = rot a(x, y, z) = (0, y, -2).
BianosiaHa cucteMa B CUMeTpHuHil opmMi Ma€e BUIISIA

dx _dy _ds
0 y -z
1i 3aranbhuit inrerpan
Z=c, X=¢, (6.78)



6.2
Pie#AHHA MNpachda

Tenep ang Toro 1wo6 YTBOPUTH MOBEPXHIO 3 iHTErpanbHMX KPHMBMX CiM’i
(6.78), axi a1s PikcoBaHOro ¢ BUXONATD i3 TOYOK KpHUBOi (6.77), pobumo Tak
camo, K i nig yac po3p’si3yBaHHs 3adayi Kouwi mis piBHAHHA 3 YaCTHHHU-
MM noxiaHumu: niacrapasgemo (6.77) y (6.78), BukiaioyaeMo 3MiHHY X, B oaep-
KaHOMY cniBBiAHOWEHHI ¢/¢) — ¢, = ¢; 3aMiHAEMO C|, ¢, NIBUMH 4ACTUHAMM
pisHocre#t (6.78). OcTaTOYHO HiCTAEMO DiBHAHHA CiM’1 iHTErpajJjbHHUX MO-
BEPXOHb piBHsHHSA (6.76):
xhyz+xl=c
3BiacH, 30kpeMa, BHILIMBAE, WO iHTerpyBalbHUM MHOXHHUKOM Gopmu
(2yz + 3x) dx + xz dy + xy dz € Qynkuisa p = x.

BNPABW TA 3A[JAY!
@ 3nuaiiti inTerpansHi mosepxHi piBHaHb [Ndbadda:
a) (x+ yzz3) e+ (1+ 229z dy+ (2 + 3xy222) dz=0;
O)yzdx+2zdy+xyz=0.

@ Hexait n = 3, dopma o := a(x) dx 3an0BoNbHsAE YMOBY (6.63), iHTerpaibHa
kpusa I" piBusHHa [1dadda (6.55) He AOTUKAETHCH BEKTOPHOIO NoJis g(x) =
:= rot a(x) i noBepxHi0 M,. yTBopeHO 3 a30BKuX KPMBHX CHCTEMH X = g(X), AKi
npoxoasite yepes I'. [losecTH, 0 My € iHTerpanbHOIO NOBEPXHEIO PiBHAHHS
o = 0 3a aonomoroio ¢opmyau Crokca. [lns uporo nokazats, wo J,0 = 0 s
6ynb-1Koi He3aMKHeHOI (a oTxe, i 3aMKHeHoi) kpuBoi / c M.

v Bxasiexa. KiHui xpuBoi / MoXHa cnonyyuTH ayramu I, I, pazoBux KpuBux
cucremu (6.73) 3 kpusolo I” (puc. 6.6, 6). Hexali 4,=T N/, (i=1,2)il cT —
nyra 3 KiHUsMH B TOukax 4, A,. Maemo uukn ¢ = I+ | + ', + [, < M. losectw,
mo fcm =0, f,,_w =0.

@ Hexait n =3, popma o := a(x) dx 3an0BoNbHsIE yMOBY (6.63), a(x) = 0 i nyn
KoxHoro dikcosaroro x, QyHkuis V(x,, x,, X,) € iHTErpanom piBHAHHA

a,(xp, %, X3) dx, + ay(X,, X%y, X3) dx, = 0.

IMoka3aTy, 1o iHTerpan piBHsHH: (6.55) MoxHa 3HaitTu y sursaai U(x) =

= V(x) + 9(xy).



Lo BUBYAE CYYACHA TEOPIA
ANOEPEHLUIAJIbHUX PIBHAHDL?

Po36ynoBa Teopii 3BuyaiHux audepeHiuialbHUX PiBHSIHb TPUBAE BXe
noHazg Tpy cToiTTsd. ChOrofHi L MaTeMaTU4YHa IMCLMIUIIHA SRISIE CODO0IO
6araTopiBHeBy CUCTEMY 3HaHb i3 PO3rajayXeHOI0 BHYTPIillIHBOIO CTPYKTY-
poOl0, Pi3HOMAaHITHUMHU 3B’93KaMM 3 iHLWIMMH po3ailaMM MareMaTuku, po3-
BUHYTUM NOHSITIAHUM arapaToM, NOTYXXHHUM apCeHalOM aHALITUYHUX, reo-
METPUYHHUX Ta YUCEJbHUX METO/IB.

Kono npobaeM, axi gocaifkye teopisi audepeHuiajibHUX PiBHSAHb, He-
BIIMHHO PO3LUMPIOETHCSA. 3apa3 y Hilt MOXHA BUOUIMTH GIM3bKO NBANLITH
BeJIMKHUX po3ainiB. 3rinHo 3 KinacugikalifiHOO CHCTEMOIO IIPOBiIHMX pe-
¢epaTUBHMX MAaTEMAaTMYHHUX XYPHAIIB 3arajibHe YMUCAO TEeMAaTHYHMX Ha-
npsamiB (pydpuk), siki 6e3nocepenHbO CTOCYIOTHCA Teopii 3BMYaHUX aunde-
peHUiaNbHKUX PiBHAHD, fiepeBMUILYE fIIBTOPM COTHI i NPOAOBXYE 3pOCTaTH
MoXxHa TakOX HaliuuTH KiibKa JECSATKIB pyOpHK, siKi BinoOpaxaioTh 38’13
KM L€T Teopii 3 iHIIKMMM MaTeMaTUMHMMHU AUCLMIUIIHAMU. | TOMY HaBiT!
JIaKOHiYHi oryisiau ii 3100yTKiB 32 OCTaHHI JECSTW/ITTS HEPiAKO BUIMBa
10TLCs B ©araTOTOMHi BUJaHHS.

s Toro 106 naty yMTayesi xoua 6 noBepxoBe ysiBJEHHS IIPO Cyyac
HMH cTaH Teopii 3BMuaitHUX nudepeHLiaibHUX PiBHSAHb, CTUCAO CXapaKTf
PM3YEMO KilbKa, HAa HALU MOFJAL, HABaX/AMBIilIKX 11 po3iniB, HaBeaey
KOPOTKMil IepeJik 3anay, ki opmyBaiu ob6auuus uiei teopii B XX cT.

Po3nouHeMo 3 sikicnoi meopii dugpepenyiarvnux piensans (S1T). OcHor
He 11 3aBAaHH$ NOJIATa€ Y BUBYEHH] BAaCTUBOCTEN pO3B’sA3KiB audepeH-
HiajbHUX PiBHSHL 0€3 BiJlLyKAaHHsS IBHOFO BUAY CaMMX po3B’s3KiB. Kia-
CUYHMM INPUKIAAOM, SIKUHA Aa€ 3MOTYy JiCTaTU JOCHUTh B0Ope ysaBJIeHHS
npo niaxoam AT, € 3anponoHosauuit XK. [lyankape i I. beHaikcoHoM onuc
MOXJMBOIO pO3TalllyBaHHSA TPAEKTOPiii aBTOHOMHMX CUCTEM Ha ILU1OILMHI
(aus. n. 5.7).
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O BUBYAE CYYACHA TEOPIA ANOEPEHUIANBHUX PIBHAHbL?

B ineasni ocHoBHa 3ana4a AT cTOCOBHO OKpPeMO B3SITOI aBTOHOMHOI (He-
ABTOHOMHOI) cucTeMy Masia 6 nossiraTi B 3MajllOBaHHi [J106anbHOI KAPTUHU
po3tauryBaHHa ii dazosux (iHTerpanbHux) KpuBux. Ha Xansb, siKlio BU-
MIpHIiCTb CUCTEMM MEpPeBUILYE 2, TO TaKy 3a/1a4y BIAETLCSH PO3B’SI3aTH JIMLLIE
y BUHSITKOBMUX Bunaakax. ToMy GL1bll CKpDOMHe W peajibHe 3aBIaHHS NOJs-
ra€ B JIOKaJbHOMY AOCJIiIXEHHI SIKiCHOI NOBEAIHKM TPAEKTOPii, HAlIPUK-
nan B okoni cneuudiyHoi ha3oBoi KpUBOi (110J0XEeHHs PiBHOBAru, LMKy,
KBa3sinepionuyHoi opbitu Towo). Pe3ynpraTH, siKi BOanocs Ha CbOroAHi
HIiCTaTH B LIbOMY HanpsiMi, ineiiHo 61u3eKi 1o Teopemu I'pobmMana—Xapr-
MaHa, copMyJiboBaHoi B 11. 1.9.4.

CaMocTiitHu#t iHTepec CTaHOBMTL i cama npobiemMa iCHyBaHHS TPa€ek-
TOPi¥ yKazaHUX TUINIB. BiinoBinHi TBepaXeHHS AOCUTb YACTO OEPXYIOTh
i3 3aCTOCYBaHHSM TONOAOriYHUX NpuHuMnis. Hanpuknan, sadavy npo ne-
pioduuni po3e a3Ku NomnepeiHbO 3BOJATH 10 331a4i iCHyBaHHSI HEPyXOMOi
TOYKM CreliajbHUM YMHOM Mobynopanoro BinobpaxenHs. Ilicas uboro
3’ABJSETbCS MOXJIMBICTb CKOPMCTATUCA TOMOJOrIYHUMU pe3yjbTaTaMu
TUNYy TeopeMu bons—bpayepa. OcTaHHs CTBEPIXYE, 110 HerepepBHe Bifo-
OpaxXeHHs n-BUMIDHOIO CUMILIEKCY B cebe Ma€ NMpUHANMHI OAHY HepyxoO-
MY TOYKY.

Ak npukiIag HaBeIeMO OOMH LliKaBuil pe3yabTat, ogepxXaHui y 1937 p.
Jix. JIiTABYOOM INiJ Yac AOC/aiXKeHHS BUMYLLIEHUX KOJKBaHb y TaK 3BaHO-
My ocumistopi Ban sep [lons. BianosinHe nudepeHuianbHe piBHAHHS Ma€
BUISAA

X+ k(x? = DX + x = kbjsin AL

BoHO BMHMKAE B pallioeNEKTPOHiLi K CITPOLIEHA MOJIEb JIAMITIOBOTO reHe-
patopa. BusinisgeThcs, 1ie piBHSHHS IPY BEeJIMKMX 3HAYEHHAX IapaMeTpa k i
cneuiabHOMY BubOpi napameTpa b Ma€ ABa aCUMIITOTUYHO CTiIAKUX PO3-
B’a3Ku 3 nepionamu (2n + 1)2n/Ak 1a (2n - 1)2x/A, Ae n — NOCUTL BeJjUKe
HatypajibHe Yyuci10. Lli po3B’a3ky NpUTALYIOTh 10 cebe «OLblUiCTh» iHIIKX
po3s’sa3kiB. Kpim Toro, icHye 3j1iueHHa MHOXMHA HeCTilKMX nepioauyHux
PO3B’$13KiB i KOHTMHYYM HeMNepioJMYHUX i3 NeBHUMU BAACTUBOCTAMMU MO-
BTOPIOBAHOCTI — TaK 3BaHMX PeKYypeHTHMX PO3B’A3KiB (PO BIACTUBICTb
PEKYPEHTHOCTi HTUMEeTbCS Jai).

Jyxe CK1alHOW BUSIBUIACH 3ada4a npo 6U3HAYEHHA KinbKoCmi epanuy-
HUX WuKAie aBTOHOMHO] CUCTeMH Ha IUIOIUMHI, B NPaBill YacTUHI fAKoi ¢iry-
pYIOTh NMoniHOMM cTeneHs 1 2 2. Y 1923 p. A. lonak ony6iikyBaB foBe-
JIEHHS1 TEOPEMM NPO CKiHYEHHICTh YHMCJ/la TPAHUYHMX LIMKILiB TAKOI CUCTEMH.
OnHak yepe3 LIiCTAECAT POKiB BUSBUIOCS, 1O B LIbOMY JOBE/IEHHI € [IPO-
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WO BUBYAE CYYACHA TEOPIA QU®EPEHLIIANBHUX PIBHAHBL?

ranuua . [inoTesa rpo Te, 1O 1151 KOXHOIO n iCHYE Take N, 110 3a3HayeHa
cucTteMa Ma€ He Oinbille HiX N rpaHMYHUX LMKIIIB, IIOB’SI3aHa 3 WICTHAA-
mATo10 11podseMolo Iinbbepra. B yciit 110BHOTI NpaBUbHICTD L€l rinoresu
He MiATBepIXeHO M J0cCi, X0ua BXe BiAOMO, HanpuK/iaj, Wo: y BUNAAKY,
KOJIY IOJIIHOMiaJIbHa CUCTEMA MA€ JIMilIe TaK 3BaHi HeBUPOLKEeHi 0cobauBi
TOYKHM, KUIBKICTb Ii rpPAHUYHUX UMKIIB CKiHYEHHA; XOleH KPYI Ha IUiO-
1MHI R° He MiCTUTb 3J1iYEHHOIO YMCJa rPpaHUYHMX LHMKJIiB NOJiHOMia/lbHO-
ro BEKTOPHOIO 110151 CTefeHs 2.

KoxHa 3pisa MaremMaTHyHa Teopis II0BUHHA MaTy 3acobu kiacudikanii
00’€KTiB, siKi BOHa BMBYa€E. 3ada4a kaacupikayii B 3aralbHOMY BMIIAIKY
MOJISIra€ B TOMy, 1106, yBiBlUM B JAOCHIIXYBaHiii MHOXMHI NeBHE BiAHO-
LLIEHHS eKBiBaJIeHTHOCTI, pO30OMTH ii Ha KjlacH, YTBOpPEHi eXBiBaJIeHTHUMM
eJleMeHTaMH, i onucaTy KOxeH Takuit kiac. Hanpuknaa, y nidiiHin an-
rebpi knacudikaniro oneparopis, siki Iil0Tb B OAHOMY BEKTOPHOMY NpoO-
CTOPi, MOXHa 30iHCHIOBAaTH 3a HOPMaJIbHUMM XopAaHOBUMH dopMaMy ix
MAaTpULib.

SIKicHa Teopisi OCUTh YCHiliHO BUPIlLlyE Npo6/eMy JIOKaAbHOI KJIacH-
dikauii cuctem nudepeHuiaibHUX piBHSAHb. Hexai, Hanpykiian, BUBYAETh-
Csl MHOXMHA aBTOHOMHMX CUCTEM, $IKi MalOTb CI1UIbHE I10JIOXEHHS PiBHO-
paryu. EKBiBaneHTHMMU IPUPOAHO BBAXATH KOXHi 1Bi CUCTEMU, OHY 3 SIKUX
MOXHA NepeTBOPUTH Ha iHIIY MEeBHOIO 3aMiHO0 3MiHHUX. BinoOpaxeHHs,
1110 BU3HAYA€ TaKy 3aMiHy, Ma€ 3a1MIUATH NTOJIOXEHHA PiBHOBAaru HEpPyxo-
MMM, OYyTY HEBUPOIXKEHUM i NPUHAKMHI OAMH pa3 HenepepBHO AUPEpPEH-
uidopuuM. Jna knacuikauii aBBTOHOMHMX CUCTEM 32 TaK yYBeeHUM BiiHO-
HIEHHAM €KBiBa/leHTHOCTI YCIilIHO BUKOPUCTOBYETBCS MemMoO HOPMAAbHUX
¢opm Ilyankape. et MeToq, 1a€ 3MOTrY 3BOAMTU JOCHIIXYBaHY CUCTEMY A0,
B [IEBHOMY C€HCi, HAAIpPOCTilOro, KAHOHIYHOTO BUIIISLLY, 3HUILYIOUM B ii
MpaBilt YaCTUHi APYrOPsiiHI KOMIIOHEHTU ¥ 3aIMILAIOYM CaMe Ti WIEHM, siKi
iCTOTHO BILIMBAIOTh Ha JIOKAILHY MOBEiHKY po3B’si3KiB. Ocobnuso edek-
TUBHUM BUsBUBCA MeTol [lyaHkape 1is po3B’si3aHHsS 3aday cmitikocmi no-
JIOXeHb PIBHOBAaIM, INepiOANYHHMX, KBa3inepiOoUYHUX PYXiB y KpumuuHux
sunadkax, KOy NOPYLUyIOTbCS YMOBM TeopemU JIsimyHOBa NMpo CTilKicTh 3a
nepiiuM HabNXeHHIM.

Hocnipxyloun npobaeMy aaobanvrol Kaacupikayii Heainilinux cucmem,
BHKOPUCTOBYIOTb MOHATTS TOIMOJOIiYHOI eKBiBaJleHTHOCTI i, 0c06a4BO,
‘TOMNOJIOriYHOI opbiTanibHOI eKBiBajleHTHOCTI. Hexalt Ha aBox (pa3oBux

* Havawenxo JO. C. Ocobble TOYKM M npesenbHble UMKIb Au(depeHantbHbIX YpaB-
HeHMH Ha BELECTBEHHOW M KOMIEKCHOH naockocth. — I[lymmuuo, 1982, — 39 ¢. —
(Ilpenpuur / HUBLL AH CCCP).
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410 BUBYAE CYYACHA TEOPIA ANDEPEHUIANBHUX PIBHAHL?

npocropax D, i D, BianoBiaHo 3a0aHo ABi CUCTEMH, 5Ki TOPOLXKYIOTD N1OTO-
ku (D, {g{}, =) 1(D,, {g3},.3)- Taki cucTeMu Ha3UBaAIOTLCA MONOAORIHHO
exeieaaenmnu.uu, AKWO icHY€E romeomopd)iam h:D,— D, npocropy Dl Ha
[IPOCTIp Dz, amm IepeBoaUTL MOTiK Nepiloi CUCTEMH B norru( Ipyroi, T06-
TO hog| = g5 oh ana Beix t € R. 1Bl cHCTEMU HA3UBAIOTLCS MONOAOZIHHO
opbimanbHo exgieareHmuumu, K10 iCHye romeomopdiam ¢a3oBoro npo-
CTOpY nepiloi cucreMU Ha (a3oBUit NpocCTip Apyroi, npu IKoMy o0pa3oM
KOXHOI Opi€HTOBaHOi ()a30BOi KPMBO] Nepuioi CACTEMH € OpiEHTOBaHa ¢a-
30Ba KpyBa IpYroi.

OpHak, K 3’scypanocs B 60-x pokax XX crT., 3aaaya r1o6anbHOi TONo-
soriyHoil Knacudikanii cucteM, BUMIpHICTb IKMX Ginbllua 3a 2, € B NIEBHOMY
cenci 6esnepcrieKTuBHOIO. Da30Bi NOPTPETH TAKMX CUCTEM MOXYTb MAaTH
HAI3BUYANHO CKIANHY CTPYKTYpY. Yoro BapTuil oauH Nuiie Takuil Gaxr :
po3B’s13Ku AudepeHliaIbHOTO PIBHSHHA

3ytyy? — ayty"ty” + 6y yhyy +
+ 24y 4y — 12y - 29y 2Py 12y =

YTBOPIOIOTh LIJIbHY MHOXUHY B IPOCTOpi HenepepBHUX GyHkii C (R — R).
Touynilue, ans Oyap-aKoi dyHkuil f(x) € C(R + R) i g 6yab-sKoi QyH-
Kuii €(x) € C(R — (0, o0)) icHye Takuit po3s’a3oK y(x) € C*(R - R)
BUIIMCAHOTO PiBHAHHSA, IO

ly() -fx)|<ex) VxeR.

Hepinko noseniHka oKpeMHX pO3B’A3KiB 6araTOBUMIPHUX CUCTEM CY-
nepeydth Hawii iHTyiuii. Ha ninrBepaxkeHHs wi€l Te3y HaBeneMO TakKUi
npukian. [TopiBHsaHO HegaBHO OyJi0 BCTAHOB/IEHO, IO B CUCTEMI 1 YaCTU-
HOK, sIKi pyXaloTbCst B TPMBUMMIPHOMY NpOCTOPi i B3aEMOAiIOTh MiX cobo10
34 3aKOHOM rpaBitauii (auB. npuxaan B. 6), npun > 5 icuyxcm. Taki pyxH,
Koau xoya 6 oHa 3 YaCTMHOK 3a CKiHYeHHu# (!) yac yTikae Ha HecKiH-
yeHHicTb. [1py LLOMY 3ITKHEHb YACTHHOK Y CHCTEMI He BinGyBaeThcs .

Po3maitrs MOXJIMBUX TUIIB (ba30BUX NOPTPETIB GaraToOBUMipHHX CUC-
TEM NIPUMYCWIO MaTeMaTUKIiB 3aMUCIIMTHCA HAl MMTAHHAM IO Te, AKi came
CHCTEMM B3arajli JOLUJIBHO BMBYATH, 5IKi RIACTUBOCTiI CUCTEM CJIil BBAXATHU
«CTIHKMMU», «TUNIOBUMU», A SKi MOXYTb IIPOSIBJISITUCS JIAiLE SK BUHATOK.

* Rubel L. A. A universal differential equation// Bull. Amer. Math. Soc. — 1981, — 4,
N 3, — P. 345-349.

Xia Z. The existence of non-collision singularities in Newtonian systems// Ann.
Math. — 1992. — 135. — P. 411—-468.
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Y 3B’3Ky 3 LMM He 3aiiBUM Oyne 3ragaTul NIOHATTS KOPEKTHOCTI, sike po3-
ragpanocs B 1. 5.2. PO3BMBAI0YM OCTAHHE, BBEJM IIOHATTSA CTPYKTYPHO
criiikoi (rpy6oi) cuctemu. CucreMy x = f(x), ne f(x) € C'(D - R"), na3u-
BAalOTb CMpyKmypHO cmilikol (epy6or), SIKIIO TIPY BCiX ROCUTb Maiux & > 0
BOHA TOMOJIOFiYHO OpbITA/IbHO eKBiBaJleHTHa cucTeMi X = f(x), e f(x) €

e C' (D~ R", s_u;l))(ll f(x)—f(x)ll +||f’(x)—f'(x)||) <&, i IpM LbOMY

romeoMopdi3M, sikuii BU3HAYa€ BKa3aHy eKBiBaJleHTHICTb, Ma€ OyTy ban3b-
KHM [10 TOTOXHOIO.

Houyunaouy 3 apyroi nojoBUHU XX CT. CTPYKTYPHO CTiiiKi cHCTeMH
CTajId OJHUM 3 OCHOBHMX 00’ €KTIB NOCHIAXEHHSA meopii ounamiyHux cuc-
mem (T[AC). LIs matemarnyHa aucumivtiHa supocna 3 ATAC i BuByae Bna-
CTHBOCTI abCTPaKTHHUX MOTOKiB — ONHONapaMeTpUYHHUX rPyll FOMEOMOp-
pismis (andeomopdismiB) — 6e3BiAHOCHO A0 TOro, NOB’fA3aHi OCTaHHI 3
JEestKMMM aBTOHOMHHMU CUCTEMaMM, uM Hi. Pa3oBMMKU NpoCcTOpaMM JUHA-
MIYHMX CHCTEM, 1opsal i3 06JacTIMH CKiH4€HHOBUMIPHOro €BKJiJOBOrO
NPOCTOPY, MOXYTb BUCTYIATH CKJIAAHilll MHOXMHMU, IO MAlOTh MEBHY
CTPYKTYPY, HaIIPUKJIaJ MHOTOBUIM, aOCTPaKTHI METPUUHI NMPOCTOPY TOLIO.

Ha cboroani aetasibHO 3’COBaHO 1PUPOAY IpybuUx NOTOKIB Ha ABOBU-
MipHMX ITIOBEPXHSiX, 30KpeMa Ha Topax, BUsIRJIEHO i poaHali30BaHO AesiKi
BaXUIMBI K1acH rpybux noTokiB Ha 6araToBUMipHuX ¢$a3oBUX NPOCTOPax:
cucreMn AHOCOBaA, cucteMd Mopca—Cmeiiaa... LlikaBo BiI3Ha4YMTH, 11O
XapaxKTepHO1O 0CO0/IMBICTIO TAKUX CUCTEM € HECTiHKiCTb OKpeMO B35iTO1
TpackTopii, 6inbile Toro, «po3biraHHs» TpaekTopiit. I1pu LbOMy BiicTaHb
MIX TOYKaMH, siKi B IOYATKOBHUA MOMEHT MOIJIM 3HAXOAUTUCH SIK 3aBrOAHO
6113bKO, 3pOCTAE 3 YACOM 32 eKCIIOHEHLiaNbHUM 3aKOHOM. [1puponHo rpu-
IyCTUTH, HIO caMe TakKi CUCTEMM MOXYTb BUCTYNIaTH B POJi MaTeMaTUYHMX
Mozesiel TypOyJieHTHUX sIBULU, SIKi BUBYAlOThCS B aepOriipOMexaHikii.

Ciia 3ayBaxuT, 1110 3 4acy cBoro 3apomxenHst T/1C BuByana nepe-
BaXHO Pi3HOMaHiTHI BJIAaCTUBOCTI peKypeHTHOCTI (110BTOPIOBAHOCTI) Ta rpa-
HUYHOI 1I0BEeiHKHK pYyXiB, ITOpoxkeHUX notokamu. ChopMyTI0EMO Jikile
OJMH pe3yabTar, ofepkaHuii B oMy Hanpsimi [1k. Bipkrodom.

[MorepenHso Aamo Kinbka o3HayeHb. Hexait (X, {g'},. ) — anHamiyna
cucrema Ha ¢a3oBomy npoctopi X. Touka x € X Ha3UBAETLCS pekypeHm-
HOM0, SIKIIO 1151 JOBUIbHOIO € > 0 3HalkaeTbest Take L > 0, 11O BCS TPAEKTO-
pist Li€l TOYKU HAIEXUTD €-0KOJy OYab-SKOrO CBOFO Bilpi3ka 3aBIOBXKU L.
KoxHa Touka TpaekTopii peKypeHTHOI TOUKH TeX pekypeHTHa. OTxe, MOX-
Ha I'OBOPUTH TIPO PEKYPEHTHY Tpaektopilo. MHoxuHa M < X Ha3uBaeThes
MiHiMaabHow0, K110 BOHA HENOPOXHS, 3aMKHeHa, iHBapiaHTHa # He Mae
BJACHMUX MIAMHOXMH i3 TaKMMU caMuMu BiaactuBocTaMH. Jx. bipkrod
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JIOBIB, 110 KOXHa MiHiMaJbHA MHOXKHHA € 3aMUKAHHAM PEeKYPEeHTHOI Tpa€eK-
Topil. 3Bigcu, 30KpeMa, BUIUIMBAE, 1O 3aMMKAHHS KOXHOI 0OMexeHol
1iBTPAEKTOPii MiCTUTb PeKYPEHTHY TPaEKTOPIIO.

LlikaBoio nipobemoro TAC € nuTaHHs NPO Te, AKi MHOIOBUAM MOXYTb
IIPaBUTH 33 MiHiMalibHi, TO6TO (pa30Bi NpOCTOPU MiHIMaAJILHUX [TOTOKIB.
HaiiBiioMilliuM HETPUBiaJbHUM IPUKIIAJIOM MiHIMaJIbHOrO MHOIFOBUAY €
top. [ToBeniHKy TpaekTopiit AMHaAMiYHKX cucTeM Oe3 0COBJIMBUX TOYOK Ha
NBOBHUMIpHUX TOpax Oyno 3’scoBaHo A. IlyaHkape ta A. [lanxya. Bona
LUIKOBMTO BU3HAYAETLCA TaK 3BAHUM YUCJIOM ODEpTaHHS, sIKe XapaKTepu-
3y€ cepellHiil HaxMU1 TPAEKTOpii MOTOKY Ha TOpi A0 Horo mapanesi. ko
Yyucao obepTaHHA paLioHalbHe, TO KOXHA TPAEKTOPist abo caMa € LMKIIOM,
ab0 NpPUTATYETHCS 0O NEAKOr0 LMKIY. Y BUNAAKY ippaliioHajJbHOIO yucia
o0epTaHHs KOXHa TPAcKTOpis YTBOPIOE BCIOAM WiilbHY 0OMOTKY TOpa.

Baxnusy ponb y AocaiikeHHi rpaHMYHOI NOBENiHKM TPAEKTOPIA 1u-
HaMiYHMX CUCTEM BinirpaioTh ampaxmopu. 3aMKHeHa iHBapiaHTHa MHO-
XKUHA A DuMHaMiyHOi cuctemu (X, {g’},e %) Ha3UBAETLCA ampaxKmopom,
SIKI1{0 BOHA CTiiiKa 3a JIsinyHoBMM (TOOTO AJis AOBUILHOTO OKOJY U MHOXMW-
HU ‘A 3HalineTbcsi TakuH ii okin V, uio Oyab-sika MiBTPAEKTOPIA TOYKH 3
okoJy V Hanexutb U) i Oyab-sika JocHTb 6JiM3bKa 10 Hel TOYKa Mia Hi€0
II0TOKY HeoBMeXxeHO HabinxKaeTbhes 40 A npu ¢t — . CTpykTypa aTpak-
TOpiB MOXe OyTH Be/ibMHM pi3HOMaHiTHOIO. Tak, HalinpocTillMMK aTpakTo-
paM¥ € i30J1bOBaHi TOUKM (aCUMITTOTHYHO CTiMKi NNOJIOXXEeHHS PiBHOBaru) Ta
opOiTanbHO CTiiiKi rpaHUYHI LUKIY.

Y 1934 p. M. M. Kpuios Ta M. M. Boroaio6os nocnianiy BUnajaox,
KOJIY B poiti anaxTopa [AKHAMIYHOI CUCTEMHM BUCTYIAE ABOBUMIpDHUIA iHBa-
piaHTHUH TOp T2 Cnupalrouucs Ha pe3yabTaTu A. HyaHKape T1a A. Jlan-
Xya, BOHM OnUcanu BnaCTuBocn PYXiB TOYOK, fKi MiA Ai€l0 NIOTOKY Ha-
6mxaioTbes 10 Topa 7 2. Lli 10CAiIKeHHS B MOJANbIIOMY CTHMYIIOBAIM
PO3BUTOK meopii ineapianmuux ma inmezpasbHux MHO206U0i6, BAXINBUM
3aBAAHHAM SIKOi € BUBYEHHS BIIMBY 30ypeHb HAa TaKi MHOroBYAU ¥ 1no-
BeliHKM TPAaEKTOPid (iHTerpajibHUX KPUMBHUX) B IXHiX OKOJax.

BukopucTtaHHa KOMIT'IOTepiB 151 NPOBEeHHSs YUCEJbHOIO aHaji3y 110-
BeliHKM TPAEKTOPiH MaTeMATHUHUX Moje/er (Bi3u4HUX CUCTEM JAI0 3MOTY
BUSIBUTH aTPAaKTOPH 3 BeJIbMU CKJIAJHOIO BHYTPiLUIHBOKO CTPYKTYPOIO — Tak
3BaHi «AMBHi (XMMepHi)» aTpakTopy (strange attractors). SIKiio Takui 00’ekT
NnepeTHYTH 3 JeAKOI0 rireproBepxHelo, TO B Iepepisi Oyae nyxe nociyeHe
«llipsiBe» YTBOPEHHS, OJiM3bKe 3a CTPYKTYPOIO A0 KAHTOPOBOI MHOXHWHH.
HasiBHiCTb AMBHOIO aTpakTopa CIIPUUMUHAE AyXe HeperyaspHy, XaOTH4YHY
110BeAiHKY TPAaEKTOPii BiANoOBiAHOI AMHaMiYHOI cucTemu. HaykoBuil Ha-
upsiM Ha ctuky AT, TAC 1a HeniHiAHOI Qi3uKM, AKMH BMBYAE SIBUIlA BH-
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HUKHEHHS Xaocy B AeTepMiHOBAHMX CUCTEMAX, NPUITHITO HA3UBATH Xa0-
MuHOI0 OUHAMIKOIO.

MabyTb, HalBigOMillla CUCTEMA 3 «IMBHUM» aTPaKTOPOM MAE BUIJISLA
X=-0ox~y), y=rx-y-xz, z2=-bz+xy

{i nos’s3y101h 3 iM’aM aMepukaHchbkoro Meteoponora E. Jlopeniia, koTpuit
BUKOPHMCTOBYBAB LI0 CUCTEMY SIK MOZeJlb U1l aHali3y NeBHUX riipoJMUHa-
MiYHUX npoueciB i B 1963 p. eKCriepUMEeHTaIbHO BUSIBUB Y Hill «IMBHMIA»
arpakTop Mnpy 3HayeHHsX napamerpiB o = 10, r= 28, b = 8/3.

3acnyroBye Ha yBary To#t (akr, wio nepiu Hix y cucreMi JlopeHia,
Nnpy 3MiHi napamerpa ¢ B Mexax Bia 0 1o 10, 3’aBnseTbca «IUBHHMA» aT-
pakTop, ii pa30BMiA NOPTPeT 3a3HAa€ cepii KApAMHAbHUX NePeTBOPEHb —
6idypkauii.

Teopin bighypxauiti — ue e opH BaxnauBui Hanpsam AT, akuii nyxe
iHTEHCHMBHO PO3BMBaBCA B APYriit nosoBuHi XX cT. Y uUiif Teopii 06’ekToM
JOCJIiIXEHHSI € CUCTEMM, fAKi 3a/1€XaTb Bill OMHOro abo KibKOX rapaMeTpiB.
{lpu 6idpypxauifHOMy aHai3i 3afaHOi CiM'T cucteM X = f(x, A) MHOXHHY
3HayeHb NnapaMeTpiB L HaMaraloTbcsi po30MTH Ha BiIKpUTi 00J1acTi TaK, 1100
KOXHi aBi cuctemu x = f(x, A), x = f(x, A;), 012 AKux A, A, Haiexathb
OfiHii obnacTi, 6yin opbiTajibHO TONOJIOTTYHO eKBiBaleHTHUMHM (Chig 3ay-
BXKUTH, 110 TaKe BiAHOMEHHS eKBiBaJeHTHOCTI HE € €EAMHO MOXJIUBUM).
Mexi Bka3aHux obnacTeil CKIanaOTbCA 3 KPUTUYHUX TOYOK — Bidpypka-
UilHMX 3HaYyeHb NapaMeTpiB. SIKiCHi MepeTBOpPeHHs B J1OCTiAXYBaHili cuc-
TeMi BinOyBalOThCSi caMe B TOH «MOMEHT», KOJIM IapaMeTp A NPOXONUTH
yepe3 KpUTHUHi Mexi. I1pu nocainoBuux Gihypkauisix nopeniHka Tpa€ek-
TOpili CUCTEMH MOXeE LLIOpa3y YCKIaAHIOBAaTUCS M ypeLUTi-PenIT CTaBaTH Xa-
OTUYHOIO.

OnuH 3i UUISIXiB BAHUKHEHHS Xa0cy 6 OemepMiHO6aHilli cucmemi MOXe
6yru TakuM. CriouaTky arpakTopoM CHCTEMM € I0/1I0XKEHHs piBHoBary. [1pn
3MiHi NapaMeTpiB CUCTEMH HACTAE MOMEHT, KOJIM BOHO BTpa4ya€ CTiMKiCThb i
BiJl HBOT'O BiAranyXyeTbCsl FPaHUMHMIA UMK, SKUI NpUTATYE a0 cebe iHuni
TPAEKTOPIii — HAPOLXKYETHCS OJHOYACTOTHUI peXUM KOJIMBaHb (Taky Iiepe-
OynoBy B cucTeMi Ha3uBaloTh bidypkalliero AvnpoHosa—I[onga). INpu no-
Janpluii 3MiHi napaMeTpiB po3Mip rpaHMYHOro UMKy 30i1blnyeThest. On-
HaK HAaCcTa€ MOMEHT, KONIY H BiH BTpaya€c CTiHKIiCTb i ONMHAETLCH «BCEPE-
[IKHI» JBOBMMIPHOrO iHBapiaHTHOIO TOpa — aTPAKTOpa, IIpO KU MU BXe
3ragyBajiu y 3B’s13Ky 3 pociikeHHsamu M. M. Kpuiosa i M. M. borosio-
60Ba. Y pasi BTpaTu CTIHKOCTi IBOBUMIPHHUIA TOP MOXE MMOPOLXYBATHA CTii-
KW TpUBHUMIpHHMI i T. o. BinoMi, ogHak, npukianau, KOaM Iicis BTpaTu
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CTIHKOCTI TPMBMMIPHMM TOPOM Y CUCTeMi Biapa3y 3’BISIETbCA AUBHUIA aT-
paKTop.

Inmmit cuenapifi nepexoly A0 XaocCy MHOB’SI3YIOTb i3 IOC/iZOBHICTIO
Gidypkauiil 1oaBoeHHs nepiony. Ilpn koxHii Oigypkauii Takoro tumy
BIpaTa BJIACTMBOCTI aTPaKTOpa LIMKIIOM € CYIPOBOLKYETHCA MIOABOIO HOBO-
ro aTpakTopa y BUIJIsili LMKIa, SKUi Ma€ npubau3HO BABiYi OLIbLUKMI TTe-
pioa i o6BMBAE LUK C.

Crpore nosicHeHHs LI01 HU3KM OidhypKallifHUX ABULL Yy IMHAMIYHUX
CHCTEMaXx CTajl0 MOXJIMBUM 3HAYHOIO MipOIO 3aBASIKM HOCSATHEHHSM meopit
36ypens. Metonu, siki po3pobistloTbC B paMKax 3a3HayeHoi Teopii (Tak
3BaHi MeToau 30ypeHb, a60 aCUMITTOTUYHI METOAM), AAIOTb 3MOrY KOHCTPY-
I0BaTH aHaJIiTMYHI HaGIMXKeHHs 10 PO3B’i3KiB CUCTEM, Y [IEBHOMY CEHCI
611M3bKMX 10 iHTErpOBHMX. SIK yXe Bia3Hayanocs y BCTyIli, Teopis 36ypeH»
CII04aTKy po3BMBaIacs Aj1s1 3a0BOJIeHHSI noTped HebecHOI MexaHiku. 3rc
JIOM BOHa AicTaja IHMPOKe 3aCTOCYBaHHS B HOCHi[KEHHI MaTeMaTU4YHUX
MOJIeNiel, 110 BUHUKAIOTh B iHIIMX NPUPOJHUYMX HAayKax. ~

OnuH 3 eJIeMEHTAPHUX aCUMIITOTUYHHX METOAIB pO3rjsgaBcs HaMHU B
n. 5.4. Tam xe 6yJ10 BKa3aHO Ha BeJIbMM CYTTEBY Bally YTBOPEHUX Biaro-
Bi[lHO A0 LIbOrO METOAY aCUMINTOTUYHUX PO3BUHEHDb — HENPUIATHICTD MJisl
OIMCY PO3B’sA3KiB HA BeJIMKUX 1poMixkax uacy. Ha cboronHi po3po6ieHo
6araro peuentiB MOOYA0BM aCUMNTOTUYHUX PO3BMHEHDb, BUIbHUX Bid yKa-
33HOIO HEJOJIKY.

Cnin Bil3HAYMTH, 1O TPUBAJIMH Yac 3aCTOCYBaHHSI MeTONiB 30ypeHb
BitOyBa0Cs 3a BiICYTHOCTI CTpOroi MaTeMaruyHoi 6a3u. TeopeTuuHe 00-
IPYHTYBaHHs Gi1bILOCTI 3 HUX po3noyanocst TiibKu B cepeanHi XX cr. Tak,
y 1945 p. M. M. boroaw6os ony6sikyBaB MoOHOrpagilo, B sIKiii MiCTUTbCS
cTpore O6rpyHTyBaHHS OAHOIO 3 HAMBINOMIlLMX METOIB Teopil 36ypeHb —
Memody ycepeOHeHHS.

Buxknanemo inelo uboro Metoay. Hexait juis nesikoi He30ypeHoi iHTer-
pPOBHOI cucTeMu X = f(#, x) BinoMuii 3aranpHuil po3s’sa3ok x = @(f, ¢), ae
c¢=(c,, ..., ¢,) — Habip noBUIbHUX cTanuX. Jlocmimxyiouu 36ypeHy cuctemy
% = f(1, x) + €fi(t, x), B Kill € — TaK 3BaHM} Manuit napametp (€| < 1),
MOXHa BUKODUCTATH ifel0 MeTody Bapiallii JOBUIbHMX CTANMX i IIyKaTH 1l
pO3B’A30K y Buriadi x = ¢(t, y), e y = y(f) — HOBa HeBiiOMa BEKTOp-
dyHkuis. Ao Taky 3aMiHy 3poOMTH B He30ypeHilh cucTeMi, TO, OYeBUA-
HO, NpUILEMO 10 TPUBiAAbLHOIO PiBHSAHHSA ¥ = 0 i3 3arajbHUM po3B’I3KOM
y = ¢. HeBaxxko Ternep 3po3yMiT, 110 1ipaBa yacTMHa 30ypeHOi CUCTEMHU B
HOBUX 3MiHHUX Oyde NpolIOpLIAHOI0 MaJIOMY 11apaMeTpPOBi:

y=¢€g(y).
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[Bunuwite aBHUIT BUrnsa g (¢, y).] HoBi 3MinHi y NpUHAHITO HAa3UBaTH no-
GinbHUMU.

[lpunidn ycepeaHeHHS MONATAE B TOMY, 1O JIst ONMCY eBOMIOLi] 110-
BUIbHHMX 3MiHHHX Ha NPOMIXKaX 4yacy nopsanky l/€ BUKOPMCTOBYIOTh TaK
3BaHY YCepeHEeHY CUCTEMY

A X
y=€gly), gy = lim — I , &yt

sika B 6aratbox NPUKIAJAHMX 3a1ayaX BUAB/IIETLCSA HAGaraTto MmpocTiliolo
HiX BHMXiIHa cucTeMa.

Tax, y Bunaaxy n-BuMipHOi JliHiiiHOI cucteMu y " = (4 + €B(t))y, ne
A — crana, a B(t) — 2r-nepioanyHa MaTpuils, ycepeaHeHa CUCTEMA Ha-~

. = — .17 I g2n
OGyBa€ BUT =(A+€B)y, ne B = — = — .
yBa€ BU Jlﬂll)iy (A+€B)y, ne B }chTIO B(t)dr an'o B(r)dt

3po3ymisio, 1O TaKy CUCTEMY MOXHA 3iHTerpyBaTH. 3ayBaXnMO, HIO B
cKajipHOMY BUNAAKYy (n = 1) po3B’A30K ycepeaHeHOro JliHii{HOro piB-
HSAHHS1 Ma€ BUIISA y = exp ((4 + €B)1)y,, a Bianosianum (y cenci 36iry
NO4YaTKOBMX 3HAYE€Hb) PO3B’A3KOM BUXIAHOro PiBHAHHS € QYHKLIs

y=exp((A +e§)t+eL:1§(s)ds)y0, ne §(t):= B(1)~§(1‘) — KOJMBHA

cknanoBa ¢yHkuii B(z). Sk 6aunMo, 3aCTOCYBaHHS ITPUHLIMILY YCepeAHEeH-

. r .
Hs NTONIATA€ B TOMY, ILHO MM 3aMIHHEMO MHOXHMK (E I 0 B(s)ds) =1+ 0(€)

Ha CAUHULIO.

3 TeopeTHYHOro # NPpHUKAALHOIO NOMNAIIB JyXe BaXJIUBUM € BUMa
0K, KOJIM 3arajlbHU# po3B’si30K He30ypeHOl aBTOHOMHOI CUCTEMU YTBO-
pio€ ciM’10 KBa3inepionnyHux GyHKLiH yacy £. (3 NOHATTAM KBa3sinepio-
IMYHOT GyHKLiT MU 3ycTpivanucs 8 1. 2.5.) AKiwo 4acToTH Li€i ciM’i €
dikcoBaHMMU YMCIaMU, TO BeKTOp-(yHKLis g(7, y) KBasinepioanyHa, 3aB-
XA Ma€ cepefHE 3HAYEHHS i 3aCTOCYBaHHs NPUHLKIY YCepeaHEeHHs €
uinkoM BunpasaaHuM. OaHaK NPUPOAHIILIMM € BUNAN0K, KOJHY YaCTOTH
3arajlbHOro po3B’sA3KY 3ajieXaTh Bill YACTUHHU NOBiUNBHUX cTanux. (Came
TaKa CUTyallil BAHMKA€E, HalpUKIad, y 3a4ayi IIpO pyX IUIaHeT HaBKOJIO
Conusg.) BusiBisieTbesl, TOAI, K MPaBUIO, MOXHA BBECTU TaKi MOBiLibHi

3MinHi y = (,, ..., ¥,) | WUBKAKi «KyTOBi» 3MiHHi @ = (¢4, ..., @,,), B AKHMX
30ypeHa cucTemMa HabyBae BUIISLY
y=¢€a(y,9), o= W) +€b(y, 9), 1
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ne o(y) = (0,(y), ..., w,(y)) — Habip 4aCTOT 3araabHOro po3B’A3Ky He36y-
peHOi cucTeMu, a BeKTOp-PyHKUii a (y, ¢) Ta b(y, ) MaloTb nepioa 2n
11010 KOXHO] 3MiHHOI A 1, ..., m. Y po3risiayBaHOMY BHUITAlIKy 3acTocy-
BaHHS NPUHLKUNY YCePEAHEHHS MOJATa€ B TOMY, LIO Wisl OIIMCY eBOJIIOLII
HOBLIbHMX 3MiHHMX Ha NIPOMLXKAX yacy nopsaxy 1/€ BUKOPUCTOBYIOTh yce-
pefHeHy CUCTEMY

. _ _ 1 2n 2n
y = e€a(y), a(y):= Sl L) a(y, 9)dg, ...dp,,.
[lin yac oOrpyHTyBaHHS TakKOro iAXOAy BUMHMKAE HU3KA HETPUBialbHUX
11po0JieM, NOB’A3aHKX i3 HeOOXiAHICTIO BPaXOBYBaTH Pe30HAHCHI e(eKTH B
cuctemi. OcTaHHI MPOSBISIIOTHCS TO/I, KOJIM B POLECT eBOMIOLIT ITOBUIbHHUX
3MiHHMX KOMOGiHauii Buraaay ko, (y) + ... + k,0,(»), ne k,, ..., k, — uini
4MCJIa, CTAIOTh OJIM3LKMMHU 10 HyJid. B neBHux obnactsx $a3oBoro npocro-
Py Pe€30HaHCH MOXYTb CIIDMUMHATH AyXe CKIaaHy (HalpuKiall, Xa0TUYHY)
NMOBEeiHKY PO3B’83KiB 30ypeHUX PiBHSHbD.

Cucremu Burnsaay (1) Hajiexarb 10 OCHOBHMX 06’€KTiB AOCH L KEHHA
meopii neainiiinux xoaueans. Y paMmkax Li€i Teopil Wi BKazaHUX CUCTEM
BUPILIYIOTbCS, 30KpeMa, IIMTaHHA iCHYBaHHS il HabinxeHol noOya0BH fepi-
OJMYHMX Ta KBa3inepioguyHMUX PO3B’43KiB, a TAKOX NepionuuyHUX iHBapi-
AHTHUX MHOXWH BAAAnY y = u (@) (iHBapiaHTHMX TOpIB), 3aJleXHUX Bia
MaJIOr0 napamMeTpa.

Oco6MBO CKIaAHOIO BUSIBUIACS 3ajaya IIpo iCHYBaHHS KBasiliepioany-
HMX PyXiB Ta iHBapiaHTHMX TOpiB. BoHa BMHMKJIA B HaJpax HeGecHOI Mexa-
Hiku 11e B cepeauHi XVII cr1. y 38’s13Ky 3 dyHaameHTa1bHOI0 Np0o6/1eMOIO
critikocTi COHAYHOI CUCTEMU. ICTOTHOTO riporpecy B ii po3p’g3aHHi BIaio-
csl rocsrtu auuue B cepeauHi 5S0-x — Ha noyatky 60-x pokis XX cT., Koau
sycuwiuiaMu A. M. Kosmoroposa, B. I. ApHonbaa, M. M. boroaio6osa,
I0. Moaepa 6yn0 cTBopeHO HedopMasibHy TeOpilo 30ypeHb Al PiBHSAHD
surasaay (1).

Y apyriit nojioBuHi XX CT. iIHTEHCUBHO PO3BUBAIACSA ACUMRMOMUMNA
meopin max 36aHux cunzyaapno 36ypenux cucmem ougpepenuiaronux pieHans,
sKi MICTATb MaJlMi napaMeTp € HpPH HOXiAHHUX ycix a0 YaCTHHM 3MIHHHUX.
[1pu HyAbOBOMY 3HayeHHI NapaMeTpa HACTA€ BUPOKEHHS: YTBOPIOETHCS
ribpuaHa cucrema, 110 MiCTUTD AK ajireOpuyHi, Tak i, MOXIUBO, AUdEpeH-
uiajibHi piBHAHHA. 32 UMX OOCTABUH KJIACMYHA CXEMa PO3IBUHEHHS PO3-
B’sI3KiB 3a CTeNeHIMHU Majloro fiapamerpa norpebye cyrreBoi moaundikailii,
a caMe: 10 CTaHJapTHOro CTeNeHEeBOro po3BUHEHHS MOTPIOHO JOMUCATH Lile
# Tak 3BaHMIl [IpMMeXOBU paa. Lle o3Havae, WO po3B’a30K x (¢, €) Oyay-
I0Th Y BUIAALj
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x(t, €) = xy(t) + I(t/ €) + €(x,(t) +
+ TL,(1/€)) + €2(x)(1) + Ty (1/€)) + ...,

At agu ) — PO3B’30K BUPOMXKEHOI cucTeMM, a I, (1) — Tak 3BaHi npume-
acoei Gyrnxuii. I'padiky KOMIOHEHT PO3B’A3KiB CUHIY/ISAPHO 30YpeHUX CUC~
TeM HEepiIKO MaIOTh «MaiiXe PO3pUBHMM» TUI: KiHLI IUIABHUX AUISTHOK CMO-
JIy4aloThesl Mk co000 KpUBUMM, CXOXKMMU Ha IIPSAMOJIiIHIAHI BepTUKAa/bHI
Bipi3KH.

Joci Auuiocs npo aCMMNTOTHUYHI METOAM, ITOB’A3aHi 3 PO3BMHEHHAMU
3a MajiuM napamerpoM. OnHakK He MEHLU BaXJIMBOIO € 3aa4a BillllyKaHHA
aCUMIITOTHMK PO3B’A3KiB AudepeHUiaibHUX PIBHAHDb y pa3i NpsMyBaHHS
He3aJleXXHOi 3MiHHOI 10 HeCKiHYeHHOCTi abo 10 aesikoi 0cobuBOi TOUKHM
B upomy HaiipsiMi 6y/10 npoBeaeHO YMMAIO LiKaBMX i IIMOOKMX AOCHiA-
X€Hb, AKi a4 3MOTy 3 AMBOBHXHOIO TOYHICTIO ONUCATH ACUMITOTUYH)
[IOBEJiHKY PO3B’A3KiB BaXJIMBUX KJIACIB K JiHIAHMX, TaK i HEJNiHIHHUX
cucTeM.

Jasa npukiagy 3raia€eMo 3HaMeHuTe pigHanHa Emdena— Daynepa

%(A‘u %]ixﬁy\' :0, o, B’ VE R’ V> 1.

BoHo Mae HU3KY LiiKaBUMX 3aCcTOCyBaHb B acTpodi3uili Ta aToMHil dizuui.
IcHye npocTa 3aMiHa 3MiHHUX (x, ¥) > (¢, u), cTerieHeBa WONO X i JiHiAHA
3100 Y, siKa 3BOAMTH PiBHSAHHS EMnena—®aysnepa A0 JBOYIEHHOIO BUIISILY

b iru’ =0 )
3 1eaKUM o € R. 3a pi3sHUX CniBBiIHOLIEHb MX YMC/aMHK © Ta V BIAETbCS
AiCTaTH aCMMIITOTHYHI 300paxeHHsd BCiX po3B’S3KiB piBHsHHSA (2), npo-
JOBXYBAHMX Ha NOAATHY MiBBick. Taki po3B’si3K1 HA3MBAIOTHCS APABUJIb-
Humu. Hanpuknaa, nipu ¢ + 2 = 0 KoXeH J0JaTHU NpaBWIbHUI PO3B’A30K
piBHSIHHS (2), siKe BiIMOBiJa€ 3HAKY «-», MA€ aCUMNTOTHUUHUIA BUIISAA
u~[v-DInegYe"Y 5 o0, anpu ¢ +2 > 0 Taki po3B’sI3KM MaIOTh

‘BCHMITOTHKY U ~ et /Dy s o) e

c= (c+2)c+v+]) -l/tv- D
(v -1)? .

TouHiwy iHopMaLiio Npo po3B’sI3KK AAIOTh IX HECKiHYEHHi aCUMNTO-
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I'M4YHi pO3BHHEHHA. SIK nMpuUKian HaBeaeMO QOPMY/IIOBaHHA pe3y/bTarty,
KOTPHI yXe MOXHa BiAHECTH A0 PO3psiay KIaCU4YHUX. Po3risHeMo iHifiHY
OLHODIAHY cucTeMy x = A (1)x. [lpunycTuMo, 1o MaTpryHO3Ha4YHa QyHK-
uis A () ponyckae aCUMITOTHYHE PO3BUHEHHS

-1 -

A@) ~Ag+t7 A+ .+ TTA +
i MaTpuus Ay Ma€ rpocTi BIacHi yucia. Todi KoXHOMY BJIaCHOMY YMCIy A,
BiAIoBigae po3B’s30K

a
x, (1) ~ e ag L R
t t"l

A€ ay — HEHYJIbOBUI BEKTOp, a 1, — xoe(bmlem 6inst ¢! y po3BUHEHHI TOrO
BJIACHOTO 4ucia A, (1) marpuui Ay + 1~ Al, siKe NpAMY€E A0 A, [IPM f — 00,

ACMMIITOTHYHI PO3BMHEHHS PO3B’A3KiB audepeHUialbHUX PIBHSAHD
1pyupoaHo OyayBaTH He JiMile NpH AIACHUX, a # NpY KOMIUIEKCHUX 3Ha-
YeHHX He3alexHoi 3MiHHO1. CaMe Tak poO/siTh B aHasimuuHild meopii
dJugpepenyiarvnux pieHanb, OCHOBHUM NPUHLMN AKOI NOJSATa€E B TOMY, LU0
PO3B’SA3KM AOCNIAXYIOThCS 3 [03MULIH Teopil aHaNITMYHUX QYHKILHA KOM-
111IEKCHOI 3MiHHO]. (3 NOHATTAM aHaliTHYHOI QYHKUII MU 3yCTpiYanucs
B n. 3.3)

Posrissnemo cucremy

x = f(t, x), 3
B AKiit BexTOp-yHKUisA f: D> C" B 0OKOJI KOXHOI TOYKH (1), X,) 0BnacTi
D < C"* ! € cyMoI0 CTeneHeBoro psuty 3MiHHUX (f — ), (x - xo,) j=1,.,n
Toni 3a Teopemoro Kouii (auB. 1. 5.4) y gesxoMy Kpy3i B (to) < C i3 1leH-
Tpom y Touui 7, i paiycom ry, = ry(f,, x,) icCHye 30LKHMMI CTerneHe Buil psA
Zak(to, x)(t - 10) ay(1y, xp) = x;, a(ty, x;) € C", aKMi 3a10BOJILHAE
k=0
piBHsaAHHs (3) B ceHci 36iry BianoBiaHux KoediuieHTiB 6ina (¢ - to)" =1,
2, ... Cyma x(t; #;, x,) 3a3HA4YEHOTO PA1y HA3MBAETHCH JIOKAILHUM PO3B’H3-
KoM cucteMH (3) y Touui (%), X;).
Po3p’a30k x (t; t;, x;) NPUPOAHO cpo6yBaTH NPOAOBXUTH 32 MeXi
Kpyra B,O(to) 3a JOOMOTOIO JIOK&JIbHUX PO3B’si3KiB y TOYKAX (tj, x(tj )), ne
L€ B (10) j=1,2, .., N— neaxuii Habip KOMIUIEKCHMX YKCeJi, pO3TaLlO-
Banux no6ian3y kona, sike obMexye kpyr B, (to) Cneuudika npoueaypu
MOC/iI0BHOIO NPOJOBXEHHS B xommexcuomy BUNALKY NPOSABNAETLCS B
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O BUBYAE CYYACHA TEOPIA ANGEPEHUIANBHUX PIBHAHL?

TOMY, 110 061aCTh BU3HAUEHHS HEIPOLOBXYBaHOIro rnodajibHOro po3-
B’$13KY JOCHTb 4aCTO BUSIBISIETHCS JEHKOI0 HEONHO3B I3HOI0 MHOXHUHOIO G.

Binslue TOro, 114 3aMKHeHOi KpuBoi Yy — G i3 HaGopoM ki B,(tj) c G,
. . l

LEY,j= 1, ..., N, Ha siKi MOCHIOOBHO MPONOBXYETHCH PO3B’SM30K [1pOAOB-

JKE€HHS 30iACHIOETbCH Tak, o x(7; ¢ L, .) =x(t; Lop X, ) upnte B,j(tj) n

(tj* D#D,j=1, .., N-1], 3araibHnuMm Clin BBaXaTH BUNALOK, KOJIU

x(I IN, xy) #Ex(1; zO, X)) npu te B, (tN) n B, (t(,) # . IHakIue xaxyuu,
NPOAOBXEHHs PO3B’SA3KYy B3AOBX 3aMKHEHOi KpPlBOl MOX€ IIOPOLXYBaTH
MHOro3HauHy ¢yHkuio. Touyka £, € C Ha3UBAETbCSI KPUTUYHOKD TOUKOIO
11006aJ1bHOI0 po3B’s13KY X (), AKLIO fIPKU BCIiX JOCUTb Manux € > 0 ueit po3-
B’130K € MHOro3HauHo1o dyHkui€o B B (%) \ {#.}. OcHOBHa 3a1a4a aHani-
THYHO] Teopii audepeHlialbHUX PiBHAHD JIOJATaE B TOMY, 100 BUBYUTHU
BJACTUBOCTI I100aIbHUX PO3B’SA3KiB.

Moxe craTUcs, 110 KPUTHUYHI TOYKU PO3B’A3KiB AvdepeHUianbHOro
PiBHSIHHS He € 130/1bOBaHMMM # HaBITh 3aMOBHIONIOTH AesKY obJactb. Tou-
KM Li€] 061acTi Ha3MBAIOTHCA PyXoMUMU Kpumuyrumu moukamu. ©paHLy3bKi
maremaTuku I1. Ilennese 1a b. [aM6’€ Ha Mexi XI1X—XX cronith Knacu-
dikysanu piBHAHHA Z = R(1, z, 2), IKi He MalOTb PYXOMMX KPUTHYHHUX TO-
40K, 32 YMOBH, 110 R paLiOHa1bHA CTOCOBHO z Ta z i Ma€ MepoMopdHi™ 3a
3MiHHOIO ¢ KoediuieHTu. OnepXaHuil HUMH CIIUCOK KAHOHIYHUX (OopM
Micturh S50 pPiBHSIHD, 44 3 AIKMX IHTEIPYIOTLCSl B KBagpaTypax abo 3BoasiTh-
¢ 10 anre6puyHUX piBHSAHDb nepuioro nopsgky. llicTs piBHsiHb, 10 3a1K-
HIWIKCS, HA3MBAIOTh pigHaAHHamU [lennese. [10piBHAHO HEJABHO BUSIBJICHO
uikaBi 3B’513KK MiX piBHAHHSAMHU [lerieBe T4 HeliHIHHYMMM iIHTErPOBHUMH
PiBHIHHSAMM MaTeMaTU4yHOi Gi3uKH, TaKUMK, HANPUKIAL, SIK DIBHSHHS

- Koprepera—ue Ppi3za (ocTaHHE 3raayBanocs B 1. 4.2).

[Mpoueaypa nNponoBXeHHS B310BX LUKIY 7Y, 3aCTOCOBaHa 0 KOM-
ILJIEKCHOI n-~-BUMIpHOI JiHiMHOI cucTeMu X = A(?)x 3 aHaniTUuUHOIO B D

- MaTpulelo- (])yHKLIiGIO A(r), nopomxye neperBopeHHs ii GyHaaMeHTalb-

et

Hoi MaTtpMui X(£) —~ X (I)C Jie cTana HeBupojxeHa MaTpuus C, 3a aHa-
Joriewo 3 Teopiewo T —neploumﬂnx CHCTEM, Ha3MBa€ETbCS Marpnuelo MO-

- HoapoMii. BusinsieTnesi, IKIIO KPUBI v, iy, romotonti 8 D, 10 C, = C, .

] 2
Axwo y=y, o1, 10 C, = C, C YHacniiok uux BractTuBocTeil Binobpa-

. . .
Dyrkuia f: D+ C HazuBaeThca MepoMOp(dHOIO, AKWO BOHA aHAJITH4YHA B
KOXHi# Touui obnacti D\ {1}, 15, ...}, 1€ 7|, T,, ... — i304b0BaHI NONIOCH — TaKi TOYKH,
wmo lunlf(t)l—

11,

556
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XeHHs Y C, 3anae romomopdizM dyHIaMeHTaNbHOI rpynu obaacti Gy
1pyny HeBupou.)erux KOMIUIEKCHUX (1 X n)-BUMIpHHUX MaTpuLib. QO6pa3s
Ub0ro roMomMopdizMy Ha3MBAETHCA I'PYIOI0 MOHOIPOMIi PO3IisLyBaHOl
JUHIAHOI CUCTEMHU.

Jlo BaxauByx npob/ieM aHAIITUYHOI Teopil HajleXaTh 3a4a4i o0uncaeH-
Hsl IPYIld MOHOAPOMIi JIiHiAHOI cMCTeMM i, HaBNaky, BilHOBIEHHS JliHiHOI
CUCTEMH 3a i IrpyIol0 MOHOAPOMIi Ta 0COONMBUMH TOYKaAMH pyHAaAMEH~
TanbHoOi MaTpuui. Tak, npobrema Pimana nonsirae B TOMy, 1106 3HaiTH pa-
LiOHaJIbHY MaTPULIIO A (7) NiHifiHOI CUCTeMM, SKILO BiloMi 0COGIMBI TOYKHU
1i ¢pyHAaMeHTabHOI MaTpuui. A 3HAMeHUTa 0eadusme nepuia npobrema
Tinbbepma GOPMYJIOETHCS TaK: «I10Ka3aTH, MO 3aBXAM iCHYE JiHiNHE
audepeHLiianbHe piBHAHHSA (QyKCOBOIO TUIY i3 3a1aHUMH OCOOJIMBUMHU TOY~
KaMM # 3a8aHOo0 rpynoio MoHoapoMmii». TlpyHarinHo 3ayBaxuMo, LIO rinep-
reoMeTpuyHe piBHsiHHA 'aycca (nuB. 0. 3.3) € sikpa3 piBHAHHAM THIly OyK-
ca 3 ocobnauBumu Toukamu 0, 1, oo.

Po3nosigaiouu npo audepeHiuliajbHe piBHAHHS B KOMIUIEKCHiN 06~
JIaCTi, He MOXHa He 3ragatu HoBaTopchkux npaub C. B. KopaneBcokoi,
NpUCBAYEHUX iHTETPYBaHHIO PiBHSHb PyXY BaXKOro TBEpIOro Tila, 110
00epTaEThCs HaBKOJIO Hepyxomoi Touku. CaMe 3a Ui AocainxkeHHs ik 6yno
npucyaxeHo npemii [Tapu3skoi (1888) ta Llsencokoi (1889) akanemiii
Hayk. C. B. KoBaneBcbKa Biieplle 3a[1pOIOHYBaJIa B 3a3HaYeHilt MexaHiuHil
3ajayvi po3riasaaTy yac K KOMILIEKCHY 3MiHHy. CraBasauu BUMOTY, o6
piBHSIHHA PyXy Majly OJHO3HA4yHi i MepomopdHi po3s H3Kld 1 HIyKaouu

OCTaHHi y BUITIAAI y3araibHeHMUX CTeMeHeBUX padiB ¢~ Zakt , nem—

k.0
liesiKe HaTypajlbHe 4MC/10, BOHA Liflivia BACHOBKY, LU0 TaKi pO3B A3KM iCHY-

OTb JIM1U€e B YOTUPHOX BMMAAKAX CILiBBiIHOLIEHb MiX MOMEHTaMHU iHepLii
TUla Ta KOOpAMHATaMHu Horo ueHTpa Mac. Tpu Bunanky 6yiau BXe Bigomi
paHile, 30Kpema BUnanoK Eitepa, axkuit My po3risiHyau B 1. 4.3. Bigkput-
TS YETBEPTOro, HalMbLIbIL HETPUBIAIbHOIO BUNAAKY HaleXUTh OCOGUCTO
C. B. Kopanescskii.

Hoci fiunocs npo 3Buuaiiti AvdepeHialbHi pIBHAHHS B KJ1aCHYHOMY
PO3yMiHHi 11bOro TepmiHa. ONHAK AaleKO He 3aBXKIU MaTeMaTH4Ha MOJEb,
siKa aleKBaTHO OIMCYE TOM UM iHIWKKA npolec, Moxe OyTU NpeacTaBieHa y
BUIVIAAI CUCTEMU KIaCHMYHUX 3BUYaiiHux audepeHLiapbHUX piBHAHDb. Tak,
y Pi3HOMaHITHUX CUCTEMax aBTOMATUUYHOFO PeryjalOBaHHS 31 3BOPOTHUM
3B’13KOM JIOBOJMTHLCS] BPaxOBYBaTH e(deKTU 3amni3HeHHsl, CIIPUYMHEHi CKiH-
YEeHHOIO IIBUAKICTIO nepeaayi Oynb-gKoro curHany. BianosinHi ripouecu
MOJEIOIOTh 33 JOIOMOFOIO cucmemu dughepeHyianvrux pieHAHb i3 3anisHen-
Ham. Ocb NPUKIaA CUCTEMM TaKOro TUIY:
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x(t) =f(t, x (1), x (1 - 1)).

Tyrf:R'" % R", a nonatHe uucio T > 0 — XapaKTePUCTHKA 3aIli3HEHHS.
OcobauBicTh MOCTAHOBKM NOYATKOBOI 331a4i 11 CUCTEMM i3 3arliZHEHHSAM
1IONIAra€ B TOMY, 11O SK INOYATKOBi AaHi c/1ix 6path 4Mcio f; € R i BeKTop-
Gynxuilo &(1), Bu3HayeHy Ha Bipisky |4, — 1, #]; WykaTu X norpi6Ho
PO3B’A30K, IKMI Ha BKa3aHOMY BiApi3Ky I1epeTBOpIOETbCs Ha E(7).

flin yac po3pobku 3pa3KiB CyYaCHOI TEXHiKM HepilKO NOBOAUTLCH MO-
JeJIIOBATH IIPOLECH, SKi CyIIPOBOLXYIOTbCS CTPUOKONOAIOHMMH 3MiHAMM
CTaHy AOCJi/KYBaHOI cucteMy. Taki npouecu ONUCylOTh 3a JONOMOIOI0
dupepenuyianviux pieHaHb 3 iIMnyascHolo Oicw (enausom). OCb NPUKIIAN CHC-
TeMM 3 iMITYJILCHOIO Ai€l0 B 3aiaHi GikCOBaHi MOMEHTH Yacy T, Ty, ....

i=ftx), 121, k=1,2,
x(1,+0)—x(t) = L(x(1)), k=1,2,

Tyrf:RxR"—>R"1a [ :R"—> R", k=1, 2, ... — 3anani sinoGpaxeHns.
Po3B’130K JaHOI CHUCTEMM Ha IMPOMiXKY J — 1ie BeKTop-GyHKuisd x(¢), € J
3 TAKMMM BJIACTUBOCTAMMU: 1) x(7) € PO3B’A3KOM CUCTEMH X = f(, X) HA KOX-
HOMY mTepBam 3 IKMX CKJIaJaETbCS MHOXHMHA J \ {‘tk}k 12, ; 2) x(1) He-
nepepBHa 3/1iBa B KOXHiH i3 TUX TOYOK NOC/ILOBHOCTI {T,}, AKi Hanexatsb J;
3) y KOXHi# TaKiil TOYLi T, BeKTOp-PyHKUiA x (7) Ma€ CTpuﬁox I(x (‘[k)),
SIKUA BU3HAYAETHCS YMOBOIO iMHyJIbCHOI i,

Y 3arasibHilIOMy BMIAJKY YMOBY iMITyJIbCHOI Oil 3a7aioTh Ha nesKii
rinepnoBepxHi a60 NMOCNIAOBHOCTI A€SKMX rinepnoBepXoHb y R'*”. [lpu-
POJAHO, HAPELUTi, pO3IIiAaTH ¥ Taki piBHAHHSA, B AKMX yMOBa iMIy/lbCHOI
Zii BpaxOBY€ BIUIMB BMII3/IKOBUX (PAKTOPiB Ha CUCTEMY.

AudepeHuianbHi piBHAHHA, PO3B’I3KaMM SIKUX € BUIAAKOBI [TPOLIECH,
BUBYAE meopin cmoxacmuMnux ougdepenyiasbrux pieuans. OCTaHHi 1UMPOKO
3aCTOCOBYIOTHCS B Pallioe/IeKTPOHilli, BUMiPIOBaJIbHiMA TeXHilli, EKOHOMilli,
¢iHaHCOBi# MaTeMaTHLi, Teopii MaCoBOro 06CIyroByBaHHSI.

Jenani 6inbliy ponb y cyyacHidl Teopil AudepeHUialbHUX PiBHSHb
BilirpaloTh MemoOdu gynxuionasvroeo ananizy. lieit po3nin MaTeMaTvku BUB-
Yyae HeCKiHYeHHOBUMIPHI, 30kpeMa ¢YHKLIOHAIbHI, IPOCTOpY ¥ BU3HAYEHi
Ha TaKMx npocTopax BizobpaxeHHs (oneparopu). B edbekruBHOCTI PyHK-
HiOHANbHO-aHANITUYHOIO TLIX0AY MM MaJIM 3MOTI'y nepeKoHaTUcs B 11. 2.1
Ha NpMKJIaAl 3aJlyyeHHs NPUHLMITY CTUCHEHUX BioOpaxeHb A0 JOBEJEHHS
iCHyBaHHS PO3B’A3KY JiHiliHOI OAHOPIAHOI CUCTEMU (AMB. 3ayBaXEHHS 10
Teopemu 2.1). MoryTHiM 3aco6oM aHa1i3y po3B’sI3HOCTI JiHiIMHKX i ocobim-
. BO HeJliHIRHMX KpaitoBux 3anay € meopema lllaydepa. OCTaHHS CTBEPAXYE:
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KLLIO HenepepBHuUii orepatop F nepeTBOPIOE ONyKIy MHOXUHY M 6aHaxo-
a NPOCTOPY HA KOMINAKTHY YaCTMHY MHOXMHU M, TO 3HalIeThCs Taka
ouka x € M, wmo x = Fx. [lnd Toro o6 3actocyBatu teopemy lllayaepa,
OCJIiIXYBaHy KpailoBy 3aiauy 3BOISATb A0 PiBHAHHA Burasay x = Fx, ue
'— onepaTop Ha BiINOBiAHWM YMHOM BUOpaHOMY GaHaxXOBOMY NPOCTOPI
YYHKIIIM, 5iKi 3a0BOJIbHAIOTh KpaioBi YMOBM.

1lle onuH HanpsM, TICHO NOB’s13aHKU# i3 GYHKLIOHAJILHUM aHANi30M,—
1eopin abcmpaxmuux ougepenyiarsHux pieHaHsL, B AKii, 30KpeMa, BUBYa-
)Thco ancdepeHUiaibHi piBHSHHSA BUrasiny x = f(f, x), nef: Ix D> B —
mepartop, I < R — inrepsan, D — mHoxuHa 6aHaxosa 1ipocropy B. [o-
:MTh 0arato BaxJuBHX (aKTiB AKiCHOI Teopii, Teopii cTilikocTi, Teopii
OypeHsb, iHIINX po3AiiiB Teopii 3BMYaHUX audepeHLiajibHMX PiBHSIHbL Ha
:bOrO/IHI BOANOCS NOWMPUTH ¥ Ha audepeHLianbHi piBHSHHS B 6aHaxoBUX
1poCTOpax.

AKTHBHa po3pobKa Teopii HexacM4yHUX AudepeHUiaNTbHUX PiBHAHb, 10
IKMX HaJieXxaTb, 30KpeMa, ¥ piBHAHHA i3 3ani3HeHHSAM, iMIYJIbCHI Ta CTO-
(aCTHYHi avdepeHUiaIbHI PIBHSHHS, po3noyaiacs jviie B cepeluHi XX cT.
Y weit camuit yac Oysio 3aKJ1aA€HO OCHOBYU Mamemamuyunoi meopii onmu-
maavnux npoyecie. I1pobieMu, siki BUBYAE Leil BAXIMBUIA po3ail MaTeMa-
FMKMY, BAHUKIIHM, T'OJIOBHUM YHHOM, i3 NOTped Teopil aBTOMaTHYHOIO Kepy-
BAHHS Ta MEXaHIKM KePOBaHOIO KOCMiUHOI'O [10J1b0TY.

Hagenemo ¢opMyloBaHHS OfHI€ET 3 OCHOBHMX 3alay Teopil ONTUMAJib-
HUX IpoueciB. Po3risgacTscsa n-BUMipHa cucTema

x = f(x, u), (4)

B SIKilf # — m-BUMipHUH NnapaMeTp KepyBaHHA 3 A€sAKOI MHOXMHU ROMYC-
ruMux kepyBanb U < R™. Hexait ¢(x, u) € C(R" x ‘U) — 3apana dyHKuis,
X, T X; — 3aJaHi TOYKH B IPOCTOPi R" i, HapewTi, #, — 3a1aHM}i N10YATKO-
BMI# MOMEHT Yacy. 3afaya nojsira€ B ToMy, 1100 cepen ycix 1U-3HaYHMUX
KYCKOBO-HenepepBHuxX GYyHKLIN u (1), BA3HAYEeHUX Ha Biupisky [f, ]
(MOMEHT ¢, MOXe OyTu # He pikCOBaHMM) i TakuX, WIO KpakoBa 3aaaya
x =f(x, u(1)), x|,_, =, x|,_, =X, Ma€ po3p’130K x (), BKa3aTu Ty, 11s
9KOi DyHKLOHAN '

h
J = I, o(x(1), u(t))dt

* Banaxoeum npocmopom HA3WBAETLCA JiHiMHMA NpocTip B, B 9KOMY BEEAEHO HOp-
My eneMenTiB || - || i AKMH € NOBHAM METPUYHUM NPOCTOPOM BiZHOCHO METPUKHM p(X, ) =
=lx~yl, x,yeB.
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JIOCSIra€ eKCTpeMaibHoro 3HayeHHsA. CopmyboBaHa 3aJaya HajleXuUTh 10
Hex/acuyHUX BapiauiiHux 3agay. (I[1pukiagoM KiacHyHoi BapialiiHoi 3a-
Jayi € 3amaya npo 6paxictoxpoHy, copmyiboBaHa B 11. 4.2.) Y BaxiuBoMYy
OKpPeMOMY BMIAJIKY, KOJIM ¢ = 1, a oTXe, J = f; — {,, MAEMO ONTUMAJIbHY
3aayy WIBMAKOMIL: KepyBaHHA u (¢) noTpiOHO BMOpaTy Tak, 1106 yac pyxy
Bil TOYKM X, A0 TOUKM X; Y31OBX PO3B’A3KY cuctemu (4) npu u = u(r) 6ys
HatMEeHLUMM.

HapixHuM KameHeM Teopil ONTUMAIbHUX IIPOLIECIB € NPpUHUUN MAKCU~-
mymy [lonmpszina, cdopmyasoBanuit J1. C. Ilonrpsarinum y 1956 p. Lei
NPUHLUMI BUpaxa€e HeoOXigHi yMOBM ONTUMAIbHOCTI KepyBaHHs u(?) i
BiNOBIIHOrO pO3B’s3KY X ().

Ha uboMy My 3aBepuiMO Haul KOPOTKMIM eKCKYpC Y Cy4acHY TeOpilo
3BUYAMHUX AubepeHllialbHUX piBHSIHb. YHUTauyeBi, B AKOro BUHUKIIO Oa-
KaHHS 1103HAOMUTHCS 3 UMM PO3iJIOM MateMaTUKM IPYHTOBHiille, MOXHa
MOPEKOMEHIYBaTH 3BepHYTUCA A0 NOCiOHMKIB i MOHOrpadii, HaBedeHuX y
CIIMCKY JiiTepaTypy. 30Kpema, MTaHHS 3arajibHoi Ta KiCHOI Teopii aude-
peHUiILHUX piBHAHB BUCBiTIeHo B [1, 19, 20, 21, 29, 32, 37, 39, 41].
[NpexpacHum nocibHUKOM i3 Teopii crilikocTi € [2]. IIpo AMHamiuHi cucTe-
MM MOXHa npouuTatu B |32, 41|. PisHOMaHITHi acnekTy Teopii 36ypeHb Ta
Teopii HeNiHIHUX KOAMBaHb Po3risialoTbes B [19, 22, 36]. [1po cuury-
JIIpHO 30ypeHi piBHAHHA MOXHA NPOYMUTaTU B NiOpyyHUKy [14]. Teopia
aCUMIITOTHYHUX PO3BHHEHDb 32 HE3AIEXHOIO 3MiHHOIO BUKJIAAAETLCS B [24,
30]. [I¥TaHHA aHATITUYHOI Teopii anudepeHLIAIbLHUX PiBHSAHL BUCBITJIEHO B
(26, 29]. Xopoium BcTyriom 10 Teopil audepeHitiaibHUX PiBHSAHb i3 BiaXu-
JNIeHHAM apryMeHTy € kHura |38]. Teopiio piBHsSIHb 3 IMIYJILCHOIO HIi€I0
BukJianeHo B [35]. CroxacTuuHuM audepeRLiabHUM PIBHSHHAM IIPUCBS-
yeHo KHUrY [25]. Y moHorpadii |27] aocaimKyioTbesi IpobaeMu CTiMKOCTi
pOo3B’s13KiB AudepeHLiaIbHUX PiBHAHDb Y 6aHaXOBUX npocropaxX. [IpuHLuI
makcumymy JlontpsriHa BuknaneHo B [31]. Hapeiuri, B [18, 34, 39, 40]
MOXHa 3HaWTH GaraTo LikaBuX 3acToCyBaHb AUepeHLialbHUX PIBHAHD Y
MPUKIAAHUX 333aYax.



JAOJATKH

Jodamok 1
BYZIOBA NIHIKHOIO OMNEPATOPA

A.1.1. Jlinivivi oneparopn
Ta ix Marpuui

Hexait V" — n-BuMipHMii BEeKTOpPHMI NPOCTIp HaA NoJjieM cKaspiB P,
Ae P=R abo P=C.

Bino6paxeHHsa 4 : V" > V" Ha3uBaETLCA AiHIlIHUM Onepamopom, IKUIO
s Gyab-sIKUX BEKTOPIB x, y € V" i Oynb-siKuX ckanspiB o, p € P BUKO-
HYETbCA PiBHICTH

A(ox + By) = adx + BAy.

Hexaii {¢;}; .| — 6a3uc npoctopy V". Mampuyeio onepamopa A B LiLomMy
6a3uci Ha3MBAETHCH MATPULISL

fe CKa/sipH a; ONHO3HA4YHO BU3HAYAIOTECS 3 pO3KJIaJiB BEKTOpiB Ae3a 6a-
3ucom {e }; |:

Aej= aje +..+aye, j= 1, .., n

CucreMy LMX PIBHOCTEH Y CUMBOJIIYHOMY BMIVISIL 3alylUeMO TaK:
a) ... a,
, Ale; ..;el=1le; 5e)|. ... ... .. .
ay, a

(3BepHitb yBary, sik GOpMyIOTbCs iHAEKCH CKANAPIB a;;.)
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Hexait x,, ..., x, — KoopauHaTy BekTOpa X y 6asuci {e;} ;. :
X
X=x€ +..+x,e =le; . e,
x'l

IloctaBuBiLIN BEKTOPY X Y B3AEMHO OJHO3HAYHY BillIOBiIHICTb BEKTOP-CTOB-
neus i3 #oro KOOpAUHaT

5 xl

X <

JicTaHeMo

Ax & | .. ... Y= : .

"
all" :
) | 2
j= 1

106TO 06pa3y BeKTOpA X IpU Aii orieparopa A Biunosigae 1o0yTox MaTpuii A
Ha BEKTOP-CTOBIIELb i3 KOOPAMHAT BEKTOPA X.
MHoxunHa

kerd:={xe V": Ax =0}

Ha3uBa€eTLCS Adpom onepamopa A. MHOXHMHa

imA= |J Ax=4A(V")
v '/n
Ha3MBA€TLCsl 06pasom onepamopa A. OOMABI Ui MHOXMHM € JNiHiHHUMU
nianpocropaMu npocropy V.

Hexait B: V"> V" — JiHiiiHunii ouepatop i o € P. Oneparopy, 110
AIIOTb 32 NIPaBUAOM X > 0Ax, X — Ax + Bx, x — ABx, Ha3MBalOThHCA BiIO-
Bi/lHO dofiymkom ckaaapa o. Ha onepamop A (no3HayeHHs oA), cymoro onepa-
mopis A i B (no3HaueHHa A + B), dobGymkom onepamopa A Ha onepamop B
(1103HayeHHs AB). 3a osHaueHHaM AX := A ... A. Hexait A Ta B — matpuui

LRe—

k
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Aopatok 1
bynoBa niHikHOrc oneparopa

onepartopis A Ta B BilNoBifHO B AesiKoMy Ga3uci npoctopy V”. Jlerko Gauu-
TU, IO MaTpULIIMU onepaTopiB a4, A + B, AB € BialoBiaHO oA, A + B, AB.

JliniliHuit B3aEMHO OAHO3HAYHUH onepaTop S HA3UBAETLCH ANIHIUHUM
asmomoppizmom nPocropy v". Onsi TAKOro onepaTopa BM3Ha4YeHO obepHe-
Huit oneparop S'. 3a o3HauenHsM S 'S = S5 = 1d, ne Id — ToTOXHMI
oneparop: Idx:=x vxe V"

Jlinifinnit amomopd)um S CTaBUTb y BiIIOBIOHICTb onepaTopy A no-
1i6Huit onepatop A’ = S”'AS, KUl BU3HAYAETLCS YMOBOIO KOMYTAaTHB-
HOCTI JiarpamMu

yn __/l___) yr
S S

V" A 1744
Hexait V™ 1 V" — napa aiHifiHUX IIPOCTOPIB Hal CHiJILHUM HNOJIEM CKa-
JapiB P. Binobpaxenns A : V™ - V" Ha3uBaoTb Aikilinum, AKIIO BOHO 11s
6yab-Kux o, B € Pi Oyab-aKkux x, y € V™ 3a10BOJIbHSAE YMOBY
A(ox + By) = adx + BAy.

Hexait {e;}7 | 1a (Ir } 1 — Oa3ucu BianosiaHo y V™ ta V", [IpamokyTHa
MaTpULS A = {a;}7.,, .|, yTBOpEHa CKalapamu a;;, AKi ONHO3HAYHO BU3-
HavaloThCs PO3K/IafaMU

n
Ael = Zayh,, i = l, ceey m
i-1

HA3UBAETHCA Mampuyelo 6idobpancents A BIIHOCHO BKalaHux Oa3ucis. Nicasa
3icTaBjieHb

JicTaHeMo
m

(x,\ jz‘a.lixj

m

Za'u Jj

J !

®
!
2
=Q
—
EX
It




AOAATKHU

1.1.2. InBapianTHi nianpocropmn
Ta POSILENNEHHA maTpuui
oneparopa

BexTopumit nianpoctip V™ ¢ V" Ha3uBa€TbCA ingapianmuum BIITHOCHO
oneparopa A, akio A(V™)y < V™.

3gyacennam onepamopa A Ha iHBapiaHTHUY nianpocTip V™ Ha3sMBa€eTbCs
onepatop A|,,,, KU KOXHOMY BEKTOPOBi x € V™ CTaBUTb Y BiBOBIAHICTH
BekTop Ax € V™.

Harauaemo, wo npocrip V" € npamolo cymolo minnpocropis V", ..., V,?
V'=V"®. .0V, nen +. + n, = n, AKWO KOXeH BeKTOD xe V"
EJMHMM JMHOM MOXHA nozla’m y urasai CYMAX =X, + ... + X, le X; € V",
i =1, .., p (exsiBageHTHa ymoBa V" Vj"' ={0} mpu i # j,
i’ .] - 1 - P)

Hpnnycumo wo V' =V @..eV,"i KOXeH i3 nianpocropis Ve
iHBapiaHTHMM B1AHOCHO onepaTopa A. Hexait {ek 3% «.1 — Basuc nmnpocm-
py V™, i=1, .., p. Ockinbku Aek c V', 10 BeKTop Ae; € ninifinolo
KOMﬁlHamelO BeKTOplB e, .. e,. Tomy B Gasuci {e,)} | ={ler)y.,)7 |
MaTpULIA ollepaTopa 4 PO3LIEIUIIOETLCS B TaK 3BaHY KpOHeKeposy Cymy KBajl-
paTHUX MaTpulb A, ..., Ap posMipamu n, x ny, ..., n,xXn, BLAMOBIAHO:

A, 0 0 " 0

ny. .oty . m.n

A=diag(A,....,A)=10, , A, 0, . -0

.......................

e yepe3 ;j MIO3HAYEHO MATPHLIO, KA MAE i psIAKiB Ta j CTOBIILIB i CKJa-
JIAETLCS 3 OJHMX HYIIB.

A.1.3. XapaktepuCTUYHUN MHOTOUNEH,
BRAaCHi yMCcna 1a BeKTOpU

Bu3snaunuxom onepamopa A Ha3uBaeTbes ckajsp det 4 = det A, ne A —
Marpullsl onepartopa A B fesskoMy 6a3uci. Ockinbky MaTpuLli oneparopa B
JIBOX pi3zHuMx 6a3ucax noB’s3aHi MiX co6010 nepeTBopeHHAM noaibHoCTi, 10
LIe O3HAYEHHS KOPeKTHe.
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Hopatok 1
Bynosa nininHOro onepatopa

Hapani P=C. MHorouaeH

P(A) =det(4-Ad)=2"+aA" '+..+a

n

HA3UBAETLCS XAPAKMEPUCMUMHUM MHO2041eHOM 11bOTo ofneparopa. Hepax-
KO 1epeKOHaTUCS B TOMYy, w0 Koediui€eHTH a,, Bid Bubopy 6asucy He
3aJieXarh.

Teopema 4.1.1. (Faminbrona—Keini)
“MuorouineH P()) aHyJI0€ omneparop A :

POy =A"+a A" '+ .. +ald=0,

s e LI

*jie 0 — HyJAbOBMI ONEpaTop.

JloBeaeHHs ClIMpaeTbCsl Ha BiioMuii dakT i3 Teopii MaTpULb: SKILO
M — n-BMMipHa KBaapaTHa marpuus, M, — 1i npyueaHaHa matpulisi, To6To
MaTpuus, i-# psiAOK KOl YTBOPEHO 3 aireOpuyHux AOMNOBHEHb i-TO
crosnus Matpuui M (i=1, ..., n), o MM, = M\M = (det M)E , 1e E, —
n-ByMMipHa oaMHUMYHa Matpuus. Hexait C(A) — oneparop, 110 Bianosisae
npueananii marpuili (A — AE ).. Ockilbky efleMeHTaMU Takoi MaTpuli €
MHOIOWIEHM 100 A CTeneHsi, He BULIOro 3a n — 1, To C(X) MoXHa nojatu
y BULJSAMI

CA=2""C,+..+C,

ze q : ¥V, V, — niHilfini onepatopu, HesanexHi sia A. llel onepatop mae
BJIACTUBICTb

CONA-Ald) = (A4 - Ald)C () = P(M)1d, . (1.1.1)

HaCJ1AKOM sKOi, 30KpeMa, € piBHocTi AC, = C /A4, i =1, ..., n. Ane Toai
dopmyna (1.1.1) aa€ 3mory aictaty NoTpiOHMIA pesyabTat

P(A)=(A-A-1d)C(A) =0.

HeHnynboBuYit BekTOp @ i cKansp y, L1 SKUX BUKOHYEThCS PiBHICTDH
Aa = pa, Ha3NBaETbCH BIANIOBIAHO 61ACHUM 6eKMOPOM | 61ACHUM YUCAOM
onepamopa A. KoxHe BjlaCHE YMCJIO € KOPEHEM XapaKTepUCTUYHOTO MHOIO-
yieHa. OaHOBUMIPHMIA MiAIIPOCTIP, HATATHEHMI Ha BAaCHUH BEKTOp, € iHBa-
piaHTHUM NIANPOCTOPOM oriepaTopa A.
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0.1.4. Kopenesu# nignpocrip

Hexait A, ..., kp — NOBHMI Habip pi3HMX BIACHUX BEKTOPIB oriepaTopa A,
n; — KPaTHICTb KODEHA A, XapaKkTepUCTU4HOro nojiHoma P(R), i=1, ..., p
TakuM unuHOM, 1| + ... + N, =n i

PLM=(-1)" ... (A - kp)"p. (a4.1.2)
MHoOXMHa BCix BexTopiB x € V", ki 3a10B0/bHAIOTE YMOBY
(A-21d)"x=0,

T06TO s11p0 ker (4 — A,1d)", Ha3UMBAETbCS KopeHesum nionpocmopom, AKUi
BULNIOBINA€ BIACHOMY YHMCIy A; oneparopa A. Llei JliHifnuii niapoctip no-
3HAUMMO uepe3 Va(n).

I3 piBHOCTI (A - A, 1d)" A = A(4 - A, 1d)" oupa3y BUILIMBA€E Take TBep-
JDKEHHS:

Teepaxenna 1.1.1
KopeHesuit uignipocTtip € iHBapidHTHUM NiAIPOCTOPOM Ollepa-
TOpa A.

Teeppxenua [1.1.2
Biacunit BEKTOP, SKMA BIINOBIAAE BAACHOMY UMCAY X, HAJIEXHTD
nianpocroposi V" (7& ) i He HaJle)Kldlb XKOILHOMY nmupouopom
V"z(?\. yopui#j, i, j=1,

Cripasili, SKILO 18 I€SKOT0 @ € ¥ 0iHOYaCHO BUKOHYIOTLCS PiBHOCTI
az0,Aa=)\ai(A- )»ld) Ya=0, TO

0=(4-nld)"a=(4-n1d)" O, A)a=..= (- 1) "a.

Tomy A, = l
Is TBepmerb A.1.11 A.1.2 BuIuiMBaoTh Taki.

TeeppxeHua f1.1.3
3ByxkeHHs onepatopa A Ha mianpoctip V”(X;) € 011epaTopoM 3 €au-
HHMM BJIACHUM MC/OM 4.

Teeppxensn [1.1.4
Ons popinbHux i=1, .., n,j=1, .., n, i #j sukonyersca V() N

Vi) = {0}
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Aopavox 1
Bynosa niniHoro onepartopa

Cnpamu Hexa#, HaBNaKy, icHye BexTop & # 0 Takui, wo (4 - A, 1d)"a =
=0i(A-x1d)%a=0. Toui 3HdM.ﬂ8TbC}l HaTypajlbHe k < n; Take, l.llO (A~
- a3, 1d)Ya =0, ane b, := (4~ 1,1d)* 'a = 0. OueBuao, 1o b, — Bracuuit
BeKTop oneparopa A KU anosmae BJIACHOMY YHuCHy 7& BouHouac
(A-X1d)"b, = (A4 - 4, 1d)F~ (4 - A;1d)%a = 0, wio cynepeunts TBEPIKEHHIO
a.1. 2]

Teopema [1.1.2
IMpocrip V" € npsAMoI0 CyMOI0 BCiX KOPEHEBMX 111ANpOCTOpiB ofle-
paropa A4:

V =V ()@ eV (0.,).
Ilpu usomy dim V" (a,) = n,.
3 ypaxysBaHHsM TBepixenHs [1.1.4 nocTaTHbO llOKd3aTM, o 6yan-
SIKui BeKTOp x € V" MOXHa noaatu y BUIIsiAi x —Zx , ne x; € V'(},),

i=1,..,p i1
3ayBa>KuBmu, o npapunbHuit opi6é 1/P(\) nonyckae po3kian

I T B 1
PG G-y G-,

ae Q,(A) — mojiiHOM CTeNeHsA, MEHIIOro HiX n,, Ta BpaxyBaBLIM PiBHICTb
(11.1.2), MaEMO TOTOXHICTb

I=RMOM) + ...+ RMO,M), R(R) = ﬂ(x M)
k l
fi HacinkoM € BaxIMBa onepaTopHa piBHICTh

1d= P(A) + ... + P(A), P,(A) = R(4) Q,(A).
3sincu
x=P(A)x+ ...+ P(A)x Vxe V"

Ockinsbku 3a Teopemoro amiibrona—Keiiii P(A) = 0, i P(A) = (4 - X, 1d)" x
x R(A), T0 R (A) : V"> V"();). Tomy x; := P,(A)x € V":(})).

Llepes iHBapiaHTHICTb KOpeHeBUX 11iANpocTOpiB onepartopa A Horo xa-
paKTEPUCTUYHMH 1NOJiHOM € JOOYTKOM XapakTepuCTUYHUX I10JliHOMIB
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orepaTopiB Al,,.., oo 3po3ymisio, 1O BlacHe YMCO0 A, orieparopa AIV,.% )
€ n-KpaTHuM KOpeHeM HOro xapaKTepuMCTM4HOrO NoJjliHoMa. 3BiICH MAaeMO
TBEP/KEHHS PO BUMIipHICTb npocTtopy V' "f(l,.).

3 Tteopemu [.1.2 BuiLinBae, wo B 6asuci, yrBopeHomy 06’€tHAHHAM
6a3uciB KopexeBMX MiANPOCTOPIB oneparopa A, MaTpulsi OCTAHHBOIO € Kpo-
HEKePOBOIO CYMOIO p MAaTpHilb.

TakuM YMHOM, 3a1MIUAETLCS JOC/HIAUTY CTPYKTYPY OIIEPaTopa 3 OMHUM
BJIACHUM YHMCJIOM.

4.1.5. Umkniuani nignpocrip.
2opaaHoBa HOpmanbHa
thopma marpmii oneparopa

Hexait ontepatop A : V7 — V9 Mae eanHe BaacHe 4YMUCIO U i, TAKUM
4YKHOM, caM 11pocTip V7 € KopeHeBUM NPOCTOPOM LbOro oneparopa. Flokna-
aemo B = A - uld. [ianpoctip Z™ < V¢ Ha3sUBAETLCSH YuKAiMHUM nidnpocmo-
pom (BIAHOCHO B), fIKIIO 15 AeSIKOTO HAaTypajlbHOIO K i 1esIKOT0 BeKTopa
£ € Z™ NaHLIOXOK BeKTopiB g, Bg, ..., B™~ g yrBopioe #toro 6a3uc i B™g = 0.

Ba3uc, yrBopeHUIt BeKTOpaMu

. 1 . 2 . .

e =B" ‘g, e, =B" "g, ...,e, =Bg e, =g, (A.1.3)
Ma€ TaKy BJIACTUBICTb:

Ae| = e, Ae, =e; +pe,, ..., Ae, =e, | +pue,.

_ “TakuM YMHOM, Mianpoctip Z™ € iHBapiaHTHUM BiZLHOCHO ONepaTtopa A, Ipu-
-uomy e, — L€ BJIACHUI BeKTOp LLbOTO O11epaTopa. Marpuus oneparopa A | m
y 6a3uci ([1.1.3) mae Burisa kinituHu 2KopaaHa

w100 .00
0 p 1 O .. 00

S|




fopaTok 1
bynosa niniAHoOro oneparopa

CdhopMya10eMo MiACYMKOBE TBEPAXEHHS.

Teopema 1.1.3
Ilpoctip V7 posnanacTbCs Ha NpAMY CYMY LMKIIYHMX BITHOCHO B
MiANPOCTOPIB.

ITobyaoBy 6a3uciB UMKIiYHKX nianpocTopis i3 Teopemu 1.1.3 Mox-
1a 3aifcHUTUA TaKuM YuHOM. Ockinbky 3a TeopeMolo I'aminbroHa—Keiini
B9 =0, To icHy€ HaliMeHlie HaTypalbHe m < ¢, Ajad Akoro B™ = 0, ane
™1 £ 0. NoknageMo W, = ker B/, j=1, ..., m. 3posymino, wo W_= V9,
W, c W,c W,_, c W, 3aysaxumo, uo W, — L nianpocrip BIacHMX
3eKTOPIB Ofeparopa A.

YTBOPUMO TaKy TabJMLII0 BEKTOPIB:

" m
el L] eq, € u/m
Bl
m 1 m-1 m- 1 m 1 W
el 5 eeny eq| s eql TR eq: € m 1
Bl Bl
m-2 m- 2 m 2 m-2 m-2 m-2
€ e te ’ e‘!l ol e‘]: * e‘I: R e‘JJ €W
Bl B Bl
Bl Bl Bl
1 I 1 1 1 1
e, .. €y, €q 1> -5 €qys €gy 15 s €y e W
—_— -—

“

t

B™ l(u/m) c B™ Z(l,Vm l) - Bm_3(Wm_ 2) c ..

[NosicuuMo ii 6ynoBy. Y npoctopi im B™ ! .= B™~ '(Wm) < W, Bubepemo
basuc e}, ..., el’ll. IcnyioTb BekTOpM ef”, ..., e,' y W, Tai, wo B~ ! ej' = e}-,
i=1, ..., q,. Bonu € 1pooGpa3saMu BeKTOpIB e, ..., e, NpHu BiloGpaxeHHi

B™~ . YTBODIOEMO JIaHLUOXKH

e} = B™ 'e}", e} =B" 2e;?‘, e €] b= Bel, e, j=1,..4q.
[epuii g, K010HOK TabauLi cHopmoBaHO.
Jai, sayBaxumo, wo B(W,) « W, |, atomy B" (W, )= B" *(BW,) c

- B'"“Z( W, _1). Ko ue BK/IIOYEHHS CTPOre, TO BEKTOPH e,‘, e,’,l
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.uonosmoemo BEeKTOpaMu e _1» .- €, 10 Gasucy nianpocropy B™ - 2(W -
l'llcmi HbOIO 3uaxo,z1uM0 BeKTopld e'" ‘1 eZ: Ly W, _, Taki, wo
B2 el == €. j=q,+1, .., qy y'rBopxoeMO JIAHLUOXKH
#
\ 2 3 m ol 2 | 1
i ej, e;j =B" e .. el “=Bel el |, j=q+l..q

3 1 GOPMYEMO HACTYNHI KOJIOHKH TabIMLI 10 HOMEpa g, BKIIOYHO. 3pO3yMino,
11O 33 CKiHYEHHe YUCO KpOKiB Oyzne nobynoBaHO Takuit 6a3uc nianpocropy *
W, BracHNX BEKTODIB, SIKAX YTBOPIOE OCTaHHIN pANOK 3a3Ha4yeHol Tabnui. -

MipkyBaHHSIMM Bill CyIPOTUBHOIO JOBOAMMO, 1O BEKTOPU KOXHOI KO-
JIOHKM TabJiMui JiHIHHO He3anexHi i, oTXe, yTBOPIOIOTb 6a3nC LesKOro
LMKNYHOrO IAIPOCTOPY, @ BEKTOPY J-TO pAAKa JIIHIHHO He3ajiexHi Hall
npocropoM W™/ j=1, ..., m - 1. Bextopu 1106y10BaHoOi TabinMui yrsopio-
10Th 0a3uc ycporo npocropy V7.

13 reopem A.1.2, [1.1.3 BHILIMBaE, WO 044 006inbHO20 Onepamopa icHye
6azuc, 6 AKOMY MAMpPuUys onepamopa ¢ KPOHeKePo8ow CYMOI HOPOUHOBUX
kaimun. Takuit 6a3MC HA3UBAETHCH HOPOAHOBUM, A MATPULA oriepaTopa 4 B
HbOMY — HCOPOAHOBOI HOPMAABHON POPMOID.

IH1IMiA niaxia 1o no6ya0By XKOpAaGHOBOI HOPMAIbHOT (POPMKM MATpHLIl CIK-
PaETbCA Ha TEOPIlO IHBAPIaHTHUX MHOXHMKIB Ta €JlEMEHTApHMUX JUIbHHKIB.

Hexait A — xBagpaTiyHa MaTpuusi nopsaky #. Po3risiHeMo Tak 3BaHY
A-marpuuio F(A) = AE, — A. Hexait r — panr F(A). Lle o3Hayae, 10 MaTpu-
ua F(L) mae xoua 6 oiuH HEHYJbOBUH MiHOP 7-ro IOpPAAKY, 1 SIKIIO r < A,
TO BCi il MiHOpH nopsiaky r + 1 TOoTOXHO A0piBHIOIOTL HY0. [loKaanemo
Dy(}) = 1i nis koxHoroj € {1, ..., r} no3Haunmo yepe3s D, (1) HaiOLIbILKI
COUIbHMUIA AUIBHUK MiHODPIB j-ro nopsaky marpuui F(X). BusiBaserbcs,
D;_(A) nismts D;(R). MHorownen

[,0) = D0/ D, ()
HA3UBAETHCA j- M iHGapiaumuum mMHoxcHukom maTpuili A. Ilogamo iHBapi-:
aHTHi MHOXHMKM y BULsiai J0OYTKiB

L= =A™ (=)™, j=1,

pe m] >0. Yucna k,, - A, € BlACHUMM 4HCIaM¥ MaTpHUi A. KoxeH
MHOXHHK (A -}, )™y Buna,uxy m/ > | Ha3UBAETLCH ereMeHmapHuUM Oinb-
HUKOM Mdl‘pldl.ll A BusiRA€TLCS, KOXKHOMY TAKOMY €1eMEHTAPHOMY Hijlb-
HMKOBI BilNOBiga€ XOpAaHOBA KJIiTHHA J, (7.k) y HOpMaJibHIN dopmi
marpuli A.
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Aopartok 2
Andpepeniinosni BinobpaxerHa

LHodamox 2
OVOEPEHLIAOBH! BIAOBEPAXKEHHA

0.2.1. Tepminonoria

Hexait e, ..., e, — neaxui 6asuc npocropy R". HopMy A0BUILHOIO Bek-
TOpa x = X, + ..., X,e, BU3HaYMMO 3a hopmyJi010

Bioxpumoro kyneio (B npocTopi R") paaiycom r i3 1eHTpOM y TOulli X, Ha3u-
BA€ETLCSA MHOXMUHA

Bl (xp) ={xe X" :| x|l <r}

MHoXuHa

Bl(xp)={xeR":|lx]|<r}

Ha3MBAETLCA 3aMKHeHo0 Kyaelo. Tam, e Lie He MpU3Bejle 10 HEIOPO3yMiHb,
[10Ka3HUK BMMIPHOCTI 1 y no3HayeHHi KyJi nucatu He Bygemo.

MHoxuHa X c R" Ha3zuBaetbest sidkpumoro, Ko Vx € X 3r> 0 :
B (x) c X.

Touxa x; € R” HA3UBAETLCH SPAHUMHOI MOYKOH0 MHOMCuHU X, AKIEO
Vr>03x e X N B,(xy) : x #x,.

MHoXMHa X Ha3UBAETLCA 3AMKHEHOW, SIKILO BOHA MICTHUTb YCi CBOI
FPaHUYHi TOYKH.

MuoxuHa X Ha3sUBaETbCs obmexncenow, ko r> 0 : X < B,(0).
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AOAATKMHU

MHoxuHa X Ha3MBa€TbLCS 36 '93HOI0, AIKWIO He iCHYE mapu BiAKpM-
THUX MHOXHUH X, X,, sIKi 3a10BOJbHAIOTH TaKi ymOBu: 1) X, N X, =,
X, nX =D, 4—1 2;3) X c X, UX,.

06/1acmfo B R” Ha3MBAETLCH BIAKPUTA 3B’3HA MHOXHUHA; mMedxcero 06-
aacmi D — R” Ha3UMBA€ETLCA MHOXMHA A0, yTBOpeHa BCiMa TUMY IPaHMYHUMU
Toukamy obnacti D, Aki He Hanexats D. 3amkHena o6aacme — 116 MHOXMU-
Ha D = DU oD, ne obnactb D odomexena. CyKyInHiCTb BIIKPUTHX MHOXHUH

= {U } e > A€ J S N, Ha3UBAETLCH JMUEHHUM BIOKPUMUM NOKPUMMAM MHO-
dHCUHU X Ko X c U U;. ko mHOXMHa J CKiHYeHHa, TO i NOKPUTTS

HA3UBaETHCA crcmueunwu CykynHicte MHOXMH U’ = {U } <y A8 J cJ,
TaKa, wo X < U , HA3UBAETLCA nidnokpummsam nox(pm*m U.
Jjed

Mnoxuna K Ha3MBa€ETbCS KOMRAKMHON MHONCUHOW (KOMNaKmom),
AKINO 3 OyAb-5IKOTO BIIKPUTOIO MOKPUTTS LIET MHOXHHY MOXHA BUIUIUTH
CKiHYeHHe 1ianokpurTsa. KoOMNakT Ma€ Taky XapakTepMCTHYHY BJIACTH -
BICTb: AOBUIbHA MOCILIOBHICTh TOYOK {x; € K};_| ,  MICTUTb NHANOCAIN0B-
HiCTb {x; }; | , _, sika 36ira€Tscs 10 TOUKH X, € K, TO6TO [ x—x, || -0,
Jj— . '

Biazomo, nio niamHoXKuHa X < R” € KOMIIAKTOM TOAi 1 JiMle TOAi, KOAu
BOHa 3aMKHeHa i oOMexeHa.

0.2.2. Henepeps.ni
Bino6paKeHHA

Hexaii X ¢ R™ — MHOXMHA, KOXHa TOYKa AKOI € IPAHUYHOIO TOYKOIO
ni€i caMoi MHOXHHH (Harnpukiag, X — obaacts abo 3aMKHeHa 00J1aCTh).

Bino6paxeHHs (BekTop-QyHKuis) f: X — R” Ha3UBAETHCSL:

) HenepepeHum y mo4ui X, AKWO /11 KOXHOro € > 0 icnye Take 8 > 0,
110 Juisi Beix x € X N BI(x;) BAKOHYETbCA yMOBa f(x) € B/'(f(x,));

6) Henepepsnum na mHoxcuni X, abo gidobpaxcennam kaacy C(X — R"),
SIKIIO BOHO HellepepBHE B KOXHIi# TOYUi MHOXKHK X;

B) pigHOMIDHO HenepepeHum Ha MHOXCUHI X, KILO LIS KOXHOro € > 0
icHye Take & > 0, 110 /Il KOXHOI NapH TOYOK X, y € X, Kl 3a10BOJIbHAIOTh
yMOBY | x - y || < 8, BuUKOHYyeTbCs HepiBHIcT || f(x) - F(») || < €.

{Ipuxnanom piBHOMIpHO HerepepBHOIo BiloOGpakeHHS € Oyab-saKe Ji-
HijfHe BinoGpaxeHHs A : R” — R". Cnipasai, 1103Ha4umo yepes | A [| ronathuit
KOpiHb 13 CyMM KBaJpaTiB eJIeMEHTIB MaTpuli A := {a Vo /"‘ , Bino6pa-
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AvdepeHuyinosHl B1aobpaxeHHA

xeHHs A. Toni 3a HepisHicTio Koiui—ByHsikocbkoro Maemo | Ax || < | A || x|,
3BLIKM # BUILIMBAE BIACTUBICTDb B).

3yIMHUMOCS Ha KiIbKOX BIACTMBOCTSX HellepepBHUX BinoOpaxeHb, fAKi
y3arajibHIOIOTh BiITOBIZHI BJACTMBOCTI CKasipHOI (PyHKLIT onHiel 3MiHHOI:

1) obpa3 HenepepBHOro BinoOpaxeHHs 3B’13HOT MHOXMWHM € 3B’SI3HOIO0
MHOXHHOIO;

2) obpa3 HenepepBHOro BinoGpaxeHHs KOMIAKTY € KomnakioM. I1pn
LbOMY ICHY€E TOYKA KOMIIAKTY, B sIKiii HOpMa HelepepBHOTO BiOOpakeHHs!
HabyBa€ MaKCHMa1bHOTO 3HAYEHHS];

3) HenepepBHe BinOOpaXeHHSA Ha KOMIMAKTHi MHOXMHI € PiBHOMIpHO
HenepepBHUM (Teopema KaHnTopa);

4) xomno3ulin (cyneprio3uliia) HenepepBHUX BioGpaxeHb — Hefie-
pepBHE BiLOOpaXKeHHsi;

5) nexait {f, : X » R"}, _ 1,2, .. — HOC/IOBHICT, HenepepBHUX BiloGpa-
JKE€Hb, sIka pIBHOMIpHO Ha X 36iraeTsca a0 BinoOpaxeHHs f: X > R" (106-
TO U1 KOXHOI'O € > () icHye Take HaTypaibkHe N, 1o uis BCiX k > N i Bcix
x € X BMKOHYETHCSI HEpiBHICTS || f(x) - f, (x) || < €). Toni f — HenepepBHe
Bilo6paxkeHHs;

6) cnpaBIKYETbCH O3Haka Beliepiurpacca: K10 As I10CAiIOBHOCTI
{fi : X >R, .1, 2, .. ICHYE Taka 4MC/10Ba NOCIIAOBHICTD {¢} ), 5, MO

Ifi®l<c VkeN, vxe X, ipsn ZCk 30ira€ThCs, TO MOCAILOBHICTD
k1

YaCTKOBUX CYM g, (x) := Z S (x) piBHOMipHO 36iraeThcs Ha X.

0.2.3. AncpeperuinosHe
BinobpaxxenHA

3adikcyemo B R" nesixmit 6asuc {h,}7 ,. Hexait / € R — iHTepsai.
Jisi 3anaHoro BinobpaxeHHs g: [+ R” : 1+ g(t) Maemo po3knan g(f) =
=g, (Oh, + ... + g (1)h,. [IpunycTumo, wo dyukuii g,(1), i =1, ..., n nude-
peHuiiosHi. [Toxinanemo

d . : :
Eg(r) = g(1) = g () +...+ &,(Dh,.

Tax Bu3HayeHe BinoGpaxenHs g : [+ R" : 1+ g (1) Ha3UBAETLCSA NOXIOHOW0
gidobpaxcenns g(1).
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3oBciM He 060B’13K0OBO NOXiAHY BinoOpaxeHHS BU3HA4aTH vepe3 Horo
KOMIIOHEHTH B AesikoMy 6a3uci. EXBiBaleHTHUM YMHOM ii MOXHA BBECTH
11e i TaK: [U1sl KOXHOro f € / Ha3BeMO BeKTOD g (1) MOXiIHOIO BinoOpaxeH-
Hs g(t) y TOuwi ¢, AKILO

. I .
lim “ —(g(t+5)-g() - g(1) “ =
so>xl S
abo, 110 onHe ¥ Te came,

| gz +5) - g(t) - s = o(s), s - 0. a.2.1)

Ilpy xoxHoOMYy t € | BeKTOD g (#) NPUPOAHO BBAXATH NPUKIALAEHUM
0 TOuKU g(f), TOOTO OTOTOXHIOBATH HOro 3 HanpsMJEHUM BiAPi3KOM
{8(1) +58(1)} .10, 1) 3 movaTKOM y g(?) i KiHueM y g(1) + g(1).

SAxiuo BinobpaxeHHs g : /+— R" HenepepBHe |B LbOMY Bunaaky g(r)
Ha3IdBa€TbC$1 HenepepeHo Ougepenyiiioenum, abo BiloOpaXeHHIM Kiacy
C'(1+ R™)], To 0b6pa3 BinobpaxeHHs g (1) HA3MBAETLCA Kpueoio. MHOXH-
Ha ' Ha3MBAETHCA Pe2yrsipHOIO KpUSOi0, SKLLO BOHA € 06pa3oM JesiKoro
Binobpaxenns g(r) € C'(/ - R") i npu wwomy g(7) # 0 vz € I. Koxen
BeKTOop g (1), s € R HA3UBAETLCS JOMUYHUM 6eKMOPOM 10 KpUBOI I” y TOUL
g(1), a npama {g(7) + s&(1)};. g — AotnyHow 00 I y uifl Touui. (Y wuii
KHHM31 TepMiH «KPUBa», SiK [MPABWIO, BXMBAETHCS B CEHCI CaMe pery/isipHol
KPHBOi.)

®@opmyny ([.2.1) MOXHA B3SITH 33 OCHOBY NPH O3HauyeHHi audepeH-
1iif0BHOCTI BigoOpaxeHHs, 3a1aHOr0 Ha BillKPUTiil iAMHOXMHI X [IpocTo-
- py R™. A came, Binobpaxenns f: X > R” HasuBaeTbvCs dugepenyiliogHum y

mouyi x; € X, AKILO iCHY€ Take JiHiiHe BinoOpaxeHHs A : R™ - R”, wo

| fx, + @) - f(x)) - Aall=o0(| al), aeR™, | al|—0. (14.2.2)

[Ipu LbOMY A Ha3MBaETbCsl noxiowolo sidobpaxcennsn f(x) y mouui x, 3a
aHaIori€lo 3 BUNAAKOM m = 1, n = 1 6yaeMo BUKOPUCTOBYBATH 103HAYEHHS

A= f(x).

I3 camoro o3HayeHHs andepeHUioBHOro B To4LI X, € X BinoGpaxeHHs
BMILIMBAE Hainpocriia ¢opmya Teiinopa

L) = flxp) + £ (xp)(x = x) + 7 (x; xp),
Ae 3IMIIKOBUI WieH r(x; Xp) = f(x) — f(xg) — f'(xp)(x — xg) Ma€ Bnac-
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ﬂu@epeuumoam Bino6paxeHHA

BicTD || 7 (35 Xp) || = 0 (| x — x, D, || x = x, || = 0. OueBuaHoO, wo 3 aude-
peHitifioBHOCTI Aesikoro BinoOpaxeHHS BUIUIMBAE TakoX Horo Hemne-
PEpBHICTb.

Sxuio BinoOpaxeHHs audepeHLioBHe B KOXHIA TOYLI MHOXMHH X,
TO BOHO Ha3UBaEThCs dugepenyitiosnum na X.

3adikcyeMo B R” Hazuc {e¢;}/" |. KoxHOMY JiHiiiHOMY Bino6paxeHHIO 3
R™y R" MoxHa NOCTABHTH Y B3a€MHO OJHO3HAYHY BIIMOBIAHICTb HOro mar-
puwo (y 6asucax {e;}" |, {h;)] | ) po3mipom n x m. Taki maTpuui yTBOpIO-

10Tb BEeKTOpHMIA npoctip R”*™. Orxe, npocrip JiHi#HUX BinoGpaxeHb i3 R™
y R" MoxHa oToToXHUTY 3 R"*™. Tomy audepeHuitoBHe Ha X Binobpa-
X)eHHs f: X — R” npMpoaHO NOPOAXYE BiroOpaxkeHHs

X R x - f(x).

SIKuo octaHHE € HenepepBHMM Ha X, T0 f(x) HasUBAETLCSl HenepepeHo
dugpepenyitiognum na X, abo BinobpaxkeHHIM Kiacy CY(X ~ R".

INpyu dpixcoBaHomy 6asuci B R™ pinoGpaxeHHs f MOXHA PO3TJIsiiaTU
SIK BEKTOPHY QYHKLUIIO m CKAaIAPHUX 3MiHHUX X, ..., X, — KOODAMHAT
TOUYKM X

f(x)=f(xe +...+x,e,) = f(x], ..., xp,).

Jns audepeHuiiioBHOro B To4ll x BinoOpaxeHHs BU3HAUEeHe [IOHATTA Yac-
TUHHOI NIOXIAHOL. YacmunHow noxionolo eidoGpaxcenns f 3a aminHow X; y
moyyi x Ha3UBAEThCA BEKTOD -

f(lx), d
, = d_ f(x+rej)=

£, (0=

7 SOy, ey Xy X+, Xy ey X))

t 0

3ayBaxXumo, 1o npu GiKCOBaHOMY x i3 JiHifiHOCTI BinoGpaxeHHs f'(x)
BUILIMBAE piBHICTD f(x)(1a) = tf'(x)a, a Toni 3 ([1.2.2) maeMo

%(f(x+ 1a) - £(x)) - f'(x)a

t->

LiumM noBeneHO iCHYBaHHS TakK 3BaHOI noxiduoi 3a Hanpamom a 1ia aude-
pPeHLUIAOBHOro B Toylli X Bino6paXeHHs:
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d

arl| 0f(x+ta)=f’(.>vc)a.

3 ogepxaHoi dopMynu i po3kiaany f(x) = Z f;(x)h; BMILIMBAE piBHiCTb
i
Cf'(x) ...+———Eﬁ‘(x) h,

Xj X

Ji (x) = ['(x)e;
Otxe, JgiHiifHOMY Bino6paxeHHio f'(x) Bianosigae MaTpuLs

cfi(x) cfi(x)

(f(x) Xy Xy
X &f, (x) &t (x)
éx, X,

s1Ka Ha3UBAETLCA Mampuuyero Skobi BinobpaxeHHs f.
) B okpemomy BUIMAAKY cxarpnpuo'i byHKuii m 3MiHHUX f(X,, ..., X,) 1IO-
XilHa Ha3UBAETLCA epadicHmoM i, SIK IIPaBUIO, TPAKTYETLCS SIK BEKTOP-PSIOK

y sery

ox 1 x m

(f(x)  prad f(x) = [6f(x) (?f(x)).

TleBHMM aHA/IOTOM TEOPEMM TIPO CKiHYEHHI NMPHUPOCTU [UIsi HeflepepBHO
aupepeHLIIHOBHUX BinoOGpaxeHb € Take TBEPIKEHHS.

INema [1.2.1 (Apamapa)
Hexait f(x) € C'(X +> R") i Touka x MicTMTbCA B X PasoM i3 Kyjeio
B (x). Toni

f(x+a)-f(x)=A(x, a)a Yae B'(0),
ze

A(x, @) = Lj £/(x+ ta) dt.
%Hpm upomy [[f(x) - A(x, @) || - 0, npu || af| - 0.
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HDosepeHHA

[las DOBiLIbHOrO HerepepBHOro Bino6GpaxeHHs g : |0, 1] — R” no-
K/1a/1eMO

1 " 1
IO g(tdt = ;UO & (r)dr) e;.
1
3po3ymino, 0 TOAi Iog' (t)dt=g(1) - g(0). Tomy

14 1
flx+a)- f(x) :J.Ozf(x+ta)dt =U0f’(x+fa)dtJa.

Hexaii Tenep € > 0 noBinibHe. 3 HenepepBHOCTI BimoGpaxeHHs f~
BMILIMBAE, WO icHYyE & > 0 Take, 110 s A0BUbHUX @ € B{'(0), € |0, 1}
BUKOHYETLCH HepiBHIcTb || f'(x) - f'(x + ta) || < €. Ane Toni

<

| f'(x) - A(x, @)} = u J'(:f’(x) - f'(x +ra)dt

1
< jou £~ fi(x+a)|drt <€.

3 andepeHLiiioBHUMHY BiaOOpaXEeHHSIMU OB’ SI3aHi NeBHi FreOMETPUYHI
06’ektu. Hexait | < m< nif(x) e C(X > R"). [punycruMo, 1O paHr
martpuui S1ko6i BinobpaxeHHs f AOPIBHIOE m y KOXHINA Touui MHOXUHHK X.
Y uboMy BUNAAKY f HA3UBAETLCH HesupoodxceHuM. SIK1IO A0 TOrO X BOHO
B3aEMHO OJIHO3HAYHE, TO HH0ro 0bpa3 sABIAE COBOIO M-BUMIPHY [TOBEPXHIO
S(X) yR".

Hexaiti I' — kpuBa, sika € obpa3oM BinoOpaxeHHsi g : [ — X i npoxo-
AWTb 4epe3 TOUKY X,; g(f)) = X, f, € /. Po3risiHemMo KoMNo3uuiio Binobpa-
Xens: fo g(t) :=f(g()). Toni 3 (1.2.2) maeMo

I @) - flxy) - F (x)g ) -gltp) =0l g(t) -g (1) D =
=0(lg ()t - ) + o ((t— 1)) [N = 0 ((t = 1)), t = 1,
3Biacu
£ (g (1)) = flxp) - f (x)E ()t - t)) | =0t = 1), t = 4
i, orxe,
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d

@l fo80)=f(x)g(t). (.2.3)

3a npunylieHHSM NP0 HEBUPOAXEHICTb f '(x) el BEKTOpP HEHY/IbOBUM.
Orxe, obpasom kpupoi I' € kpuBa f(I') y R”, a BinoGpaxennsa f'(xy) :
NIepeBOAUTD JOTHYHMI BeKTOp 40 I' Y TOYLI X Y AOTUYHHUIA BEKTOD 10 KpU-
Boi f(I') y Touui f(xo) 3okpeMa, sikulo g(f) = x; + ta, t € I, T0O 06pa3oM -
BeKTOpa a € BeKTop f (xy)a. OcTaHHi# BeKTOp NPUPOJIHO BBAXATH IIPUKIIA-
AEHMM 10 TOYKH X,. MHOXMHA BCiX TAKMX BEKTOPIB YTBOPIOE m-BUMIDHY
JOTUYHY Imouumy (motuyHM#A NpocTip) A0 noBepxHi f(X) y Touui f(x,).
Lo miolMBy MOXHa 3a1aTh NIapaMeTPUYHUMH PiBHAHHAMMU

y=Ff(xp) + f'(xp)x, x €R".

Ha niacraBi MipKyBaHb, aHAJIOrYHUX TUM, $IKi JaJIM 3MOTY BCTAHOBHTH

dopmyay ([1.2.3), MOXHA BUBECTH npasuno oughepenyiloganHs KOMNo3uyii
eidobpacens:

(f-8)(x)=f"(gx)g (x).

Tyt fi g — andepeHuUiitoBHi Bino6paxeHHs1, IPUYOMY BUMAra€ThCsi, o6
00pa3 Apyroro 3 HUX Hajexas 0671aCTi BU3HAYEHHS NEPILOTO.

a.2.4. Teopema npo
HeABHY DYHKU IO

Hexa#t G — o6aactb y npocropi R” x R"={(x, y) : xe R", ye R"} i
F: G R" — HenepepBHO audepeHLUiiioBHe BinobpaxeHHs. Po3rnsHeMo
JIOBUIBHY TOYKY ¢, 110 HanexuTth 06pa3zy F(G) uboro Bm06pa)xe1-uw Ilpo-
06pa3 TOUKH ¢ — MHOXMUHA, SIKY NIPUIHATO no3Hauatu 9K F~ '(c), To06T0

F ' e):={(x,y) e G: F(x,y)=c},

Ha3uBaETbCA MHONCUHOIO pIBHR gidobpaxmcenns F. BUHMKA€E 3aNUTaHHA: 1O
sapisie co6olo MHoxuHa F~'(c)?

Bianosias Ha 1€ 3anMTaHHs JOBOJI IPOCTO AICTATH, SIKUIO OOMEXHTUCS
BUBYEHHSM OyI0BY 3a3HaYeHOl MHOXUHHU B IOCHTb MAIOMY OKOJL pezyasp-
Hol mouxu. Tak Ha3UMBa€ETLCA TOYKA, B AKiM paHr maTpuui Akobi Binobpa-
xeHHs F nopiBHIOE n. 13 Teopemu 11po HesiBHY yHKUiO, Ky Oyiae noBeae-
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HO HMXYe, BUILUIMBAE, 1110 B JOCUTb MAJIOMY OKOJIi Pery/IsipHOi TOYKM MHO-
XMHa piBHs € rpadikoM aessKoro HenepepBHO audepeHLiioBHOro Bigobpa-
KEHHS.

HaranaeMo, 1o epagixom eidobpaxcenms f: X - R", ne X € R™, Ha3u-
BAETLCSA MHOXHHA TOYOK {(x, y) € R" x R" : x € X, y = f(x)}, To6TO 06pa3
B3a€EMHO OJHO3HA4YHOTO BiTOGpaXeHHs

F gy X - R™ x R": x - (x, f(x)).

Axuo f HenepepBHo audepeHuifioBHe, TO it BinobpaxeHHs gr, — Hemne-
pepBHO andepeHLiiiioBHe i, KpiM Toro, HeBrpomxeHe. Tomy rpadik Bino6-
paxeHHs f € m-BUMIPHOIO noBepxHelo B R™ x R”.

Hna xoxHoi ¢dikcoBaHoi ToukM (x,, y,) € G Bubepemo yucao r > 0
HACTiIbKH MaJlMM wob (x;, y)) € G Vy e B"(yo) Toai BinoGpaxeHHs
F(xy, y) € c! (B"(yo) + R") y Touui y, Mae noxinny F,(x;, y,) 3 MaTpuuelo

eh(xy, o) BFi(xy, yo)

M = ?yl ......... ayn .
ay 6F,,(x0, _VO) oF, (xOs yO)
o ay,

Teopema 1.2.1
(npo HeABHY yHKLItO)
Hexait G — Biskpura MHOXMHa Yy R™ x R” i (xo, yeG I'lpnnymu—
MO, HIO Bmoﬁpa)xeuuﬂ F: G+ R" Mae Taxi BJIaCTHUBOCTI:
a) F(x,y) e CH(Gr R™;
6) onepatop £y (x;, y,) — HeBUpoKeHui (abo, o oane i Te

F(x()v yO) 0)
oy

Toni icHyIOTh uncia § > 0 o > 0 i eaune BigoGpaxenus f: Bl'(xy) >
= B(¥y): AKi 33A0BONBHAIOTE YMOBH: 1) 1{;b (xp) x Bp(yg) < G;
2) f(xo) =y 3) Fix, f(x)) = € = F(x,, yo) Kpim Toro, ue sinobpa-
XeHHst HaTexuTh K1acy C'( Bx,) - E"), a iioro noxinHa supa-
Xaerscs GopMmynolo

3!ﬁ&}‘” ‘() = ~[Fy(x, SO Fy(x, $) |, py VX € BP(xp). (A.24)

came, det
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HdoBepeHHA

Be3 o6MeXeHHs 3araibHOCTI MipKyBaHb BBAXaTHMEMO, 1O X, = 0,

¥0=0, ¢;=0. lnea nosenenns Gasyerbesi Ha TAKOMY CIIOCTEPeXeHHi. 3a
dopmynoro Teibnopa

F(x,y) = F(x,0) + F,(x, 0)y+o(| y .

Y nepwiomy HaGMXKeHHI LIyKaHe BiioOpaxeHHs NPUPOLHO BUHAYUTH
3 JliHeapM30BaHOI'O PiBHAHHS

F(x, 0) + F)(x, 0)y = 0. (1.2.5)

[pn x, 6nn3bkux a0 0, 3a HellepepBHICTIO JiHiHHUHI onepaTop J(x) =
= Fi(x, 0) nesupoaxeHui. Tomy piBhsinns ([1.2.5) MOXHa po3B’a3aTH
BiaHocHoO y. [lepenucaBuiv BuxinHe piBHsHHs F(x, y) = 0 y Burisni

J(xX)y + (F(x, y) - J(x)y) = 0,

ApPUPOIHO CripoOyBaTH 3HAMTH llIyKaHe BifoOpaXeHHs METOAOM I10-
CJiAOBHMX HAOMMKEHD 32 CXEMOIO

JxX)y; + (F(x, 3, ) ~ J(x)y; ) =0, y(xy) = 0. (1.2.6)

IlepeitneMo 10 OOrpyHTYBaHHs 3anponoHoBaHoro mniaxoay. Ha-
Jajli JOMOBMMOCSI BUKOPUCTOBYBATH CKOpDOY€EHe Nno3HayeHHs B/" s
B(0).
cF(0,0)

<y

3a ymoBow |det

r; >0, wo

=6 > 0. ToMy MOXHa BKa3aTu Take

ldet CLICTSININ 2 Y(x, y) e B" x B! cG.
C

Otxe, B KO)KHIM Touli (x, y) € B, ’” X B icHye obGepHeHuii onepa-

TOp [F x, "' 1 R" > R"i nas ne;u(oro L > 0 BUKOHYETbCS He-
PiBHICTh

ILF)xe, I | <L W(x, y)e B x B (1.2.7)
3 ypaxypanHsM (/1.2.6) noBynyeMo noc1inoBHicTh BinoGpaxeHb
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¥, x) =J @Y @y, (%) - (Fx, y;_ (%)) ==
=HLy_ ), j=1,2, . (11.2.8)

JlocaigrMMo BnacTUBOCTI BinobpaxeHHs H. [Lis uboro BCTaHOBUMO
KiJIbKa TeXHIYHUX OLIiHOK. AK i Tpy AOBeAeHHI ieMU AfaMapa JicTae-
Mo popmyny

I
L

3a JJOMOMOTIOIO IKOi BCTAHOBRIIOEMO OLIIHKM

VHG ] < L( |[iweo- B omar i+ e o>u}. (1.2.10)

| H(x, y,)- H(x, ypIl <

<L

1
[ V@ =-Fep+ 0, -pndrlys -wl - @211

Bpaxyemo, wo Bigo6paxenns F: B x Bl > R" i F, : B" x B' >
> R " piBHOMIPHO HenepepBHi 3a TeopeMoro Kanrtopa &1145 n 4.2.2).
Towmy icnytotb r, € (0, ) i ry € (0, ) Taki, wo

, 1 =
1) - F e pl <57 I 0] < 2’—2L Vx e BI', Vye BY.

Otxe, 3 (4.2.10), (1.2.11) nicraemo

1 r
s SL|— = \|=h ) L.
| Hix, y)| < (Zer+2L) r 1.2.12)
1
1 Hx, y) - Hx, ypll < S1p: - nill (1.2.13)

vx e BY', Y{y;, y,} c By.
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AOAATKMHU

3 (1.2.12), (4.2.13) BunnnBae, Wo pexypeHTHa dopmyina ([1.2.8)
BM3HA4a€ NOCJIIOBHICTb BidobpaxeHs y,(x) € C (B3 - BY), ¥,(0)=0,
j=0,1,2, .., 115 9KUX BUKOHYIOTbCS OLIIHKH

1y, )~y (=1 HCx, y;_ ()~ Hx, y;_,0)) || <

1
<31y @ -y @l < STline) II< vx e BY.

3a o3Haxolo Beitepuitpacca (ams. 1. [1.2.2) 4aCTKOBi CyMu

J
200 -y () =y,
k=1

NpH j — © 36iraloTbCs A0 NeKOro HENepepBHOro BioGpaxeHHs
f: By > By, siKe 3a10BOJIbHSE YMOBYU

J©0) =0, f(x) = H(x, f(x)) & F(x, f(x)) =0 Vx e B} BI'. (.2.14)
JoBeaemMo €aMHiCTh Takoro sigobpaxeHHs. MipxyeMo Bia cy-

MPOTUBHOIO. [TpUNyCTUMO, IO ICHYE TOYKA (X., J.), KA 3aJ0BOJIbHSIE
YMOBYU

(v yo) € BY x BY. yuo# f(x), F(xe, y.)=0.

Touni y. = H(x., y,) i 3 ypaxyBanuam ([1.2.13) , (4.2.14)

1
¥ =) | =1l Hxa, y) — Hx, f(x)) || < 5 Iy = fGe) 1,

1110 HEMOXJIUBO.
Hapewri, nokaxemo, o f — nudepeHuiioBHe BinodpaxeHHs. 3a-
NHKLEMO PiBHICTb

0=F(x+a,f(x+a)- F(x, f(x)) =
=[F(x+a, f(x+a)) - F(x, f(x+ a)] +
+ [F(x, f(x + @) - F(x, f(x)). (4.2.15)
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Oopatok 2
Dudheperuinosri BIRobpaxenHsa

3 ypaxyBaHHaM dopmyiu Teiliopa i nieMu Agamapa MaEMo
F(x+a, f(x+a))- F(x, f(x+a)) =
= F.(x, f(x + a))a + r(x, a); (0.2.16)
F(x, f(x + @) - F(x, f(x)) = Q(x, a)(f(x, @) - f(x)), (A.2.17)

ne QO(x, a) : R" > R" — neaxuii niHiiHMI oneparop, ABHUK BUIIs
SIKOTO MOXHa aictatu 3 hopmyau (1.2.9) i sikuit Mae BIACTUBICTb

I QCx, a) - Fy(x, fG) || = 0, [ a] - 0.

AJie Toal 1St BCiX JOCHUTh MaJIMX 38 HOPMOIO BEKTOpIB g iCHye obepHe-
Huit oneparop [Q(x, a)|™' i

Mo, @) - LF (e, fONI ' | > 0, Jlaf - 0.
Tenep i3 (1.2.15)—(/1.2.17) BUILIMBAE PiBHICTb
F.(x, f(x + @)a+r(x, a) +
+ Q(x, a)(f(x + @) — f(x)) = 0. (4.2.18)
SKIno noKnacTu
Ax, @) =-[Q(x, D) F/(x, f(x + a)),
10 3 (/1.2.18) nicranemo .
S&x+a)-f(x) - A(x, da= -0 (x, @) 'r (x, a),
i, Hapewri,
fx+a)- fix)-Ax, Oa=
= [A(x, a) - A(x, 0)la - |Q(x, &) 'r (x, a).

Jlerko 6auMTy, 110 HOpMa BUpa3y B MNpapiif yacTUHi ni€i ¢popmynu €
sennunnoo o (|| a|)) npu || all — 0. Tomy, BpaxoBylouu 03HauYEHHs AN~

(pepenuiiiosHocTi, noxigHa BinobpaxeHHsa f(x) icHye #i Mae BUIIAA
([.2.4). Tenep ¢dakrt HenmepepBHOCTI BinobpaxeHHs f*: BY > R"*™
CTa€ OYEBUIHUM.

583 )



AOAATKH

0.2.5. Teopema npo obepHere
BipoOpaxennna

Teopema [1.2.2
Hexait Y — sinkpura MHoXuHAa B R”, ¥y € Y. Ilpunycrumo, mo
BinoGpaxenns g : Y > R” nenepepsHo nudepeHuifioste, a onepa-

o
T0p £'(yy) : R” > R" HeBupomxenuit (det (_éi_y_gl # 0]. Toui icHy-
ay

10Tb yucna & > 0, p > 0 i eaune sinobpaxenns f: Bl(xy) > BI(y),
ae x, = g(y,), TaKe, wo g(f(x)) = x s Beix x € B (x,). Kpim Toro,

fe CUBIx) R if ()= 8O, o

JoBejleHHS NOJIITa€e B 3aCTOCYBaHHI TEOPEMM ITPO HesIBHY (YHKIIIIO JO
BigoOpaxeHHs

F(x,y) =x-g(»), xeR", ye V.

Bino6paxeHHsi g : Y > R" Ha3uBaeThCs dugheomophizmom, SKUIO BOHO
HellepepBHO aucepeHuifOBHEe, B3aEMHO OHO3HaYHe i 00epHeHe 10 HbOIO
BinoOpaxeHHs HerepepBHO AudepeHLiioBHe Ha g (V).

Sixio Binobpaxents € aubeomMopdizMOM auLUe B UESAKOMY OKOJi (ik-
COBaHOI TOUKM MHOXWHU Y, TO BOHO HA3UBAETLCS A0KAALHUM Jugheomop-
ghiamom y Uil TOULI.

st Toro 1106 HenepepBHo audepeHuiiopHe BiiobpaxeHHs 6yJ0 J1o-
KajibHUM audeoMopdizMoM y nesHii Toulli, Heo6xiAHO ¥ AOCTAaTHBO, 100
Moro noxigHa B Li# Touui 6y1a HeBMpOLXeHOIO. JIOCTaTHICTh BUILIMBAE 3
Teopemu J1.2.2. Ins nopegeHHsa HeOOXiMHOCTi AOCUTH 3ayBAXUTH, LIO Ha-
ciinkoM TotoxHocti f~'(f(x)) = x € piBHicTs (f WY@ (x) = 1d, sika
MOXJ1MBA JIM1LIE 32 YMOBM HEBUPOMLKEHOCTI f7(x).



KOPOTKI BIJIOMOCTI I1PO BYEHHX,
AKI 3TA/IYIOTbCS B KHH3I

ABEJIb Hinec Tenpik (1802—1829) — Hopsesbknit MaTeMaTuk. Buknanas B yHiBepcu-
teti Ta B IHxeHepHii wkoai B Ocno. ABTOp BaXJIMBUX BIAKPUTTIB B asirebpi Ta MaTema-
THMHOMY aHazi3i. BcTaHOBUB HePO3B’I3HICTb 3araibHOTrO anreGpMUHOrO PiBHAHHSA CTe-
neHst n 2 5, pasom i3 K. I'. 5. Sko6i 3aknas ocHoBu Teopii eninTuuHux GyHKUIA, AicTas
KJJACMYHI 03HAKM 30KHOCTI YMCIOBMX Ta (DYHKLIOHANbHUX PSAIB.

AJNAMAP XKak (1865—1963) — cdpatiuy3bkuit MaTemaTuk, wied Ilapusbkoi AH, npo-
decop Konex ne Ppanc, [Tapusbkoro yHisepcutery, IostitexHiuHoi wkomm. [Novecni
uneH AH CPCP. ABTop Bax/IMBUX NpaLlb i3 Teopii uMces, KOMIUIEKCHOIO aHali3y, ange-
peHUiaJIbHUX PiBHSIHb, BapiaLiifHOro YNCIEH .

AJIAMC Jlxon Kayu (1819—1892) — aHrniCbKMit acTPOHOM i MareMaTHK, wieH JIoH-
NOHCBLKOIO KOPO;1iBChbKOI0 ToBapucTea. BinoMuii npausimu 3 HeGecHOI MexaHiKu.

AHAPOHOB Onexcanap Onexcanaposwy (1901 —1952) — pociiicbkuit di3nx i MaTeMaTuk,
akagemik AH CPCP, npodecop F'oprkoscbkoro yHiBepcutery. OCHOBOINONOXHUK MaTema-
TUYHOI Teopii ABTOKO/IMBAHD, 3aCHOBHUK IOPLKOBCHKOI LUKO M AxdepeHLLianbHMX PiBHSIHb.

AHOCOB /Imutpo Bikroporuu (Hap. 1936) — pociiicbkuit maremaruk, akaaeMik Po-
ciiicekoi AH, npogecop. Ipauioe 8 MaremaruuHoMy iHCTUTYTI iM. B. A. Creknosa.
JictaB BaX/IMBI pe3yabTaTv B Teopil AMHAMIYHKAX CUCTEM. 3anpoBaaus i AOCHANB BaxX-
JIMBUI KNAC CUCTEM, SIKi HMHi Ha3MBAIOTh CMCTeMaMy AHOCOBA.

APHOJIB/ Bosoaumup IropoBny (Hap. 1937) — pociiicbknit mateMaTuk, akaneMik Po-
cificbkoi AH. Buknanas y MockoscbkoMy yHisepcuteTi. [Tpantoe B MaremaruuHomy
iHcTuTyTi imM. B. A. Crexnosa, npodecop Yuisepcutery-1X [lapuxa. Pazom 3i croim
yuuteneM A. M. KonMoroposum po3s’si3aB 3HaMeHHUTY TpUHazusiTy npobnemy [inbbep-
Ta. Binomuii npausiMu 3 Teopii 30ypeHb raMiILTOHOBKX cucTeM, Teopii Oidypkauiit, Te-
opii karacrpod, Tononorii, anreGpuyHoi reoMeTpii, riApoOAUHAMIKH.

APLIEJIA Ye3zape (1847—1912) — itanificbknit matemaruk, yaeH bonoHcskoi AH. Pa-
xiBeub i3 Teopii byHkKUil.

ACKOJI [Dxynio (1843—1896) — iraniiicbkuit MateMaTuk. OCHOBHI NpaLUi CTOCYIOTHCS
Teopii QyHKLIH Ta TPUIOHOMETPHYHUX PSiAIB.

BAHAX Credan (1892—1945) — nonbcbKuit 1 yKpalHCbKUit MaTeMaTUK, WieH-KOpec-
noHAeHT Akanemii Hayk y Kpakosi, npodecop JIbBiscbKoro yHisepcurery. OguH i3
TBOPUIB (DyHKUIOHANILHOTO aHanizy.

BAPPOY lcaak (1630—1677) — anraiiicbkuit Matemaruk. Ouosiosas kadeapy B Kem-
6pPUIKCHKOMY YHIBEDCHUTETI, SIKY 3rofloM ycnankysas Horo ydyesb 1. HolotoH. Po3s’sizas
HM3KY BaXJIMBUX 33134 reOMETPUYHOT ONTHKN. BUHAlLIOB reoOMeTPUYHUIT MeTOA pO3-
B’A3aHHA audepeHUANbHUX PIBHSIHD i3 BLAOKPEMIIOBAHUMH 3MiHHMMMU,

BEH/IIKCOH Isap Orro (1861—1935) — wseachkuit matemaTuk. Bys pekropom Crok-
FOJLMCBKOrO YHiBepcuTety. Binomuii nipausimu 3 Teopii andepeHuianbHUX PiBHSHD, al-
re6pu, Teopii TOUKOBUX MHOXHH.
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BEPHYJLI danuin 1 (1700—1782) — wseitinapcbkuii MaTeMaTHK, MexaHik, @isuk.
Cun Moranna | Bepuysni. Mpodecop Basenbcbkoro yuisepeurery. IMouecHuit wien Ie-
1epOyp3bkoi, Bepaincbkoi, Ppanuy3iskoi AH i JloHaoHCbKOro KOponiBCHLKOro ToBapu-
cTBa. ABTOp fipaub 3 anrebpu, reometpii, Teopii andeperuiaibHUX PiBHAHDb, aHANI3Y,
Teopii iMOBipHOCTEH, MareMaTH4HOI (i3UKH.

BEPHYJLII Vorann I (1667—1748) — wseifuapcbkuit MaTemaTuk. Monoawuit 6par
SAko6a | Bepuysuii. Ynen ®panuysbkoi AH. INpodecop I'ponitrenicbkoro (louiatiais) ta
basesbcbkoro ynisepcuretis. [TouecHuit wien Ietepbyp3bvkoi AH. ABTop BHAaTHMX
BIAKPUTTIB Y MaTeMaTMUHOMY aHaiisi, Teopii andepeHuiaibHUX PiBHSIHb, BapiauiiiHOMy
YHCAEHHI.

BEPHYJLUII Ako6 I (1654—1705) — wBeituapcskuit Matemaruk, npodecop basenb-
CbLKOTO YHiBepcuTeTy. ABTOp BUIATHUX Npaub 3 MaTeMaTUYHOIO aHaily, sapiauiifHoro
YUCJIEHHS, TeOpil IMOBIpHOCTEM.

BECCEJIb ®pinpix Binvrensm (1784—1846) — HimeibKuit aCTpOHOM | MaTEMATHK, YieH
BepaiHcbkoi AH, npodecop Kenircb6ep3bkoro yHiBepcuTeTy, AMPEKTOP aCTPOHOMIYHOT
o6Gcepnaropii npu yHisepcureri. [louyecHuit wien Iletepbyp3bkoi AH. [paui npucssiueHi
Teopii andepenuianbiuxX piBHsitib i HeDechilt MexaHiui (piBHsinHs beccesst).

BIPKI'O® kopmxk Jleiigin (1884—1944) — amepukaHCbkuit matemaruk, wied Hauio-
HanbHoi AH CLUA, npodecop apsapacbkoro yHisepcurery. BinoMuit npatisiMs 3 acum-
NITOTUYHOT Ta AKiCHOT Teopii AudepeHUiAIbHUX PiBHAHB, TEOPil AMHAMIYHHUX CHCTEM.

BOTOJ1I0B0B Mukona Muxonaiiorny (1909—1992) — BITYUM3HIHUI MATEMATHK, Me-
xaHik i dizuk-Teoperuk, akaneMik HAH Ykpainu Ta Pociiicbkoi AH, npodecop Kuis-
cbKoro Ta MockoBebxoro yHisepceutetis. Ouoniosar O6’eaAHAHUIR (HCTUTYT SLAEPHMUX 10~
cninxeHb ([ly6Ha, Pocis) Ta Maremaruunuit iHcTMTyT iM. B. A. Crekiiosa (Mocksa).
OauH i3 3aCHOBHMKIB KUIBCbKOI HAYKOBOI LUKOAM HeNiHifiHOl MexaHiku. PyHaaMeH-
TaAbHi AOCALLKEHHA NPUCBsYEH] BapiaLliftHOMY YUCIIEHHIO, HeliHifHIi MexaHiui, Teopil
Majtxe nepionMYHMX QyHKUiK, Teopil AMHAMIYHMX CUCTEM, CTATUCTUUHIN (i3nui, KBaH-
TOBi} Teopil NnoJisl, Teopii eJleMeHTAPHUX YACTHUHOK.

BOJIb 1lipc I'eoprifiosuy (1865-—1921) — naTBificbkuii MaTeMatuk, npodecop Pu3bkoro
MoAiTeXHiuHOrO iHCTUTYTY i JlaTsilicbkoro yHiBepcuTeTy. 3aKjaB OCHOBM Teopii KBa3sine-
pioanunux yHxuii, 3a 5 pokis no JI. E. 1. Bpayepa aoBis TeopeMy rpo Hepyxomy
TOYKY, AiCTaB BAXJIMBi pe3yAbTaTH B TEOPii CTiiKkOCTI.

BPAYEP Jleiitaen ErGepr Hu (1881—1966) —- rosuianHacskuit marematuk, uieH Hinep-
naHackkoi AH, npocgecop AMcTepaaMcbKoro yHisepeutery. Yaen-kopecnonneHT [1apu3ab-
Koi i I'erritreHcbkoi AH, wieH JIOHIOHCHKOIO KOpOiBCbKOTO TOBapucTBa. JlicTaB HM3Ky
BAXJIMBKX Pe3yJbTaTiB y TONOOTII.

BYHAKOBCbHKUH Bixrop Akosuy (1804—1889) — pociiicbkuit MareMaTHK, aKaneMix,
Biue-npe3uaent [TetepOyp3bkoi AH. Binomuit npausiMu 3 MaTeMaTuyHOro aHatizy, Teo-
pii uncen 1a Teopil iMoBipHOCTEH.

BAXKEBCBHKWM Taneyw (1896—1972) — nosbchkuit MaTemaTik, wieH [onbcbkoi AH,
npodecop Sreanoncbkoro yHisepcutety 8 Kpakosi. [1pe3suaenT Ioabchkoro Matema-
THUHOro TosapucTsa, OCHOBHI npaui npucssiyeHi po3pobiti TOIOAOFIYHKMX fiaxouis y
Teopii 3BnyaiiHuX aMdepeHLiaNbHUX PIBHsIHb Ta TEOPil ONTUMATLHOIO KePYBaHHS.
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BAHAEPMOHA 1lliapas Omoct (Anekcauap Teodin) (1735—1796) — dbpaniuy3bkuii
MaTteMaTHK, wied Opanuysbkoi AH. Binomuii npausmu 3 anrebpu.

BEMEPLITPACC Kapa Teonop Bitsreasm (1815—1897) — HiMeLbKHit MaTeMaTHK, WieH
Bepaincbkoi i MionxeHcskoi AH, npodecop bepaincekoro yHisepcutery. IoyecHuit
usen [lerepOyp3bvkoi AH, wien [lapu3bkoi AH. [licras BaxauBi pe3yibTaTu B MaTeMa-
TUYHOMY aHani3i, Teopii aHANITUYHKX (PyHKLIH, BapiauifHOMYy YMCNEHHI, AndepeHit-
a/bHil reomeTpil, aiHiNHINA anreOpi.

BOJILTEPPA Biro (1860—1940) — iranificbkuit matemaTuk, npogecop IlizaHcbkoro,
Typuncbkoro, Pumcbkoro ynisepcutertis. YseH-kopecnonaeHT [lerep6yp3bkoi AH, no-
yecuuit uieH AH CPCP. Biaomuii npausimu 3 MateMaTuuHOI Qi3nKH, iHTerpanbHUX 13
iHTerpoaudepeHuiaibHUX PiBHAHD, GYHKUiOHANBHOTO aHanily. Po3pob6asis MaTeMaThy-
Hy Teopito 60poTbbu 3a icHyBaHHS.

BPOHCBKUH (TEHE-BPOHCbKHMMN) 103ed) Mapin (1778—1853) — nosibCekuil Ma-
TeMatuk i dinocod. [podeciitnunii Bificbkosuit. Tlicas BiacTaBku 3aliMaBCa HAyKOBOIO
nisuibHicTio B [Napuxi. Jlictas uikaBi pe3ynbratu B aireOpi, MaTeMaTUYHOMY aHani3i,
Teopii pisHuLEeBUX Ta audepeHLiaNbHUX PiBHAHb.

FAMB’€ Beprpan (1879—1954) — dpaduy3bkuit MaTeMaruk, yuyens [1. [Tennese. Ouo-
1ioBas Kageapy amdepeHiiaibHOro Ta iHTerpaibHoOro ynciaeHb y Jlini. Haykosi intepe-
CM CTOCYIOTbCS Teopii andepeHuianbHUX PiBHSHDL, Teopil hyHKLIM, reoMeTpii.

IFAMUIBTOH Bianam Poyen (1805—1865) — ipaaHacbkuii marematuk, wied Ipaana-
cbkoi AH, 6ys Ti npe3anaeHToM, npodecop dybniHcsKoro yHisepcutery. Ynen-kopec-
nonaeHT [letep6yp3bkoi AH. ABTOp BaXGIMBMX Mpalib 3 aHANITUYHOI MexaHiku Ta anre6-
pu. CTBOPUB Teopilo KBatepHioHiB. Moro iM’siM Ha3BaHO BaxIMBY cuctemy andepeHLi-
ATbHUX PIBHAHD AHANITUYHOI MEXAHIKH.

TAYCC Kapa ®pigpix (1777—1855) — HiMeubkuil mateMaTuk, actpoHoM i disuk. Oyo-
JuoBae Kadenpy Ta acTpoHOMiuHY 0bcepBaTopilo B 'eTTiHreHCbKOMY yHiBepcureti. ABTOp
BUAATHMX Npallb i3 Teopil unces, andepeHuianbHol reoMeTpii, cneuianbHUX QyHKIIiH,
HebGeCcHOl MexaHiku, Teopii nmoreHuiany, Teopii MarHeTusmy, reogesii.

TUIBBEPT Jlasin (1862—1943) — HiMeLbKMit MaTeMaTHK, 4jeH-KopecnouaeHT bepnin-
cbkoi AH, npotecop Kenirc6epabkoro i I'ettiHrenchkoro yHiBepeureris. [louecHuit wieH
AH CPCP. [lictas BuaaTHi pe3yjbraTi B Teopii iHBapiaHTiB, Teopil yuces, MaTeMaTnaHil
soriui, Teopii iHTerpanbHuX Ta adepeHUianbHUX PIBHAHL, BapiauiitHoMy yucaenHi. las
NOBHY cUCTEMY akciom eBkJinosoi reomerpii. [lepiunm onepxas B ocrarouniit hopmi
piBHAHHS rpaBiTaLiHOIO NoNs.

TOII® EGeprapa (1902—1983) — HiMeubkuit maTemaruk, npodecop Jleinuusbkoro i

MioHxeHCBKOro yHisepcuteTis, OCHOBHI MMpaLi CTOCYIOTbCS TEOPil AMHAMIYHMX CUCTEM i
maTeMaTU4HOl Dizuku. :

I'PIH Jxopax (1793—1841) — axrailicbkuit Mmatematuk i ¢iznk. OCHOBOIIOAOXHHK
WIKOAYX MaTeMaTU4HOI hi3uky B KemGpunxki. JlicTaB knacuuHi pe3yibraT B MaTema-
THYHII $i3nLi, PO3BUHYB TEOPIIO €IEKTPUKH W MarHeTu3My, CriMpalouKCsl Ha 3HahAeHi
HUM dopMysiu Teopii noreHuiany.

TPOBMAH [lasua Marsiiiosny (Hap. 1922) — pociiicbkuit Matemaruk, npogecop. Oc-
HOBHI HaYKOBi AOC/iAXKEHHS NPUCBsiYeH] AKiCHIK Teopii aMdepeduiaibHUX PiBHAHD,
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Teopii cTifikocTi. Y 1962 p. a0BiB BaXAUBY TeOpeMy Npo niHeapM3auild aBTOHOMHOT
CUCTEMU B OKOSTT ITOJIOXKEHHS PiBHOBAI M. AHQIOTTMHUN Pe3y/ibTaT He3anexHo i iHIuM
METOAOM OfEPXaB BiAOMMI amepuKalCbkuit MaTemaTuk . XapTMmaH,

'YK PoGepr (1635—1703) — aumicbknit Npupoao3Hases, WieH JIOHA0HCHKOIO KOPO-
JIIBCHKOI'O TOBAapUCTBA. 3aK.1aB OCHOBH Teopil 1ipyXHocri. PO3po6:siB TeOpilo pyxy ILTaHeT.

T'YPBIL Anonsh (1859—1919) — nimeubkuit Matemaruk, npogecop Kenircbepsskoro
yHisepcutery 1 LIlopuxcbkoro nositexHikymy. Biiomuit nipausiMu 3 MaTeMaindyHOro aHa-
Ji3y, anrebpu. Teopii uucen.

TIOMTEHC Xpicrian (1629—1695) — rossanacbkuit $isvk, MexaHiK i MaTEMaTHK,
nepwuit npesuvgeHT Ppannys3bkoi AH, nepuwinit inosemuui uied JIOHAOHCHLKOro
KOPO.1iBCbKOTO ToBapycTBa. MaremaTHuHi npaui npyucesiyeHi AOCAIKEHHIO B1aCTUBOC-
Tell KpUBHX, TeOPii iIMOBIpHOCTEH. ABTOD BM3HAYHMX BIAKPUTTIB y MexaHiui, acTpo-
HOMil, ONTHL.

JUAJJAMBEP Xaw Jlepon (1717—1783) — ¢dpanuy3bkuit MaTeMaTik, MexaHix i ¢ino-
cod, ynen ®paniysbkoi AH. TMouecunit wiien [etep6yp3bkoi AH. AsTop dyHnameH-
TAIbHUX 11palb 3 aHATITUYHOT Ta HeGecHOol MexaHiku, MaTeMaTuyHOl i3uku, Teopil an-
. hepeHUiaNbHUX PIBHSHb.

iIIAH)K)/A Apno (1884—1974) — dbpanuy3bkuii MaTeMaTHK, YwieH [lapu3bkoi AH. IHo-
Usemuuit unen AH CPCP. Ipe3uaent ®Ppalitly3skoro MareMaTaHOro Tosapucrsa. Oc-
' HoBui npaui crocyoThes Teopil hyHKuii. Y Teopii audepeHuianbHIUX PiBHSIHL AOCAIANE
{ IMHAMIYHi CUCTEMM HA TOPI.

EjZlEKAPT Pene (1596-—1650) — dpanuy3skuii dpinocod, marematuk, dizuk. Ynepuie
" BBIB HOHSTTH HE3aNeXHOT 3MIHHOI BeinduHM | PyHkuii. CTBOPKUB METOL KOOPAMHAT.

 AIPAK Iloas Anpien Mopic (1902— 1984) — auraiiicbkuit di3uk-teopetuk, wieH JIoH-
JAOHCLKOIO KOPOAIBCLKOIO ToBapucTBa, npodecop KemOpumxcskoro yxisepeurery. IHo-
semuuit wied AH CPCP. Jlaypeatr HoGeniscbkoi npemii. OauH i3 TBOPLIB KBAHTOBOT
MexaHiku. 3 0oro iM’siM [IOB’si3aH1 Taki MareMaTM4Hi NOHSTTH, K Aefbra-¢yHxuis dipa-
Ka, marpuii [ipaka, pesisiTUBICTCbKe XBUAbOBE pisHsiHHs [lipaka.

JAIOJIAK Anpi (1870— 1955) — dpaHuy3bkuit MatemaTuk, npodecop JIIOHCHKOro yHiBep-
_cutery. OcHOBHI npaui npucssiveHi Teopii aMdepeHUiaibHUX PiBHSAHb. Y3alalbHUB Me-
ToA HOpMaibHUX opm [lyankape.

EWIEP Jleonapa (1707—1783) — wiseiinapcbkuii MaTeMaTUK, MexaHik, ¢i3uk, acTpo-
nom. Akanemik TIlerep6ypsbkoi AH. Yaen bepsincokoi, @panuysbkoi AH, Jlonaon-
CbKOTIO KOPO;1iBCbKOIo TOBapUCTRA. ABTOp 6J1M3bKO 850 HayKOBUX 11paib. JLOCaiaKeHHs
OXOIUNOIOTh OCHOBHI po3aisin matematuku XVIII cr.

EPMIT Llapas (1822—1901) - dpanuy3bkmit mareMaTuk, yien [Tapusbkoi AH, npo-
tbecop Napusbkoro yHieepcuterty. Huet-xopecnonnent [letep6ypabkoi AH. OcHosHi
npaui npucssiueri Teopii crewianbHUx yHKUIH Ta Teopii yuces.

XOPAAH Mapi Exmon Kaminw (1838—1922) -— dpanuy3bkuit MaTemaTuk, wieH [la-
pu3bkoi AH. Yaeii-kopeciiornent IMerepbypspkoi AH. [lictas dyHaaMeHTaibHi pesyib-
TaTU B Teopil rpyn, Teopil MaTpuub. 3 HOro iM'siM noB’si3aHi Taki MOHSTTS, SIK KPUBA
’Kopnana, Mipa Xopaata, xoplaHosa HopMaibHa HopMa MaTPHLI TOLIO.
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KEM1 Apryp (1821 —1895) — anraificbkMil MareMaTuk, wieH JIOHOOHCbKOTO KOpOJIiB-
CbKOTO ToBapucTBa, npodecop KemMOpumkceskoro yHisepeurery. Ynet-kopecnomueHT Ie-
Tepbyp3bkoi AH. 3aknae ocHOBM wireGpH4HOI reomeTpii, ABTOp Npab 3 anrebpu, ande-
peHLiaibHUX PiBHSAHD, KOMIUIEKCHONO aHai3y.

KETUIEP Horann (1571—1630) — HiMeubKMit acTPOHOM, MaTeMaTK i MexaHik. Ha
OCHOBI 4CTPOHOMIUHMX CNOCTEPEXeHb YCTAHOBUB 3aKOHHK pyxy naaxer. lonepeaHuk
TBOPUIB aHaj1i3y HECKiHYEHHO MATUX.

KJEPO Anekcic Knon (1713—1765) — dpaHuy3bkuii MaTeMaTuK i MexaHik, uieH ®pan-
uy3nkoi AH. ToyecHnit wien [levepbyp3bkoi AH. BsiB 11oHsiTIs nosHoro anMdepeHuiana
GYHKUIT KUIbKOX 3MiHHHMX, 3arajlbHOrO Ta OKPEMOIo pO3B’si3KiB AudepeHLiabHOTO
piBHsiHHSI, @ TaKOX ahiHHOTrO 1lepeTBOpeHHs. Briepiue Aif1I0B BUCHOBKY PO MOXJIMBICTb
PO3BMHEHHS DYHKLIT B TPUTOHOMETPUYHMIA Psill 3a KOCMHYycaMK. Biznomuit Takox npa-
LSIMH 3 TeOMETPil, aHAIITUYHOT MeXaHiKy Ta reoaesii.

KHE3EP Aanonndh (1862—1930) — Himeubkuit marematuk. YiieH-kopecnonaeHT beprin-
cbkoi AH i AH CPCP. Oyomosas maremaTuyHi kadeapu B yHiBepcurerax Tapty (Ecto-
Hist) Ta bpecnay (renep Bpounas). OCHOBHI NMpaLi CTOCYIOTbCS TeOpil JIiHIAHNX audepeH-
LLia1bHKUX Ta IHTerpajibHMUX PiBHSHb, BapialitHOIO YUCIEHHS.

KHE3EP TIeanmyr (1898—1973) — niMeuskuit matematuk. Cun Anosnbda Knesepa.
INpawiosas B yHisepcuterax I'errinrena ta I'paiicsanbua, oyontosas IHCTUTYT MaTema-
THunKuxX gocaiskeds B O6epsonbdaxy. dictas Baxsinsi pesyabrary B 6aratbox posaiinax
MAaTeMATHKU: KOMIUIEKCHOMY- aHali3i, TONoJiorii, HeeBKIiaoBil reomeTpil, Teopii rpyi.
Teopil Maiixke nepioauyHUX DYHKLIH.

KOBAJIEBCBKA Codgis Bacuaisna (1850—1891) — pociiticbknit MmaTeMaTHkK i MexaHik,
wien-kopecnonaeHT [letepSypabkoi AH, npodecop CTOKronsMcbKoro yHisepeutery. 1i
BuuTenem Oy K. T. B. Beitepurpacc. [JdicTana Bax/inBi pe3y.1bTaTh B TEOPETUUHIK Me-
XaHiui, Teopil abenaiBux iHTerpanis, BiAKpH/1a HOBUIA iHTErPOBHUI BUNALOK 3a4ayi npo
obepTaHHs TBEPAOI'O Tijia HABKOJIO HEPYXOMOI TOUYKH, N0OBE/Ia TEOPEMY iCHYBAHHS aHalli-
TUYHOTO PO3B'H3KY CUCTEMH PiBHSHb i3 YACTUHHMMU IOXIAHUMMU.

KOJIMOI'OPOB Anapiit Mukonaiiony (1903—1987) — pociiicbkuit mareMartuk, aka-
nemik AH CPCP, npodecop Mockoscbkoro yHisepcutety. IHo3emunit wien [Napu3bkoi
AH, 4nen JloHaoHCcbKOIo Kopoaiscskoro toapuctsa. OCHOBHI Npaui 11pyucBsiyeHi Teopii
iMOBIpHOCTE, Teopil HabimxeHHs DyHKUIA, PyHKLIOHAALHOMY aHANi308Bi, Teopii AUHA-
MiYHMX CUCTEM, Teopii TypOyaeHTHOCTI. Pa3zoM 3i cBoiM yuHeMm B. 1. Apnoabaom po3s’si-
3a8 3HAMEHMUTY TPUHAAUNTY npobisieMy TinbbepTa. 3anporoHysaB MeTON PO3B’si3aHHS
TaK 3BaHOi MpobieMH MaIMX 3HAMEHHMKIB y Teopii 30ypeHb raMiJibTOHOBHX CHCTEM.

KOPTEBET Jlinepix (1848—1941) — nHizepnanacbkuit MaTeMatuk, npogecop AMCTep-
JAaMCBKOT0 yHiBepcuTtery. OCHOBHI fipaLli nNpUcBsiueHi JOCIIIUKEHHIO 33124 MAaTeMATUUHOL
disnku Ta npuxranioi Matemariku. Pazom 3i cBoiM yunewm ne ®pizoM BuBiB i aocaiams
BaXJ1MBe HeJliHiline nndepeHuianbHe piBHAHHS, siKe ONUCYE NMOLWMPEHHS CTALIOHAPHUX
XBW/Ib Y TIPSIMOKYTHOMY KaHani,

KOHII Oriocren Jlyi (1789—1857) — ¢paHuy3bkuit matematuk, wied Mpatuysbkoi AH.
Mouectinii unen Ietepbyp3bkoi AH. Ony6aikysas nionan 800 npausb i3 Teopii uucen,
anrebpyn, MaTeMaTHUHOIO aHali3dy, TEOpeTUYHOT i HeOeCHOT MexaHiKu, MaTeMaTHYHOL
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Gisuku. Jlas yitke o3HaueHHs HenepepsHoi GyHKuUl, PO3BUHYB OCHOBM Teopii aHamTHY-

Hux dynkuiit. Y teopii andepeHuianbHUX piBHsHbL AOBIB OCHOBHY TeOpeMy iCHYBaHHs
PO3B’$A3KYy NOYATKOBO] 3aaaui (3anavi Kouwi). Po3spobuB MeToa MaXopaHT, sIKMit 1€ 3MO-
1y oOrpyHTyBaTH 36iXHICTh PO3BHHEHL PO3B’SI3KiB Y CTENEHEBi PSiAH.

KPUWIOB Muxkona Murpodanosuy (1879—1955) — ykpaiHcbkuit maremaTnk i MexaHik,
akaaemik AH YPCP ta AH CPCP, nipodecop TletepOyp3bKoro ripHnyoro iHCTuTyTy,
Kpumcbkoro ynisepcutery, npautosas B AH YPCP. Oaux i3 3aCHOBHHMKIB KMiBCbKO!
HAYKOBOI LIKONM HeJliHIHHOT MexaHiku. OCHOBHI NMpaui CTOCyIOThCst BapiauifHoro unc
JIeHHs1, MaTeMaTU4YHOT di3nKH, HeliHiitHOol MexaHiku, Teopii HabnMxeHnx METORIB.

JIATPAHXX XKosed Jlyi (1736—1813) — dpaniy3bkuii MatemaTuk i MexaHik, uieH bep

NiHCbKOI (ByR 1i npe3naeHTom) Ta Opanuy3bkoi AH, Buknagas y TypuHcbkoMy apTuie

pificekomy yunanii, HopmansHiit i [tonirexnivniii wikonax y Iapunxi. [TouecHuit wnel

Tlerepbyp3bkoi AH. Pasowm i3 JI. Eitiepom cTBOpUMB HOBMH PO3ALT MaTeMaTMK4 — Bapia-
uiitte uncrenHs. Momy HatexuTs po3pobxa MaTeMaTnyHOro hopManiaMy KjIacHYHoOL Me-
xaHiku. [lictaB BuaaTHi pe3ynbTaTi B aHani3i, anrebpi, Teopii uncen. Y raiysi audepen-
uianbHUX PiBHSIHb 3aNpPOIOHYBAaB METO/ Bapiauii f0BiIbHOT CTaN0i, PO3BUHYB TEOpilo
ocob61uBMX PO3B’S13KiB.

JAIIJAC II’ep Cimon (1749—1827) — ¢paHuy3bKuit MaTeMaTuK, $i3uK i aCTPOHOM,
yneH ®panuysskoi AH. Moyecnnit wnen I[Netep6yp3vkoi AH. Buknaanas y Bificbkosux
wxonax [Napuxa. OcHoBHi fipani npyucesiveHi qochimkeHHIO IndepeHLlaTbHUX PIBHSHD
i3 YaCTHHHUMU NMOXiAHMMHU, Teopii iMoBipHOCcTe#, HebecHiit mexaHiui. O6rpyHTyBaB
critikicts COHAYHOT CUCTEMM B NePLUOMY HabNMXKeHHi Teopil 36ypeHb.

JIEBEP’E VYpten XKan XKozed (1811 —-1877) — dpaHuy3bkuit actpoHoM, 4ieH PpanH-
uy3bkoi Ta [lerepbyp3bkoi AH. Ouoniosas kadenpy HebecHoi MexaHiku [lapusbkoro
yHiBepcutety, Iapuabky obcepsaropilo. 3pobuB BUCHOBOK npo icHyBaHHs HenrtyHa i
00GYMCIINE OO NONOXEHHS.

JIEXKAHIP Anapien Mapi (1752 -- 1833) — dpaHuysbkuit matematuk, yied ®pau-
uy3bkoi AH, npodecop IMapusbkoi BilicbkoBoi wkonu i [NonitexHiyHol wkonu s Tla-
pvxi. Binomuii npausmu 3i chepuuHol TPHIOHOMETPIl, Teopii iMoBipHOCTE#, Teopii
uucen. BuBualoun amHaMiky enincoiga o6epraHHs, BiAKPHUB i 4OCALAMB BAaCTUBOCTI
MHOTOWIEHIB, #Ki 3rofoM aicTany Ha3By nosiHomiB JlexaHapa.

JEWBHI Tordpin Binsrensm (1646—1716) — HiMeLbKuil MaTeMaThK, disuk, dito-

cod, nepumnii npesunent bepnincbkoi AH. UneH JIOHA0OHCHKOro KOponiBCLKOro TOBapH-

~ cr8a, Opanuys3bkoi AH. OauH i3 TBopuiB AHdepPeHUIaTbHOIO Ta iIHTErPaJILHOIO YUC-
JIeHb, IXHiX NOHSTb i CUMBOIKM.

JH Mapiyc Codyc (1842—1899) — Hopse3bkuit MateMaTHK, npodecop XpUCTiaHCHKOTO
Ta Jleiinum3pxoro yHisepcuretis. YieH-kopecnoHaeHT [Terepbypsbkoi AH. Crsopue kia-
CHYHY Teopilo HenepepBHUX rpyn nepersopeHb (rpyn Jli). [Nokasas ii 3HayeHHs anst
DNOCJIIDKEHHS] CUMETPIMHUX RIACTHBOCTEN AnepeHLiaIbHUX PiBHSHD, 4 TAKOX 1K IIPUH~
uuny xiacudikauii B reomeTpii, Tonosorii, MexaHiti.

JHITLHIIL Pyaoast O1ro Curiamynn (1832—1903) — HiMeubkuU# MareMaTHK, WieH-KO-
pecnonaenT bepaitcbhkoi AH, npodecop ynisepcutery B bpeciaay (Bpouwias) i Bok-
HCHKOro yHisepeutery. UneH-kopecnonaeHT Iapn3bkoi AH. ABTOp BaXJ/IMBUX fIpaub :
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aHas1i3y, Teopii uncen, andepeHuianbHUX PiBHsiHL, MOro iM’sM HasBaHO TeopeMy, siKa
BCTAHOBAIOC AOCTATHI yMOBM 36ixHOCTI psiay Pyp’e.

JUTJIBY A Axon laensop (1885—1977) — anraiicbkuit Matematuk, npogecop Kem6-
pUILKCbKOro yHisepcutety. OCHOBHI 11pdlli PUCBsIYeH] aHAlITUUHIK Teopil uMce, Komn-
JIeKCHOMY aHali30Bi, Teopiil psiaiB, Teopii aAudepeHLiaibHUX PIBHAHD.

JITYBLILIb XKosed (1809—1882) — dpaHiy3bkuit MaTemaruk, wieH [lapusbkoi AH, npo-
tecop MNositexniunoi tkosm Ta Koex ae Ppanc. ABTOp BAXIMBHUX [paLlb i3 KOMILIEKCHOIO
aHanisy, reopii uucen. [Neplumm CTpPOro N0BiB HeiHTeIPOBHICTb Y KBAAPATYPAX AESKHMX KIaciB
nndepeHuiaTbHUX piBHsHb, Pasom 3i K. L. ®. lUtypmom po3pobus Teopilo kpaitoBux
3anay Ha BAACHI 3HAYEHHS LA JIHIAHMX andepeHLialbHuX PiBHIHb APYrOro NOPSLIKY.

JAIMYHOB Onexcanap Muxaitiosuy (1857—1918) — pociiicbkuM MateMaTvK i MexaHik,
nivicuumit wien [lerepbyp3bkoi AH, npodecop XapkiBcbkoro, OnecbKoro yHiBepcuTeTis.
Ynen-xopecnonaeHT [lapuabkoi AH. 3acHoBHMK MaTeMaTHUHOI Teopii CTiKOCTI pyXy,
4BTOP BaXUIMBUX 0CHIAXEHDb NPo (irypu piBHOBaru piaMHy, WO PiBHOMIPHO 06epTacTsh-
cst. 3poGuB BaroMuil BHECOK y Teopiio MOBIpHOCTEH, Teopilo noTeHuiany.

MHUTPOMNOJIbCHKUI IOpiit Onexciiiowy (Hap. 1917) — yKkpaiHCbKHIi MATEMATHK, aKa-
nemik HAH Ykpainu 1a Pociticekoi AH, yuenb M. M. boromoGosa. Tpusainii uac oyo-
snosas IHcturyr Marematukn HAH Ykpainu, suksnanas y Kuiscbkomy yHisepeuteti. Oamx
i3 3aCHOBHHMKIB KMiBCbKOI HayKOBOI LIKOJIX HediHifiHOT MexaHiku. Hailisaximsiiui pe3ynb-
14TH J0C/iAXeHb CTOCYIOTHCS CTBOPEHHS aITOPUTMIB 13! 1100YA0BM aCUMITTOTUYHMX PO3-
BUHEHb PO3B’Si3KiB HElIHIMHMX andepeHUianbHUX PiBHSIHb, 1O OIMCYIOTh HECTalliOHapHi
KOJIMBANbHi NPOLECH, METOAY YCEePeAHEHHs Ta METOAY iHTerpaibHUX MHOroBuaiB. Biro-
MU TAKOX NPALBIMHU, TPUCBAYEHUMH AOC/TIKEHHIO KBa3iNnepiogMIHUX CHCTEM.

MOB3EP Opres Kypr (1928—1999) — niMeubkuit MaTematuk. Buknanas y letrinreHi,
Hulo- MopkcbkoMy yHisepcuTeti, npogecop MaccauyceTchbkoro TeXHOMOTYHOTO iHCTHTY-
ry. JlictaB Bax/MBi pe3yanTaTy B TeOpil AMHAMIYHMX cMCTeM Ta HebecHil MexaHiui, Teopii
PiBHsHb i3 YACTUHHUMHM NOXIAHMMHU, HeNiHiiHOMY byHKUIOHANBHOMY aHani3i, Bapiauin-
HOMY YKCAeHHI, KOMILIEKCHiH reomerpii. 3 #ioro iM’ M nos’si3yioTh Teopito 30ypeHb KBa-
3iNepioANYHMX PyXiB AMHaMiYHUX cucTeM (Teopisi Koamoroposa—Aptionnaa—Mo3sepa).

MOPC I'apoan Mepcron (1892—1977) — aMepuxkaHCbKMit MaTeMaTuk, Jwied Hauio-
nanbHoi AH CLUA. Buknanas y lapsapacskoMy yHiBepcuteri Ta [MpiHcToHi, npodecop
[ IpiHCTOHCHKOTO iHCTUTYTY NEPCNeKTUBHUX fOCHiKeHb. PO3BUHYB BapialliiiHe yuciaeH-
1s B uinomy. Po3pobaeHa HMM Teopis, sIKy Tenep Ha3MBaIOTbh TeOpi€lo Mopca, € Baxiu-
BUM iHCTPYMEHTOM FN06aNbHOTO aHanily 3BMYaHUX AudepeHuiaibHUX PiBHSIHD Ta
PiBHSiHD 13 YACTMHHUMH MMOXIAHUMMH.

HEIIEP JLxon (1550—1617) — mIOTAaHACLKMIA MaTeMATUK, BUHAXIAHKUK sorapudMis.

HBIOTOH Icaak (1643--1727) — aHraiiicbkuit pi3uk, MATEMATUK, MEXaHiK, acTpo-
oM, npe3uieHT JIOHIOHCHKOTO KOpo4iBcbKOro Tosapuctsa. lnosemuuit yien [la-
pu3bkoi AH. Buknanas y KembpumkcbkoMy yHiBepcurteti. Pasom i3 I'. B. Jleiibniuem
3BAXACTLCS TBOPLEM AudepeHUiabHOrO Ta IHTErpaibHOrO uucielb. BuHaiiiwos Meron
inrerpysanus andepeHuialbHUX PiBHSHb PO3BMHEHHHAM X PO3B’SI3KIB Y CTerieHesi
psian. Ha ocHOBI 3aKOHY BCECBITHBOIO TsXKIHHSI JaB MareMaTH4He OOIpYHTYBAHHS hiep-
wioro 3akony Kennepa.
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OCTPOTIPAJICBKUI Muxaiino Bacwibosi (1801 —1862) — ykpaincbkuit i pociiicbknit ®
mateMatuk, Wwied [Tetep6yp3bkoi AH Ta GaraThox iHlWwux akaaemiit Hayk. Po3g’si3as iy
HU3KY BAXJIMBHX 3aj1a4 MateMaTHuHol Gi3uKy, BapiauifHOro YHCAEHHS, TEOPETHYHOI
MeXaHikK. 3anponoxysas c110ci6 38eaeHHs HEOAHOPIHO! KPatoBOT 3a4a4i 10 0AHOPIAHOI.
Bnepiie onepxas hopMysly nepe1BOpeHIisi NOBEPXHEBOTO iHTerpaia B 06’ eMuuit 1a ii
y3ara/ibHEHHsI HA BUIIAOK AOBiIbHOI KiJIBKOCTI 3MiHHUX.

IEAHO [JIxy3enne (1858—1932) — iTanificbkuit MateMaTuk, wieH Typulcbkoi AH,
npodecop TypuHcbKoro yHisepcuTeTy. 3allpoilOHyBaB CUCTeMY aKCcioM apudMeTukH,
I0BiB TeopeMy icHyBanHs 3aaaui Kouti iisi audepeHniaibHOro pisHsitHs 3 Hellepeps-
HOIO 11PABOIO YACTUHOIO, NEepLUNM NoBYayBaB HellePEePBHY KPHBY, SKa LIJIKOM 3a110BHIOE
Ksaapat (kpusa [leaHo).

NEHJIEBE IHoas (1863—1933) — (hpaHuy3bKHil MaTeMaTuK i Mexadik, wieH ITapu3bkoi
AH. Bukiagas y Buiuiit Hopmanbtiit wkosi ta B Konex ne ®patic y [Napuxi. Ynen-
kopecnionaeHT AH CPCP. OauH i3 3aCHOBHUKIB aHANITUUHOI Teopii audepeHLiaIbHKX
PiBHSIHb Y KOMILIEKCHi# obnacTi.

TTIKAP 1llapan Emine (1856—1941) — dpanuysskuit Marematuk, dieH [apusskoi AH
(6ys ii npe3nnerHrTom), npogecop CopboHun. Yiex JIoHIOHCHKOrO KOPO;1iBCHKOIO TOBA-
puctsa, 4ieH ®panuy3bkoi AH, unen-kopecnonaeHT [lerep6yp3bkoi AH, nouectnii
yiex AH CPCP. [licrap ¢yHaaMeHTa/1bHI pe3yasTaTy B TEOPiT aHAIITHUHUX Ta aebpuy-
HUX QYyHKUIR, Teopil AudepeHLiAIbHUX PiBHSHb.

[HIOHTPATIH Jles Cemenoruu (1908—1988) — pociiicbkuit MmatemarTuk, akanemik AH
CPCP. INpauiosas y MaremaTuyHomy iHcTutyTi iM. B. A. CrekioBa, suknagas y Moc-
KOBCLKOMY yHisepcuTeri. [lictas dyraaMeHTanbHi pe3yasTaTy B TOMNONOI, Teopil Hene-
pepstinx rpyfn. Paszom 3 O. O. AHAPOHOBUM 3anpOBaAMB KOHLENILiIO IPYy6oi AMHAMIUHOT
cuctemud. B Teopii onTHManbHKUX IPOLIECIB 3aN1POITOHYBAB i OOIPYHTYBAB IIPUHLKII BU-
60py ONTHMANLHOIO KepyBaHHSI.

ITYAHKAPE Anpi (1854—1912) — dpanny3bkuit MaTemaruk, i3k, aCTPOHOM i dijio-
cot, unen Iapusbkoi i Opaniysbkoi AH ta 6inbi sk 35 iHo3eMHUX akanemiil HayK.

oMy HasiexuTtb noHan 1000 BaxiuMBHX HAYKOBMX Tpalb i3 TOMOOrII, Teopil noreHuia-
Jly, Teopil iMOBIpHOCTEi, MaTeMAaTUYHOI (hi3KKK, HeeBK1ia0Bo1 reoMerpil, HeGecHOI Mexa-
Hiky, cnieuianbHOl Teopil BiaHocHocTi. OnuH i3 3aCHOBHUKIB sikicHOI Teopil audepeHui-
anbHUX piBHsHBL. PO3pobuB Teopito 30ypeHb nepioanyHux po3s’sa3kis. Jociinxyoun
SHiHiHI andeperuiaibii PIBHSAHHS 3 paliOHaIbLHUMHU KoedilliEHTaMK, PO3BUMHYB TEOPIilO
aBTOMOPMHMX DYHKLH.

NYACCOH Cimeon Jleni (1781 —1840) — dpaHuy3bKuit MaTeMaTuk, MexaHik i Qi3mk,
yneH Ilapusbkoi AH, npodecop Iosirexniynoi wkoau ta Copboxuu. IlouecHuit unen
MNeTepbyp3bkoi AH. ABTOp BaxIMBUX Mpallb 3 aHaNITUHHOI MEXaHiKHU, MaTeMaTU4YHOI
di3uku, Teopii andeperuianbHUX PiBHSIHb i3 YACTUHHUMU NOXiAHMMH, BapiauitHoro
YMCAEeHHS, Teopil iIMOBIPHOCTEMN.

1IOADD Horann Ppiapix (1765—1825) — HiMeLbKNiI MATEMATHK i ACTPOHOM, WieH
bepnincekoi AH, npodecop XenbMuiTaachbkoro yHisepcurery, yHisepcurtety B Fanii.
Yaen INapusskoi AH, nouecunit uien [lerepbyp3vkoi AH. Binomuit socaiaxeHsimu 3
Teopii AndepeHLiaIbHUX PiBHSHb.
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PAYC Eagapa (1831—1907) — anrnificbkuit MexaHix i MaremMaTuk, wieH JIoOHI1OHCHKOTO
KOpOAiBCbKOTO ToBapycTsa. Buxianas y KeM6puixcbkoMy yHisepcuTeTi. Binomuit cBoi-
MW TPAKTaTAMM 3 TEOPETUUYHOT MeXaHiku. 3 HOro iM’AM MOB’sI3yI0TL anrebpuuHUit Kpu-
Tepii cTilikocT JiHiHKX cucTeM 3i cTaiuMu KoedillieHTamy.

PIKKATI Jlxaxono ®panvecko (1676—1754) — itaaiiticbkuii MaTeMaTuK T4 itxkeHep.
OcCHOBHI nipani CTOCYIOTbCH IHTErpasIbHOIO YKACIEHHs # AMdepenUiaibHNX PiBHAHD.
3 fioro iM’siM 11OB’s13y10Tb AudepeHuiaibHi PIBHAHHS Ta CUCTEMM MAaTPUUHMX Andepet-
Lia/ibHMX PiBHSHD i3 KBaAPaTUMHUMM HENiHIHHOCTIMA.

PIMAH Ieopr ®piapix Bepurapa (1826—1866) — HiMeubKkuit MaTemaTuk, npodecop l'et-
TiHreHCbKOTo yHiBepcuTety. [licTaB yHaaMeHTaNbHi pe3yibTaTh B KOMIUIEKCHOMY dHami3i,
aHaTMYHIA Teopii uMcen, Teopil andepeHLianblinX piBHsiHb, AndepeHUiabHili reomeTpii.
3 iioro iM’simM MOB’s13aHO 6AraTo MATEMATHUHMX TBEPILKEHb, TPOOJIEM i NOHSTD.

POJLIb Miwens (1652—1719) — dbpanuy3bkuit mareMatux, yied ®paHuysskoi AH.
OCHOBHI AOCHILKEHHS IPUCBSYEH] METOAAM PO3B’H3aHHsl AIO(PAHTOBMX TA anreOpUUHNX
piBHsitib. HOro iM’siM Ha3saHO BaxJIMBY Teopemy aMbepeHUiabHOIO YUCHEHHS.

CMEMJI Credan (Hap. 1930) — amepuKaHCbKMil MaTeMaTHK, wWieH HauioHaibhoi AH
CHIA, npodecop Konymbiiicbkoro yxisepcurery. Jlaypear npemii im. k. ®@innca —
OoaNi€l 3 HABMILMX BiA3HAK Y rajly3i MaTeMaTUKK. ABTOP BaXJIMBUX Npalib i3 aude-
peHUiabHOT TONOJOrT, Teopil AMHAMIYHMX CUCTEM, MATEMATHYHOT EKOHOMIKHM, Teopil
AITOPUTMIB.

CTEKJIOB Bonoaumup AunapiitoBuy (1864—1926) — pociiicbkuit MaTeMaTiK i MEXaHik,
akanemik IerepGyp3bkoi AH, akanemik AH YPCP. bys Biue-npesunaentom AH CPCP.
Buxnanas y XapkiBcbkoMy ynisepcureTi, npodecop INerepbypapkoro (Ilerporpan-
cbKoro) yHisepcutety. OCHOBHI AOCAIAKEHHs] NMPUCBSYEHi PO3R’I3aHHIO BAXJIMBHX 3ajla4
MaTteMaTiuHol Bi3nky, rizpoMexanixm, reodiankn. Moro iM’sM Ha3BaHO TEOPEMY 11pO
NOBHOTY BAaCHUX (PyHKUIA kpaitosoi 3anaui LlItypma—Jliysiuis.

CTOKC Jxopmx I'adpieaw (1819—1903) — anrniiicbkuii matemaTuk, Mexaik i ¢isuk,
yieH JIOHAOHCHKOIO KOPOAIBCHKOrO TOBapucTRa, OyB Horo npesuaedrom. Wien [lapusb-
koi AH. OcHosHi npaui npucesiveHi 10CDKEHHIO 3a0a4 MaTeMaTUUYHOI Bisnku, ontu-
K, rinpoannamiky. Moro iM’sim Ha3saio Baxiusy GopMyay BEKTOPHOIO aHaisy, ska
BCTAHORNIOE PiBHICTL UMPKYJIHALIT BEKTOPHOIO 1015 B310BX 3aMKHEHOr0o KOHTYpa Ta
[IOTOKY pOTOpa MOJsi Yepe3 fOBePXHIO, OOMexXeHy LIMM KOHTYPOM.

TENOP Bpyk (1685—1731) — anrnitcbkuit MaTeMaTyK, wieH JIOHAOHCHKOIO KOPOUliB-
CbKOI'0 TOBapycTBa. BURiB 3aranbHy hopMyily po3suHeHHs yHKIIN y CTelleHeBi PiK,
3aNnO4YaTKyBaB MaTeMaTUUHy TEOPIIO KOAMBAHHS CTPYHH.

DAVJIEP Pansg Fosapa (1889—1944) — anraiiicskuit disux-Teoperuk, wien Jlon-
NOHCBLKOTO KOPO;1iBCbKOI0 TOBapucTBa, npodecop KeMopumxcskoro yHisepeurety. OumuH
3 OCHOBOIO/0XHHMKIB TeOpeTHYHOI acTpodiznku. Matematuii poboTy npucssiyeHi ao-
CAiAKEHHIO BAXIMBOTO HeNiHiiHOIO AudepetliaibHOro PiBHIHHS APYroro nopaaky
(piBusiHHn Emnena—®aynepa) aisi onucy CTaHy piBHOBAIM 3ipoOK.

DEPXIOJBCT IT’ep @pancya (1804 —1849) — Geabrificbkuil MaTeMaTnk, npodecop
yHisepcutety 8 Bpioccesi Ta Koponisebkoi silicbkoBol wikoan. Oyolosas beabriiicbky
AH. Po3pobuisiioun Teopilo 3pocTaHHsi 110Ny, 3anpONoHyBaB MaTeMaTHYRY MOJEb,
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$IKA OTIMCYETHCS HeNiHIHHUM audepeHLialbHUM PiIBHAHHSAM (JOTICTUYHUM PiBHSHHSM,
abo pistsiHHsm PepxioibeTa).

@OPEATOJIbDM Epik Isap (1866—1927) — wseacbkuii maremaruk, npodecop Crok-

. TOABMCLKOTO YHiBEpPCUTETY. 3aCHOBHMK 3arasibHOI TeOpii iHiIAHMX IHTErpaTbHUX PIBHAHD
- (piBusius Dpenrobma).

A et

®POBEH1YC ®Depainana Feopr (1849—1917) — HiMeubkuit MaTeMaTtuk, YyneH bepnin-

- cbkoi AH, npodecop bepiitcbkoro ynisepcurery. OCHOBHI LOCAIAXEHHH CTOCYIOTHCH

anre6pu, teopii rpyn. Pasom iz K. T. B. Beitepuutpaccom BBaxa€rbcst TBopLeM Teopil
MaTpuib. YCTaHOBMB YMOBM NOBHOI iHTETPOBHOCTI cucteM piBHsiHb [1dadda.

- OYKC Immanyeas Jlazapyc (1833—1902) — niMeubkuit MaTemaTHK, yieH BepaiH-

. cbkoi AH, npodecop bepiliicbkoro yHisepcuteTy. OCHOBHI AOCNIAXKEHNS NPUCBsIYEHi

po3pobui Teopii aiHilHKX andepeHuiaibHUX PIBHAHD i3 PeryJsipHuMu oCoBIMBIUMH TOY-
XaMy Ha 3aMKHEHIW KOMIUIEKCHIH ruouinHi. Tenep 1aki piBHAHHS HA3MBAIOTH (PYKCOBMMH.

YETA€EB Mukoaa Fypiiiosuy (1902—1959) — pocificbkuit MaTeMaTuk i MexaHik, yaeH-
xopecnonaent AH CPCP. [lpauiosas y Inctutyri Mexanikn AH CPCP, npodecop

~ Kazancbkoro, MoCKOBCHKOTO YHiBEPCHUTETIB. ABTOP BAXUIMBMX MpaLlb i3 Teopii CTIHKOCTI.

\ -

3 #oro iM’siM 11OB’S3YI0Tb BaXJIMBI TEOPEMM IIPO HECTIHKICTb.

. IIAYAEP O0niyw [lasen (1899—1943) — nonschkuit matemaruk, npodecop JIbBiBcbKo-
. o ydiBepcutety. OCHOBHI palli CTOCYIOTHCst (PYHKLIIOHANBHOrO aHasi3y Ta4 Horo 3acTo-
. CyBaHb Y Teopii andepeHuiaibiuX piBHAHb. PO3BUHYB TONoAOrIYHI MeTOAM BialllyKaHHsI

PO3B H3KiB HeNiHiiHMX 3a1a4 MaTemaTHuHOI dizuku. Vloro iM’sM Ha3BaHO NpUHLKT
iCHYBaHHSI HEPYXOMOI TOUKM LI BinoGpaxeHs 6aHAXOBMX NPOCTOPIB.

IHPLOJAIHTEP Epsiu (1887--1961) — aBcTpilicbkuit (hi3ank-TeopeTuk i MaTeMaTuk,
ipocdecop Bepaincbkoro, Okcdopacsbxoro, Ipaubkoro, BiaeHcbkoro yHiBepcuTeTiB, au-
pexTop IncTuTyTy BUunx aocainxkens y [Aybaini. [Tovecunit unen AH CPCP. Jlaypear
HoGeniscbkoi npemii. Moro po6o1u Rigirpain BU3HaYHy posib y CTAHOBNEHHI KBAHTOBOI
Teopii Ta GOPMYBaHHI Cy4acHOI aTOMHOI Di3MKH.

LITYPM XKak Hlapaw ®pancya (1803—1855) — wseiiuapcbkuii MareMaTuk, 4ieH
Napusbkoi AH, npodecop Monitexniunoi wronun, CopboHnu. YiaeH-kopecnoHaenr Ile-
Tepbyp3bkoi AH. OcHoBHI Npaui rnpuUCBsiyeHi po3B’sI3aHHIO 331ay MaTeMaTUYHOI Biznku
Ta NOB’$13aHMX i3 HUMU KpaHOBMX 3a/4a4 Ha BJIACHi 3HaYyeHHs. 3aknaB OCHOBM TeOpil
KOJIMBHOCT] pO3B’s13KiB AiHiHMX audepeHUiaibHUX PiBHSHL. 3aNPONOHYBaB METOA BU-
3HAYeHHA YMC/IA KOPEHIB NONIHOMA, SIKi HaleXaTb 3a4aHOMY BiIPI3KOBi.

SAKOBI! Kapa I'ycras ko6 (1804—1851) — nimeubkuit mateMaTHk, unex BepiiHcbkoi
AH, npocdecop bepaincbkoro, KeHircbepsbkoro yHisepcureris. UneH JIOHAOHCHKOIO KO-
PONiBCLKOro TOBapUCTBA, wieH-KopecnowaeHT [lapusbkoi AH, novecunst wien Ietep-
6yp3bkoi AH. Iiiano npawioras y Gararbox po3aitax Marematuku. Pasom i3 H. T. AGesiem
BBAXAETHLCH 3aCHOBHMKOM Teopii e1inTUyHuX GyHKuik. 3anpononyBsas pAs HOBUX Me-
TOAi8 iHTerpyBaHHs piBHsHb AMHaMikY. Moro iM’saM HazBaHO QyHKUIOHANbHUN BU3HAY-
HHUK (siko0iaH), OPTOrOHaNIbHI MHOIOWIEHH, LIO Y3arajibHIOTb foAiHOMM JlexaHnapa,
BRXJIMBE PiBHHHHS 3 YACTUHHUMM NOXITHUMY NepLIoro 1opsiaKy (piBHsiHHs [aMinbTO-
Ha—Axo6i).
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